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ABSTRACT

VIBRATION AND STABILITY OF HIGH-SPEED SPINNING CANTILEVERED
BEAMS WITH SHEAR DEFORMATION EFFECTS AND AN ATTACHED RIGID

BODY AT ITS TIP
and

NONLINEAR HYPERELASTIC BEHAVIOR OF CIRCULAR DIELECTRIC
ELASTOMER MEMBRANES

by

SAM FALLAHPASAND

Adviser: Christopher G. Cooley, Ph.D.

Instability of components and systems causes large-amplitude deformations or

vibrations that limit performance, increase fatigue, and cause overload failures. In spinning

systems, gyroscopic effects drive instabilities at high speeds. Instability in soft actuators

occurs due to nonlinear material behavior. This work examines the dynamic stability

of spinning structures with shear deformation effects and static instability in dielectric

elastomer actuators. The vibration behavior, critical speeds, and high-speed instabilities

in thick beams, spinning about their longitudinal axis, that have a rigid body attached to

their tip are analyzed analytically and using finite element models. The analytical beam

model includes shear deformation effects, incorporated by assuming the beam’s transverse

displacements are independent of its cross-sectional rotations. A model is derived using

Hamilton’s principle. The equations are cast into extended operator form, which exemplifies

the system’s gyroscopic structure and facilitates Galerkin discretization for numerical

solution. Numerical results are calculated for a system with identical inertia and stiffness

properties in the two bending directions (called a symmetric system) and non-identical

inertia and stiffness properties in the two bending directions (called an asymmetric system).
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Both systems have forward- and backward-orbit vibrations in single-mode, free response.

Symmetric systems have material points that move in circular orbits along the span. The

material point orbits become elliptical for asymmetric systems. Symmetric systems have

degenerate stationary-system natural frequencies that split and become distinct for non-zero

speeds. All eigenvalues cross, without interaction, as the rotation speed varies. The

symmetric system eigenvalues are purely imaginary except at high speeds where critical

speeds occur. Asymmetric systems, due to the differing inertia and stiffness properties

in the two bending directions, have distinct stationary-system eigenvalues that increase

and decrease with increasing speed from vanishing speed. Because of shear deformation

effects, eigenvalue veering occurs when any decreasing forward-orbit eigenvalue comes into

close proximity with an increasing backward-orbit eigenvalue. Within veering regions the

forward- and backward-orbit modes couple, creating a single-mode free response that has

forward-orbit vibrations in some regions along the span and backward-orbit vibrations in

others. Asymmetric beams have distinct critical speeds and regions of divergence instability.

Shear deformation effects lead to flutter instability at high speeds. Parametric studies reveal

atypical high-speed instability behavior, including immediate transitions from divergence

to flutter instability as speed varies. The mathematical structure observed for symmetric

beam-rigid body systems is leveraged for closed-form solutions for their vibration. Finite

element analyses are used to confirm the speed-dependent natural frequencies and identify

axially- and torsionally-dominated modes. The results from this work could improve the

high-speed performance of resonator devices like MEMS gyroscopes.

The equilibria and stability of voltage-activated, pre-stretched circular dielectric

elastomer membrane actuators under equilibrium conditions are studied using nonlinear

analytical and coupled electro-mechanical finite elements simulations. The analytical model

includes only the active region of the actuator; the passive region is replaced by a uniform
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outer circumferential load intended to capture the membrane’s initial pre-stretch. The

model is derived in terms of a general strain energy density so that the voltage-stretch

behavior of common hyperelastic material models can be examined. The Gent hyperelastic

model is used as a baseline because of its ability to accurately predict the large-stretch

mechanical behavior of a common acrylic elastomer used in dielectric elastomer transducers.

The Gent model predicts one equilibrium at low voltages, three equilibria at moderate

voltages, and one equilibrium at high voltages. The membrane experiences snap-through

and snap-back bifurcations between small- and large-stretch equilibria. Moderate stretch

models can capture the loss of stability, but snap-through to large-stretches are not possible.

Hyperelastic models that include strain stiffening can capture large-stretch deformations,

provided sufficient numbers of terms and material parameters are used. The finite element

model includes both active and passive regions of the membrane actuator, inhomogeneity

of deformations, the potential for material compressibility, and electric fringe fields at the

boundaries of the electrodes. When the passive region is neglected, the finite element model

predicts similar voltage-stretch behavior as the analytical model. When the passive region is

included, the stretch meaningfully decreases, highlighting the potential importance of the

passive region in actuators. Whereas the finite element model shows nearly homogeneous

deformations within the active region, the deformations in the passive region are highly

inhomogeneous. The finite element model is compared to available experiments.
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CHAPTER ONE

INTRODUCTION

1.1 Spinning beam

1.1.1 Motivation

High-speed rotating systems are the primary means of power transmission in

machines and industries, including vehicles, turbines, centrifugal compressors, aerospace

technologies, etc. A wide range of these devices are utilized in highly advanced, precise

technologies. Figure 1.1 shows some notable examples of their applications.

(a) (b)

(c) (d)

Figure 1.1: Notable examples of the applications of spinning systems. (a) Helicopter main
rotor mast [1], (b) drivetrain propeller shaft (image downloaded from x-engineer.org on
01/30/2025), (c) wind turbine shaft [2], (d) jet engine rotor [3]

Operating under high-speed rotations, any uncontrolled vibrations or instabilities

can cause catastrophic failures or seriously impair their functioning. High-speed spinning

systems also serve as gyroscopic resonators, which integrate the gyroscopic effects and
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vibrations to fulfill various purposes, such as sensing, stabilization, and energy harvesting.

A schematic of a vibratory micro-gyroscope resonator consisting of a cantilever beam with

a tip mass. Studying vibrations in spinning systems and their dynamic behaviors helps

not only control unwanted vibrations but also streamline their performance. Sophisticated

designs for the products, which use the fundamentals developed through these studies, can

improve their output efficiency and optimize the costs to a considerable extent.

Figure 1.2: Schematic of a vibratory micro-gyroscope resonator consisting of a cantilever
beam with a tip mass [4]
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1.1.2 Literature review

Vibrations in spinning shafts rotating at a constant speed about its longitudinal axis

were initially studied by some authors [5–8]. They showed that increasing the spinning

speed causes the natural frequencies to be divided into two branches with forward and

backward orbit modes. With increasing the rotation speed, the natural frequencies increase

(decrease) for the backward (forward) modes. Bauer [5] obtained the analytical close-form

solutions for the free and harmonically forced oscillations of a spinning uniform beam

under common boundary conditions. Euler-Bernoulli beam theory was used in this study,

assuming the beam to be slender so that the rotatory inertia and shear deformations are

negligible. Gyroscopic effects and rotatory inertia are modeled in a wide range of studies

using Rayleigh beam theory [9–12].

The ratio of shear strains to bending strains is higher for thicker cross-sectional areas,

reducing the accuracy of the solutions derived by the Euler-Bernoulli and Rayleigh Beam

theories. To include shear deformations in the dynamic modeling, a wide range of studies

have been conducted based on the Timoshenko beam theory [13–18]. Han and Zu [14]

solved the governing equations of Timoshenko beam analytically for six classical boundary

conditions by modeling 2-dimensional oscillations with complex-valued solutions.

Rigid bodies are an indispensable part of many rotating systems, whose Mass

Moments of Inertia (MOIs) can substantially impact the dynamic behavior of the whole

system. The effects of rigid bodies on the transverse vibrations of non-rotating beams

have been studied in numerous research works. Laura et al. [19] presented a closed-form

solution for the natural frequencies and mode shapes of a stationary clamped-free beam

with a lumped mass attached to its end using the Euler-Bernoulli beam theory. Rossi et

al [20] took the effects of the Mass Moments of Inertia (MOIs) of the rigid body into account

in its modeling. Followed by other studies [21, 22] similar problems with spring-mass
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connections in their boundary conditions are investigated. The effects of larger tip mass

were investigated in Refs. [23, 24]. Transverse vibrations of the free-free Timoshenko beam

with equal and unequal rigid bodies attached at both endpoints are studied for equal tip

mass [25] and unequal tip masses [26]. Wu [27] extended their studies to the free-free

Timoshenko beam carrying multiple rigid bodies. Bhat and Wagner [28] studied the effects

of eccentric mounting of the mass on the vibrations of a uniform cantilever beam.

Subsequent research explored the impacts of rigid bodies on rotating systems,

including rotors and spinning beams. Eshleman and Eubanks [29] analytically investigated

the first four forward and backward orbit modes of a shaft carrying a rigid disk over the

spinning speed, in which the effects of transverse shear were included in the modeling. A

range of analytical and numerical studies [30, 31] were carried out on free vibrations in

spinning Timoshenko shafts carrying several concentrated masses or rigid disks. Some

studies also investigated the effects of multiple concentrated masses and their positions on

the vibration characteristics of a Timoshenko beam [30, 31]. Further studies have also been

conducted to develop the modeling of vibrations in a spinning shaft carrying a number of

rigid disks in Refs. [32–34].

Khader [35] and Oh et al [36] studied the stability of asymmetric Timoshenko rotors

carrying disks was studied with the help of the Finite Element Method (FEM). The Finite

Element Method was also employed by Chen et al [37] to perform stability analysis on a

cantilever Timoshenko shaft-disk system subjected to axial periodic forces varying with

time.

Bauer [5] discovered points where eigenvalues vanish for specific values of higher

rotation speeds when studying a spinning slender beam with symmetric cross-sectional

geometry. These points, called critical speeds, do not have oscillatory characteristics with no

rotation orbits. Excited by static forces, they may lead to large-amplitude unstable responses.
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Spinning systems owning asymmetric cross-sections (e.g., rectangular cross-sections),

including mass or stiffness, are likely to experience divergence instabilities at higher rotation

speeds [38]. Divergence instabilities refer to a type of dynamic response whose amplitude

increases exponentially over time. The boundaries of divergence instabilities are typically

determined by the critical speeds on both sides. Aouadi and Lakrad [39] investigated

the stability of a double-hinged spinning beam using Rayleigh beam theory. Instabilities

arise from asymmetry in the spinning systems studied numerically with the help of the

finite element method [36, 40, 41] and Perturbation methods [42–44]. Genta and other

researchers employed Floquet’s theory to perform stability analysis on the results. Khader

and Magableh [45] investigated the stability of the Asymmetric spinning Timoshenko beam

carrying an asymmetric rigid disk, supported by anisotropic flexible bearings subject to

harmonic follower force. They utilized the Lagrangian approach combined with the assumed

modes method to derive the governing equations of motion and Floquet’s theory to examine

the system stability.

Another phenomenon resulting from the geometrical asymmetry in rotating systems

is the veering of natural frequencies. Jei and Lee [46] performed modal analysis on the

asymmetric spinning rotor using complex modal displacements. They show that some

curve veering arises in the eigenvalue results over the spinning speed, in which abrupt but

continuous changes occur in the mode shapes. Khader [35] also studied the stability

of an asymmetric rotor with an asymmetric flexible disk supported by two identical

flexible bearings on both sides by employing the combined Lagrangian approach with

the Rayleigh-Ritz method. It demonstrated that asymmetry in the rotor leads to the veering

behavior in the frequency results along with flutter and divergences instabilities.
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1.1.3 Scope and aims

This research employed the Timoshenko beam theory to study the vibrational

behavior of a spinning cantilever beam with a rigid body attached at its free end for both

symmetric and asymmetric cross-sectional geometries. This modeling integrates rotary

inertia, shear deformations, as well as gyroscopic effects. The governing equations of

motions are derived in the form of the hybrid discrete-continuous system model. These

equations are redefined in extended operator formulation to facilitate discretization by

the Galerkin method and also incorporate the gyroscopic nature. A sufficient number of

orthogonal polynomial basis functions are used to numerically compute the multiple modes

with satisfactory precision.

Vibration characteristics and stability of the dynamic system are investigated for

both symmetric and asymmetric systems for a wide range of rotation speeds. In this study,

symmetry constitutes identical geometries aligned with two perpendicular cross-section

axes, and it is considered asymmetric when this condition is not met. Modal coupling and

veering interactions are analyzed for asymmetric spinning systems in detail. The impacts of

variations in the parameters of the beam and the rigid body on instability and critical speeds

are investigated for a wide range of rotation speeds. Furthermore, unusual interactions

between high-speed instabilities are identified and analyzed thoroughly.

An analytical closed-form solution is derived for the spinning symmetric system

comprising a cantilever beam and a rigid tip body using the complex-valued format. The

analytical closed-form solution is advantageous for evaluating the accuracy of numerical

solutions, especially for higher modes. It can also be employed as a basis function for further

numerical analysis of similar complex systems. ANSYS simulation using the finite element

method is also utilized to evaluate the validity of the results obtained by the mathematical

modeling presented in this study. Variations in the natural frequencies, modal characteristics,
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and instabilities of both symmetric and asymmetric systems are simulated by ANSYS

software for a range of rotation speeds. The results from this simulation are then compared

with the ones obtained by the presented analytical modeling for further analysis.

1.2 Dielectric elastomer membrane actuator

1.2.1 Motivation

Dielectric elastomers are a class of soft electroactive materials that have been used

for soft robots [47–54], actuators [55–61], energy generators [62–68], and sensors [69–73].

Dielectric elastomers are soft, highly deformable elastomeric materials with sufficiently-low

conductivity that the material behaves as an insulator. Dielectric elastomers have been

shown to experience large deformations with greater than 100 percent, have a high energy

density greater than 3.4 MJ/m3, exhibit fast response times on the order of milliseconds, are

lightweight, can be easily manufactured into complex shapes, and have low overall costs.

In applications, a thin dielectric elastomer membrane is coated on its upper and lower

surfaces using a compliant electrode, like carbon powder or a layer of carbon-filled grease.

Because of the insulating property of the material, the application of a voltage through

its thickness forces like charges on the upper and lower electrodes. These charges attract,

generating a Maxwell stress within the material. This loading results in deformation that

reduces the material thickness and increases its area. In applications, dielectric elastomers

have been used with circular, rectangular, and spherical geometries. A schematic of a

circular dielectric elastomer membrane is shown in Fig. 1.3.

1.2.2 Literature review

Because the elastomeric materials experience large deformations, their mechanical

behavior must be captured using hyperelastic material models. A large number of
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Figure 1.3: Schematic of a circular dielectric elastomer membrane

hyperelastic models are available for materials that experience large deformations. Early

hyperelastic models include the Neo-Hookean [74] and Mooney-Rivlin [75, 76] models.

These models are restricted to moderate stretches because instabilities may result from

their use at larger stretches. Since those models were proposed, several other models have

appeared that include the material’s strain stiffening behavior at large stretches. These

include the Arruda-Boyce [77], Ogden [78], Gent [79], and Lopez-Pamias [80] models.

Many of these models have been used for analyzing the static and dynamic behavior of

dielectric elastomer membranes and structures.

The acrylic elastomer VHB manufactured by 3M is a common material used for

dielectric elastomer transducer applications. This elastomer is an extremely soft material,

with a low shear modulus that is capable of huge stretches [81]. Uniaxial stretches of this

material have been in the hundreds of percent. Its maximum stretch possible exceeds 800

percent. Because it is so soft, voltage-induced deformations over 2000 percent areal strains

have been demonstrated in tubular membranes [82]. VHB is commonly modeled using the

Gent hyperelastic material model because of its excellent ability to replicate the material

stress-stretch behavior in standard material testing [83].

Pelrine et al. [84] experimentally measured large actuation stretches in acrylic

elastomers under applied electric fields. This data inspired the later studies to perform

constitutive model fitting to capture nonlinear mechanical behavior under coupled

electro-mechanical effects. Wissler et al. [81] conducted finite element simulations to capture
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nonlinear electro- mechanical behaviors of acrylic elastomers and evaluate experimental

observations. Zhao et al. developed a theoretical model fitted to experimental data to

predict the softening behavior, electromechanical instability, and failure of dielectric

elastomers. Ogden et al. [85] compared the ability of some hyperelastic formulations,

such as Mooney–Rivlin, Ogden, and Gent-Gent models, to capture strain-stiffening behavior

of an elastomeric material by fitting them to equibiaxial and biaxial data. Horgan [86]

demonstrates that hyperelastic models like Gent that incorporate limiting chain extensibility

in their formulations are able to predict strain-stiffening effects. Lopez-Pamies [80] proposed

an I1 based hyperelastic model with high flexibility that can accurately fit large stretches

of rubber elastic materials using only a few terms. Chen et al. [83] characterized soft

rubber-like materials for dielectric elastomer applications. The mechanical behavioir of

these materials were not accurately predicted using the Gent model. An enhanced Gent

model was able to accurately capture the stress-stretch behavior. Silicone rubbers, which

are known for their low elastic modulus and high stretchability, are attractive candidates

for dielectric elastomer applications. Several studies have extended hyperelastic models

of dielectric elastomers by incorporating the viscoelastic effects to capture time-dependent

behaviors [87–90].

Recently, the use of dielectric elastomers as actuators has been the subject of

many studies due to their ability to generate large, reversible deformations under electrical

stimulation [84, 91]. Pelrin et al. indicate that the application of planar pre-stretch improves

the performance of dielectric elastomer actuators, which enhances electrical breakdown

strength and enables the elastomer membrane to actuate primarily in the softer, low-prestrain

planar direction and in thickness. Wissler et al. [92] demonstrate that both in-plane and

out-of-plane Maxwell stress contribute to actuation, and the relative permittivity of acrylic

elastomers like VHB materials decreases with increasing pre-stretch ratio. Wissler et al. [93]
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derive an analytical solution for the instantaneous response of a pre-stretched circular

actuator and studied the time-dependent behavior using finite element simulation. In this

study, the hyperelastic models of Yeoh, Ogden, and Mooney-Rivlin are used. They also

compared their results with experimental observations. Liang et al. [94] proposed an inverse

lumped parameter model to analyze the non-uniform deformation of pre-stretched circular

dielectric elastomer actuators.

Nonlinear behaviors are quite common in the deformations and vibrations of

dielectric elastomers due to factors such as large deformations, material properties, and

electro-mechanical coupling. Hence, developing a practical model that accurately captures

their nonlinearities is crucial to effective dynamic analysis. The nonlinear dynamics of

dielectric elastomer membranes have been studied in a wide range of research for various

elastomer geometries, including spherical [95–98], rectangular [99–101], and circular

elastomers [102–104]. They determined the frequency-amplitude diagram illustrating the

oscillations with super-harmonic and sub-harmonic periods apart from the typical harmonic

response.

The spherical thick-walled dielectric elastomer is investigated by Yong et al [97].

Alibakhshi and Heidari [105] presented an approximate analytical solution for the nonlinear

vibrations of a dielectric Neo-Hookean spherical shell employing the multiple-scale method.

Tang et al. [106] investigate the stability and nonlinear behaviors of a dielectric Neo-Hookean

spherical shell with the help of the Newton–harmonic balance method.

Although several analytical studies [103, 107] have been conducted on the nonlinear

dynamics and equilibrium responses of a pre-stretched circular dielectric membrane,

numerical finite element simulations alongside experimental testing provide a robust

validation benchmark. In these studies, the nonlinear characteristics of the frequency

response, including the primary and secondary resonances, are investigated. Zhu et al. [96]
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studied the nonlinear vibrations of spherical membranes under harmonic voltage excitations

using the neo-Hookean strain energy function. Many studies incorporate the axial inertia

in the nonlinear formulations to analyze the dynamic response of dielectric elastomers

[101, 108–111]. Cooley and Lowe [103] numerically calculate the frequency response of

the large-stretch in-plane nonlinear vibration of circular dielectric elastomer membranes at a

nominal voltage below where snap-through instabilities are possible. The impacts of the

transitions from the softening to hardening nonlinear behavior on the frequency response

were also investigated by Cooley and Lowe [104].

1.2.3 Scope and aims

This work studies equilibrium hyperelastic deformations of pre-stretched circular

dielectric elastomer membranes subjected to varying electric potentials. Two models of

dielectric actuators are considered, where the membranes are pre-stretched either under

a constant load or a constant stretch. Two observations from the mechanical behavior

of dielectric elastomer materials are considered in this research. First, more than one

hyperelastic model has been shown to accurately capture the mechanical behavior of an

elastomeric material. Second, different elastomeric materials require different material

models to capture their mechanical behavior. The impact of these effects on the behaviors

of dielectric elastomer actuators has not been fully investigated. Numerical simulations

are performed using the finite element method to validate the analytical analysis. The

results are also compared with the experimental data reported by a separate research group.

Variations in stretches throughout the whole body of the membrane are investigated over a

wide range of applied electric potential using finite element simulations. This will increase

the performance of soft material technologies in actuation, sensing, and energy harvesting,

for example.
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CHAPTER TWO

ANALYZING THE VIBRATIONS AND STABILITY OF THE SPINNING SYSTEM
USING NUMERICAL METHODS

2.1 Introduction

Cantilevered beams with bodies attached to their tip that spin about their longitudinal

axis are common structural elements used in resonator devices like MEMS gyroscopes

[4, 112–125]. In these devices, the beam provides stiffness, the body at the tip provides

inertia, gyroscopic effects couple the deformations, and the vibration produced is used for

sensing. Tuning the structural resonances is of primary importance to the proper design

of these devices. Furthermore, controlling their stability is essential to avoid failures in

high-speed applications. It is the high-speed vibration and stability that motivates the present

work.

A number of fundamental investigations on the vibration of spinning cantilevered

beams have appeared in the literature. The vibration of spinning elastic beams with classical

boundary conditions was investigated by Bauer [5]. It was assumed the beam was slender so

that rotary inertia and shear deformation effects were neglected (i.e., Euler-Bernoulli beam

theory was used). The vibration of spinning beams that include rotary inertia (i.e., Rayleigh

beam theory) was studied by Lee and Jei [10] and Sheu and Yang [12]. The vibration of

spinning beams including rotary inertia and shear deformations (i.e., Timoshenko beam

theory) was investigated analytically by Zu and Han [18]. These fundamental studies led to

modal analysis formulations [10, 13, 14, 126], analyses of natural frequency veering [127],

and examination of the response due to moving forces [10, 14, 15], to name a few.

Spinning beams, unlike their stationary counterparts, have the potential to experience

divergence and flutter instabilities at high rotation speeds. Divergence instability is
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characterized by an exponential growth of the resulting deformations. The boundaries

of divergence instability are typically marked by critical speeds (defined as speeds where

an eigenvalue vanishes). The critical speeds themselves are important for stability because

static forces cause large-amplitude unstable responses. Exponentially-increasing oscillatory

deformations occur for flutter instability. Bauer [5] identified critical speeds for slender,

spinning beams analytically and numerically from natural frequency-speed diagrams. Only

beams with identical cross-sectional geometry were considered. Divergence instability

occurs for beams with non-identical cross-sections (e.g., rectangular cross-sections) [38].

The impact of rotary inertia on high-speed spinning beams was investigated by Aouadi and

Lakrad [39]. An apparent under-explored area of research in spinning cantilevered beams is

the effect that shear deformations have on high-speed stability behavior.

The vibration of stationary (i.e., non-spinning) cantilevered elastic beams with

attached rigid bodies has been of longstanding interest to engineers. Laura et al. [19]

analyzed the vibration of clamped-free beams with a mass attached to their end using an

Euler-Bernoulli beam model. The specific case that the tip mass is large was analyzed

in Refs. [23, 24]. The effect of eccentric mounting of the mass was investigated by Bhat

and Wagner [28]. Analyses on the impact of fixed-end compliance [21, 128], non-uniform

cross sections [129], base excitation [130], and damping [131] followed. The vibration of

cantilevered Timoshenko beams with attached rigid bodies at their free end was investigated

in Refs. [20, 132].

Shear deformation effects are commonly included in rotordynamic studies, where

shafts are often short and thick. Finite element formulations have been developed in

Refs. [133–136]. The vibration of multi-step rotors has been investigated in Refs. [137–139].

Eshleman and Eubanks [29] analytically investigated the vibration of spinning shafts,

including shear deformation effects, with an attached rigid disk. The vibration of spinning
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shear deformable shafts with multiple attached masses was investigated in Refs. [31].

Mirtalaie and Hajabasi [140] analyzed the vibration of spinning Timoshenko beams using the

total rotation angles of the beam cross-section, which led to time-dependent coefficients in

the governing equations. Chen and Ku [37] analyzed the stability of cantilevered Timoshenko

shafts with a disk at their end and periodic axial forces. The stability of asymmetric rotors

has been investigated in Refs. [35, 36], for example. Jahangiri et al. [141] analyzed torsional

coupling resulting from gyroscopic effects in small-scale rotors.

In this work, the vibration of spinning cantilevered beams with a rigid body attached

at its free end is investigated accounting for shear deformation and rotary inertia in the

beam. The resulting hybrid discrete-continuous system model is written in extended

operator form to exemplify its gyroscopic system features and permit discretization using

Galerkin’s method. Example numerical results are determined for beams with identical

and non-identical cross-sectional geometries and rigid body moments of inertia, which

demonstrate the impact of symmetry on the high-speed dynamic behavior. The vibration

characteristics are examined in terms of the forward and backward orbit modal properties.

Veering interactions are analyzed in terms of the strength of modal coupling. The critical

speeds and high-speed stability are investigated for wide ranges of beam and rigid body

parameters. Unusual stability behaviors observed in parametric studies are identified and

discussed.

2.2 Modelling

A schematic of a cantilevered beam with a rigid body attached at its end is shown in

Fig. 2.1. The system rotates about its longitudinal axis at a constant speed Ω. The beam

has length L and cross-sectional area A. The cross-section is assumed to have two planes of

symmetry so that bending in one direction does not generate bending in the other direction.
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Figure 2.1: Schematic of a spinning cantilevered beam with a rigid body attached to its free
end. The beam spins at a constant speed about its longitudinal axis.

The beam is made of an isotropic elastic material with density ρ , elastic modulus E, and

shear modulus G.

We define a fixed, inertial basis as {i, j,k} (not shown). The basis {E1,E2,E3} is

defined from the inertial basis by a rotation of ΩT about E3 = k at time T . The neutral

axis of the beam coincides with E3 in the reference configuration before deformation. The

base vectors E1 and E2 are oriented along the principle axes of the cross-section. Locations

along the beam span are defined by the coordinate X3 with 0 < X3 < L defining the domain.

Positions on the beam cross-section are defined by the coordinates X1 and X2.

In resonator devices, the structural resonances of the beam are controlled using a

small element at the beam tip X3 = L. We model this element as a rigid body. Before

deformation, the mass center of the rigid body is located along the E3 axis but offset from

the beam tip by a distance of d. The basis {e1,e2,e3} is a body-fixed basis attached to

the rigid body at its mass center. The relationship between it and {E1,E2,E3} will be

determined from the beam bending deformations at its endpoint. The rigid body has mass M

and mass moment of inertia J = J11e1 ⊗ e1 + J22e2 ⊗ e2 + J33e3 ⊗ e3 about its mass center.
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The tensor formed by vectors a and b is denoted a⊗b. It is defined by its action on vector c

as (a⊗b)c = (b · c)a, where b · c denotes the dot product of b and c.

We assume that cross-sections in the plane remain planar after deformation. Warping

of the cross-section during deformation is neglected. We focus on the beam’s bending

deformations so axial and torsional deformations are omitted. In vibration analyses where

strains remain infinitesimal, these motions do not couple with the bending deformations.

For larger vibrations with finite strains, coupling between bending and torsion or extension

occurs [142, 143]. The position of a material particle on the beam before deformation is

rb0 = X1E1 +X2E2 +X3E3. After an assumed bending deformation, the position of this

material particle at time T is

rb = [X1 cosθ2(X3,T )+U1(X3,T )+X2 sinθ1(X3,T )sinθ2(X3,T )]E1

+[X2 cosθ1(X3,T )+U2(X3,T )]E2

+[X3 −X1 sinθ2(X3,T )+X2 sinθ1(X3,T )cosθ2(X3,T )]E3, (2.1)

where U1(X3,T ) and U2(X3,T ) are bending displacements along E1 and E2, respectively.

The rotational deformations θ1(X3,T ) and θ2(X3,T ) are about E1 and E2. These are also

associated with beam bending. They are not determined from the bending displacements,

however. We take them as independent of the bending displacements to allow for shearing

of small differential elements within the beam span. We retain the full nonlinear form of

the position in Eq. (2.1). This is to capture all quadratic terms that will be produced in the

kinetic energy equation. The use of only linear terms for infinitesimal strains would result in

the omission of centripetal acceleration terms in the final equations of motion for the beam.
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Before deformation, the position of the mass center of the rigid body is rM0 =

rb0|X3=L +dE3. The position after deformation is

rM = rb
∣∣
X3=L +de3 =U1c E1 +U2c E2 +(L+d cosΘ1 cosΘ2) E3, (2.2a)

U1c(T ) =U1(L,T )+d cosΘ1 sinΘ2, U2c(T ) =U2(L,T )−d sinΘ1, (2.2b)

Θ1(T ) = θ1(L,T ), Θ2(T ) = θ2(L,T ) (2.2c)

U1c and U2c are the displacements of the rigid body’s mass center along E1 and E2,

respectively. Θ2 is the rotation of the rigid body about E2. The rotation Θ1 is about E1. The

rotation of {i, j,k} to {e1,e2,e3} is defined as a 3-2-1 Euler rotation sequence using the

angles ΩT , Θ2, and Θ1. The angular velocity of the rigid body is

ωM = (Θ̇1 −ΩsinΘ2)e1 +(Θ̇2 +ΩcosΘ2 sinΘ1)e2 +(ΩcosΘ2 cosΘ1 − Θ̇2 sinΘ1)e3

(2.3)

Equation (2.3) retains all nonlinear terms in the rotations so that all linear terms are captured

in the kinetic energy expression determined later.

The deformation at any material point on the beam is v = rb−rb0. Motivated by the

small vibrations that will be analyzed, we calculate the strains from the infinitesimal strain

tensor εi j = (vi, j + v j,i)/2, where (·),i = ∂ (·)/∂Xi and the indices i, j = 1,2,3. Use of the

linearized form of the deformation v gives the infinitesimal strains as

ε13 =
U1,3 −θ2

2
, ε23 =

U2,3 +θ1
2

, ε33 =−X1θ2,3 +X2θ1,3 (2.4)

The assumed kinematics of deformation result in constant shear strains through the thickness

of the beam, as seen by the absence of X1 and X2 in ε13 and ε23. The variation in these

strains throughout the cross section will be accounted for using shear correction factors that

depend on the cross-section geometry.
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The beam is made from a material that is linear, elastic, and isotropic (i.e., the

material is Hookean). The stress-strain relationships are σ33 = Eε33, σ13 = 2k13Gε13, and

σ23 = 2k23Gε23. k13 and k23 are shear correction factors that, in general, depend on the

cross-section’s geometry and the material’s Poisson’s ratio [144, 145]. The strain energy

of the beam is S = 1/2
∫ L

0
∫

A σi jεi jdAdX3. Use of Eq. (2.4) and the material constitutive

behavior gives the strain energy as

S =
1
2

∫ L

0

[
k13GA(U1,3 −θ2)

2 + k23GA(U2,3 +θ1)
2 +EI22θ

2
1,3 +EI11θ

2
2,3

]
dX3 (2.5)

where the cross-sectional area A =
∫

A dA. The cross-sectional area moments of inertia are

I11 =
∫

A X2
1 dA and I22 =

∫
A X2

2 dA. In Eq. (2.5) the product of inertia I12 =
∫

A X1X2dA

vanishes because the beam cross-section is assumed to have two planes of symmetry.

The kinetic energy of the beam is Kb = 1/2
∫ L

0 ρAṙb · ṙbdX3, where the overdot

(̇) = ∂/∂T denotes time differentiation. Substitution of the time derivative of Eq. (2.1) into

the kinetic energy expression gives

Kb =
1
2

∫ L

0

[
ρA(U̇1 −ΩU2)

2 +ρA(U̇2 +ΩU1)
2 +ρI11θ̇

2
2 +ρI22θ̇

2
1

+Ω
2
ρI11(1−θ

2
2 )+Ω

2
ρI22(1−θ

2
1 )−2ΩρI22

(
θ̇1θ2 +θ1θ̇2

)]
dX3 (2.6)

where cubic and higher terms have been omitted because they do not produce terms in the

linear equations of motion.

The kinetic energy of the rigid body is KM = (1/2)MṙM · ṙM +(1/2)ωc · (JMωc).

After use of the time derivative of Eqs. (2.2) and (2.3), the rigid body kinetic energy becomes

KM =
1
2

M[(U̇1c −Ω Uc2)
2 +(U̇2c +ΩUc1)

2]+
1
2

J11(Θ̇1 −ΩΘ2)
2

+
1
2

J22(Θ̇2 +ΩΘ1)
2 +

1
2

J33

[
Ω

2 −2ΩΘ̇2Θ1 −Ω
2(Θ2

1 +Θ
2
2)
]

(2.7)
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The total kinetic energy for the beam-mass system is K = Kb +KM.

The governing equations are derived from Hamilton’s principle
∫ t2
t1
(δK−δS)dt = 0.

The variation in the kinetic energy δK is calculated from the total kinetic energy with the

use of Eqs. (2.6) and (2.7). δS is calculated from Eq. (2.5). The geometric boundary

conditions at the fixed end are U1(0,T ) = 0, U2(0,T ) = 0, θ1(0,T ) = 0, and θ2(0,T ) = 0.

The resulting equations of motion and natural boundary conditions are

ρAÜ1 −2ΩρAU̇2 − k13GA(U1,33 −θ2,3)−Ω
2
ρAU1 = 0 (2.8a)

ρAÜ2 +2ΩρAU̇1 − k23GA(U2,33 +θ1,3)−Ω
2
ρAU2 = 0 (2.8b)

ρI22θ̈1 + k23GA(U2,3 +θ1)−EI22θ1,33 +Ω
2
ρI22θ1 = 0 (2.8c)

ρI11θ̈2 − k13GA(U1,3 −θ2)−EI11θ2,33 +Ω
2
ρI11θ2 = 0, 0 < X3 < L (2.8d)

MÜ1c −2ΩMU̇2c + k13GA(U1,3 −θ2)
∣∣
L −Ω

2MU1c = 0 (2.9a)

MÜ2c +2ΩMU̇1c + k23GA(U2,3 +θ1)
∣∣
L −Ω

2MU2c = 0 (2.9b)

J11Θ̈1−Ω(J11 + J22 − J33)Θ̇2+EI22θ1,3
∣∣
L+dk23GA(U2,3+θ1)

∣∣
L−Ω

2(J22−J33)Θ1 = 0

(2.9c)

J22Θ̈2+Ω(J11+J22−J33)Θ̇1+EI11θ2,3
∣∣
L−dk13GA(U1,3−θ2)

∣∣
L−Ω

2(J11−J33)Θ2 = 0

(2.9d)

Equations (2.8) and (2.9) are a set of partial differential equations for the beam that are

coupled to a set of ordinary differential equations for the rigid body. Gyroscopic terms,

which are proportional to the rotation speed Ω, appear in the equations for the translational

deformations in Eqs. (2.8a) and (2.8b). There are no gyroscopic terms in Eqs. (2.8c) and

(2.8d) for the rotational deformations. Gyroscopic terms appear in all equations for the rigid
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body, as seen in Eqs. (2.9). All equations for the beam (Eqs. (2.8)) and rigid body (Eqs.

(2.9)) contain centripetal terms proportional to Ω2.

Equations (2.8) agree with those derived in Ref. [14] for the case that the beam is

symmetric and there is no rigid body at its tip. Equations (2.8) and (2.9) reduce to those

in Ref. [39] for the special case that there is no rigid body and shear deformations are

negligible with κ → ∞. Further neglecting rotary inertia, Eqs. (2.8) and (2.9) reduce to

those in Ref. [5]. Equations (2.8a), (2.8d), (2.9a), and (2.9d) (and similarly Eqs. (2.8b),

(2.8c), (2.9b), and (2.9c)) agree with those derived in Ref. [20] for vanishing rotation speed

after algebraic manipulations.

2.2.1 Nondimensionalization

Equations (2.8) and (2.9) are nondimensionalized using the nondimensional variables

xi =
Xi
L
, t =

1
L2

√
EI11
ρA

T, u1,2 =
U1,2

L
, d̂ =

d
L
, κ =

GAL2

EI11
, µ =

I11
AL2 ,

α =
I22
I11

, η =
M

ρAL
, Ω̂=

√
ρAL4

EI11
Ω, ν11 =

J11
ρAL3 , ν22 =

J22
ρAL3 , ν33 =

J33
ρAL3

(2.10)

The variables above lead to the differentiation relationships ∂ ()/∂X3 = (1/L)∂ ()/∂x3 and

∂ ()/∂T =
√

EI11/ρAL4 ∂ ()/∂ t. Substitution of the nondimensional parameters in Eq.

(2.10) into Eqs. (2.8) and (2.9) gives the nondimensional equations of motion and natural

boundary conditions

ü1 −2Ω̂u̇2 − k13κ(u1,33 −θ2,3)− Ω̂
2u1 = 0 (2.11a)

ü2 +2Ω̂u̇1 − k23κ(u2,33 +θ1,3)− Ω̂
2u2 = 0 (2.11b)

αµθ̈1 + k23 κ (u2,3 +θ1)−αθ1,33 + Ω̂
2
αµθ1 = 0 (2.11c)
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µθ̈2 − k13κ(u1,3 −θ2)−θ2,33 + Ω̂
2
µθ2 = 0 (2.11d)

η ü1c −2Ω̂η u̇2c + k13κ(u1,3 −θ2)
∣∣
1 − Ω̂

2
ηu1c = 0 (2.12a)

η ü2c +2Ω̂η u̇1c + k23κ(u2,3 +θ1)
∣∣
1 − Ω̂

2
ηu2c = 0 (2.12b)

ν11Θ̈1 − Ω̂(ν11 +ν22 −ν33)Θ̇2 +αθ1,3
∣∣
1 + d̂k23κ(u2,3 +θ1)

∣∣
1 − Ω̂

2(ν22 −ν33)Θ1 = 0

(2.12c)

ν22Θ̈2 + Ω̂(ν11 +ν22 −ν33)Θ̇1 +θ2,3
∣∣
1 − d̂k13κ(u1,3 −θ2)

∣∣
1 − Ω̂

2(ν11 −ν33)Θ2 = 0

(2.12d)

The nondimensional boundary conditions at the fixed end constrain the displacements to

u1(0, t) = 0 and u2(0, t) = 0. The rotational deformations θ1(0, t) = 0 and θ2(0, t) = 0 are

also constrained.

2.2.2 Extended operator formulation

Equations (2.11) and (2.12) represent a set of coupled partial and ordinary differential

equations. As given, they lack the mathematical operator structure identifying their

gyroscopic system nature and facilitating their later discretization for numerical solution. We

resolve that deficiency using the extended operator formulation [146, 147]. In the extended

operator form, the system of equations in Eqs. (2.11) and (2.12) will have the expected

operator adjointness properties of conservative gyroscopic systems. We will also leverage

the extended operator formulation to discretize the equations using Galerkin’s method.

Extended operators have previously been used to analyze the vibration of spinning disk

systems [148–150], belt-pulley systems [151, 152], planetary gears [153, 154], and beams

with attached masses or rigid bodies [155, 156].

21



The extended variable is defined as

h = [u1(x3, t), u2(x3, t), θ1(x3, t), θ2(x3, t), u1c(t), u2c(t), Θ1(t), Θ2(t)]
T (2.13)

h is an element of the Hilbert space H , which consists of complex-valued vectors with

components h1−4 as square-integrable functions continuous over the beam span and h5−8

as scalars. The elements h1−4 must have vanishing displacements at x3 = 0 to satisfy the

necessary clamped conditions at the fixed end. The elements of h are related because of

geometric compatibility at the interface between the beam tip and rigid body. Specifically,

translational compatibility yields h5 = h1(1) + d̂h4(1) and h6 = h2(1)− d̂h3(1). From

compatibility of rotations h7 = h3(1) and h8 = h4(1).

The extended operators are determined from Eqs. (2.11) and (2.12) using the

extended variable in Eq. (2.13). The mass, gyroscopic, stiffness, and centripetal operators

are

Mḧ =



ü1

ü2

αµθ̈1

µθ̈2

η ü1c

η ü2c

ν11Θ̈1

ν22Θ̈2



(2.14a)
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ΩGḣ =



−2Ω̂u̇2

2Ω̂u̇1

0

0

−2Ω̂η u̇2c

2Ω̂η u̇1c

−Ω̂(ν11 +ν22 −ν33)Θ̇2

Ω̂(ν11 +ν22 −ν33)Θ̇1



(2.14b)

Kh =



−k13κ(u1,33 −θ2,3)

−k23κ(u2,33 +θ1,3)

k23κ(u2,3 +θ1)−αθ1,33

−k13κ(u1,3 −θ2)−θ2,33

k13κ(u1,3 −θ2)
∣∣
1

k23κ(u2,3 +θ1)
∣∣
1

αθ1,3
∣∣
1 + d̂k23κ(u2,3 +θ1)

∣∣
1

θ2,3
∣∣
1 − d̂k13κ(u1,3 −θ2)

∣∣
1



(2.14c)

−Ω
2Ch =



−Ω̂2 u1

−Ω̂2 u2

Ω̂2 α µ θ1

Ω̂2 µ θ2

−Ω̂2 η u1c

−Ω̂2 η u2c

−Ω̂2 (ν22 −ν33)Θ1

−Ω̂2 (ν11 −ν33)Θ2



(2.14d)
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The use of the extended variable in Eq. (2.13) and the extended operators in Eq.

(2.14) give the equation of motion in standard conservative gyroscopic system form as

Mḧ+ Ω̂Gḣ+
(

K− Ω̂
2C
)

h = 0 (2.15)

Substitution of the separable solution h(t) → heλ t into Eq. (2.15) gives the

eigenvalue problem

λ
2Mh+λ Ω̂Gh+

(
K− Ω̂

2C
)

h = 0 (2.16)

The inner product on H is defined as

⟨u,v⟩=
∫ 1

0
(ū1v1 + ū2v2 + ū3v3 + ū4v4)dx3 + ū5v5 + ū6v6 + ū7v7 + ū8v8 (2.17)

where u and v are elements of H . The mass (⟨u,Mv⟩ = ⟨Mu,v⟩), stiffness (⟨u,Kv⟩ =

⟨Ku,v⟩), and centripetal operators (⟨u,Cv⟩ = ⟨Cu,v⟩) are self-adjoint. The gyroscopic

operator (⟨u,Gv⟩=−⟨Gu,v⟩) is skew-self-adjoint. The mass and stiffness operators are

positive definite, that is, ⟨u,Mu⟩ ≥ 0 and ⟨u,Ku⟩ ≥ 0. The equality only holds when u = 0.

With these operator adjointness and definiteness properties, the system is guaranteed to have

purely imaginary eigenvalues below the first critical speed [157–159]. Furthermore, the

eigenvalues and corresponding eigenvectors occur in complex conjugate pairs.

2.2.3 Discretization

Analytical solutions of Eq. (2.16) are difficult. We seek approximate solutions using

Galerkin discretization. A benefit of the extended operator structure defined in Eqs. (2.13)

and (2.14) is the straightforward application of approximate techniques like Galerkin’s

method. The approximate extended vector ha is expanded as
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ha =

N1
∑

k=1
a1kh(1)k +

N2
∑
l=1

a2lh
(2)
l +

M1
∑

m=1
b1mh(3)m +

M2
∑

n=1
b2nh(4)n (2.18a)

h(1)k = [φ1k(x3),0,0,0,φ1k(1),0,0,0]
T (2.18b)

h(2)l = [0,φ2l(x),0,0,0,φ2l(1),0,0]
T (2.18c)

h(3)m = [0,0,ψ1m(x),0,0,−d̂ψ1m(1),ψ1m(1),0]
T (2.18d)

h(4)n = [0,0,0,ψ2n(x), d̂ψ2n(1),0,0,ψ2n(1)]
T (2.18e)

φ1k, φ2l , ψ1n, and ψ2m satisfy the geometric boundary conditions that require them to

vanish at x3 = 0. This ensures h(1)k , h(2)l , h(3)m , and h(4)n are admissible vectors.

Because Eq. (2.18) is not a true eigenvector, the use of it into Eq. (2.16) does not

result in the vanishing of its right-hand side. Instead, a residue R ∈ H remains that is

dependent on the numbers of basis functions used N1, N2, M1, and M2. The expansion

coefficients are determined by the requirement that the vectors h(1)k , h(2)l , h(3)m and h(4)n are

all separately orthogonal to R. This process results in the discretized eigenvalue problem

λ
2[M]{h}+λ Ω̂[G]{h}+([K]− Ω̂

2[C]){h}= 0 (2.19a)

{h}= [a11,a12, . . . ,a1N1 ,a21,a22, . . . ,a2N2,b11,b12, . . . ,b1M1 ,b21,b22, . . . ,b2M2]
T

(2.19b)

The mass, gyroscopic, stiffness, and centripetal matrices in Eq. (2.19a) are

[M] =



[M11] 0 0 [M14]

0 [M22] [M23] 0

0 [M32] [M33] 0

[M41] 0 0 [M44]


(2.20a)
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[M11]pk =
∫ 1

0
φ1pφ1kdx3 +ηφ1p(1)φ1k(1), p,k = 1,2, . . . ,N1 (2.20b)

[M22]ql =
∫ 1

0
φ2qφ2ldx3 +ηφ2q(1)φ2l(1), q, l = 1,2, . . . ,N2 (2.20c)

[M33]rm =
∫ 1

0
αµψ1rψ1mdx3+(ν11+ d̂2

η)ψ1r(1)ψ1m(1), r,m = 1,2, . . . ,M1 (2.20d)

[M44]sn =
∫ 1

0
µ ψ2sψ2ndx3 +(ν22 + d̂2

η)ψ2s(1)ψ2n(1), s,n = 1,2, . . . ,M2 (2.20e)

[M14]pn = [M41]np = d̂ηφ1p(1)ψ2n(1) (2.20f)

[M23]qm = [M32]mq =−d̂ηφ2q(1)ψ1m(1) (2.20g)

[G] =



0 [G12] [G13] 0

[G21] 0 0 [G24]

[G31] 0 0 [G34]

0 [G42] [Gdc] 0


(2.21a)

[G12]pl =−[G21]l p =−2
∫ 1

0
φ1pφ2ldx3 −2ηφ1p(1)φ2l(1) (2.21b)

[G13]pm =−[G31]mp =−2d̂ηφ1p(1)ψ1m(1) (2.21c)

[G24]qn =−[G24]nq =−2d̂ηφ2q(1)ψ2n(1) (2.21d)

[G34]rn =−[G43]nr = (ν33 −ν11 −ν22 −2d̂2
η)ψ1r(1)ψ2n(1) (2.21e)

[K] =



[K11] 0 0 [K14]

0 [K22] [K23] 0

0 [K32] [K33] 0

[K41] 0 0 [K44]


(2.22a)
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[K11]pk =
∫ 1

0
k13κφ ′

1pφ
′
1kdx3 (2.22b)

[K22]ql =
∫ 1

0
k23κφ ′

2qφ
′
2ldx3 (2.22c)

[K33]rm =
∫ 1

0

(
k23κψ1rψ1m +αψ ′

1rψ1m

)
dx3 (2.22d)

[K44]sn =
∫ 1

0

(
k13κψ2sψ2n +ψ ′

2sψ
′
2n

)
dx3 (2.22e)

[K14]pn = [K41]np =−
∫ 1

0
k13κφ ′

1pψ2ndx3 (2.22f)

[K23]qm = [K32]mq =
∫ 1

0
k23κφ ′

2qψ1mdx3 (2.22g)

[C] =



[C11] 0 0 [C14]

0 [C22] [C23] 0

0 [C32] [C33] 0

[C41] 0 0 [C44]


(2.23a)

[C11]pk =
∫ 1

0
φ1pφ1kdx3 +ηφ1p(1)φ1k(1) (2.23b)

[C22]ql =
∫ 1

0
φ2qφ2ldx3 +ηφ2q(1)φ2l(1) (2.23c)

[C33]rm =−
∫ 1

0
αµψ1rψ1mdx3 +(ν22 −ν33 + d̂2

η)ψ1r(1)ψ1m(1) (2.23d)

[C44]sn =−
∫ 1

0
µψ2sψ2ndx3 +(ν11 −ν33 + d̂2

η)ψ2s(1)ψ2n(1) (2.23e)

[C14]pn = [C41]np = d̂ηφ1p(1)ψ2n(1) (2.23f)

[C23]qm = [C32]mq =−d̂ηφ2q(1)ψ1m(1) (2.23g)
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where the prime denotes differentiation with respect to the spatial coordinate, that is,

()′ = d()/dx3. The matrix operators in Eq. (2.19a) have symmetries that stem from the

adjointness properties of the corresponding extended operators in Eq. (2.16). The mass,

stiffness, and centripetal matrices are Hermitian, that is, [M]
T
= [M], [K]

T
= [K], and

[C]
T
= [C]. The gyroscopic matrix is skew-Hermitian [G]

T
=−[G]. The matrix eigenvalue

problem in Eq. (2.19a) is solved using standard numerical methods for the eigenvalues λ and

the eigenvectors {h}. The continuum translational deformations u1(x3) and u2(x3) in Eq.

(2.18) are calculated from the elements of {h} with the chosen basis functions φ1k(x3) and

φ2l(x3). Similarly, the continuum rotational deformations θ1(x3) and θ2(x3) are calculated

from the elements of {h} with ψ1m(x3) and ψ2n(x3).

We use orthogonal polynomials as basis functions for discretization. Admissible sets

of orthogonal polynomials are easily generated for the current problem. We briefly describe

the process and give the first ten polynomials used in A. A benefit of the current problem is

that all deformations can use the same set of orthogonal polynomials. Therefore, the set of

basis functions needs only to be constructed once and can be used repeatedly to populate

the matrices.

The use of orthogonal polynomials permits simple, closed-form expressions for the

matrix elements in Eq. (2.19a). These are given in B. The use of the matrix elements in

A is preferred to numerically evaluating the elements in integral form. We found slight

errors from numerical integration can break the expected matrix symmetries, causing

difficulty solving the matrix eigenvalue problem and spurious instabilities. Numerical

calculations using 25 basis functions were used to examine high frequency regions where

shear deformation effects are prominent. Fewer basis functions are needed if only the first

several modes are of interest.
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To investigate the importance of shear deformation effects, we quantify the ratio of

the shear strain energy to the total strain energy in a vibration mode using

χ =

∫ 1
0

[
k13κ(θ2 −u1,3)

2 + k23κ(θ1 +u2,3)
2
]

dx3∫ 1
0

[
k13κ(θ2 −u1,3)

2 + k23κ(θ1 +u2,3)
2 +αθ 2

1,3 +θ 2
2,3

]
dx3

(2.24)

=⇒ χ =
{h}T

[Kshear]{h}

{h}T
[K]{h}

(2.25)

where [Kshear] is the stiffness matrix associated with shear deformation effects. It is only

those elements in Eq. (2.22a) that contain κ . Larger values of shear strain energy ratio

χ in a given vibration mode indicate larger amounts of shear strain in the corresponding

deformations. Conversely, small values of shear strain energy ratio indicate the mode is

dominated by beam bending.

2.3 Numerical results

This section numerically analyzes the vibration and stability of spinning cantilevered

beams with attached rigid bodies. Two systems are considered. The first system consists of

a beam with a square tubular cross-section. The rigid body at its tip is a solid cube. This

system possesses identical inertia and stiffness properties in the two bending directions.

We will refer to this as the symmetric system. The second system consists of a beam with

a rectangular tube cross-section and a rigid body that is a solid rectangular prism. With

these characteristics, the system has unequal inertia and stiffness properties in the two

bending directions. This will be referred to as the asymmetric system. The offset of the

rigid body mass center from the end of the beam is taken as one-half of the body’s length,

which is the case for a solid body with homogeneous density. The geometric parameters

of both systems are given in Table 2.1. The corresponding nondimensional parameters

for the symmetric system are κ = 201.1069, µ = 0.001876, α = 1, k13 = k23 = 0.4355,
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Table 2.1: Dimensional parameters of the symmetric and asymmetric beam-rigid body
systems. The beams have tubular cross-sections.

Symmetric Asymmetric
Beam material properties

Elastic modulus, E (GPa) 68.9
Shear modulus, G (GPa) 26

Density, ρ (kg/m3) 2710
Beam geometry

Length, L (mm) 80
Outer width, wo (mm)

10.4
12.5

Outer height, ho (mm) 10
Inner side width, wi (mm)

6
8.5

Inner side height, hi (mm) 6
Rigid body properties

Density, ρM (kg/m3) 2710
Length, LM (mm) 10
Width, wM (mm)

17.1
20

Height, hM (mm) 15

η = 0.5068, ν11 = ν22 = 0.00258875, ν33 = 0.00385782, d̂ = 0.0625. The asymmetric

system has nondimensional parameters α = 1.4860, ν11 = 0.003299, ν22 = 0.002144, and

ν33 = 0.004124. The remaining nondimensional parameters are the same as the symmetric

system.

To accurately capture higher frequency vibrations, 25 basis functions were used

for each deformation (i.e., N1 = N2 = M1 = M2 = 25). Hence, all matrices used in Eqs

(2.19a) had dimension 100. Fewer basis functions can be used if only the first several modes

are of interest. For instance, to accurately capture the first four modes of the beam-rigid

body systems with parameters in Table 2.1, only 10 basis functions are needed for each

deformation.
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2.3.1 Eigenvalue behavior

Figure 2.2(a) shows the real and imaginary parts of the eigenvalues calculated for

a wide range of nondimensional rotation speeds. A region showing the first two pairs of

modes at speeds below Ω̂ = 5 is shown in Fig. 2.2(b). The eigenvalues of the symmetric

system are shown in the dashed (red) lines. The natural frequencies are degenerate at zero

speed. For non-zero speeds, the natural frequencies split, with one increasing and the other

decreasing with increasing rotation speed. This is typical behavior for the eigenvalues of

spinning beams with symmetric cross sections [5]. The addition of a rigid body at the tip

and the inclusion of shear deformations in the beam do not alter this behavior.

Speeds where one or more eigenvalues vanish are called critical speeds. The

critical speeds for the symmetric system in Fig. 2.2 are degenerate. The critical speeds

corresponding to the first three modes are Ω̂c = 1.861, 13.749, and 37.162. The eigenvalues

are purely imaginary and stable immediately below and above all critical speeds, indicating

that no instability occurs.

The natural frequencies for the asymmetric system (solid (black) lines in Fig. 2.2)

are distinct at Ω̂ = 0, as expected, because of the differences in the system inertia and

stiffness properties in the two bending directions. We note the stationary natural frequencies

for the asymmetric beam differ from those of the symmetric beam. This is due to the

differences in the rigid body moments of inertia. Because both ν11 and ν22 differ between

the two systems, none of the stationary system natural frequencies for the asymmetric

system are identical to those of the symmetric system. For increasing speed from zero, one

eigenvalue increases and the other decreases, similar to the behavior seen for the symmetric

system. Eigenvalue veering regions [160–162] occur for the asymmetric system whenever

a decreasing eigenvalue comes in close proximately to an increasing eigenvalue. Within

veering regions, the eigenvalues have large local curvatures because their directions change
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abruptly with speed. No veering regions occur between locally increasing and locally

decreasing eigenvalues for the symmetric system, making veering a sharp contrasting feature

for the asymmetric system.

The asymmetric system has distinct critical speeds due to the differences in the

inertia and stiffness properties in the two bending directions. The critical speeds in Fig. 2.2

occur at Ω̂c = 1.86, 2.2538, 13.6598, 16.1033, 36.8036, and 41.8150. They are denoted by

arrows in Fig. 2.2. Like the stationary system natural frequencies, the critical speeds differ

between the two systems because of the differences in the mass moments of inertia. We

examine the eigenvalue behavior for a range of speeds from Ω̂ = 35 to 45, which includes

critical speeds at Ω̂c5 = 36.8036 and Ω̂c6 = 41.8150. Immediately below the critical speed

at Ω̂c5 = 36.8036, the lowest frequency eigenvalue is purely imaginary and stable. It

vanishes at the critical speed when Ω̂c5 = 36.8036. Immediately above Ω̂c5 = 36.8036,

the eigenvalue becomes real-valued, and positive, and experiences divergence instability.

The eigenvalue remains real-valued, positive, and unstable for the entire range of speeds

between Ω̂ = 36.8036 and 41.8150. The eigenvalue again vanishes at the next critical speed

when Ω̂ = Ω̂c6 = 41.8150. For speeds immediately above this critical speed, the eigenvalue

becomes purely imaginary and regains stability. Similar behavior occurs for each pair of

critical speeds shown in Fig. 2.2.

Divergence instability occurs due to asymmetry in the system’s inertia or stiffness

properties. Shear deformation effects are not necessary. Indeed, we have numerically

verified that divergence instabilities remain for the case that shear deformation effects are

negligible (i.e., κ → ∞).

Flutter instability occurs when a complex-valued eigenvalue has a positive real

part. The corresponding single-mode free response will have oscillatory deformations

that increase in amplitude with each oscillation cycle. The presence of flutter instabilities
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is another distinguishing feature of the asymmetric system that is not present when the

system is symmetric. Regions of flutter instability are denoted by F1-F8 in Fig. 2.2(a). In

all cases of flutter instability, a locally decreasing purely imaginary eigenvalue coalesces

with a locally increasing purely imaginary eigenvalue. At speeds immediately above this

speed, the eigenvalues become complex-valued. One eigenvalue has a positive real part

and experiences flutter instability. Flutter instability continues for a range of speeds before

the two eigenvalues again coalesce. Immediately above this speed, the eigenvalues become

purely imaginary and regain stability.

Eigenvalue veering and flutter instability are features that only occur in asymmetric

systems when shear deformation effects are included. We have numerically confirmed that

in the case that shear deformation effects are negligible (i.e., when κ → ∞) all regions of

eigenvalue veering and flutter instability become vanishingly small.

2.3.2 Vibration modes

The vibration modes for gyroscopic systems are generally complex-valued [157,158].

Physically, this represents non-vanishing (and non-180 degree) phase differences between

the vibrations associated with different coordinates in the modes. Figure 2.3 shows the

symmetric system modal deformations corresponding to eigenvalues λ = j0.358 and j3.337

at Ω̂ = 1.5 (see Fig. 2.2(b)). The solid (blue) and dashed (red) lines in Fig. 2.3 are the

real and imaginary parts of the complex-valued modes, respectively. The modes shown

are normalized so that the maximum amplitude of u1 is 0.5. Both modes resemble the first

bending mode for typical stationary beams. As seen in Fig. 2.3, the modal deformations

u1(x3) and θ2(x3) are real-valued (their imaginary parts vanish). u2(x3) and θ1(x3) are

purely imaginary (their real parts vanish). The magnitudes of the bending and rotational

deformations are identical, that is, |u1(x3)|= |u2(x3)| and |θ1(x3)|= |θ2(x3)|.
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Figure 2.2: (a) Beam-rigid body eigenvalue loci for varying nondimensional rotation speed.
(b) The regions shown by the dotted (blue) boxes in (a). The dashed (red) lines are for the
symmetric system. The solid (black) lines are for the asymmetric system. The parameters
are given in Table 2.1.
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The modal deformations have further properties that lead to specific vibratory

features in single-mode response. For the mode corresponding to λ = j0.358 in Figs.

2.3(a,c), the deformations can be written as u1(x3) = û(x3) and u2(x3) =−jû(x3). Hence,

the deformations u2 have a 90 degree (π/2 radians) phase lag with the deformations u1 at

all material points along the span. The rotational deformations can similarly be written as

θ2(x3) = θ̂(x3) and θ1(x3) = jθ̂(x3), indicating θ1 leads θ2 by 90 degrees (π/2 radians).

The single-mode response corresponding to Eq. (2.15) is calculated from heλ t + cc, where

cc denotes the complex conjugate of all preceding terms. From the first element of h, the

bending deformation u1(x3, t) = û(x3)ejωt + cc = 2û(x3)cosωt. The second element gives

u2(x3, t) = −jû(x3)ejωt + cc = 2û(x3)sinωt. These results show that material particles

located along the beam span have perfectly circular motion with radius 2|û(x3)| about the

undeformed position. The material particles move in the direction of rotation. The frequency

of revolution is the natural frequency ω = Im(λ ) of the corresponding mode. We will refer

to these as forward orbit modes.

By a similar analysis, the mode corresponding to λ = j3.337 with deformations in

Figs. 2.3(b,d) correspond to perfectly circular orbits about the undeformed position that

move in the direction opposite of the rotation. Indeed, the modal bending deformations

can be written u1(x3) = û(x3) and u2(x3) = jû(x3). In single-mode response u1(x3, t) =

û(x3)ejωt + cc = 2û(x3)cosωt, like for forward orbiting modes. The other bending

deformation is now u2(x3, t) = jû(x3)ejωt + cc =−2û(x3)sinωt. The expressions for the

rotational deformations can be determined similarly. These confirm the circular geometry of

the motion and its backward direction of travel (with respect to the direction of rotation).

The mathematical structure leading to forward and backward orbiting deformations

in single-mode response applies to all pairs of symmetric system eigenvalues shown in Fig. 2.

All decreasing eigenvalues correspond to modes that have perfectly circular forward orbits at
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all material points along the span. Similarly, all increasing eigenvalues with increasing speed

correspond to backward orbiting deformations with perfectly circular orbits. These modal

properties are consistent with slender beams without shear deformation effects [5]. Forward

and backward orbit vibrations also occur in systems with cyclic symmetry [163–166].

Closely related are forward and backward wave vibrations that occur in axisymmetric

systems like spinning disks [150, 167–169] and rings [170–175], for example.

The modal shear strains along the beam span are shown in Figs. 2.3(e) and 2.3(f).

These are calculated from ε13 = û′1 − θ̂2 and ε23 = û′2 + θ̂1. Because of the properties of

the deformations, the bending strain ε13 is real-valued and ε23 is purely imaginary. As

seen in the figures, the shear strains are small for the entire beam span in both the forward

(Fig. 2.3(e)) and backward (Fig. 2.3(f)) orbit modes. The maximum shear strain is just

ε13 = 0.0184 (ε13 = 0.018) for the forward (backward) orbit mode in Fig. 2.3(e) (Fig.

2.3(f)). The shear strains do not vanish at the beam tip because of the presence of a rigid

body. In systems without a rigid body, the shear strains vanish at the beam tip. Because the

shear strains are small, this mode would be accurately predicted using models that exclude

shear deformation effects (e.g., an Euler-Bernoulli beam model). The shear strains increase

for higher modes (not shown).

Figure 2.4 shows example modal deformations for two modes from the asymmetric

system at Ω̂ = 1.5. The modal deformations shown in Figs. 2.4(a,c) correspond to the

eigenvalue λ = j12.138 (see Fig. 2.2(b)). The modal deformations corresponding to the

eigenvalue λ = j15.491 are shown in Figs. 2.4(b,d). The modes are normalized so that

the maximum deformation is 0.5. Like for the symmetric system modes in Fig. 2.3, the

modes for the asymmetric system in Fig. 2.4 have real-valued u1(x3) and θ2(x3) and purely

imaginary u2(x3) and θ1(x3). Additionally, the bending deformations u2 lag those for u1 by

90 degrees (π/2 radians) for the majority of the beam span in Fig. 2.4(a). u2 leads u1 by 90
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Figure 2.3: Modal deformations corresponding to the first pair of eigenvalues for the
symmetric beam-rigid body system at Ω̂ = 1.5. The modal bending deformations, rotational
deformations, and shear strains are shown in (a, c, e) and (b, d, f) for the forward orbit and
backward orbit modes, respectively. The solid (blue) and dashed (red) lines are the real and
imaginary parts of the complex-valued quantities. The dotted (black) lines denote vanishing
quantities.
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degrees (π/2 radians) for the majority of the span in Fig. 2.4(b). These phase differences

are responsible for the forward and backward orbit vibrations in single-mode response. The

modes in Fig. 2.4 have different magnitudes of bending and rotational deformations in the

two bending directions, however. Hence, the single-mode free vibration will have material

points that travel in elliptical, not circular, orbits in the direction of rotation (forward orbits)

and the direction opposite of rotation (backward orbits). The sizes of the elliptical paths

traveled by material points vary along the span. The semi-major and semi-minor axes always

lie along u1 and u2.

Away from veering and instability regions, the vibration modes have predominantly

forward orbit or backward orbit form, like in Fig. 2.4 for the second pair of modes at

Ω̂ = 1.5. The entire span does not generally have only forward or backward orbits, however.

Indeed, small regions of the beam span generally near nodes have material points that are

often in the opposite direction. We demonstrate this behavior using the deformations shown

in Fig. 2.4(a). The nodal point where u1 vanishes occurs at x3 = 0.9708. u2 vanishes at

x3 = 0.9688, however. Therefore, within the small region from x3 = 0.9688 to 0.9708 the

deformation u2 leads u1 and the resulting vibration has material points with backward orbits.

We note the remainder of the span (i.e., from x3 = 0 to 0.9688 and from 0.9708 to unity)

has material points that have forward orbits. The regions where the orbit direction changes

increase with increasing mode. It always remains small compared to the beam span. For

example, the first nodal points for the fifth forward mode are x3 = 0.2972 for u1 and 0.3032

for u2 (not shown). The behavior described is driven by shear deformation effects and the

attached rigid body at the beam tip. For thin cantilevered beams without rigid bodies at their

tip, the nodal points of u1 are identical to those for u2, and the vibration modes have one

orbit direction along the entire span.
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The modal shear strains for the asymmetric system are shown in Figs. 2.4(e,f). As

can seen in these figures, ε13 is larger for the forward orbit mode in Fig. 2.4(e), whereas ε23

has larger magnitude for the backward orbit mode in Fig. 2.4(f). These larger shear strains

correlate to generally larger deformations within the beam span.

The modal shear strain energy ratios, calculated from Eq. (2.25), for the symmetric

system are shown by the dashed (red) lines in Fig. 2.5. For the stationary system at Ω̂ = 0,

the strain energy ratios for each mode within a pair are identical. The stationary system

shear strain energy ratios increase with increasing mode pair. In the first pair of modes, the

shear strain energy ratio is just 0.0322. It increases to 0.1914 for the second pair of modes.

The shear strain energy ratio increases further to 0.3259 for the fourth pair of modes, which

is the largest pair of modes shown in Fig. 2.5. These larger strain energy ratios demonstrate

the importance of shear deformation effects for the higher frequency modes in this system.

For increasing speed from zero, the shear strain energy ratio increases (decreases) nearly

linearly with increasing speed for forward orbit (backward orbit) modes. For each pair,

the shear strain energy ratio for the forward orbit mode is always larger than that for the

backward orbit mode. At higher speeds, lower forward orbit modes may have larger χ than

higher backward orbit modes from different pairs. We consider the speed Ω̂ = 40 as an

example. At this speed, the second forward orbit mode has χ = 0.2991, which is larger than

the third backward orbit mode with χ = 0.2615.

The shear strain energy ratios for the asymmetric system (solid (black) lines in Fig.

2.5) have features that distinguish them from shear strain energy ratios for the symmetric

system. All χ are distinct for vanishing rotation speed due to the disruption of symmetry

from differences in inertia and stiffness properties in the two bending directions. In each

pair of shear strain energy ratio curves, the larger and smaller values correspond to the

backward and forward orbit modes, respectively. Similar to the symmetric system, the
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Figure 2.4: Modal deformations corresponding to the second pair of eigenvalues for the
asymmetric beam-rigid body system at Ω̂= 1.5. The modal bending deformations, rotational
deformations, and shear strains are shown in (a, c, e) and (b, d, f) for the forward orbit and
backward orbit modes, respectively. The solid (blue) and dashed (red) lines are the real and
imaginary parts of the complex-valued quantities. The dotted (black) lines denote vanishing
quantities.
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shear strain energy ratio for the forward (backward) orbit mode increases (decreases) for

increasing speed from Ω̂ = 0. The shear strain energy ratios are equal at a sufficiently high

rotation speed. For further increases in rotation speed, the shear strain energy ratio for the

forward orbit mode is larger than the corresponding backward orbit mode. To illustrate

these behaviors, we consider the shear strain energy ratio changes of the second pair of

modes for varying rotation speeds. At Ω̂ = 0, the shear strain energy ratio for the forward

and backward orbit modes are 0.194 and 0.254, respectively. The forward (backward) orbit

mode has χ = 0.212 (0.239) at Ω̂ = 1.5, where the modal deformations are shown in Fig.

2.4. The forward and backward orbit modes have nearly identical shear strain energy ratios

near Ω̂ = 3.45. For speeds immediately above Ω̂ = 3.45, the forward orbit mode shear

strain energy ratio is larger than that for the backward orbit mode. At higher rotation speeds,

sharp local changes in the shear strain energy ratio occur. Comparing to Fig. 2.2 reveals

these regions correspond to locations where the eigenvalues experience veering or flutter

instability. These behaviors will be explored further later in the paper.

Relatively sharp changes also occur locally when the forward orbit mode eigenvalues

approach critical speeds. Immediately before the critical speed, the shear strain energy ratios

locally decrease with increasing speed. These decreases increase as the speed approaches the

critical speed. Immediately above the critical speed, the shear strain energy ratio increases

with increasing speed. It continues to increase, nearly linearly, until the speed approaches

the next critical speed. At this point, the shear strain energy ratio again experiences local

decreases with increasing speed. The shear strain energy ratio increases monotonically

with further increasing speeds, following a trajectory similar to the one it did prior to the

corresponding eigenvalue experiencing critical speeds and divergence instability.
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Figure 2.5: Modal shear strain energy ratio for varying nondimensional rotation speed.
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2.3.3 Eigenvalue veering

Eigenvalue veering is accompanied by strong coupling of the two corresponding

vibration modes within the veering region and an exchange of the modal properties after the

veering region [160–162]. This section analyzes the modal coupling within veering regions

for the asymmetric system. Eigenvalue veering does not occur for the symmetric system.

All eigenvalue loci cross, without interaction, for symmetric systems (see the dashed (red)

lines in Fig. 2.2).

We consider the veering interaction V5 indicated in Fig. 2.2 as an example. Figure

2.6(a) shows the large local curvatures of the eigenvalue loci within the veering region. In

this region, the locally increasing eigenvalue of the second backward orbit mode interacts

with the locally decreasing eigenvalue of the fourth forward orbit mode. Figures 2.6(b)

and (f) show the vibration modes before veering at Ω̂ = 23 (denoted by the leftmost circle

markers in Fig. 2.6(a)). Only the bending deformations are shown for brevity; rotational

deformations have similar features and are not shown. Within the veering region these
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modes couple. This is shown in Fig. 2.6(c) for the upper locus and Fig. 2.6(g) for the lower

locus at Ω̂ = 25.6 (the middle circle markers in Fig. 2.6(a)). The strong modal coupling

leads to the beam having both forward and backward orbits within its span. To distinguish

between the two orbits, we shade regions of the beam span where forward orbits occur

in Figs. 2.6(c,g). In unshaded regions, the material points on the beam have backward

orbits. For this veering interaction, the modes have two regions where forward orbits occur

and one region where backward orbits occur. These regions differ in length between the

two modes. For the mode corresponding to the upper locus in Fig. 6(c), forward orbits

occur from 0 < x3 < 0.228 and 0.928 < x3 < 1. On the lower locus for the mode shown

in Fig. 6(g), the forward orbits occur from 0 < x3 < 0.256 and 0.871 < x3 < 1. After the

veering region, the coupling between modes no longer occurs and the modal properties are

exchanged. Specifically, the upper locus now corresponds to the second backward orbit

mode (Fig. 2.6(d)), and the lower locus corresponds to the fourth forward orbit mode (Fig.

2.6(h)).

The coupling between the two interacting modes, with both forward and backward

orbits occurring simultaneously along the span, is responsible for the sharp changes in the

shear strain energy ratio shown in Fig. 2.6(e). Before the veering region, modest changes in

χ with increasing speed are observed. At Ω̂ = 23, the second backward orbit (fourth forward

orbit) mode has 0.18 (0.53) shear strain energy ratio. When the speed is near Ω̂ = 25.6 large

local changes in the shear strain energy ratio occur. The shear strain energy ratio for the

fourth forward orbit mode decreases, and that for the second backward orbit mode increases.

Beyond Ω̂ = 28 where the veering region ends, the shear strain energy ratio for the fourth

forward orbit mode is 0.54, which is near the value it had prior to the veering interaction.

Similarly, the second backward orbit mode has 0.17 shear strain energy ratio at Ω̂ = 28,

which is near its pre-veering value.
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The behavior shown in Fig. 2.6 is representative of the other veering regions

indicated in Fig. 2.2. The forward participating mode always corresponds to higher mode

numbers compared to the backward participating mode. Outside veering regions, the modes

have either forward or backward orbiting deformations throughout the entire span. Within

veering regions where the two interacting modes couple, the beam has a mixture of both

forward and backward orbiting deformations within the span. The number of forward orbit

and backward orbit regions within the beam span is not related to the modes that interact.

For instance, greater numbers of orbit transitions within the beam span occur for V3, V6,

and V7, while the numbers are fewer for V1, V8, and V9. However, the higher modes

generally have larger numbers of orbit transitions. Within the veering regions, most modes

have forward orbits at the beginning of the beam span. Furthermore, the region of backward

orbits is generally larger than that of forward orbits.

Eigenvalue veering for spinning cantilevered beams with attached rigid bodies at

their tip is a unique behavior that occurs because of shear deformation effects. We have

numerically verified that the asymmetric system has no eigenvalue veering when shear

deformation effects are negligible (i.e. when κ → ∞). For models that exclude shear

deformations, all eigenvalues cross without interaction as the rotation speed varies. In the

absence of shear deformation effects, all modes have purely forward or backward orbits

within the beam span.

2.3.4 High-speed instability

This section builds on the instability features observed from the asymmetric system’s

eigenvalues shown in Fig. 2.2 and discussed in Section 2.3.1. A focus is on the changes

in stability and types of instability that occur as the system parameters are varied. In some
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Figure 2.6: (a) Eigenvalue loci for varying speed near the veering interaction V5 in Fig.
2.2. (b-d) Modal bending deformations of the upper locus before, within, and after the
veering region, respectively. (f-h) Modal bending deformations of the lower locus before,
during, and after the veering region, respectively. (e) Shear strain energy ratio for the modes
corresponding to the two interacting eigenvalues in (a). In (b-d) and (f-h) the solid (blue)
and dashed (red) lines are the real and imaginary parts of the complex-valued deformations,
respectively. The dotted (black) lines denote vanishing bending deformations. The grayed
regions in (c) and (g) denote forward orbit vibrations.
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cases, large parameter values are included to demonstrate the overall eigenvalue behavior of

the system.

Figure 2.7 shows the modal behavior of the unstable eigenvalue within the flutter

instability region F7 in Fig. 2.2. A zoomed region of the eigenvalue loci within F7 is

shown in Fig. 2.7(a). Prior to experiencing flutter instability the two eigenvalues correspond

to the fifth forward orbit mode (Fig. 2.7(b)) and the second backward orbit mode (Fig.

2.7(f)). The two eigenvalues coalesce at the speed Ω̂ = 55.6. Immediately above Ω̂ = 55.6

one eigenvalue becomes complex-valued with a positive real part and experiences flutter

instability. The two eigenvalues coalesce again at Ω̂ = 56.7. Stability is regained above

Ω̂ = 56.7, with the eigenvalues following paths similar to those prior to flutter instability.

Figure 2.7(e) shows the shear strain energy ratio corresponding to the eigenvalues in

Fig. 2.7(a). Sharp local changes occur for the two interacting modes as the speed approaches

Ω̂ = 55.6. The shear strain energy ratio for the fifth forward orbit mode decreases from

χ = 0.67 at Ω̂ = 54 to χ = 0.6352 at Ω̂ = 55.9. For the second backward orbit mode, it

increases from 0.41 to 0.6352 at these speeds. The shear strain energy ratio is nearly constant

with speed within the flutter instability region from Ω̂ = 55.6 to 56.7. Sharp changes in

shear strain energy return as the speed departs from Ω̂ = 56.7.

Within the unstable region, the modal properties observed for the stable eigenvalues

no longer hold. The bending deformations u1 corresponding to the unstable eigenvalue at

Ω̂ = 56 are shown in Fig. 2.7(c). The u2 deformations are the complex conjugate of those

for u1 in Fig. 2.7(c) and are not shown. The rotational deformations have similar behavior to

the bending deformations and are not shown. Notably, the deformations u1, and those for u2

that are not shown, are complex-valued. Because the phase differences vary along the span

and generally differ from ±π/2, the forward and backward orbit nature of the single-mode

response is lost within flutter instability regions. Indeed, the pathway to large oscillations
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Figure 2.7: (a) Eigenvalue loci for varying speed near the flutter instability region F7 in
Fig. 2.2. (b-d) Modal bending deformations of the upper locus before, within, and after the
flutter instability region, respectively. (f-h) Modal bending deformations of the lower locus
before, during, and after the flutter instability region, respectively. (e) Shear strain energy
ratio for the modes corresponding to the two interacting eigenvalues in the flutter region.
In (b-d) and (f-h) the solid (blue) and dashed (red) lines are the real and imaginary parts of
the complex-valued deformations, respectively. The dotted (black) lines denote vanishing
bending deformations.

in the system will not consist of purely forward or purely backward orbits that increase in

amplitude with each oscillation cycle. The modal deformations u2 corresponding to the

stable complex-valued eigenvalue are shown in Fig. 2.7(g). The modal deformations of u1

in the stable mode are not shown because they are the complex-conjugate of u2. As seen in

Figs. 2.7(d) and 2.7(h), the forward and backward orbit modal structure returns along with

the eigenvalue stability but with characteristics exchanged. The behavior shown in Fig. 2.7

for the region F7 is representative of the other flutter regions indicated in Fig. 2.2.

Figure 2.8 shows the phase differences for the stable and unstable eigenvalues within

the flutter bandwidth F7. The phase difference of the eigenvalues inside the divergence

bandwidth varies from −π to π rather than experiencing only ±π/2. Nevertheless, the
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Figure 2.8: Modal phase difference of eigenvalues within the flutter instability bandwidth
F7. (a) Stable eigenvalue, (d) Unstable eigenvalue.

summation of the phase difference of the stable and unstable eigenvalues is equal to ±π due

to their complex-conjugate relation.

Modal orbits for stable and unstable eigenvalues within the flutter bandwidth F7 at

the beam span sections x = 1/3,2/3, and 1 are shown in Fig. 2.9. Figs. 2.9 (a-c) illustrate

the decreasing modal orbits for the stable eigenvalue. Figs. 2.9 (d-f) illustrate the increasing

modal orbits for the unstable eigenvalue. The orbit shape in the flutter bandwidth is an

ellipse, in which the direction of its major axis deviates from the normal cross-section axes

e1 and e2. This deviation is associated with the phase differences other than ±π/2 Their

directions also vary across the beam span. For phase differences between 0 to π , the orbits

spin clockwise, whereas they spin counter-clockwise for phase differences between 0 to −π .

Figure 2.10 shows the impact of the beam’s input parameters on the high-speed

stability of the beam-rigid body system. The rigid body at the tip has parameters given

by the asymmetric system in Table 2.1. Figure 2.10(a) shows the beam-rigid body system

instabilities for varying ratio of cross-sectional moments of inertia α = I22/I11. The solid

(black) lines denote critical speeds, which are calculated from Eq. (2.19a) with λ → 0. The

markers are speeds where divergence (circle (red) markers) and flutter (dot (blue) markers)
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Figure 2.9: Modal orbits of flutter eigenvalues at some beam span sections for the flutter
region F7. (a-c) Stable eigenvalues at x = 1/3,2/3, and 1, (d-f) Unstable eigenvalues at
x = 1/3,2/3, and 1. Blue circles denote initial points.
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instability occur, as determined from natural frequency-speed diagrams like in Fig. 2.2. Even

for α = 1 the system is asymmetric because J11 ̸= J22, so small regions of instability still

exist. For non-unity α the critical speeds separate further, with one critical speed increasing

and the other remaining unchanged with increasing α . Between each pair of critical speeds

is a region of divergence instability. Increasing the cross-section ratio α increases the

speed bandwidths of divergence instability. The divergence instability bandwidths are most

sensitive to changes in α for α < 4; more gradual changes occur for α > 4. The regions of

flutter instability increase monotonically in speed with increasing α .

Figure 2.10(b) shows the high-speed instability behavior for varying ratio of shear

stiffness to bending stiffness κ = GAL2/EI11. The speed range of divergence instability

increases with increasing κ . The speed bandwidths of flutter instability are less sensitive to

increases in κ within the range shown. For the case that the shear deformation effects are

negligible with κ → ∞, all regions of flutter instability vanish and all regions of divergence

instability are identical to those for slender beams with rotary inertia.

Variations in the ratio of rotary inertia to the transverse inertia µ = ρI11/ρAL2 =

I11/AL2 do not significantly change the locations and speed bandwidths of instabilities and

critical speeds. These are not included in Fig. 2.10.

The effect of the rigid body mass η = M/ρAL on the high-speed instability behavior

is shown in Fig. 2.11(a). Increases in η monotonically decrease the critical speeds, as seen

in the solid (black) lines. The regions of divergence instability (circle (red) markers) change

modestly with η . The regions of flutter instability (dot (blue) markers) also decrease in

speed but remain of similar bandwidth for increasing η .

Increases in the mass offset parameter d̂ (not shown) lead to monotonic decreases in

the critical speeds. The regions of divergence and flutter stability decrease to lower speeds
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Figure 2.10: High-speed instability behavior for varying (a) cross-section ratio α and (b)
ratio of shear stiffness to bending stiffness κ . The solid (black) lines are critical speeds. The
circle (red) and dot (blue) markers denote divergence and flutter instability, respectively.
Except for the varying parameters, the system has properties given in Table 2.1 for the
asymmetric system.

with increases in d̂. The unstable speed bandwidths are largely unchanged with changes in

d̂.

The changes in high-speed stability with varying mass moment of inertia ν11 are

shown in Fig. 2.11(b). Increasing ν11 decreases one critical speed of each critical speed

pair; the other critical speed remains unchanged with increases in ν11. The unchanging

critical speeds include Ω̂c = 16.10, 41.82, and 71.98. The speed bandwidths of divergence

instability increase with increasing ν11 (circle (red) markers). Below ν11 = 0.008, the

critical speeds separate regions of stability from divergence instability. For mass moments

of inertia larger than ν11 = 0.008, however, the regions of divergence instability extend

beyond the critical speeds. Increasing ν11 generally decreases the speed region where flutter

instability occurs and increases its speed bandwidth. Some new, small speed bandwidth

regions of flutter instability emerge at larger ν11. Flutter instability regions occur within

divergence instability regions for larger ν11.
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Changes in the high-speed stability behavior with varying ν22 are shown in Fig.

2.11(c). A notable feature is the vanishing of certain divergence instability regions

corresponding to values of ν22 where the critical speeds are degenerate. Indeed, the critical

speeds Ω̂c = 13.66, 36.80, and 65.55 remain unchanged with changes in ν22. The other

critical speeds corresponding to each pair decrease monotonically with increasing ν22. We

consider the second pair of critical speeds as an example. The region of divergence instability

vanishes for ν22 = 0.0145, where the degenerate critical speeds are Ω̂c = 13.66. Similar

behavior occurs for the third and fourth regions of divergence instability when ν22 = 0.0081

(Ω̂c = 36.80) and 0.0060 (Ω̂c = 65.55), respectively. The values of ν22 where the critical

speeds become degenerate decrease with increasing speeds. For increasing ν22 beyond these

values, the regions of divergence instability re-emerge, and the speed bandwidth increases.

Some flutter instability regions show similar decreasing-to-increasing speed bandwidths as

ν22 increases.

The parametric studies in Fig. 2.11 also reveal atypical instability behaviors at

high speeds. Before investigating them, we briefly review the typical eigenvalue behavior

during divergence and flutter instability. Typical divergence instability occurs when a purely

imaginary eigenvalue vanishes at a critical speed, and then becomes real-valued and positive

for speeds immediately above the critical speed. The eigenvalue generally regains stability

across the very next critical speed when the real and positive eigenvalue becomes purely

imaginary again. All regions of divergence instability shown in Fig. 2.2 follow this typical

behavior. Typical flutter instability occurs when two purely imaginary eigenvalues coalesce

as the rotation speed increases. For speeds immediately above that where coalescence

occurs, the eigenvalues become complex-valued. One eigenvalue has a positive real part

and experiences flutter instability. The eigenvalues coalesce again at some later speed. The

formerly complex-valued eigenvalues then become purely imaginary again across this speed.
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Figure 2.11: High-speed instability behavior for varying rigid body (a) mass η , (b) mass
moment of inertia ν11, and (c) mass moment of inertia ν22. The solid (black) lines are critical
speeds. The circle (red) and dot (blue) markers denote divergence and flutter instability,
respectively. Except for the varying parameters, the system has properties given in Table 2.1
for the asymmetric system.
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The unstable eigenvalue thus regains stability. All flutter regions shown in Fig. 2.2 have this

typical behavior.

For asymmetric systems, it is possible for more than one eigenvalue to experience

divergence instability simultaneously. Typically, this occurs when a region of divergence

instability immediately above a critical speed does not end at the next critical speed. Instead,

a second eigenvalue experiences divergence instability across that critical speed. An example

of this unusual behavior is shown in Fig. 2.12(a). The system has ν11 = 0.14 and the

remaining parameters are identical to those in Table 2.1. A root locus plot is included in

Fig. 2.12(b). The circles (crosses) represent the initial (final) eigenvalue locations at Ω̂ = 40

(Ω̂ = 45). Arrows show the direction the eigenvalues travel with increasing rotation speed.

The blue lines and markers are stable eigenvalues. The green (red) lines and markers are

used to denote eigenvalues that experience divergence (flutter) instability. Across the critical

speed at Ω̂ = 28.098 (not shown) an eigenvalue experiences divergence instability in the

usual way. At Ω̂ = 40 the eigenvalue is still unstable. A second eigenvalue begins at B when

Ω̂ = 40. It approaches the origin of the complex plane as speed increases. At the next critical

speed when Ω̂ = 41.827 (C), the eigenvalue that began at B vanishes, and the eigenvalue

originally at point A remains real-valued and unstable. Immediately above Ω̂ = 41.827 (C),

the eigenvalue becomes real-valued and positive and experiences divergence instability. Both

eigenvalues now experience divergence instability simultaneously for the speed bandwidth

between Ω̂ = 41.827 (C) and 41.906 (D). Similar behavior has also been shown to occur in

high-speed planetary gears [176].

Figures 2.12(a) and (b) demonstrate a second unusual instability feature, where an

immediate transition from divergence instability to flutter instability occurs. Immediately

above the critical speed Ω̂ = 41.827 (C), two eigenvalues are real-valued and positive and

experience divergence instability. The lower real-valued eigenvalue increases, while the
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higher real-valued eigenvalue decreases with increasing speed from Ω̂ = 41.827. The

real-valued eigenvalues coalesce at Ω̂ = 41.906 (D). Immediately above Ω̂ = 41.906,

one eigenvalue becomes complex-valued with a positive real part and experiences flutter

instability. This demonstrates an immediate transition from divergence instability to flutter

instability with no stable region separating them. Similar behavior has also been observed

in high-speed planetary gears [176] and fluid conveying pipes [177].

Immediate transitions from flutter instability to divergence instability have also

been observed. An example is shown in Figs. 2.12(c) and (d). The eigenvalue at A is

complex-valued with a positive real part. The imaginary part decreases with increasing

speed from A. It coalesces with another eigenvalue at Ω̂ = 46.088 (B). Immediately above

Ω̂ = 46.088, the two eigenvalues split into two real-valued and positive eigenvalues that

both experience divergence instability. For increasing speeds from Ω̂ = 46.088 (B), one

eigenvalue increases along the real axis with increasing speed. The other decreases along

the real axis with increasing speed. The decreasing real-valued eigenvalue vanishes at the

next critical speed when Ω̂ = 48.646 (C). Stability is regained for this eigenvalue for speeds

above Ω̂ = 48.646.

Figures 2.12(e) and (f) show the eigenvalue loci for the asymmetric system with

parameters in Table 2.1 and ν11 increased from 0.14 to 0.15. At Ω̂ = 40 the eigenvalue at

A is real-valued and positive and experiences divergence instability. It decreases along the

real axis with increasing speed. The eigenvalue at B decreases along the imaginary axis

with increasing speed. It vanishes at the critical speed Ω̂ = 41.815 (C). Above Ω̂ = 41.815,

the eigenvalue becomes real-valued and positive and experiences divergence instability.

The two eigenvalues approach one another along the real axis as the speed approaches

Ω̂ = 43.3. Similar to veering, they appear to repel one another, instead of crossing or

coalescing, as the rotation speed increases through Ω̂ = 43.3. Past the interaction near
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Ω̂ = 43.3 each eigenvalue appears to follow the trajectory of the other, which is another

characteristic typical of veering. Investigation of the modal deformations corresponding

to these eigenvalues did not show any special characteristics or coupling in the modes,

unlike the typical strong modal coupling that occurs when purely imaginary eigenvalues

interact within veering regions. The interaction near Ω̂ = 43.3 is therefore not like typical

veering seen at lower speeds. For speeds above Ω̂ = 43.3, one eigenvalue decreases with

increasing speed and vanishes at the next critical speed. Immediately above the critical

speed, the eigenvalue is purely imaginary and regains stability. The other eigenvalue remains

unstable for the entire range of speeds shown. Because of the interaction near Ω̂ = 43.3,

only divergence instability occurs. These eigenvalues do not experience flutter instability in

the speed range shown.

2.4 Conclusion

Symmetric cantilevered beam-rigid body systems with identical inertia and stiffness

properties in the two bending directions have degenerate eigenvalues at zero speed that

split, becoming distinct, for non-zero speeds. The increasing eigenvalues correspond to

backward orbit vibrations in single-mode free response, where material points along the

beam span move in circular orbits in the direction opposite of rotation. The decreasing

eigenvalues correspond to forward orbit vibrations in single-mode free response. Material

points along the beam span also move in circular orbits in these modes, but their motion is

in the direction of rotation. The forward orbit eigenvalues always cross the backward orbit

eigenvalues, without interaction, as the rotation speed varies. At high speeds, the forward

orbit eigenvalues may experience critical speeds, where the eigenvalue vanishes. Away

from critical speeds, the symmetric system’s eigenvalues are purely imaginary and stable.

The prominence of shear deformations increases with increasing speed for forward orbit
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Figure 2.12: The transition between two types of unstable eigenvalues with increasing ν11.
Eigenvalue loci for varying speeds are shown in (a, c, e) and their corresponding root loci
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modes, even though their natural frequencies decrease. Conversely, the prominence of shear

deformations decreases with increasing speed for backward orbit modes, even though their

natural frequencies increase with increasing speed.

The eigenvalues for asymmetric cantilevered beam-rigid body systems are distinct

at zero speed due to the system having different inertia and stiffness properties in the

two bending directions. One eigenvalue increases and the other decreases with increasing

speed from zero. The locally decreasing and increasing eigenvalues still correspond to

forward and backward orbit modes, respectively. Material points along the beam span

move in elliptical orbits in single-mode free vibration. Veering interactions occur whenever

decreasing forward orbit eigenvalues come into close proximity with increasing backward

orbit eigenvalues. Within veering regions the modes become strongly coupled, with forward

orbit vibrations in some regions along the span and backward orbit vibrations along others.

The presence of both forward and backward orbit vibrations results in sharp changes in the

shear strain energy of the interacting modes within the veering region. Flutter instabilities

are prominent at high speeds. Certain combinations of rigid body parameters can result in

atypical eigenvalue behavior like multiple eigenvalues experiencing divergence instability

simultaneously and immediate transitions between divergence and flutter instability.
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CHAPTER THREE

CLOSED-FORM ANALYTICAL SOLUTIONS FOR THE VIBRATIONS OF SPINNING
TIMOSHENKO BEAM WITH IDENTICAL CROSS-SECTIONS

3.1 Introduction

Achieving an exact analytical solution to mathematical problems is the top priority

in studies. Analytical solutions can be used to evaluate the validity and accuracy of the

solutions obtained by numerical or approximate methods. They can also contribute to

predicting the behavior of similar or more complex dynamic systems and identifying the

determining factors. Furthermore, they can be employed to derive approximate solutions for

more complicated problems. In vibration problems as an example, deriving approximate

formulas for fundamental frequencies through energy-based methods, serving as basis

functions in weighted residual techniques, and being used as elastic modes in Component

Mode Synthesis (CMS) are notable applications of analytical solutions for this purpose.

Vibrations in the elastic spinning beams under classical boundary conditions were

analytically studied by Bauer [5] using the Euler-Bernoulli beam theory. Rotatory inertia and

shear deformations are neglected in the Euler-Bernoulli modeling. The effects of rotatory

inertia were incorporated in some later studies [10, 12] using the Rayleigh beam theory for

the spinning beam. For spinning Timoshenko beams, Zu and Han [18] presented closed-form

solutions and mode shapes for six types of boundary conditions. They included both effects

of rotary inertia and shear deformations in their analytical investigations. Some modal

analysis formulations [10, 13, 14] were also developed to follow these studies.

Vibrating beams carrying various types of rigid bodies or concentrated masses make

up a wide range of dynamic systems. Laura et al. [19] obtained closed-form solutions for

a non-rotating fixed-free Euler-Bernoulli beam with a lumped mass attached at its free
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end. The impacts of relatively large tip bodies on the beam vibrations are investigated in

Refs. [23, 24]. Bruch et al. [132] and Rossi et al. [20] employed Timoshenko beam theory

to study the vibrations of a cantilevered beam with a tip rigid body. Similar non-rotating

dynamic systems under various working conditions have also been investigated in a wide

range of studies [21,22,25,28,128]. Free vibrations in spinning Timoshenko shafts carrying

concentrated masses or rigid disks were also investigated using analytical and numerical

approaches [30, 31].

In this chapter, closed-form solutions for natural frequencies and their corresponding

mode shapes are achieved for a spinning cantilever beam with symmetric cross-sectional

geometry carrying a rigid body attached at its end. Bending deformations lying on two

perpendicular planes are blended in a complex-valued format to halve the number of

equations and facilitate the solving process. Mode shapes and their determining coefficients

for spinning beams with and without a rigid tip body for a range of rotation speeds are

investigated in detail.

3.2 Closed-form modeling of the beam with a symmetric geometry

The dynamic system, consisting of a cantilevered beam and a rigid tip body, rotating

about its longitudinal axis at a constant speed Ω, is depicted in Fig. 2.1. The length and

cross-sectional area of the beam are represented by L and A. The beam material is isotropic

elastic with density ρ , elastic modulus E, and shear modulus G.

The governing equations are

ρAÜ1 −2ΩρAU̇2 − k13GA(U1,33 −θ2,3)−Ω
2
ρAU1 = 0 (3.1a)

ρAÜ2 +2ΩρAU̇1 − k23GA(U2,33 +θ1,3)−Ω
2
ρAU2 = 0 (3.1b)

ρI22θ̈1 + k23GA(U2,3 +θ1)−EI22θ1,33 +Ω
2
ρI22θ1 = 0 (3.1c)
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ρI11θ̈2 − k13GA(U1,3 −θ2)−EI11θ2,33 +Ω
2
ρI11θ2 = 0, 0 < X3 < L (3.1d)

MÜ1c −2ΩMU̇2c + k13GA(U1,3 −θ2)
∣∣
L −Ω

2MU1c = 0 (3.2a)

MÜ2c +2ΩMU̇1c + k23GA(U2,3 +θ1)
∣∣
L −Ω

2MU2c = 0 (3.2b)

J11Θ̈1 −Ω(J11 + J22 − J33)Θ̇2 +EI22θ1,3
∣∣
L +dk23GA(U2,3 +θ1)

∣∣
L

−Ω
2(J22 − J33)Θ1 = 0 (3.2c)

J22Θ̈2 +Ω(J11 + J22 − J33)Θ̇1 +EI11θ2,3
∣∣
L −dk13GA(U1,3 −θ2)

∣∣
L

−Ω
2(J11 − J33)Θ2 = 0 (3.2d)

Equations (3.1) and (3.2) consist of a set of partial differential equations representing

the beam motions that are coupled to a set of ordinary differential equations representing

the mass motions. The geometric (essential) boundary conditions at the fixed end are

U1(0,T ) = 0, U2(0,T ) = 0, θ1(0,T ) = 0, and θ2(0,T ) = 0.

3.2.1 Nondimensionalized equation

The nondimensional form of variables are given by

xi =
Xi
L
, t =

1
L2

√
EI11
ρA

T, u1,2 =
U1,2

L
, d̂ =

d
L
, κ =

GAL2

EI11
, µ =

I11
AL2 ,

α =
I22
I11

, η =
M

ρAL
, Ω̂=

√
ρAL4

EI11
Ω, ν11 =

J11
ρAL3 , ν22 =

J22
ρAL3 , ν33 =

J33
ρAL3

(3.3)

The differentiation relations ∂ ( )/∂X3 = (1/L)∂ ( )/∂x3 and ∂ ( )/∂T =√
EI11/ρAL4 ∂ ( )/∂ t are defined based on these nondimensional parameters. The
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dimensionless equations of motion and natural boundary conditions result from substituting

nondimensional parameters from Eq. (3.3) into Eqs. (3.1) and (3.2)

ü1 −2Ω̂u̇2 − k13κ(u1,33 −θ2,3)− Ω̂
2u1 = 0 (3.4a)

ü2 +2Ω̂u̇1 − k23κ(u2,33 +θ1,3)− Ω̂
2u2 = 0 (3.4b)

αµθ̈1 + k23 κ (u2,3 +θ1)−αθ1,33 + Ω̂
2
αµθ1 = 0 (3.4c)

µθ̈2 − k13κ(u1,3 −θ2)−θ2,33 + Ω̂
2
µθ2 = 0 (3.4d)

η ü1c −2Ω̂η u̇2c + k13κ(u1,3 −θ2)
∣∣
1 − Ω̂

2
ηu1c = 0 (3.5a)

η ü2c +2Ω̂η u̇1c + k23κ(u2,3 +θ1)
∣∣
1 − Ω̂

2
ηu2c = 0 (3.5b)

ν11Θ̈1 − Ω̂(ν11 +ν22 −ν33)Θ̇2 +αθ1,3
∣∣
1 + d̂k23κ(u2,3 +θ1)

∣∣
1

− Ω̂
2(ν22 −ν33)Θ1 = 0 (3.5c)

ν22Θ̈2+ Ω̂(ν11+ν22−ν33)Θ̇1+θ2,3
∣∣
1− d̂k13κ(u1,3−θ2)

∣∣
1− Ω̂

2(ν11−ν33)Θ2 = 0

(3.5d)

The resulting dimensionless boundary conditions at the fixed end are u1(0, t) = 0 and

u2(0, t) = 0 for transverse displacements and θ1(0, t) = 0 and θ2(0, t) = 0 for rotational

displacements.

3.2.2 Analytical modeling of the closed-form solution

The vibration of a spinning beam with a rigid body attached to its tip has forward-

and backward-orbit vibrations at all stable speeds away from veering regions. The vibration

of spinning beams with identical cross-sections has additional vibration properties that do
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not occur for beams with non-identical cross-sections. Specifically, the vibrations of the

rigid body and all material points along the beam span execute perfectly circular orbits in

single-mode response.

The physical characteristics of the single-mode vibration result in specific

mathematical properties in the vibration modes. These properties are shown in Fig. 2.3(a)

and (b) for the first forward-orbit and backward-orbit mode, respectively. In the forward-orbit

mode (Fig. 2.3(a)), the modal deformations u1(x3) = u(x3) and u2(x3) = −ju(x3). The

rotational deformations θ1(x3) = Θ(x3) and θ2(x3) = jΘ(x3). For the backward-orbit

mode the translational deformations u1(x3) = u(x3) and u2(x3) = ju(x3), and the rotational

deformations θ1(x3) =−jΘ(x3) and θ2(x3) = Θ(x3).

The mathematical structure of the modes also permits model reduction for a more

efficient numerical solution. Eqs. (3.4) consist of four second-order equations, making the

system of equations eight-order. The satisfaction of all boundary conditions would require

the determinant of an eight-dimensional square matrix. Closed-form solutions would be

challenging. As will be seen, the mathematical properties reduce the number of unknowns

and decrease the number of equations that must be solved.

The modal mathematical structure is lost for non-identical cross-sections when

the inertial and stiffness properties in the two bending directions differ. This is shown

numerically in Fig. 2.4 for the second pair of bending modes. These modes have differing

modal translational and rotational deformation amplitudes.

For a system with symmetric geometry, the transverse deformations at any point

on the beam’s neutral axis are defined in the complex form u = u1 ± ju2. The plus (minus)

sign in u relation corresponds to forward (backward) orbits. The rotational deformations at

any point on the beam’s neutral axis about two consecutive independent axes perpendicular
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to E3 are defined in the complex form Θ = θ2 ∓ jθ1. The minus (plus) sign in Θ relation

corresponds to forward (backward) orbits.

The four nondimensional equations of motion in Eqs. (3.4) for the symmetric system

converts into a complex form consisting of two equations.

ü±2jΩ̂u̇− k13κ(u,33 −Θ,3)− Ω̂
2u = 0 (3.6a)

µΘ̈− k13κ(u,3 −Θ)−Θ,33 + Ω̂
2
µΘ = 0 (3.6b)

The nondimensional essential boundary conditions at the fixed end for the symmetric

system convert into the complex forms u(0, t) = 0 and Θ(0, t) = 0.

Similarly, the nondimensional natural boundary conditions at the free end in Eqs.

(3.7) convert into complex forms as follows

η üc ±2jΩ̂η u̇c + k13κ(u,3 −Θ)
∣∣
1 − Ω̂

2
ηuc = 0 (3.7a)

ν22Θ̈± jΩ̂(ν11 +ν22 −ν33)Θ̇+Θ,3
∣∣
1 − d̂k13κ(u,3 −Θ)

∣∣
1 − Ω̂

2(ν11 −ν33)Θ = 0 (3.7b)

where ν11 = ν22 and the plus (minus) signs in these equations correspond to the forward

(backward) orbit modes. The number of equations in the boundary conditions on each side

is reduced from four to two.

For homogeneous equations of motion, the separable solutions are assumed to be

u(x, t) =U(x)eiωt , Θ(x, t) = Θ(x)eiωt . Both mode shapes have a similar form as U(x) =

aerx and Θ(x) = berx. Substitution of these solutions into Eq. (3.6) gives the eigenvalue

problem in the matrix form as follows−(ω ± Ω̂)2 − k13κr2 k13κr

−k13κr k13κ −µ(ω + Ω̂)(ω + Ω̂)− r2


a

b

=

0

0

 (3.8)

where the plus (minus) sign corresponds to forward (backward) orbits.
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A nontrivial solution of Eq. (3.8) exists only if the determinant of the coefficient

matrix vanishes. Equating the determinant of this matrix with zero gives the mode

coefficients r1 and r2 as

r2
1,r

2
2 =−

(ω + Ω̂)

[
ω + Ω̂+ k13κµ(ω − Ω̂)±

√
[ω + Ω̂− k13κµ(ω − Ω̂)]2 +(2k13κ)2

]
2k13κ

(3.9a)

for forward orbits and

r2
1,r

2
2 =−

(ω − Ω̂)

[
ω − Ω̂+ k13κµ(ω + Ω̂)±

√
[ω − Ω̂− k13κµ(ω + Ω̂)]2 +(2k13κ)2

]
2k13κ

(3.9b)

for backward orbits. r1 and r2 are distinguished by the condition r2
1 < 0 and r2

2 > 0. Mode

shapes as general solutions are made up of trigonometric functions of (r1x) and hyperbolic

functions of (r2x) as follows

U(x) =C1 cos(r1x)+C2 sin(r1x)+C3 cosh(r2x)+C4 sinh(r2x) (3.10a)

φ(x) =

C1

[
(ω ± Ω̂)2 − k13κr2

1

]
k13κr1

sin(r1x)−
C2

[
(ω ± Ω̂)2 − k13κr2

1

]
k13κr1

cos(r1x)

+

C3

[
(ω ± Ω̂)2 + k13κr2

2

]
k13κr2

sinh(r2x)+

C4

[
(ω ± Ω̂)2 + k13κr2

2

]
k13κr2

cosh(r2x) (3.10b)

In the same way, the plus (minus) sign corresponds to forward (backward) orbits.

Substituting the mode shapes from Eqs. (3.10) into the essential boundary conditions

u(0, t) = 0 and Θ(0, t) = 0 and natural boundary conditions in Eqs. (3.7) yields
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[A]c = 0 (3.11a)

c = [C1,C2,C3,C4]
T (3.11b)

[A] =



1 0 1 0

0 A22 0 A44

A31 A32 A33 A34

A41 A42 A43 A44


(3.12a)

A22 =
(ω ± Ω̂)2 − k13κr2

1
r1

(3.12b)

A24 =−
(ω ± Ω̂)2 + k13κr2

2
r2

(3.12c)

A31 =

−(ω ± Ω̂)2

{
η

[(
(ω ± Ω̂)2 − k13κr2

1

)
d̂ sin(r1)+ k13κr1 cos(r1)

]
+ k13κ sin(r1)

}
r1

(3.12d)

A32 =

−(ω ± Ω̂)2

{
η

[(
−(ω ± Ω̂)2 + k13κr2

1

)
d̂ cos(r1)+ k13κr1 sin(r1)

]
− k13κ cos(r1)

}
r1

(3.12e)
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A33 =

−(ω ± Ω̂)2

{
η

[(
(ω ± Ω̂)2 + k13κr2

1

)
d̂ sinh(r1)+ k13κr1 cosh(r1)

]
+ k13κ sinh(r1)

}
r1

(3.12f)

A34 =

−(ω ± Ω̂)2

{
η

[(
(ω ± Ω̂)2 − k13κr2

1

)
d̂ sin(r1)+ k13κr1 cos(r1)

]
+ k13κ sin(r1)

}
r1

(3.12g)

A41 =

−

[
ω2ν11 ±ωΩ̂(2ν11 −ν33)+ Ω̂2(ν11 −ν33)

][
(ω ± Ω̂)2 − k13κr2

1

]
+ d̂k13κ(ω ± Ω̂)2

r1

× sin(r1)+

[
(ω ± Ω̂)2 − k13κr2

1

]
cos(r1) (3.12h)

A42 =[
ω2ν11 ±ωΩ̂(2ν11 −ν33)+ Ω̂2(ν11 −ν33)

][
(ω ± Ω̂)2 − k13κr2

1

]
− d̂k13κ(ω ± Ω̂)2

r1

× cos(r1)+

[
(ω ± Ω̂)2 − k13κr2

1

]
sin(r1) (3.12i)
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A43 =

−

[
ω2ν11 ±ωΩ̂(2ν11 −ν33)+ Ω̂2(ν11 −ν33)

][
(ω ± Ω̂)2 + k13κr2

2

]
+ d̂k13κ(ω ± Ω̂)2

r2

× sinh(r2)+

[
(ω ± Ω̂)2 + k13κr2

2

]
cosh(r2) (3.12j)

A44 =

−

[
ω2ν11 ±ωΩ̂(2ν11 −ν33)+ Ω̂2(ν11 −ν33)

][
(ω ± Ω̂)2 + k13κr2

2

]
+ d̂k13κ(ω ± Ω̂)2

r2

× cosh(r2)+

[
(ω ± Ω̂)2 + k13κr2

2

]
sinh(r2) (3.12k)

Where matrix [A] determines the boundary conditions. The plus (minus) signs in ω ± Ω̂

are associated with the forward (backward) orbit modes. The effects of the rigid tip body

and its offset are also included in these relations. Eigenvalues are calculated numerically

by solving det([A]) = 0, where [A] is considered the characteristic equation. For the beam

without any rigid tip body, parameters η and ν are zero.

3.2.3 The closed-form solutions for the critical speeds

Critical speeds are characterized as the speeds at where an eigenvalue vanishes.

Critical speeds can be computed by assuming ω = 0 in Eq. (3.12). The coefficients r1 and

r2 can be calculated by the relation below

r2
1,r

2
2 =−

Ω̂2
Cr

[
1− k13κµ ±

√
(1− k13κµ)2 +

(
2k13κ

Ω̂Cr

)2
]

2k13κ
(3.13)
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Similarly, the mode shapes for critical speeds are

U(x) =C1 cos(r1x)+C2 sin(r1x)+C3 cosh(r2x)+C4 sinh(r2x) (3.14a)

φ(x) =

C1

[
Ω̂2

Cr − k13κr2
1

]
k13κr1

sin(r1x)−
C2

[
Ω̂2

Cr − k13κr2
1

]
k13κr1

cos(r1x)

+

C3

[
Ω̂2

Cr + k13κr2
2

]
k13κr2

sinh(r2x)+

C4

[
Ω̂2

Cr + k13κr2
2

]
k13κr2

cosh(r2x) (3.14b)

Substituting the mode shapes from Eqs. (3.14) into the essential boundary conditions and

natural boundary conditions in Eqs. (3.7) gives

[B]c = 0 (3.15a)

c = [C1,C2,C3,C4]
T (3.15b)

[B] =



1 0 1 0

0 B22 0 B44

B31 B32 B33 B34

B41 B42 B43 B44


(3.16a)

B22 =
Ω̂2

Cr − k13κr2
1

r1
(3.16b)

B24 =−
Ω̂2

Cr + k13κr2
2

r2
(3.16c)

B31 =

−Ω̂2
Cr

{
η

[(
Ω̂2

Cr − k13κr2
1

)
d̂ sin(r1)+ k13κr1 cos(r1)

]
+ k13κ sin(r1)

}
r1

(3.16d)
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B32 =

−Ω̂2
Cr

{
η

[(
−Ω̂2

Cr + k13κr2
1

)
d̂ cos(r1)+ k13κr1 sin(r1)

]
− k13κ cos(r1)

}
r1

(3.16e)

B33 =

−Ω̂2
Cr

{
η

[(
Ω̂2

Cr + k13κr2
1

)
d̂ sinh(r1)+ k13κr1 cosh(r1)

]
+ k13κ sinh(r1)

}
r1

(3.16f)

B34 =

−Ω̂2
Cr

{
η

[(
Ω̂2

Cr − k13κr2
1

)
d̂ sin(r1)+ k13κr1 cos(r1)

]
+ k13κ sin(r1)

}
r1

(3.16g)

B41 =

−

[
Ω̂2

Cr(ν11 −ν33)

][
Ω̂2

Cr − k13κr2
1

]
+ d̂k13κΩ̂2

Cr

r1
sin(r1)

+

[
Ω̂

2
Cr − k13κr2

1

]
cos(r1) (3.16h)

B42 =

[
Ω̂2

Cr(ν11 −ν33)

][
Ω̂2

Cr − k13κr2
1

]
− d̂k13κΩ̂2

Cr

r1
cos(r1)

+

[
Ω̂

2
Cr − k13κr2

1

]
sin(r1) (3.16i)

B43 =

−

[
Ω̂2

Cr(ν11 −ν33)

][
Ω̂2

Cr + k13κr2
2

]
+ d̂k13κΩ̂2

Cr

r2
sinh(r2)

+

[
Ω̂

2
Cr + k13κr2

2

]
cosh(r2) (3.16j)
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B44 =

−

[
Ω̂2

Cr(ν11 −ν33)

][
Ω̂2

Cr + k13κr2
2

]
+ d̂k13κΩ̂2

Cr

r2
cosh(r2)

+

[
Ω̂

2
Cr + k13κr2

2

]
sinh(r2) (3.16k)

Solving det([B]) = 0 in Eq. (3.16) yields the critical speeds Ω̂Cr.

3.3 Closed-form solution results

In this section, the results of the closed-form solutions are computed for a

cantilevered beam with a relatively large rigid tip mass as an example. The overall

cross-sectional geometry of the system is deemed to be symmetric. This system comprises a

tubular beam and a rigid tip body, both with a square cross-section. They possess identical

inertial and stiffness properties in the two perpendicular directions. The geometric and

material parameters of this Beam-rigid body system are listed in Table 2.1. The beam

cross-section is considered relatively thick for meaningful shear deformation.

det([A]) = 0 is solved to calculate the natural frequencies ω . The natural frequencies

for the forward and backward orbit modes are computed separately using distinct sets of

equations. The coefficients r1 and r2 are determined from Eqs. (3.9)(a) for forward orbit

modes and from Eqs. (3.9)(b) for backward orbit modes. The boundary conditions on the

fixed side of the beam require C3 to be equal to −C1. The coefficients C2 and C4 can be

determined by equating the three relations out of four relations of the boundary conditions

in Eq. (3.12). Coefficient C1 is assumed to be one (unity) to set a specific uniform scale for

the mode shapes. These coefficients can also be determined from the null space basis of

matrix A for the computed natural frequencies.

Figure 3.1 shows natural frequencies calculated for a wide range of nondimensional

rotation speeds. The natural frequencies computed by the analytical closed-form solutions
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Figure 3.1: Beam-rigid body natural frequencies for varying nondimensional rotation speed.
The black lines correspond to closed-form solutions. The red circles correspond to the
Galerkin method results. The parameters are given in Table 2.1.

are shown in black lines. The same results, determined by the Galerkin method, are also

shown in red circles in 3.1 to compare with the closed-form solution results.

The increasing (decreasing) natural frequencies corresponding to the backward

(forward) modes are computed from det[A] = 0 in Eq. (3.12) by considering the minus

(plus) sign in relation (ω±Ω̂). At zero speed, the natural frequencies are degenerate because

the beam cross-section is symmetric and the bending stiffnesses are equal. A complete

agreement between the closed-form solution results and the Galerkin solutions is observed.

The critical speeds (where the eigenvalue vanishes) are degenerate.
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3.3.1 Mode characteristics for the system with no rigid tip body

Variations in the mode shape coefficients r1,r2,C2, and C4 of the first mode of the

spinning system without any tip body for a wide range of rotation speeds are shown in

Figs. 3.2. Results are calculated separately for each forward and backward orbit mode. The

natural frequencies of the first mode over a range of rotation speeds are shown in Figs. 3.2

(a). The solid black lines correspond to the first forward mode, and the dashed red lines

correspond to the first backward mode.

Figures 3.2 (b) and (c) show the variations in the coefficients r1 and r2 for the first

forward and backward modes versus the rotation speed, respectively. The solid blue lines

correspond to the coefficient r1 and the dashed red lines correspond to the coefficient r2. The

coefficients r1 and r2 differ slightly over a wide range of rotation speeds for both forward

and backward modes. For the forward mode from Ω̂ = 0 to Ω̂ = 50, r1 varies from 1.868 to

1.890, while r2 varies from 1.826 to 2.023. For the backward mode, r1 varies from 1.868 to

1.842, while r2 varies from 1.826 to 1.644.

Figures 3.2 (d) and (e) show the variations in the modal coefficients C2 and C4 for

the first pair of forward and backward modes over the rotation speed, respectively. The solid

blue lines correspond to C2, and the dashed red lines correspond to C4. Also, C3 equals -1

or −C1. The coefficients C2 and C4 do not differ meaningfully over a wide range of rotation

speeds for both forward and backward modes. For the forward mode from Ω̂ = 0 to Ω̂ = 50,

C2 varies from -0.766 to -0.635, while C4 varies from 0.725 to 0.664. For the backward

mode, C2 varies from -0.766 to -0.912, while C4 varies from 0.725 to 0.781. Similarly, slight

differences are observed in the coefficients between the forward and backward modes. Since

the mode shapes are determined by these coefficients, small changes in their magnitudes

suggest that the mode shapes corresponding to the first mode do not change meaningfully.
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Figure 3.2: (a) variation in the first mode natural frequencies for varying speeds in the
system with no tip mass. (b-e) variations in the corresponding coefficients for varying
speeds. (b) and (d) correspond to forward (FW) orbits. (c) and (e) correspond to backward
(BW) orbits.
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Figures 3.2 show the variations in the mode shape coefficients r1,r2,C2, and C4

for the third forward and backward modes of the spinning system with no tip mass over

a broad range of rotation speeds. Similar to the previous section, the coefficients C1 = 1

and C3 =−1. The natural frequencies of the third mode for the varying rotation speed are

shown in Fig. 3.3 (a). Variations in the coefficients r1 and r2 for the third forward and

backward modes versus the rotation speed are presented in Figs. 3.3 (b) and (c) respectively.

The coefficients r1, used in the trigonometric function, do not differ meaningfully over a

wide range of rotation speeds for both forward and backward modes. The coefficients r2,

used in hyperbolic functions, exhibit larger but still insignificant changes across the speed

range. For the forward mode from Ω̂ = 0 to Ω̂ = 100, r1 varies from 7.593 to 7.759, while

r2 varies from 5.660 to 6.822. For the backward mode, r1 varies from 7.593 to 7.415, while

r2 varies from 5.660 to 4.619.

Variations in the modal coefficients C2 and C4 over the rotation speed for the third

forward and backward modes are shown in Figs. 3.3 (d) and (e) respectively. Neither the

coefficients differ noticeably over a wide range of rotation speeds for both forward and

backward modes. Variations in C4 as the coefficient of hyperbolic functions are negligible.

For the forward mode from Ω̂ = 0 to Ω̂ = 100, C2 varies from -2.018 to -2.576, while C4

varies from 0.992 to 0.998. For the backward mode, C2 varies from -2.018 to -1.559, while

C4 varies from 0.992 to 0.981. Similarly, a slight difference is observed between the forward

and backward modes. Although variations in coefficients r2 are rather noticeable over the

rotation speed, variations in coefficients C4 are negligible. This softens the total changes.

Small changes in the determining coefficients indicate that the mode shapes do not change

significantly.

Figure 3.4 shows the changes that occur in the bending and rotational mode shapes

after applying a relatively high spinning speed. Figure 3.4 (a-b) shows the bending and
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Figure 3.3: (a) variation in the third mode natural frequencies for varying speed in the
system with no tip mass. (b-e) variations in the determining coefficients for varying speeds.
(b) and (d) correspond to forward (FW) orbits. (c) and (e) correspond to backward (BW)
orbits.
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rotational mode shapes in the first mode, whereas Figs. 3.4 (c-d) shows the mode shapes for

the third mode. The first and third modes are selected for the investigation. Comparison is

also made between the forward and backward modes of the first and third mode numbers.

The results indicate that although increasing the rotation speed causes some changes in

the mode shapes, it keeps the general form of the mode shapes, which can be considered

insignificant. This difference is more meaningful when the forward and backward orbit

modes are compared. By increasing the speed, the mode shapes of the forward and backward

orbits vary in two opposite directions.

3.3.2 Mode characteristics for the system with a relatively large tip mass

A similar investigation is also performed for the spinning system carrying a relatively

large rigid tip body. Fig. 3.5 shows the variations in the mode shape coefficients r1, r2, C2,

and C4 for each forward and backward orbit of the first mode, where C1 = 1 and C3=-1. The

natural frequencies of the first mode for the varying rotation speed are shown in Fig. 3.5

(a). The solid black lines correspond to the first forward mode, and the dashed red lines

correspond to the first backward mode. Variations in the coefficients r1 and r2 for the first

forward and backward modes versus the rotation speed are shown in Fig. 3.5 (b) and (c)

respectively. The solid blue lines correspond to the coefficient r1 and the dashed red lines

correspond to the coefficient r2. The coefficients r1 and r2 differ slightly over a wide range

of rotation speeds (0 < Ω̂ < 50) for forward and backward modes. The coefficient r1 in the

forward mode varies from 1.368 to 1.430 over this speed range. The coefficient r2 in the

forward mode varies from 1.352 to 1.547. The coefficient r1 in the backward mode varies

from 1.368 to 1.289. The coefficient r2 in the backward mode varies from 1.352 to 1.162.

Variations in the modal coefficients C2 and C4 for the first forward and backward

modes over the speed range are shown in Fig. 3.5 (d) and (e), respectively. The solid blue
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Figure 3.4: Bending and rotational mode shapes in the system with no rigid tip body for
Ω̂ = 0 and Ω̂ = 100 (a-b) First mode. (b-c) Third mode. The solid black lines correspond
to zero speed. The dashed blue lines correspond to forward modes in Ω̂ = 100. The
dashed-dotted red lines correspond to backward modes in Ω̂ = 100.
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lines correspond to C2, and the dashed red lines correspond to C4. All these coefficients

do not vary meaningfully over a wide range of rotation speeds (0 < Ω̂ < 50) for both

forward and backward modes. Variations in C4 as the coefficient of hyperbolic functions are

negligible. C2 in the forward mode varies from -0.802 to -0.996 over this range. C4 in the

forward varies from 0.777 to 0.876. C2 in the backward mode varies from -0.766 to -0.611.

C4 in the backward mode varies from 0.725 to 0.655. Consequently, no meaningful changes

are seen in the mode shapes corresponding to the first mode over the speed range.

Figure 3.6 shows the variations in the mode shape coefficients r1, r2, C2, and C4 for

each forward and backward orbit of the third mode. The natural frequencies of the third

mode for varying rotation speeds are shown in Figure 3.6 (a). Variations in the coefficients r1

and r2 versus a range of rotation speeds (0 < Ω̂ < 100) for the third forward and backward

modes are shown in (b) and (c), respectively. Variations in both coefficients r1 and r2 over

the speed range are not negligible. r1 (r2) in the forward mode varies from 6.363 (5.105) to

6.955 (6.399) over the speed range. r1 (r2) in the backward mode varies from 6.363 (5.105)

to 5.620 (3.935).

Variations in the modal coefficients C2 and C4 versus the speed range (0 < Ω̂ < 100)

for the third forward and backward modes are shown in (d) and (e), respectively. The solid

blue lines correspond to C2, the dashed red lines correspond to C4. All these coefficients do

not differ meaningfully over a wide range of rotation speeds for both forward and backward

orbit modes. C2 (C4) in forward mode varies from -1.690 (0.994) to -2.312 (1.001). C2

(C4) in backward mode varies from -1.690 (0.994) to -1.559 (0.967). As a result, the mode

shapes corresponding to the third mode experience noticeable changes.

Figure 3.7 shows the differences between the mode shapes of the system with a tip

mass under stationary and high-speed conditions. Figure 3.7 (a) and (b) show the bending

and rotational modal shapes for the first mode. Figure 3.7 (c) and (d) show the bending

79



0 10 20 30 40 50

Nondimensional rotation speed 

1.35

1.4

1.45

1.5

1.55

r 1
, 
r 2

 (
F

W
)

r1
r2

^

(a)

(b) (c)

(d) (e)

0 10 20 30 40 50

Nondimensional rotation speed 

-60

-40

-20

0

20

40

60

N
o
n
d
im

e
n
s
io

n
a
l 
n
a
tu

ra
l 
fr

e
q
u
e
n
c
y

 

FW
BW

0 10 20 30 40 50

Nondimensional rotation speed 

1.15

1.2

1.25

1.3

1.35

1.4

r 1
, 
r 2

 (
B

W
)

r1
r2

0 10 20 30 40 50

Nondimensional rotation speed 

-1

-0.5

0

0.5

1

C
o
e
ff
ic

ie
n
ts

 C
2

, 
C

4
 (

F
W

)

C2
C4

0 10 20 30 40 50

Nondimensional rotation speed 

-1

-0.5

0

0.5

1

C
o
e
ff
ic

ie
n
ts

 C
2

, 
C

4
 (

B
W

)

C2
C4

^ ^

^ ^

Figure 3.5: (a) Variation in the first mode natural frequencies for varying speed in the system
with a tip mass. (b-e) variations in the determining coefficients for varying speeds. (b)
and (d) corresponding to the forward (FW) orbit mode. (c) and (e) corresponding to the
backward (BW) orbit mode.
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Figure 3.6: (a) Variation in the third mode natural frequencies for varying speeds in the
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and rotational modal shapes for the third mode. As seen in these figures, the presence of a

relatively large tip mass makes the mode shapes more sensitive to changes in rotation speed.

This difference is more pronounced when comparing the mode shapes of the forward and

backward orbit modes.

Figure 3.8 shows the effects of a relatively massive rigid tip body on the mode

shapes for the first and third modes at zero speed. The first and third modes are selected as

examples. Figure 3.8 (a) and (b) show the bending and rotational modal shapes for the first

mode. Figure 3.8 (c) and (d) show the bending and rotational modal shapes for the third

mode. The solid purple lines correspond to the system without any rigid tip body, and the

dashed green lines correspond to the system with a rigid tip body. The general form of the

mode shape corresponding to the first mode remains nearly unchanged between beams with

and without a tip mass. By adding a rigid tip mass to the beam, some changes occur in the

general form of the mode shapes corresponding to the third mode. Although their general

form looks similar, the position of extremums along the beam span differs. For instance, the

maximum peak in the bending deformations of the third mode occurs around x3 = 0.81 and

x3 = 0.67 for the systems with and without a tip mass, respectively. The maximum peak in

the rotational deformations of the third mode also occurs around x3 = 0.57 and x3 = 0.45

for the systems with and without a tip mass, respectively. The results indicate that the slopes

of the mode shapes differ noticeably in both sign and magnitude across many regions.

3.4 Conclusion

Closed-form solutions are derived for spinning cantilever Timoshenko beams with a

rigid body attached at its end. Both the beam and the rigid body are considered geometrically

symmetric. The equations of motion are re-defined in the complex form to reduce the

number of equations from four to two; that is, the order of equations decreases from
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Figure 3.7: Bending and rotational mode shapes in the system with a tip mass for Ω̂ = 0 and
Ω̂ = 100 (a-b) First mode. (b-c) Third mode. The solid black lines correspond to zero speed,
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four to two. The effects of the rigid tip body are applied through the natural boundary

conditions. Natural frequencies and the coefficients of the mode shapes are calculated

numerically. Complete agreements are observed between the results computed by the

analytical closed-form solutions and the Galerkin method results using polynomial basis

functions. Changes that occur in the mode shapes of higher modes are more significant

than those of the first mode. These changes are also more fundamental when a rigid body

is attached to the end of the beam. The closed-form solutions and the results presented in

this chapter can be used to estimate fundamental frequencies in more complex systems and

provide proper basis functions for discretization. They can also be employed in the analysis

of similar systems with nonlinear behaviors.
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CHAPTER FOUR

ANALYZING THE VIBRATIONS AND STABILITY OF THE SPINNING SYSTEM
USING FINITE ELEMENT SIMULATIONS

4.1 Introduction

Continuum systems generally involve complexities arising from factors such as

geometry, boundary conditions, material behavior, nonlinearity, and couplings. These

complexities make it impossible to solve the problem using analytical methods. The Finite

Element Method (FEM) is one of the most effective approaches for analyzing such complex

continuum problems by discretizing its domain into smaller elements. This method employs

variational principles and the Galerkin method to accurately approximate solutions of

the governing partial differential equations. The approximated solution is calculated by

minimizing the residual value in the weak form of the discretized equations. One of the

primary applications of the finite element method is in modal analysis, which allows for

evaluating the dynamic behaviors of complex systems, such as their natural frequencies,

mode shapes, and damping properties. The finite element method has been used to study free

vibrations in stationary Timoshenko beams under various working conditions [178–181].

Some studies have investigated vibrations in rotating beams along their perpendicular

axis [182–184]. Software such as ANSYS and ABAQUS is a specialized computational tool

designed to perform numerical simulations using the finite element method. Their advantages

are ease of application and high accuracy. Finite element analysis has been widely employed

in vibration and modal analysis for a wide range of dynamic systems [185–187].

In this chapter, the natural frequencies and mode shapes of the spinning cantilever

with a rigid tip body are calculated using the finite element method performed in ANSYS.

These results and mode shapes are compared with those from analytical modeling. Variations
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in the natural frequencies in the inertial coordinate system for both symmetric and

asymmetric systems with varying rotation speeds are also investigated through finite

element simulations. The natural frequencies computed in the inertial coordinate system are

transformed into the co-rotational coordinate system to allow for the comparison with the

results obtained by the analytical modeling. The simulation results are used to evaluate the

validity of the results obtained from analytical modeling presented in the previous chapters.

4.2 Geometry and Material

The dynamic system, consisting of a cantilevered beam and rigid tip body, rotating

about its longitudinal axis at a constant speed Ω, is depicted in Fig. 2.1. The length and

the cross-sectional area of the beam are represented by L and A. The beam’s material is

isotropic elastic with density ρ , elastic modulus E, and shear modulus G.

The beam rotates at a constant speed Ω {i, j,k} about the beam neutral axis E3 = k

(along the beam length). Two other perpendicular base vectors E1 and E2 are aligned with

the principal axes of the cross-section. At the free end of the beam, a rigid body is placed

along the E3 axis, whose mass center is offset by a distance of d from the beam end. A local

body-fixed basis {e1,e2,e3} is defined to determine the rotations of the rigid body relative

to {E1,E2,E3}. J = J11e1 ⊗ e1 + J22e2 ⊗ e2 + J33e3 ⊗ e3 denotes the mass moment of

inertia of the rigid body with mass M about its mass center, consisting of three components

J11,J22,J33 along the axes e1, e2, e3.

Two systems consisting of beams with tubular cross-sections and solid rigid bodies

are studied. The cross-sections of the beam and the rigid body in the first system are square,

which is called symmetric in this study. The inertial and stiffness properties in this system

are identical in the two bending directions. On the other hand, the cross-sections of the beam

and the rigid body in the second system, called asymmetric, are rectangular with unequal
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inertial and stiffness properties in the two bending directions. The geometric and material

parameters of this beam-rigid body system are given in Table 2.1. The offset of the rigid

body mass center from the beam’s end is equivalent to 5mm as one-half of the rigid body’s

length d. The elastic and shear moduli of the tip mass are very large, about 105 times larger

than those of the elastic beam.

The corresponding nondimensional parameters for the symmetric system are

κ = 201.1069, µ = 0.001876, α = 1, k13 = 0.4355, η = 0.5068, ν11 = 0.00258875, ν22 =

0.00258875, ν33 = 0.00385782, d̂ = 0.0625. The asymmetric system has nondimensional

parameters α = 1.4860, ν11 = 0.003299, ν22 = 0.002144, and ν33 = 0.004124. The

remaining nondimensional parameters are identical to those of the symmetric system.

4.3 Finite element mesh

To prepare the problem for processing, the continuous system is discretized into

smaller elements by generating a mesh. The mesh size for the beam’s elements is set to

be 1 mm. Larger mesh sizes are applied to the rigid body’s elements because it is almost

rigid and does not have any elastic deflections. A visualization of the generated mesh for

the asymmetric system is shown in Fig. 4.1.

The number of nodes in the symmetric system is 81 along the beam length, 12 along

the width, and 12 along the height. The number of nodes in the asymmetric system is 81,

14, and 12 through the beam length, width, and height, respectively.

At x3 = 0, the displacements along the axes E1, E2, and E3 and the rotations are

considered zero. For spinning systems, only rotation about the axis E3 is allowed.

4.4 Simulation results for the stationary systems

Numerical simulation is performed for the zero speed (Ω = 0) The convergence of

the results is checked by comparing them to those computed for smaller mesh sizes. The
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(a) (b)

Figure 4.1: Picture of generated mesh for (a) side view, (b) back view

natural frequencies and mode shapes are calculated and compared with those of analytical

modeling.

4.4.1 Natural frequencies

The first eight natural frequencies for the symmetric system, computed using finite

element simulations, are given in Table 4.1. The dimensionless natural frequencies are

provided using the relation ω̄ =
√

ρAL4/EI11 ω to be compared with the ones computed

by the analytical modeling provided in another column of this table. Mode types are also

determined in a column of this table to be distinguished. Each bending mode appears as a

pair, whereas other modes are unique. Due to the symmetry of the beam cross-section, there

are two sets of bending modes about the perpendicular axes X1 and X2 with exactly equal

values of natural frequencies. It can be seen in this table that the torsional mode lies between

the first and second bending modes in the simulation results, but they are not included

in the analytical modeling. The axial mode exists between the second and third bending

modes in the simulation results, while they are not included in this analytical modeling. The

differences between the finite element simulation results and those of the Galerkin method

are within 1, 3, and 5 percent for the first, second, and third bending modes, respectively.
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Table 4.1: Natural frequencies computed by ANSYS simulation and analytical modeling for
the symmetric system (Ω = 0)

Mode Mode type Frequency Nondimensional Nondimensional
number [Hz] natural frequency natural frequency

ANSYS analytical modeling
1 1st Bending 809.3 1.8621 1.8476
2 1st Bending 809.4 1.8621 1.8476
3 1st Torsion 4758.3 10.9485
4 2nd Bending 5708.5 13.1348 12.804
5 2nd Bending 5708.7 13.1352 12.804
6 1st Axial 10795.0 24.8385
7 3rd Bending 14886.6 34.2530 32.826
8 3rd Bending 14886.6 34.2530 32.826

Similarly, a comparison of the first eight natural frequencies for the asymmetric

system is also provided in Table 4.2. Each bending mode has two different natural

frequencies in two perpendicular planes. The difference between the finite element

simulation results and those of the Galerkin method is less than 5 percent for the first

three bending modes. The agreement between two groups of values decreases in higher

modes.

4.4.2 Mode shapes

Mode shapes of the bending, axial, and torsional modes calculated by finite element

simulations are shown in Figs. 4.2. The second bending mode is shown in Fig. 4.2(a),

while the first axial and torsional modes are shown in Figs. 4.2(b) and (c), respectively. The

red regions on the beam correspond to the largest deformations, whereas the yellow and

blue regions on the beam represent moderate and smallest deformations, respectively. The

undeformed state of the axial mode in Fig. 4.2(b) is also displayed as a wire frame. As

expected, the end of the beam has the largest deformations in the axial mode shape. The

largest torsional mode deformations occur at locations farthest from the neutral axis.
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Table 4.2: Natural frequencies computed by ANSYS simulation and analytical modeling for
the asymmetric system (Ω = 0)

Mode Mode type Frequency Nondimensional Nondimensional
number [Hz] natural frequency natural frequency

ANSYS analytical modeling
1 1st Bending 807.3 1.8621 1.8486
2 1st Bending 980.0 2.2553 2.2316
3 1st Torsion 4910.5 11.3009
4 2nd Bending 5647.0 12.9957 12.8870
5 2nd Bending 6670.5 15.3511 14.7440
6 1st Axial 10795.0 24.8430
7 3rd Bending 14604.9 33.6111 33.2226
8 3rd Bending 16848.9 38.7753 36.4074

(a) (b)
(c)

Figure 4.2: Visualization of the mode shapes for (a) bending mode, (b) axial mode, (c)
torsional mode

The third and fourth bending mode shapes obtained by finite element simulations are

illustrated in Figs. 4.3. The third and fourth bending mode shapes are shown in Fig. 4.3(a)

and (b), respectively. The number of extrema seen in the bending mode shapes is typically

one less than the mode number. The third mode in Fig. 4.3(a) shows two extrema, while the

fourth mode in Fig. 4.3(b) shows three extrema.

Figures 4.4 makes a comparison between the boundary lines of the fourth

bending mode shape calculated by the analytical modeling and finite element simulations.

Deformations of the mode shapes are displayed at an exaggerated scale to make the

differences more apparent. The boundary lines of the mode shapes from finite element

simulations on the front face and midface of the beam are compared in Fig. 4.4(a). Solid
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(a) (b)

Figure 4.3: Visualization of bending mode shapes obtained by finite element simulations:
(a) third bending mode, (b) fourth bending mode

blue lines correspond to the boundary lines on the frontal face. Dashed red lines correspond

to the boundary lines on the midface. No meaningful differences are seen between the

boundary lines of the mode shapes on the midface and front face. The boundary lines of the

mode shapes computed by finite element simulation and analytical modeling are compared

in Fig. 4.4(b). Solid green lines correspond to boundary lines determined by analytical

modeling. Dashed red lines correspond to boundary lines determined by the finite element

simulation on the midface. The analytical modeling is only able to calculate the neutral

axis of the beam. The boundary lines of the mode shapes for the analytical modeling are

estimated assuming a constant slope across the beam thickness. Mode shapes predicted by

the analytical model are in close agreement with the finite element simulation results.

4.5 Simulation results for the rotating systems

Figure 4.5 shows variations in the system’s natural frequencies for varying rotation

speeds in the inertial coordinate. This diagram is known as the Campbell Diagram. Natural

frequencies are calculated in the fixed (inertial) coordinate system. The boundary condition

at the fixed end is assumed to permit free rotations around the X3 axis, while the other

directions are constrained. Figure 4.5(a) shows the variations for the system with a symmetric
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Figure 4.4: (a) Mode shapes boundary lines determined by the finite element simulations on
the midface and front face. (b) Mode shapes boundary lines determined by the finite element
simulation on the midface and analytical modeling. Solid blue lines in (a) correspond to
the finite element simulation results on the frontal face. Dashed red lines correspond to
the finite element simulation results on the midface. Solid green lines in (b) correspond to
analytical modeling.

cross-section. In the symmetric system, the natural frequencies of only the bending modes

are degenerate at zero speed, while the axial and torsional modes are unique. For nonzero

speeds, the increasing (decreasing) natural frequencies correspond to the forward (backward)

bending modes. In the Campbell diagram, because of the fixed coordinate system, critical

speeds, shown by red circles, are determined by equating the natural frequency with the

rotation speed (Ω̂ = ω). As the rotation speed increases, the natural frequency of the first

torsional and axial modes increases and decreases, respectively. As seen in this figure,

critical speeds determined by the intersections of the natural frequency curves and the line

ω = Ω̄ are not unique for each mode number. This is in contrast to the analytical modeling

results.

Figure 4.5(b) shows the variations for the system with an asymmetric cross-section.

In the asymmetric system, the natural frequencies of each pair of bending modes are distinct

at zero speed. For nonzero speeds, the increasing natural frequencies located on the higher
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Table 4.3: Nondimensional critical speeds calculated by ANSYS finite element simulation
and the analytical modeling

Symmetric Asymmetric
finite element Analytical modeling finite element Analytical modeling

1.8485 1.8600 1.8530 1.8600
1.8761 1.8600 2.2616 2.2538

12.2239 13.6598 12.5429 13.6598
14.2114 13.6598 15.9423 16.1033
30.2182 36.8036 31.2908 36.8036
40.4178 36.8036 42.9525 41.8150

branch correspond to the forward bending modes. For nonzero speeds, the decreasing natural

frequencies located on the lower branch correspond to the backward bending modes. With

increasing the rotation speeds, the natural frequency of the first torsional and axial modes

increases and decreases, respectively.

Table 4.3 presents the critical speeds computed by the finite element simulations

and analytical modeling for both symmetric and asymmetric systems. In the symmetric

system, the values of critical speeds computed by analytical modeling fall between the

values determined by the finite element simulation. Thus, these results can serve as a domain

to estimate the critical speeds. In the asymmetric system, the values of critical speeds

determined by the finite element simulation lie on either side of the values obtained by the

analytical modeling. In other words, the bandwidth of the divergence instability is broader

in the Campbell diagram than in the analytical modeling.

To compare the results from the finite element simulation with those from analytical

modeling, they must be transformed from the inertial coordinate system into the co-rotational

coordinate system. The natural frequencies transformed into the inertial coordinate system

can be calculated by adding (subtracting) the value of the rotation speed Ω̂ to (from)

the natural frequencies of the inertial coordinate system with backward (forward) orbits.

Figure 4.6 shows the variations in the natural frequency for varying rotation speeds in
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Figure 4.5: Variations in the natural frequencies for varying rotation speeds computed in the
inertial coordinate. (a) symmetric cross-section, and (b) asymmetric cross-section.
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Figure 4.6: The natural frequencies versus rotation speeds in the inertial coordinate system.
(a) symmetric geometry, and (b) asymmetric geometry. The solid black lines correspond
to analytical modeling. The dashed red lines correspond to the finite element simulation
results.

the co-rotational system. The solid black lines correspond to analytical modeling results.

Dashed red lines correspond to the finite element simulation results transformed into the

inertial coordinate system.

Figure 4.6(a) shows the natural frequencies versus speeds for the symmetric system.

A close agreement is seen in the natural frequencies of the lower modes computed by

analytical solution and finite element simulations. The agreement slightly decreases at

higher modes and speeds. Figure 4.6(b) shows the natural frequencies versus speeds for the

asymmetric system. Similarly, an agreement is seen in the natural frequencies of the lower

modes, which decreases for higher modes. No veering interaction and flutter instabilities

are observed. This disagreement emerges around the eigenvalues, where both forward and

backward orbits exist across the beam span.
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4.6 Conclusion

Modal analysis is performed using the finite element analysis for a spinning cantilever

beam with a rigid body attached at its free end. The beam’s cross-section is deemed

moderately thick, leading to noticeable shear deformations. The natural frequencies and

their corresponding mode shapes for symmetric and asymmetric systems are computed

using finite element simulations. The results are then compared with those obtained by

analytical modeling. In addition to the bending modes, axial and torsional modes are also

modeled by the finite element simulations. A close agreement is seen in the boundary lines

of the mode shapes drawn by the analytical modeling and the finite element simulation.

Variations in the natural frequencies for varying rotation speeds are plotted using the finite

element simulations and compared with the plots calculated by the analytical modeling. The

critical speeds for the symmetric system determined in the Campbell diagram are not unique.

Nevertheless, the critical speeds computed by the analytical modeling lie around these

pairs of values computed by finite element simulations. The results are transformed from

the inertial coordinate system to the co-rotational coordinate system for comparison. The

transformed diagram shows a relatively good agreement with those of analytical modeling

for lower modes, which diminishes in higher modes. However, flutter instabilities and

veering interactions, where no consistent orbits exist along the beam span, were not modeled

in the finite element simulations conducted in the inertial coordinate system.
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CHAPTER FIVE

MODELING AND EQUILIBRIUM ANALYSIS OF CIRCULAR DIELECTRIC
ELASTOMER ACTUATORS

5.1 Introduction

Circular dielectric elastomer membranes are used in a variety of advanced devices,

such as adaptive lenses, stacked actuators, and capacitive sensors. In applications, accurate

predictions of the voltage-induced deformations are necessary to ensure high performance,

especially at large stretches. Precise modeling of large stretches in circular dielectric

elastomer membranes depends on the adoption of proper hyperelastic formulations and

sufficient understanding of their electro-mechanical interactions.

Deformations arising from the electromechanical coupling in circular dielectric

elastomer membranes functioning as actuators have been widely studied [84, 91–94, 102].

Wissler et al. [93] employed Mooney-Rivlin [76], Ogden [78], and Yeoh [188] hyperelastic

models to derive an analytical solution for the instantaneous response of a pre-stretched

circular actuator. They also performed finite element simulations to investigate the

time-dependent behaviors. A lumped-parameter inverse model for pre-strained circular

dielectric elastomer actuators is proposed by Liang et al. [94] for efficient computations.

Further studies are needed to understand equilibria at larger stretches and the influence of

hyperelastic models to predict large-stretch deformations. An effective technique to improve

large stretches in dielectric transducers is to produce a prestretch by applying an external

load to the elastomer [94, 107]. This approach not only facilitates larger and more uniform

stretches but also amplifies the electric field and allows the membrane to withstand much

higher voltages.
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A wide range of hyperelastic models have been proposed to predict large

deformations in hyperelastic materials [74, 75, 77, 78]. Models such as Neo-Hookean [74]

and Mooney-Rivlin [76] models are accurate for small to moderate stretches, while some

other models, such as Ogden [78], Yeoh [188], and Gent [79] models, are designed to

capture larger stretches. Among these models, the Gent hyperelastic formulation is widely

used in dielectric elastomer membrane research related to acrylic elastomers. However, the

Gent model does not have sufficient flexibility to accurately capture nonlinear stiffening

stretches in diverse hyperelastic materials.

This chapter studies the nonlinear equilibrium responses of circular dielectric

membranes subjected to a pre-stretch loading and varying electric potential employing

analytical approaches and finite element simulations. Two models are investigated. In

the first model, only the portion of the membrane is included. In the second model, both

the inner active and outer passive regions are included. The pre-stretch tension is applied

to the active region through the passive region, which is stretched and fixed at the outer

boundary. The models are compared to the available experimental results obtained by a

research team from the University of Dayton. With the help of finite element simulations,

variations in stretches throughout the membrane body for two magnitudes of pre-stretch load

are investigated. Furthermore, the capacity of several standard hyperelastic formulations to

fit a given data set is examined.

5.2 Modeling

A schematic of a circular dielectric elastomer membrane is shown in Fig. 5.1. The

undeformed and deformed membranes are shown by dashed (red) and solid (black) lines,

respectively. The undeformed membrane is circular with the outer radius R0 and thickness

H0. The membrane is pre-stretched by a constant, uniform radial load P before the electrical
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Figure 5.1: Schematic of a single active dielectric elastomer membrane subjected to radial
prestretch tension. Dashed (red) lines represent the undeformed configuration, and solid
(black) lines represent the deformed configuration.

activation, which allows very large stretches without failure by electrical breakdown. The

radial load P is uniformly distributed on the outer circumferential surface of the membrane.

The voltage Φ, applied through the thickness of the membrane, reduces the thickness to h0

and expands the radius to r0 through the Maxwell stress tensor.

The deformed membrane remains circular by the assumption of homogeneous

deformations. The position of a material particle in the membrane before deformation is

represented by X = REr +X3E3. R and X3 are the radial and axial coordinates, respectively,

that satisfy 0 ≤ R ≤ R0 and −H0/2 ≤ X3 ≤ H0/2. The position of a material particle after

an axis-symmetric deformation at time t is x = r(R, t)Er + x3(X3, t)E3. In the deformed

membrane, the radial position r(R, t) = Rλ (t) and the axial position x3(X3, t) = X3λ−2 for

assumed incompressible deformations are functions of the stretch λ (t). Incompressibility,

which is a common assumption for elastomers, enforces a constant volume in the membrane

during deformation. The velocity vector of the particle ẋ, as the time derivatives of the

particle position, is
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ẋ = Rλ̇Er −2λ
−3

λ̇X3E3 (5.1)

where ˙( ) denotes derivatives of the variable with respect to time. The kinetic energy K

over the undeformed volume of the membrane V0 with the mass density of ρ is obtained by

substituting (5.1) into K = 1/2
∫
V ρ ẋ · ẋdV0. The kinetic energy is

K =
1
4

πρR4
0H0

[
1+

2
3

(
H0
R0

)2
λ
−6

]
λ̇

2 (5.2)

The free energy density in the membrane caused by the electrical field is ue = D2
3/2ε , where

D3 =−εΦ/h0 represents the electric displacement field through the membrane thickness.

Φ is the applied electric potential. The material’s permittivity ε = εrε0, where εr denotes

the relative permittivity and ε0 is vacuum permittivity. To derive the mechanical part of

the free energy density um(λ ), the nonlinear strain stiffening behaviors of the elastomer at

large stretches need to be captured by hyperelastic models. Integrating the total free energy

density, which is considered constant throughout the body, over the undeformed volume

gives the total free energy

U = πρR2
0

[
1
2

ε

H2
0

Φ
2
λ

4 +um(λ )

]
(5.3)

The constant radial traction P/2πh0r0 applies an in-plane pre-stretch on the outer

circumferential surface of the deformed membrane 2πh0r0. The product of the

distributed tension force and the virtual displacement δ r0 produces a non-conservative

mechanical virtual work δW (nc) = PR0δλ , where δ r0 represents the virtual derivatives.

A non-conservative virtual work also results from the variation of voltage through the

membrane thickness over time as δW (nc) = Φδq. δq is the virtual charge on the
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top electrode. A uniform charge is distributed across the top electrode, equal to q =

πεR2
0/H0Φλ 4 The total non-conservative work is derived as

δW (nc) =

(
PR0 +4πε

R2
0

H0
Φλ

3

)
δλ (5.4)

Hamilton’s principle
∫ t
t0
[δK −δU +δW ] = 0 is used to derive the governing

equations of motion for the dielectric membrane as follows

1
2

πρR4
0H0

[
1+

2
3

(
R0
H0

)2
λ
−6

]
λ̈ −πρR2

0H4
0 λ

−7
λ̇

2 +πR2
0H0

∂um
∂λ

−2πε
R2

0
H0

Φ
2
λ

3 = PR0 (5.5)

Non-dimensional parameters are introduced as

τ =
1

R0

√
µ

ρ
t, η =

H0
R0

, φ =

√
ε

µ

Φ

H0
, χ =

P
2πµH0R0

, ûm =
um
µ

(5.6)

where µ is the small-stretch shear modulus. Substituting these nondimensional parameters

into Eq. (5.5) gives the nondimensional equations of motion

[
1+

2
3

(
R0
H0

)2
λ
−6

]
λ̈ −2η

2
λ
−7

λ̇
2 +2

∂ ûm
∂λ

−4φ
2
λ

3 = 4χ (5.7)

The overdot ˙( ) = d( )/dτ represents nondimensional time differentiation here and in the

remainder of the chapter. ∂ ûm/∂λ is called the material function, which is associated

with the material’s stiffness. The inertia terms include the derivatives of the stretch with

respect to time (λ̈ , λ̇ ). Terms containing χ and φ2λ 3 are associated with the pre-stretch and

electro-elastic coupling. The equilibria are determined from the equations of motion in Eq.

(5.7) with vanishing time derivatives of stretch
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∂ ûm
∂Λ

−2φ
2
Λ

3 −2χ = 0 (5.8)

where Λ denotes the induced stretches under the equilibrium condition. A wide range of

hyperelastic material models have been introduced to approximate the mechanical free

energy density for various types of hyperelastic materials. In this regard, multiple material

functions are derived from the proposed hyperelastic models. The mechanical free energy

density for larger stretches depends on the invariants of the deformation tensors. For isotropic

materials, the mechanical free energy density um is generally defined as a function of the

invariants of the right Cauchy–Green deformation tensor C = FT F, where F = ∂x/∂X =

ΛEr ⊗Er +ΛEθ ⊗Eθ +Λ−2E3 ⊗E3 is the deformation gradient. The invariants are as

follows

I1 = tr(C) = Λ
2
1 +Λ

2
2 +Λ

2
3,

I2 =
1
2

[
(tr(C))2 − tr(C2)

]
= Λ

2
1Λ

2
2 +Λ

2
1Λ

2
3 +Λ

2
2Λ

2
3,

I3 = det(C) = Λ
2
1Λ

2
2Λ

2
3

(5.9)

where Λ1 = Λ, Λ2 = Λ, and Λ3 = Λ−2 are the principal stretches, computed from the square

roots of the eigenvalues of the right Cauchy-Green deformation tensor C. For incompressible

materials, the third invariant I3 = 1. In this regard, two invariants I1 and I2 are typically

employed in the material models. For compressible material material deformations of the

membrane, Λ1, Λ2, and Λ3 correspond to radial stretch Λr, circumferential stretch Λθ , axial

stretch Λ3. In the next section, we investigate several widely used hyperelastic models.

5.2.1 Material models

The Neo-Hookean model [74] is considered one of the simplest hyperelastic models,

which is capable of capturing nonlinear deformations up to moderately large stretches. For
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incompressible materials, the mathematical expression of the mechanical free energy density

for the Neo-Hookean model is introduced as

um =
µ

2
(I1 −3) (5.10)

where µ denotes the small-stretch shear modulus. The second invariant I2 is excluded

from the energy density proposed for the Neo-Hookean model. The Neo-Hookean material

function is obtained by substituting Eq. (5.10) into ∂ ûm/∂Λ

∂ ûm
∂Λ

= 2
(

Λ−Λ
−5
)

(5.11)

where Λ is used to represent the first radial stretch Λr.

The mechanical free energy density function in the Mooney-Rivlin model [75] is

defined as a linear combination of two invariants, I1 and I2 as follows

um =C1 (I1 −3)+C2 (I2 −3) (5.12)

Satisfying the condition of consistent small stretch shear modulus involves C1 +C2 =

µ/2. Using two terms allows this model to capture nonlinearities in both uniaxial and

biaxial loading more effectively, providing an accurate approximation for small to moderate

stretches. Substituting Eq. (5.12) into ∂ ûm/∂Λ gives

∂ ûm
∂Λ

= 2ξ1

(
Λ−Λ

−5
)
+2ξ2

(
Λ

3 −Λ
−3
)

(5.13)

where ξ1 and ξ2 are dimensionless parameters with the condition ξ1 +ξ2 = 1/2.

The Gent-Thomas model was proposed in 1958 by A. N. Gent and A. G. Thomas

[189] following the Mooney-Rivlin model, whose mechanical energy density is a linear
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function of the first invariant I1 and a logarithmic function of the second invariant I2 as

follows

um =C1 (I1 −3)+C2ln
(

I2
3

)
(5.14)

Differentiating the energy density with respect to the stretch under the small shear

consistency 2C1 +2C2/3 = µ or 2ξ1 +2ξ2/3 = 1 yields the material function as

∂ ûm
∂Λ

= 4
(

Λ−Λ
−5
)
+4ξ2

Λ3 −Λ−3

Λ4 −2Λ−2 (5.15)

The Yeoh hyperelastic model is introduced to capture nonlinear strain-stiffening stretches in

uniaxial tensions. The mechanical free energy density of the Yeoh model [188] is defined as

a polynomial function of only the first invariant I1, given by

um =
N

∑
i=1

Ci (I1 −3)i (5.16)

For small shear modulus consistency, C1 = µ/2. The material function for the Yeoh model

is obtained as

∂ ûm
∂Λ

= 2
N

∑
i=1

iξi

(
2Λ

2 −Λ
−4 −3

)i−1(
Λ−Λ

−5
)

(5.17)

where ξ1 = 1/2.

To capture the nonlinear elastic behavior of large stretches in materials such as

rubber, soft polymers, and biological tissues, the Ogden hyperelastic model was developed

by Raymond Ogden [78] in 1972. The mechanical free energy density in the Ogden model

is defined in terms of the principal stretches as follows

105



um =
N

∑
i=1

2µi
αi

(
Λ

αi
1 +Λ

αi
2 +Λ

αi
3 −3

)
(5.18)

The consistent small stretch shear modulus entails ∑
N
i=1 µiαi = µ . The material function for

the Ogden hyperelastic model is given by

∂ ûm
∂Λ

=
N

∑
i=1

4µi
µ

(
Λ

αi−1 −Λ
−2αi−1

)
(5.19)

The Gent hyperelastic model [79] is developed to capture strain-stiffening effects by

incorporating the limiting stretch parameter Jm. The mechanical free energy density for the

Gent model is

um =
µJm

2
ln
(

1− I1 −3
Jm

)
(5.20)

An accurate approximation is achieved in this model with just two parameters, the shear

modulus µ and the limiting stretch parameter Jm.

The material function for the Gent hyperelastic model is derived as

∂ ûm
∂Λ

= 2
Λ−Λ−5

1− 2Λ2−Λ−4−3
Jm

(5.21)

To improve flexibility in fitting experimental data and capture the biaxial and shear

deformations, the Gent-Gent hyperelastic model was developed by Pucci and Saccomandi

[190] as an extension of the classic Gent model. It incorporates both the first and second

invariants I1 and I2 in the mechanical free energy density function, given by

um =
C1Jm

2
ln
(

1− I1 −3
Jm

)
+C2ln

(
I2
3

)
(5.22)

The material function with the small shear consistency requirement C1 +2C2/3 = µ (ξ1 +

2ξ2/3 = 1) is also derived in the same way as
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∂ ûm
∂Λ

= 2ξ1
Λ−Λ−5

1− 2Λ2−Λ−4−3
Jm

+4ξ2
Λ3 −Λ−3

Λ4 −2Λ−2 (5.23)

The Lopez-Pamies model [80] is another advanced model to capture nonlinear

strain-stiffening deformations with reliable precision using only the first invariant I1. The

mechanical free energy density for this model is

um =
N

∑
i=1

31−αi

2αi
µi

(
I
αi
1 −3αi

)
(5.24)

The material function for the Lopez-Pamies model satisfying the constraint ∑
N
i=1 µi = µ is

∂ ûm
∂Λ

= 2
N

∑
i=1

31−αi
µk
µ

(
2Λ

2 −Λ
−4
)αi−1(

Λ−Λ
−5
)

(5.25)

5.3 Data-Fitting

The application of hyperelastic models involves determining the model parameters by

fitting their predicted deformation response curve to the experimental data. The data-fitting

depends on the characteristics of the data and the selected model. Hence, the size and

distribution of the data across different stretch magnitudes determine the model parameters

and the resulting stiffness–stretch curve. The Least Squares method is employed in this study

to compute the parameters through the data-fitting process. In this regard, the equilibrium

equation is deemed equal to a small-value residual Res as follows

∂ ûm
∂Λ

−2φ
2
Λ

3 −2χ = Res (5.26)

The parameters are determined by numerically minimizing the sum of squared residuals

across all data points ∑
n
1(Res)2, where n denotes the number of data points.
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Figure 5.2: Schematic of a circular dielectric elastomer membrane, consisting of active
(grayed) and passive (shaded) regions. The membrane is shown in its (a) undeformed and
(b) deformed configurations. R1 and R2 are radii of the active and passive regions

5.4 Hybrid actuator model

In the hybrid model, the pre-stretch traction is applied through an intermediate

inactive body, stretched and fixed at a predefined stretch value on a circular fixture. In this

regard, the membrane is divided into active and passive regions, shown in Fig. 5.2. The

schematics of the hybrid actuator before and after pre-stretching are shown in Figs. 5.2 (a)

and (b), respectively. The electric potential is only applied on the smaller circular region at

the center of the membrane, called the active region. In other words, the passive region is

not exposed to an electric potential. The radii of this region in undeformed and deformed

conditions are R1 and r1. The radii of the entire membrane in undeformed and deformed

conditions are R2 and r2.
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5.5 Finite Element simulation

Finite element analysis is employed in this section to numerically solve the coupled

electro-mechanical equations with high accuracy. The finite element method can be applied

to complex nonlinear equations, geometries, and boundary conditions, and also allows for

the investigation of local behaviors.

5.5.1 Electromechanical governing equations

In the finite element analysis, the governing equations are defined in continuum

formulations. In this regard, the mechanical equilibrium equation is

∇∇∇ · (σσσmech +σσσelec)+ fv = 0 (5.27)

where σσσmech and σσσelec are mechanical and Maxwell (electric) spatial Cauchy stresses tensor,

respectively, and fv is the mechanical body force per unit mass. ∇∇∇ = Er
∂

∂ r +Eθ
1
r

∂

∂θ
+E3

∂

∂ z

is a vector differential operator in cylindrical coordinates. The dot product (·) of the vector

differential operator and the stress tensor ∇∇∇ ·σσσ represents the divergence of the stress tensor

σσσ . The mechanical Cauchy stress tensor can be expressed as a function of the deformation

gradient F and Lagrangian Green strain e as follows

σσσmech =
1
J

F
∂um
∂e

FT (5.28)

J = det(F) is the elastic volume ratio J = det(F) and the Lagrangian Green strain e =

1
2 (C− I).

For compressible materials, the strain energy density function um is split into

isochoric uiso and volumetric uvol parts as
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um = uiso(C)+uvol(J) (5.29)

The isochoric term uiso, which is discussed earlier, is a function of the Cauchy-Green

deformation tensor C. The volumetric term in a hyperelastic material represents the portion

of strain energy that arises solely from volume changes (dilatation). The quadratic volumetric

strain energy density, defined as a function of the elastic volume ratio J is

uvol(J) =
κ

2
(J−1)2 (5.30)

The volumetric term vanishes when J = 1 in incompressible materials. The spatial Maxwell

stress tensor as a function of the electric field E is

σσσelect = εE⊗E− 1
2

ε (E ·E)I (5.31)

where I is the identity tensor. The electric field equation from Gauss’s Law is

∇∇∇ ·D = ρv (5.32)

where ρv is the free charge density. Combining the electric displacement D = εE and field

E =−∇∇∇Φ with Eq. (5.32) yields the electric governing equation

∇∇∇ · (ε∇∇∇Φ) =−ρv (5.33)

The stretch and electric field are calculated numerically by solving the coupled electric and

mechanical governing equations (5.33) and (5.27) for a given set of boundary conditions and

applied electric potentials. Stretch tensors are determined from the calculated deformations.

The simulation results also illustrate the distribution of the electric field.
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(b)(a)

Figure 5.3: The finite element meshes used in the analysis of the circular dielectric elastomer
membrane for (a) the single active membrane model and (b) the hybrid active-passive
membrane model. Active region, interface, and the boundary of the passive region are
shown in (b).

5.5.2 Geometry and mesh structure

The width of the undeformed membrane H0 = 1 mm. Regardless of the pre-stretch

magnitudes, the radius of the active region in the membrane after pre-stretch is R = 12.7

mm (0.5 in). The outer radius of the passive region is 60.96 mm (2.4 in). The radius of the

undeformed membrane can be determined from the relation R/Λ0. For example, for the

pre-stretch Λ0 = 2, the radius of the undeformed membrane is 12.7/2 = 6.35 mm (0.25 in).

For the pre-stretch Λ0 = 1.2, the radius of the undeformed membrane is 12.7/1.2 = 10.58

mm (0.4167 in). Due to the membrane’s axisymmetry, the simulation can be conducted

using a two-dimensional axisymmetric model. This only requires modeling the cross-section

defined by the membrane’s radius and thickness. The radial centerline of the membrane

is constrained to have no displacement at all points along the axial axis X3. The mesh

distributions for both the single active and hybrid models are shown in Fig. 5.3. There are

six elements through the membrane’s thickness. The number of elements in each dimension

for both models is determined to produce square elements. Thus, the length of each side

of the elements is roughly 0.125 mm. In the hybrid case, the total radius of the membrane

after pre-stretching is 4.8 in, with 0.5 in assigned to the active region. The size of the active

region remains the same in both the single active and hybrid models.
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5.5.3 Material properties

A highly-stretchable acrylic elastomer VHB 4910 with density ρ = 590 kg/m3 is

selected for this simulation. The Gent hyperelastic material model with the small-stretch

shear modulus µ = 16.92 kPa and the limiting stretch J = 138.8 for this elastomer is used

from Ref. [83]. A pre-stretch is produced by a constant radial tensile load P, evenly applied

on the circumferential surface of the membrane. The value of the mechanical load is

determined from the analytical model in Eq. (5.8) using the Gent mechanical model in Eq.

(5.21). It has been demonstrated that this approach accurately produces the specified amount

of pre-stretch in the finite element model. As an example, the radial loads are determined

P = 0.541 N for pre-stretch Λ0 = 1.2 and P = 1.379 N for pre-stretch Λ0 = 2.

The relative dielectric permittivity of the dielectric membrane for VHB 4910 is

εr = 4.14, which is assumed to be almost independent of deformations [83]. Many dielectric

elastomers, such as VHB materials, show insignificant changes in εr under moderate

stretches. The vacuum permittivity is ε0 = 8.854×10−12 F/m. The electric potential Φ is

applied to the upper circular surface, and the bottom surface is electrically grounded. A

wide range of potentials is analyzed to get a complete understanding of the large stretch

equilibrium behavior.

5.6 Analytical modeling results

Obtaining the analytical results for a given membrane elastomer involves determining

the parameters of the hyperelastic material function. The selection of the appropriate material

model depends on the material properties of the selected elastomer and the operating

conditions. The corresponding material parameters specific to each model are determined

using data-fitting or optimization techniques.
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5.6.1 Equilibrium stretch results

The equilibrium solutions are calculated numerically from Eq. (5.8) for a given

material model and its corresponding material parameters. The curve of the equilibrium

stretch computed for varying applied electric potentials differs with changes in the chosen

material model and specified parameters. The Gent hyperelastic model effectively captures

the strain-stiffening of VHB elastomers under large deformations using only two parameters

[191]. Hence, this model is used as a benchmark for comparing the properties of other

hyperelastic models analyzed in this work.

Figure 5.4 presents the equilibrium stretch using the Gent hyperelastic model [79]

for varying electric potentials, along with the corresponding values of the material function

versus stretch for pre-stretch Λ0 = 1.283 under tensile load χ = 1. Fig. 5.4 (a) shows

how the electric potential induces the stretches under the equilibrium condition. Only one

equilibrium occurs at potentials φ lower than 0.224 and higher than 0.369, whereas three

equilibria exist around the medium range potentials φ from 0.224 to 0.369. The higher

and lower extremums (φ = 0.369 and φ = 0.224) are called snap-through and snap-back

voltages, respectively. In this example, when the potential φ in the first equilibrium exceeds

the snap-through voltage φ = 0.369, the stretch response undergoes a sudden jump to a

much larger value at the third equilibrium. Conversely, when the potential φ in the third

equilibrium falls below the snap-back voltage φ = 0.224, the stretch response returns to the

first equilibrium. This phenomenon is called snap-through. Within this voltage range, three

equilibrium solutions are observed, of which the first and third are stable, while the second

is unstable. Figure 5.4 (b) shows the strain-stiffening behavior of the material function

computed from Eq. (5.21) corresponding to the induced stretches. As seen in this figure, the

slope of the hyperelastic material function versus stretch, representing the material stiffness,

increases exponentially with stretch.
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Figure 5.4: Stretches induced by a range of applied electric potential for pre-stretch tension
χ = 1. (a) The equilibrium stretches, where solid (dashed) lines denote stable (unstable)
equilibria, for varying applied electric potential. (b) The material function corresponding to
the induced stretches. The shaded region represents the electric potential domain with three
equilibria.

Some of the models introduced earlier in this chapter are fitted to a sample of

data points to evaluate their ability to capture the nonlinear strain-stiffening behavior of

hyperelastic materials. Since the Gent model provides a valid approximation for VHB

materials, we use it as a benchmark for evaluating the performance of other models in our

study.

Figure 5.5 shows the voltage-stretch behavior predicted from five hyperelastic

models. The red circles are from the Gent model shown in Fig. 5.4 for χ = 1. The data points

have nearly equal spacing and cover a majority of the stretch bandwidths from λ = 0.224

to 0.369. Even data points from larger stretches, exceeding 700%, are included to examine

each model’s ability to predict the strain-stiffening stretches. The approximated curves

are computed numerically by minimizing the residual value Res in Eqs. (5.26) through

the Least-Squares method for a given data-set. The numerical optimization (minimization)

process requires initial guesses for the parameters to be determined in each hyperelastic

114



model, including shear-related coefficients and exponents. The optimized parameters

calculated for a smaller number of terms can serve as initial guesses for optimization with

a larger number of terms. For example, the optimization results for a two-term model can

be used as initial guesses for the first two terms of a three-term model. Higher-order terms

typically govern the larger stretches, whereas lower-order terms mostly influence the small

and moderate stretches. The shear-related coefficients generally decrease as the power of

their corresponding exponents increases. In the Yeoh model, as an example, knowing that

the first coefficient µ1 = 0.5, the guesses for the second and third coefficients should be

µ2 = 10−3 and µ3 = 10−6. The optimal solutions obtained from the data-fitting process

depend on the initial guesses and data characteristics. The inclusion of large and limiting

stretches significantly impacts the optimal solutions.

Figure 5.5 (a) shows fitted curves for Neo-Hookean, Mooney-Rivlin, and Yeoh

models. As expected, Neo-Hookean and Mooney-Rivlin models are only able to capture

small stretches. The Mooney-Rivlin model accurately predicts the snap-through voltage

Φ = 0.369, while the snap-through voltage approximated by the Neo-Hookean model

(Φ = 0.359) is less accurate. Both models fail to predict the snap-back voltages. However, a

four-term Yeoh model demonstrates a close fit to the entire data set. Even a four-term Yeoh

model captures both the snap-through and snap-back voltages with adequate precision. The

predicted snap-through voltage is Φ = 0.364, while the snap-back stretch is underestimated

by about 0.5 compared with the reference value. Figure 5.5 (b) shows fitted curves for

the three-term Ogden and Lopez-Pamies models. It can be seen that only three terms are

sufficient for these two models to capture a wide range of datasets, including both the

snap-through and snap-back voltages. Adding extra terms evidently equips the series-based

model with greater flexibility to fit data sets. It should be noted that these three terms involve
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six determining parameters, which offer greater flexibility than a three-term model with

three parameters.

Figure 5.6 shows data-fitting for various numbers of terms of the Yeoh model. In

this case, the upper limit of the last data point is extended to the limiting stretches over

800%. The approximation of a wide range of data sets, including the limiting stretches,

requires high flexibility. As seen in this figure, four and seven terms of the Yeoh model

are not enough to accurately capture the entire data set. Results for a twelve-term Yeoh

model, on the other hand, are able to accurately predict the voltage-stretch behavior even

at large stretches where strain-stiffening occurs. Increasing the number of terms enhances

the potential of models to accurately capture the entire data set, including larger stretches.

However, the likelihood of convergence in numerical optimizations decreases as the number

of terms increases. The inclusion of larger and the limiting stretches reduces the chance

of convergence. The selection of the hyperelastic model that is more appropriate for the

specified data set can improve the convergence robustness.

Results obtained through the numerical optimization are non-unique, and multiple

sets of optimal parameters may exist. A set of optimal parameters for a given number of terms

may achieve a more accurate approximation for small to medium-range stretches, whereas

the other may perform better at larger and limiting stretches. In addition to strain-stiffening

stretches, accurate prediction of the snap-through and snap-back voltages is of importance.

Therefore, evaluating the performance of hyperelastic models across different stretch values

for a given material can help achieve a more accurate approximation.

Data-fitting for the two Ogden and Lopez-Pamies models with three and four terms

is shown in Fig. 5.7. The Ogden model with three and four terms, shown in Fig. 5.7 (a),

provides an accurate fit to the data, including some limiting stretches. Similarly, an accurate

fit to this data set is seen for the Lopez-Pamies model shown in Fig. 5.7 (b). It can be
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Figure 5.5: Stretch response versus varying electric potentials approximated for the specified
data points using a number of hyperelastic models. (a) Neo-Hookean, Mooney-Rivlin, and
a four-term Yeoh model. (b) Ogden and Lopez-Pamies models with three terms. The red
circles denote the data points extracted from the membrane responses under pre-stretch
tension χ = 1 computed using the Gent model.
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Figure 5.6: Stretch response versus varying electric potentials approximated for the specified
data points using the Yeoh model with different number of terms.The red circles denote the
data points extracted from a membrane responses under pre-stretch tension χ = 1 computed
using the Gent model.

observed that increasing the number of terms from three to four improves the precision of

the approximation. Much of this accuracy should be attributed to the use of two parameters

in each term, a coefficient and an exponent, rather than one.

5.7 Finite Element simulation results

Finite element analysis in COMSOL Multiphysics is employed in this section to

solve the coupled electromechanical equations of the pre-stretched membrane subjected

to an applied electric potential. Because of the non-linearities in the soft elastomers under

large deformations, achieving convergence in this simulation is quite challenging. To

smooth the process of convergence, an appropriate nonlinear solver as well as initial values

for the stretches and electric potentials throughout the membrane body are required. As

explained earlier, the elements are modeled as nearly squares, which effectively visualizes

their deformations in each dimension. The difference between the two sides of the deformed
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Figure 5.7: Stretch response versus varying electric potentials approximated for the specified
data points using (a) the Ogden model and (b) the Lopez-Pamies model. The dashed black
and solid blue lines represent the three-term and four-term models, respectively. Red circles
denote the data points extracted from a membrane response under pre-stretch tension χ = 1
computed using the Gent model.
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quadrilateral element illustrates how much deformation occurs in each direction. Given the

uniform distribution of the pre-stretch over the thickness of the membrane, discretizations

with six elements along the axial direction are sufficient. Because the membrane is very

thin, the selected radial discretizations yield accurate and reliable results. Nevertheless, for

a given finite element mesh, the convergence of the solution is realized when reducing the

size of the elements does not change the results. In this case, reducing the element size by

half in both dimensions does not change the results.

For more robust convergence, the fully coupled solver is employed in this study,

which solves the mechanical and electric equations simultaneously. Convergence is achieved

when the residual norm of the equations falls below the predefined relative tolerance, set

here as 10−6. The nonlinear system of equations is solved through an iterative procedure

based on the Newton–Raphson method, given by

xi+1 = xi +αJ(xi)
−1Res(xi) (5.34)

where xi denotes the solution vector in the iteration i. Res and J are the residual vector and

the Jacobian matrix of the governing equations, consisting of Eqs. (5.27) and (5.33). α ,

known as the damping or relaxation factor, is responsible for controlling the size of each

Newton-Raphson update step. The damping factor α varies between 0 and 1. Convergence

is slower but more stable for smaller values of α , while it is faster but less stable for larger

values of α . The damping factor is automatically updated by the software at each iteration.

The solution of nonlinear equations depends on the initial guesses, which should

be sufficiently close to the desired solution to ensure convergence. Since more than one

solution may exist for a specific range of applied electric potentials, the initial values direct

the solver to the intended solution. In the case shown in Figs. 5.4, three solutions exist for

the electric potentials between 0.224 and 0.369. Given that the magnitude of the electric
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potential is considered a constant input, the initial value for this parameter should match

the specified input value. For small stretches, the initial value should match the pre-stretch

value. For larger stretches, on the other hand, the stretch value should be guessed. Hence,

the solutions corresponding to larger stretches can only be obtained through a trial-and-error

approach, using the initial guesses closer to the target result. If the solver fails to converge to

the desired solutions within the specified tolerance, the initial values must be adjusted. The

solution validity can be confirmed by repeating the process with new initial values slightly

perturbed from the previous ones. Divergence of the solver across a range of initial stretch

values for a specified electric potential implies the absence of a feasible solution for the

specified values.

For the example in Fig. 5.4 (a), the first equilibrium can be computed using the

pre-stretch values Λ0 = 1.283 as the initial guess for the electric potential less than 0.365.

For larger electric potentials (0.224 to 0.369), the initial values can be updated by solutions

from a smaller one. Typically, the solver diverges, and no solutions can be obtained for small

initial values of stretches when the electric potential surpasses the snap-through voltage.

Thus, the snap-through voltage can be identified by incrementally increasing the applied

electric potential until the solver diverges. Solutions for larger electric potentials (larger

than 0.365) in Figs. 5.4 (a) can be obtained using very large initial stretch values, e.g., larger

than 750%. In the same manner, the snap-back voltage can be determined by gradually

decreasing the voltages from the third equilibrium.

5.7.1 Simulation results for the single active membrane

In this section, the membrane is considered incompressible to compare the results

with the analytical solutions. Weakly compressible conditions are also studied to investigate

the impacts of compressibility on stretch.
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Figure 5.8 shows the stretch contours for the first equilibrium in the membrane

consisting of a single active region under pre-stretch Λ0 = 2 at Φ = 4.6 kV. The pre-stretch

tensile load P = 1.379 N (χ = 2.043) is computed from Eq. (5.8) analytical modeling

for the pre-stretch Λ0 = 2. Figs. 5.8 (a) and (b) display the cross-section and top views

of the radial stretch. Figs. 5.8 (c) and (d) display the cross-section and top views of the

axial stretch. The black circle in top views represents the boundaries of the undeformed

membrane. No variations in all stretches across the membrane radial centerline and the

thickness are seen in these figures. In the single active membrane, the magnitude of the

circumferential stretch is exactly equal to the radial stretch throughout the membrane body.

The axial stretch calculated from the relation Λzz = 1/(ΛrrΛθθ ) = 0.13516, which agrees

with the value from the finite element simulation, 0.13515.

Figure 5.9 compares the stretches calculated by the analytical modeling and finite

element simulations for varying electric potentials. Figure 5.9 (a) presents the equilibrium

electric potential-stretch diagram for pre-stretch Λ0 = 1.2 produced by the radial force

P = 0.541 N (χ = 0.801). The equilibrium voltage-stretch diagram for pre-stretch Λ0 = 2

produced by the radial force P = 0.541 N (χ = 2.043) is shown in Fig. 5.9 (b). Convergence

is achieved for the given number of elements because the reduction in the size of elements

does not lead to any changes in the values of the results. Good agreement is observed

between the results calculated by analytical modeling and the finite element simulations.

For a nearly compressible membrane (κ = 100 µ) in Fig. 5.9, large stretches (above

500%) deviate noticeably from those of an incompressible material. The deviations in

small and moderate stretches are trivial. The main reason is the use of the incompressible

assumption in the analytical modeling. Under no electric field, a small deviation is seen in

the weak-compressible membrane with the bulk modulus κ = 100 µ . Increasing the bulk

modulus makes the membrane less compressible, which exhibits more agreement with the
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Figure 5.8: Finite element calculations of the stretch at pre-stretch Λ0 = 2 and the electric
potential Φ = 4.6 kV shown from (a, c) the top view and (b, d) the cross-section view. The
radial and axial stretches are shown in (a,b) and (c,e), respectively.
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analytical modeling. The impacts of compressibility on the snap-through and snap-back

voltages are not meaningful. The limiting stretch is larger in compressible membranes. It

also experiences larger stretches under smaller values of electric potentials.

In the case with pre-stretch Λ0 = 1.2, the finite element simulation is unable to

converge to any solution for a large portion of the unstable, moderate stretch equilibrium. For

the incompressible membrane, no convergence is achieved for the entire second equilibrium.

Fig. 5.10 shows the stretch contours for the second and third equilibria in the

membrane under pre-stretch Λ0 = 2 at Φ = 4.6 kV. An increase in radial stretch is seen in

both top and cross-section views in Figs. 5.10 (a). Stretches are uniform throughout the

entire body. Similar to the first equilibrium, the circumferential stretch is exactly equal to

the radial stretch, and the axial stretch is equal to the inverse of the radial stretch squared.

5.7.2 Simulation results for the hybrid active-passive membrane

Square elements are also used for the hybrid active-passive membrane model, like

in the previous case. Finite element simulations allow for investigating the variations

in all types of stretches across the radial centerline and the thickness in both active and

passive regions. To evaluate the validity of our results, we compare these results with the

experimental results conducted by Professor Lowe’s team at the University of Dayton. They

studied the equilibrium stretch of a hybrid membrane under a fixed pre-stretch, shown in

Fig. 5.11, for a varying electric potential, applied on the electrodes covering a confined

central region. Under electric activation, the active region expands radially, but contracts in

thickness. As the boundary of the hybrid membrane is fixed, no displacement occurs at the

outer boundary of the passive region. Thus, the passive region shrinks radially, accompanied

by an increase in thickness. The simulation results are compared with the experimental test

results and the analytical solution for the single active membrane.
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Figure 5.9: Electric potential-stretch diagram calculated by analytical modeling and the
FEA simulations. (a) Pre-stretch P = 0.541 N, Λ0 = 1.2. (b) P = 1.379 N, Λ0 = 2. The
black lines are the analytical solution. The red circles denote the simulation results for
an incompressible membrane. The green squares and the blue diamonds denote nearly
compressible membranes with the bulk modulus κ = 100 µ and κ = 1000 µ , respectively.
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(b)
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(a)

Figure 5.10: Finite element calculations of the stretch at pre-stretch Λ0 = 2 and the electric
potential Φ = 4.6 kV shown from (a, c) the top view and (b, d) the cross-section view. The
second and third equilibria are shown in (a,b) and (c,e), respectively.
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Figure 5.11: (a) Pictures of the experimental set. (b) The region shown in the dashed red
box in (a).
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Figure 5.12: Finite element calculations of the electric field at pre-stretch Λ0 = 2 and the
electric potential Φ = 5.5 kV shown from (a) the top view and (b) the cross-section view.

The distribution of the electric field is illustrated in Fig. 5.12. Frontal and

cross-section views are shown in Figs. 5.12 (a) and (b), respectively. The electric potential

is uniformly distributed throughout the entire active region. Within the active region, the

electric field is distributed uniformly along the radial and axial directions. The electric field

also penetrates the interface and influences a small portion of the passive region. Most of

the passive region remains unaffected by the electric field.

Figure. 5.13 shows the equilibrium stretch contours for the hybrid membrane with

active and passive regions under pre-stretch Λ0 = 2 at Φ = 5.5 kV. Figure. 5.8 (a) and (b)

display the cross-section and top views of the radial stretch. Figure. 5.8 (c) and (d) show the

cross-section and top views of the circumferential stretch. Figure. 5.8 (e) and (f) display

the cross-section and top views of the cross-section views show the interface region. The

black circles in the top views represent the boundaries of the undeformed active and passive

regions. In the active region, no meaningful variations in the stretches are observed. The

interface between the two regions is not a straight line, but a curve inclined toward the

passive region. Sharp changes in the stretches occur around the interface between the active

and passive regions in both the radial and axial directions. The radial stretch Λrr is about
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2.2 inside the active region, but drops to less than 2 in the passive region just after passing

the interface. Some extreme local gradients in stretches are seen around the interface region,

which lie close to the upper and lower surfaces. Near the centerline across the interface

curve, the radial and axial stretches are around 2 and 0.25, respectively. At the upper surface

across the interface curve, the radial and axial stretches rise to 2.8 and 0.8, respectively.

These changes are less noticeable for the circumferential stretch. Moving away from the

interface area toward the passive region, variations in the stretches become smaller. The

membrane in the active region undergoes a greater reduction in thickness than in the passive

region due to the Maxwell stress tensor.

Figure 5.14 shows the variations in the stretch along the radial centerline in the

hybrid membrane subjected to a range of applied electric potentials for pre-stretches Λ0

1.2 and 2. Variations in radial and circumferential stretches along the radial centerline for

pre-stretches 2 and 1.2 are shown in Figs. 5.14 (a) and (c), respectively. Within the active

region, no meaningful variations in stretches along the radial centerline occur. The stretches

increase with the growing applied electric potential in the active region. Moving out of the

active region around the interface, the magnitude of the radial stretch undergoes a significant

local drop. The radial stretch Λrr drops from 1.65 (2.90) to 0.82 (1.15) for Λ0 = 1.2 (2)

and electric potential Φ = 12.5 (6.5) kV. The magnitude of this drop grows with increasing

values of the applied potential. Moving away from the interface, the stretches increase

radially across the passive region. At the final point, the radial stretches are a bit smaller

than the pre-stretch value. The radial stretch Λrr rises from 0.82 (1.15) to 1.15 (1.91) under

pre-stretch Λ0 = 1.2 (2) and electric potential Φ = 12.5 (6.5) kV. As there is a constraint

for the total radial deformations of the membrane, increasing the applied electric potential

reduces the stretches in the passive region. Inside the active region, the radial stretch Λrr

rises from 1.22 (2.14) to 1.65 (2.90) when the electric potential Φ increases from 5 (4) kV
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Figure 5.13: Finite element calculations of the stretch at pre-stretch Λ0 = 2 and the electric
potential Φ = 5.5 kV shown from (a, c, e) the top view and (b, d, f) the cross-section
view. The radial, circumferential, and axial stretches are shown in (a,b), (c,e), and (e,f),
respectively.
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to 12.5 (6) kV for pre-stretch Λ0 = 1.2 (2). In other words, this reduction makes up for the

growing stretches in the active region.

The magnitude of the circumferential Λθθ stretch, shown in Figs. 5.14 (a) and (c),

equals the radial stretch Λrr inside the active region. However, it experiences a smoother

decrease after the interface than the radial stretch, which continues until the end of the

passive region. It nearly equals the pre-stretch value Λ0 = 1.2 (2) at the final edge of the

passive regions. Inside the active region, the compression of the axial stretch decreases with

increasing electric potential, from 0.65 (0.22) to 0.37 (0.12) for pre-stretch Λ0 = 1.2 (2) and

electric potential Φ = 12.5 (6.5) kV.

The variations in the axial stretches along the radial centerline for pre-stretches 2 and

1.2 are shown in Figs. 5.14 (b) and (d), respectively. The compression of the axial stretch Λzz

undergoes a substantial drop near the interface, from 0.36 (0.12) to 0.76 (0.31) for pre-stretch

Λ0 = 1.2 (2) and electric potential Φ = 12.5 (6.5) kV. After passing through the interface,

it may slightly decrease to a steady value, which persists until the end of the passive region.

The magnitude of the compression of the axial stretch within the passive region decreases

slightly with increasing voltages. It rises from 0.66 (0.25) to 0.72 (0.26) when the electric

potential Φ increases from 5 (4) kV to 12 (6.5) kV for pre-stretch Λ0 = 1.2 (2).

Comparing results in Figs. 5.14 (a) and (c) with those in Figs. 5.14 (b) and (d)

indicate that the distribution of stretches across the membrane for varying electric potentials

under pre-stretches Λ0 1.2 and 2 looks very similar. Hence, the variation in the pre-stretch

does not meaningfully change the stretch distribution across the membrane for specified

electric potentials.

Figure 5.15 shows the variations in the stretch across thickness at various radii in the

active and passive regions. Figures 5.15 (a), (b), and (c) show the variations in the radial,

circumferential, and axial stretches across the thickness at various radial sections. Radial
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Figure 5.14: Finite element calculation of stretches for varying undeformed radial position in
the hybrid membrane model. (a, c) The radial and circumferential stretches and (b, d) axial
stretches. The pre-stretch Λ0 = 1.2 and Λ0 = 2 are shown in (a, b) and (c, d), respectively.
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positions shown in these figures are based on the undeformed body. Sections at R = 1 mm

and R = 5 mm are located inside the active region, which are selected to be close to the

center and boundary of the active region. R = 7 mm and R = 30 mm are located inside

the passive region, which are selected to be close to two boundary sides of the passive

region. Figures 5.15 (d) shows the variations in the stretches across the interface curve.

No meaningful changes are observed across the membrane thickness in both active and

passive regions away from the interface area. As discussed earlier, the stretches remain

constant throughout the active region. The variations in the radial and axial stretches over

the interface curve are meaningful. Radial and axial stretches are larger near the upper and

lower surfaces in the interface region. Variations in the circumferential stretch are negligible.

Figure 5.16 compares the stretches for a range of applied electric potentials

determined using various methodologies, including analytical modeling, finite element

simulations, and experimental measurements. Results obtained for pre-stretches Λ0 = 1.2

and 2 are presented in Figs. 5.16 (a) and (b), respectively. The stretches calculated by finite

element simulations are displayed by the blue diamonds for the incompressible membrane

and the red squares for the compressible membrane with the bulk modulus κ = 100 µ .

The results obtained through the experimental tests are shown by the green circles. The

analytical solutions for the single active membrane are also presented for comparison. As

the analytical solution for the hybrid models problem cannot be easily obtained, the stretch

effects are replaced with a constant force.

In the finite element simulations, no convergence is achieved for stretches larger

than 1.65 (2.87) under pre-stretch Λ0 1.2 (2). The maximum electric potentials Φ and

stretches Λ under the pre-stretch Λ0 = 1.2 shown in Fig. 5.16 (a) are 19.5 kV and 1.45 for

the experimental tests and 12.5 kV and 1.65 for finite element simulations. Under pre-stretch

Λ0 = 2 in Fig. 5.16 (b), the maximum electric potentials Φ and stretches Λ are 9.25 kV
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Figure 5.15: Finite element calculations of stretches across the thickness at different radii
in the active and passive regions of the hybrid membrane model at Λ0 = 2 and Φ = 5.5
kV. The stretches for (a) the radial, (b) circumferential, and (c) axial axes. (d) All stretches
across the interface curve.
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Figure 5.16: The stretch responses obtained through analytical modeling, the finite element
simulations over a range of electric potentials at (a) Pre-stretch Λ0 = 1.2 and (b) Pre-stretch
Λ0 = 2. The solid line and the green circles denote analytical modeling and the experimental
results, respectively. The blue diamonds and the red squares denote the finite element results
for the incompressible and compressible (κ = 100 µ) membrane.

and 2.7 for the experimental tests and 6.5 kV and 2.87 for finite element simulations. The

maximum applied electric potential is higher for smaller pre-stretch values. The smaller

stretches observed in the experimental results compared to those in the simulations may be

the effects of the decreasing relative permittivity and some defects in the electro-mechanical

coupling.

The applied tension on the active membrane in the analytical modeling is considered

constant. In practice, however, the reactive tension caused by the pre-stretch decreases as

the stretch of the passive region is reduced. A large portion of the disagreement between the

analytical solutions and the simulation results arises from this reduction in the applied force.

5.8 Conclusion

The equilibrium response of a pre-stretched circular dielectric elastomer membrane

is analyzed using analytical modeling and finite element simulations. The pre-stretch load is
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applied using two models, named the single active membrane and the hybrid membrane. In

the single active membrane, a constant radial load is exerted evenly on the outer surface of the

membrane subjected to varying electric potentials across the thickness. In the hybrid model,

as a more practical model, the pre-stretch load is applied via a passive region extending

from the active area and fixed at the outer boundary with a constant stretch magnitude.

The equilibrium stretch is investigated throughout the membrane for varying electric

potentials. In the single active model with an incompressible material assumption, the finite

element simulation results and the analytical solutions are in complete agreement. However,

finite element simulations fail to achieve convergence for the unstable (second) equilibrium

with smaller pre-stretches. As the compressibility of the membrane increases, the induced

stretches at a given electric potential increase.

The simulation results for the hybrid models demonstrate that the stretches remain

constant throughout the active region. Passing through the interface between the active and

passive regions, the radial stretch drops sharply to a value below the pre-stretch magnitude.

Then it rises smoothly to pre-stretch magnitude when approaching the outer boundary of the

passive region. The circumferential stretch, on the other hand, gradually decreases across

the passive region, reaching the pre-stretch magnitude at its outer boundary. Moreover,

the compression of the axial stretch drops below the square of the pre-stretch value at the

interface and then increases gradually to the ultimate magnitude. Given the thinness of the

membrane, stretch variations are negligible except at the interface. Across the interface,

the stretches increase as one moves away from the centerline. In the hybrid model, no

convergence is achieved by the finite element simulation for stretches above the extremum

point. Hence, only one equilibrium was calculated using this method. Discrepancies were

observed in the results from the finite element simulation, experiments, and analytical

modeling. The source of this disagreement in the analytical modeling originates from the
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reduction of the exerted force as the initial stretches in the passive region decrease. The

deviation of the experimental results may be attributed to the decreasing relative permittivity

and incomplete electro-mechanical coupling.

The capacity of several widely used hyperelastic formulations to fit a specified data

set using the least-squares method is evaluated. Series-based formulations exhibit a higher

capacity to approximate specified data sets. An increased number of terms can yield higher

accuracy in data-fitting at the expense of a lower chance of convergence in the optimization

process. Moreover, models with two determining parameters per term can achieve more

accurate data-fitting for a smaller number of terms.
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CHAPTER SIX

CONCLUSION

6.1 High-speed vibration and stability of cantilevered beams

The dynamics of a cantilevered beam with a rigid body attached at its free end that

spins about its longitudinal axis is modeled and studied in this work. The formulation

incorporates the effects of shear deformations and rotary inertia. The resulting hybrid

discrete-continuous model is cast into the extended operator form and discretized with

the help of Galerkin’s method and orthogonal polynomial basis functions. The system of

equations is solved numerically for two models, referred to as symmetric and asymmetric.

A closed-form solution is also presented for the symmetric system to validate the numerical

results calculated through the Galerkin method and also create a foundation for developing

the basis functions application to more complex systems. Finite element simulations are

conducted to evaluate the analytical modeling results.

Symmetric systems are characterized by identical inertia and stiffness properties

in the two bending directions. The eigenvalues of these systems are degenerate at zero

speed but split into two groups. One decreases with the rotation speed and possesses

forward orbits, aligned with the direction of rotation. The other one increases with the speed

and corresponds to backward orbits, opposed to the direction of rotation. As the rotation

speed varies, forward- and backward-orbit eigenvalues cross one another without modal

interaction. In the symmetric systems, eigenvalues are purely imaginary and stable with

circular orbits except for the critical speeds, where the eigenvalues vanish. The contribution

of shear deformations becomes more pronounced with growing speed in forward-orbit

modes, despite a decrease in their natural frequencies. For backward-orbit modes, in

contrast, the contribution of shear deformations declines with increasing speed.
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Asymmetric systems are identified by non-identical inertia and stiffness properties

in the two bending directions, which makes the eigenvalues distinct at zero speed and the

orbits elliptic elsewhere. Similar to the symmetric system, the eigenvalues of forward-orbit

modes decrease, while those of backward-orbit modes increase as the speed increases.

However, the eigenvalues of opposite orbit types do not cross when approaching each

other, but rather veer away. This phenomenon is called veering interaction, where both

forward- and backward-orbit modes couple. As a result of this modal coupling, a blend of

the interacting modes emerges in the resulting mode shape, with both forward and backward

orbits simultaneously present in different regions of the beam span. Sharp local changes in

shear strain energy of the interacting modes within the veering region represent one of the

effects of this modal coupling. In the asymmetric systems, the interaction of eigenvalues of

opposite orbit modes at higher speeds, where the forward mode is of higher order than the

backward mode, engenders flutter instabilities. Marked local changes in shear strain energy

are also observed just before and after the flutter bandwidth due to the modal interactions.

Veering interaction and flutter instabilities are the characteristics of asymmetry in systems’

stiffness and inertia with noticeable shear deformation effects. The effects of variations in

various parameters of the beam and rigid body on the instability of the spinning system are

investigated in detail. Under a stronger asymmetry, more than one divergence instability

may simultaneously arise in more than one eigenvalue at the same speed. This atypical

instability is formed by the conversion of a flutter instability into a divergence instability.

The bandwidth of the unstable regions caused by beam asymmetry can be offset or reduced

by rigid body asymmetry when it is aligned in the direction perpendicular to that of the

beam.

Closed-form solutions are also presented for a rotating beam-rigid body with

symmetric geometry using a complex-valued form of equations. This complex form is
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derived by combining the variables along the perpendicular axes into a single complex-value

variable. Numerical solutions of these relations yield the natural frequencies and

corresponding mode shapes and critical speeds for arbitrary mode numbers. The results of

the closed-form solution show an excellent agreement with those obtained via the Galerkin

method. Speed variations cause meaningful changes to the mode shapes, which are more

significant in higher modes and for a larger rigid body. Mode shapes obtained from the

closed-form solution can be used The mode shapes derived from closed-form solutions can

serve as effective basis functions for addressing more complicated problems with stronger

nonlinear properties.

The modal properties and natural frequencies of a spinning cantilever beam carrying

a tip rigid body are also analyzed using the finite element method. Natural frequencies

are calculated for varying rotation speeds in the inertial coordinate system. These results

are transformed into the co-rotational coordinate system and compared with the analytical

modeling results. Both groups of results are in relatively close agreement, which diminishes

with increasing mode number and rotational speed. For each bending mode, the Campbell

diagram presents a pair of critical speeds close to the one computed by analytical modeling.

Even the transformed results are unable to illustrate the veering interactions and flutter

instabilities, where orbits do not remain homogeneous along the beam span. Apart from

the bending modes, the axial and torsional modes are also modeled in the finite element

simulations. Both axial and torsional modes remain unique across varying rotation speeds,

although their natural frequencies undergo small changes.

6.2 Circular dielectric elastomer membrane actuators

A study is conducted on the performance of several well-known hyperelastic models

in approximating a given set of data from a hyperelastic material’s stretch using the
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least-squares method. Incorporating the series expansions into the hyperelastic formulations

enables them to effectively capture the strain-stiffening behaviors of elastomers. A larger

number of terms and the determining parameters can improve the accuracy of data-fitting,

but simultaneously diminish the convergence potential.

The equilibrium stretch of two models of circular dielectric elastomer membrane

actuators under a pre-stretch load is studied. The radial pre-stretching load is applied directly

to the membrane in the first model but exerted indirectly on the membrane in the second

model via a pre-stretched passive region. An electric potential applied across the membrane

thickness between the upper and lower surfaces induces radial expansion.

The closed-form solution for the equilibrium response of the single active membrane

is derived analytically. The equilibrium stretch is also calculated numerically employing

finite element simulations. For an incompressible membrane, a close agreement is observed

between the analytical solution and the simulation results. Stretches are uniformly distributed

throughout the whole body. However, convergence cannot be realized in the finite element

simulation for a large portion of the second equilibrium. Increasing compressibility results

in larger stretches under a given electric potential.

In the hybrid membrane, no variations are observed in the stretches computed by

finite element simulations throughout the active region. However, sharp changes in the radial

and axial stretches occur around the interface separating the two regions. In the passive

region, all stretches only undergo slight variations along the radial axis. The finite element

simulation displays the increasing hyperelastic stretch in the active region with varying

electric potentials, but fails to converge for larger stretches. The analytical solution for

the single active region does not match the simulation results due to the assumption of a

constant external force applied by the passive region. This force is expected to decrease as

the passive region shrinks. The experimental results used for comparison also show smaller

141



stretches, which is possibly due to the decreasing relative permittivity and the deficient

electro-mechanical coupling.

6.3 Future work

• In this work, the natural frequencies, modal properties, and instabilities of a spinning

Timoshenko cantilever beam carrying a rigid tip body are accurately calculated for

varying speeds using theoretical approaches. Conducting some experimental tests

is needed in future studies to improve the validity of the theoretical results. The

experimental results can provide deeper insight into the modal coupling, veering

interactions, and also instabilities, which are often difficult to predict accurately

through theoretical modeling due to simplifying assumptions.

• A closed-form analytical solution for the spinning Timoshenko beam with symmetric

cross-sectional geometry is presented in this study. The mode shapes derived in this

solution are shown to undergo noticeable changes with varying speeds, which limits

their effectiveness as basis functions for approximating the dynamics of more complex

systems. Hence, a refinement to the closed-form solution is recommended to improve

their applications as basis functions in weighted residual techniques, and as elastic

modes in Component Mode Synthesis (CMS).

• The natural frequencies and modal properties of the spinning system are computed

using finite element simulations for a range of rotation speeds. The natural frequencies,

determined in the fixed (inertial) coordinate system, are transformed into the

co-rotational coordinate system for comparison with the results obtained using the

Galerkin method. However, the transformation process is challenging for the veering

regions and flutter instabilities due to the simultaneous presence of both forward and
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backward orbits along the beam span. A proposed approach for better comparisons is

to perform finite element simulations in the co-rotational coordinate.

• One of the primary applications of high-speed spinning systems is to function as

gyroscopic resonator-based energy harvesters, which convert vibrational and rotational

energy into electrical power. The gyroscopic coupling enables the harvester to

capture energy from multi-axis dynamics, rather than being limited to linear motions.

The findings of this study can be extended to the development of higher-efficiency

gyroscopic resonator-based energy harvesters in future research.

• The analytical solution for the equilibrium response of the single active model of

dielectric elastomer membrane actuators demonstrates close agreement with the finite

element simulation results. However, formulating an experiment for this model

encounters challenges because of difficulties in applying a constant, uniform tensile

load. In this regard, it is recommended to design a practical experiment for this model,

which can validate the theoretical results and enhance understanding of the actual

dielectric electro-active interactions.

• The disagreement between the analytical solution for the single active model and

the finite element simulation results for the hybrid model is meaningful. Hence, a

derivation of an analytical solution for the hybrid model is recommended to strengthen

confidence in the finite element simulation results.

• In this study, the equilibrium stretch of circular dielectric elastomer membrane

actuators is investigated. Further studies are required to examine the nonlinear

dynamics behaviors of these dielectric actuators and the impacts of various

hyperelastic models.
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A set of polynomial functions φi = ∑
N
n=1 bi jx j were constructed using the

Gram-Schmidt procedure [192]. N represents the number of polynomial functions used in

the calculations. These functions were selected to have vanishing displacements at x3 = 0 to

satisfy the geometric boundary conditions for the beam. No other constraints were imposed.

The coefficients of the polynomial expansion in normalized form were
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The elements of the mass (Eq. (2.20a)), gyroscopic (Eq. (2.21a)), stiffness (Eq.

(2.22a)), and centripetal (Eq. (2.23a)) matrices when orthogonal polynomials are used as

basis functions ψ1k, φ2l , ψ1m, and ψ2n are
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[C23] = [C32] =−d̂η
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∑
i=1
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∑
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cqicm j q(m) = 1,2, . . . ,N2(M1) (8.4f)
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