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Abstract

This thesis addresses an optimal anti-jerk control law of an electrified drivetrain based on
a model predictive control scheme. Due to a flexible driveshaft and gear clearance in the
electrified drivetrain, when the vehicle traction torque changes drastically, it undergoes torsional
vibration made more severe by the lack of external damping elements compared to the drivetrain
in a gas-powered vehicle. This leads to unpleasant longitudinal vibration of a vehicle, so called
jerk. This longitudinal vibration adversely affects driving comfort of an occupant which is
undesirable with the growing trend toward automotive electrification. Although excessive
damping can mitigate the torsional vibration of the drivetrain and improve driving comfort, it
deteriorates vehicle responsiveness to the driver’s torque demand. Therefore, an optimal control
law compromising these two conflicts is important. Toward this end, this thesis aims to develop
the model predictive anti-jerk control law to find a trade-off between driving comfort and vehicle

responsiveness.
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I. Introduction

Electrification of the Automotive Industry

Electric vehicles (EVs) are being pushed to the forefront of the automotive industry. One

of the major factors is the increasing alarm of global warming and air pollution. Global warming

is the result of greenhouse gases such as carbon dioxide and methane in the atmosphere trapping

the energy of the Sun’s reflected infrared radiation from the ground, causing a greenhouse effect

[1]. This leads to increased global temperatures, natural disasters, and ecological crises. In 2019,

the United States Environmental Protection Agency (EPA) recorded that the leading contributor

of greenhouse gas emissions that came from the burning of fossil fuels was by cars, trucks, and

other forms of transportation which accounted for 29% of emissions [2]. Despite the lockdown

mandates of the pandemic in 2020, the transportation sector was still the leading emitter of

greenhouse gases in the U.S., accounting for 27% of emissions [3].

U.S. Greenhouse Gas Emissions Allocated to Economic Sectors*

MMT CO, Eq.
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Figure 1: EPA report on the total emissions by sector from 1990 to 2019 [2]



Consequently, policy makers around the world are pushing for the electrification of the
automotive industry to help reduce greenhouse gas emissions. The European Parliament and
Canada are in support of plans to prohibit the sale of new gas and diesel cars by 2035, and
California is expected to follow suit with a similar plan [4]. News of these policies are
motivating car manufacturers to prioritize electric vehicle development and for some to commit
to all-electric vehicle lineups in the near future. By 2030, both Toyota and General Motors plan
to offer around 30 fully-electric vehicle models while Ford and BMW plan to have 50% of sales
be fully-electric models [5]. Even with the initiatives taken by governments and car
manufacturers, certain conditions must be met for EVs to be a convincing alternative to internal
combustion engine (ICE) vehicles. These conditions include lower vehicle prices, longer travel
ranges, quicker charging times, and an extensive charging infrastructure. As these conditions
continue to be met, drivability will become an even more important point of comparison between

ICE and electric vehicles.

Lack of Damping in an EV Driveline

In the 1970s, drivability criteria consisted of fuel consumption and emissions whereas
now it deals with characteristics such as a vehicle’s operating responsiveness, smoothness, and
comfort [6]. EVs use electric motors to drive the wheels. The instantaneous peak torque that
electric motors deliver from standstill is an advantage in responsiveness over internal combustion
engines, however, this can be detrimental to the comfort of the vehicle’s occupants. EVs have
fewer mechanical driveline components compared to ICE vehicles. An important component
present in ICE vehicles that is lacking in EVs is a coupling like a clutch or torque converter that
provides a soft connection between the engine and transmission [1]. The rigid connection of the

motor to the rest of the driveline in an EV results in low damping [6]. This means that with a



rapid change in requested torque with the pressing the accelerator pedal, the driver experiences

unpleasant longitudinal vibrations, referred to as jerk, that are more sustained [7].

Vehicle Clunk and Shuffle

The vehicle jerk is a result of torsional vibrations being transferred through the driveshaft
and to the wheels. A rapid change in the requested torque caused by pressing or releasing the
accelerator pedal is referred to as a vehicle tip-in or tip-out event, respectively. The torsional
vibrations, and consequently the vehicle jerk, that follow shortly after can be attributed to two
main factors: a flexible driveshaft and gear clearance in the drivetrain. The driveshaft within a
vehicle is made of material that is subject to twisting. When a torque is applied at one end of the
shaft, the elasticity in the driveshaft causes a difference in angle with the other end which excites
a low-frequency vibrational mode known as shuffle [8]. The frequency of this shuffle is between
1-15 Hz and overlaps with the resonance frequency of human organs, leading to discomfort [9].
The shuffling phenomenon can be seen in Fig. 2 below after a tip-in event occurs at a time of 25

seconds.
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Figure 2: Torsional oscillations after a tip-in event



The gearbox and half shafts that transfer torque from the motor to the wheels are
composed of gears. The teeth between meshed gears have a small amount of clearance which is
referred to as backlash and is displayed in Fig. 3. Backlash is inevitable with any set of gears
since manufacturing parts with tight tolerances is expensive and parts wear out over time

eventually. Backlash is even desired in some cases for lubrication purposes [10].

L,
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Figure 3: A set of meshed gears with clearance

This backlash must be traversed first in order for torque to be transferred between gears.
During the traversal of the backlash, the driven gear moves independently from the driving gear
causing it to increase in speed relative to the driving gear [11]. After the backlash is traversed,
there is a hard and noisy impact due to the speed difference once the gears come into contact
again, which is referred to as clunk [12]. As evident in Fig. 2, the inclusion of backlash in the
system leads to an increase in amplitude of driveline oscillation which further deteriorates

drivability [13].

Proposed Control Strategy

The objective of the drivetrain anti-jerk controller is to traverse backlash quickly and
reach the demand torque from the driver as soon as possible while avoiding vibrations. When it
comes to controlling vehicle jerk, a control strategy growing in popularity involves model
predictive control (MPC) which finds a set of optimal control inputs over a finite look-ahead

horizon [14,15]. A majority of existing MPC-based works in control literature are based on an



implicit MPC, which solves a constrained optimization problem in real time [6, 16, 17]. In this
thesis, an explicit MPC is proposed to control unpleasant vibrations. An explicit MPC finds an
optimal solution offline and control parameters are mapped as a function of model parameters or
operating conditions and stored in a control unit. Its computational cost is much lower than that
of the implicit MPC which makes it more feasible to implement into an actual vehicle controller.
However, because of the lack of flexibility to change the control parameters once they are stored
in a control unit, robustness to model uncertainties should be taken into consideration. By
making the control law robust, it will ensure that the vehicle performance and comfort is
sufficient regardless of external disturbances or uncertainties in vehicle parameters over time.
Additionally, a feedforward controller will be paired with the explicit MPC to further reduce
vibrations. The feedforward controller uses the torque demand from the driver and employs

dynamic rate limiting to ensure there is not a significant loss of responsiveness.

Structure of Thesis

This paper is divided into the following chapters: Dynamic Modeling, Simulation Model
Development, Open-Loop Analysis, Feedforward Control, Feedback Control, Conclusion, and
Future Work. In the Dynamic Modeling chapter, the dynamics of the driveline model will be
derived using a physics-based method. Then, the Simulation Model Development chapter will go
through the programming of the driveline dynamics into the Simulink software. The Open-Loop
Analysis chapter will review simulations from the Simulink model without the proposed control
method. The Feedforward Control chapter will go over the method of dynamic rate limiting and
will include simulations with it implemented into the Simulink model and its improvements over
the open-loop system. The Feedback Control chapter will derive, compare, and simulate the

proposed explicit MPC with a baseline LQR controller. The Conclusions chapter will summarize



the main contributions of this thesis. The Future Work chapter will discuss topics that will be

further researched into.

I1. Dynamic Modeling

Two-Inertia Model

The main components of the electrified drivetrain include the electric motor, gearbox,
driveshaft, and wheel. The motor generates torque which undergoes a gear reduction via a
gearbox. The torque is then transmitted to a flexible driveshaft. Before the torque can finally be
transferred to the wheels, the backlash throughout the driveline must be traversed first. The

drivetrain dynamics can be represented by a two-inertia model as shown below in Fig. 4.
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Figure 4: Electrified driveline represented by a two-inertia model

The rotating inertia denoted with Jm is comprised of the lumped inertias of the motor and
gearbox. The rotating inertia Jw denotes the load inertia which is made up of the lumped inertias

of the wheel and vehicle. The driveshaft is the most flexible component and can be represented



by a spring and damper element with stiffness coefficient k and damping coefficient c. Between
the driveshaft and the wheel is the backlash element that consists of the lumped backlash
throughout the driveline. The backlash position &, can vary from an angle of -a to a which means
the total size of the backlash is an angle of 2a. As proven in [9], it is acceptable to lump inertia
elements such as in the two-inertia model above since it is simpler to use in control applications
and it replicates the shuffling behavior of a full-order model with 24 inertias with less than 5%
error. It was also proven in [9] that lumping all backlash elements at the end of the driveshaft
resulted in the same backlash traversal times as a system with multiple backlash elements
distributed throughout the driveline. Therefore, the two-inertia model with a single backlash

element was chosen for control design.

In the model above, it is helpful to define certain angles. As termed by [18], the
displacement angle 6y is the difference between the angle of the motor after the gear reduction

and the angle of the wheel which can be expressed as

0q =6, — 05 (1)

0, =26, — 6, ()

l

The shaft twist s can be defined by the difference in angle between the input and output

ends of the driveshaft before the backlash element.

0, =6, — 6, 3)

The backlash position 6 is defined by the difference in angle between the output end of

the driveshaft and the angle of the wheel.

10



Op =0, — 03 4)
The shaft twist can be expressed using the displacement angle and backlash angle.
05 = 04 — 0y ®)

Physics-Based Derivation

Using Newton’s second law for rotational motion, the dynamics of the motor and load
inertia can be derived. It is important to note that during the traversal of backlash, or when
—a < 6, < a, the motor is effectively disconnected from the wheels meaning the driveshaft
does not transmit any torque. Therefore, the system can be divided into three different modes. If
Oy is at -a, the system is in negative contact mode. If 6y is at a, the system is in positive contact

mode. The system is in backlash mode when the backlash position 6 is between -a and a.

Positive and Negative Contact Mode Dynamics
Jmom =Ty — = (6)
Jwwy, =Ts —T; (7)

) max (O, éd +§(9d - Hb)), if gb = —Qa
Hb = . X (8)
min (O, Hd + Z(Hd - Hb)), if gb =Qa

Backlash Mode Dynamics
Jm®m =Ty 9)

Jwwy, = —T; (10)
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. . K
0p =04 + - (64— 6y) (11)

The backlash dynamics in Egs. (8) and (11) are from the physical backlash model derived
in [18] which is favored for its physically accurate behavior for a shaft with both stiffness and
damping. Further analyzing Eq. (8), if the system is in negative contact mode with 6, = —a,
then 6, cannot decrease further since 8, is already at its lower limit, so 8, remains at zero. The
general condition for the backlash gap to open is a change in the sign of the torque with respect
to the contact mode. If the system is in negative contact mode, a positive torque request will
cause the system to enter backlash mode until the upper limit is reached. This is because a

positive torque will cause the motor to increase in speed relative to the wheel, which will lead to
6, eventually surpassing the % (64 — 6,) term in Eq. (8). As a result of these dynamics, a

negative shaft torque can only be transmitted in negative contact mode and vice versa. A

summary of the conditions needed for the system to change modes is shown in Fig. 5.

Backlash
Mode

Positive
Contact
Mode

Negative
Contact
Mode

Figure 5: Conditions for model mode changes
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The dynamics of the system can be expanded by considering that the driveshaft torque Ts

is equivalent to the torques of the torsional spring and damper that represent the driveshaft [19].
Ty = k(85) + c(6y) (12)

The shaft twist can be expanded using Egs. (5) and (2). Additionally, driveshaft torque is

only transmitted in contact mode where the backlash position is not changing.

Te = k(8 — 0,) + c(84 — 6) (13)

T, = k((l,em—ew)—eb)+c(%wm—ww) (14)

L

Using Eq. (14), the contact-mode and backlash-mode dynamics can be expanded with

variables for the motor and wheel.

Positive and Negative Contact Mode Dynamics

. k K K
]ma)m=Tm—i—29m—i£2wm+79w+%ww+79b (15)
Jww =50 + 50y — kb, — cw, — kO, — T, (16)
. max (O,£9m+l,a)m—EHW—wW—EHb),ibe=—a
S R e )
min (O,Eﬁm + - wm _ZHW — Wy —;9,,), if, =«
Backlash Mode Dynamics
Jm®m =T (18)
Jwow = —T; (19)
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k 1 k k
9b=56m+?wm—;t9w—ww—;9b (20)
The variables and their descriptions are summarized in Table 1.

Table 1. Model Variables

Symbol | Descriptions Units
I Moment of inertia of motor and gearbox [kg-m2]
Jw Moment of inertia of wheel and vehicle [kg-m2]
O Angular position of motor [rad]
6., Angular position of wheel [rad]
0y Angular position of backlash [rad]
W Angular speed of motor [rad/s]
Wy Angular speed of wheel [rad/s]

i Fixed gear ratio [-]
T Generated motor torque [N-m]

T; Load torque [N-m]

k Spring coefficient of driveshaft [N-m/rad]
c Damping coefficient of driveshaft [N-m-s/rad]

I11. Simulation Model Development

Simulation models are crucial in control design as they are an inexpensive way to test the
performance of a controller without implementing it into a full-sized test vehicle or test bench.
The model dynamics derived in the last section were programmed into a Simulink model to run
simulations of the driveline. The Simulink model will be important in analyzing the dynamics of

the system both without control and with the proposed controller. The programmed electrified
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driveline with backlash is shown in Fig. 6 below. Five different sections are marked off in red

and will be explained further.
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Figure 6: Electrified drivetrain model programmed in Simulink

The first section of the Simulink model in Fig. 6 are the inputs to the system which are
the motor torque and load torque. The motor torque input is interpreted as the torque demand by
the driver when the acceleration pedal is pressed or released. The load torque is generally
unknown as it can be impacted by factors such as bumps in the road surface or changes in wind
speed. For the purposes of the simulation, driving resistances which are functions of vehicle

speed such as rolling resistance, grade resistance, and aerodynamic resistances were considered.

The second section of the model consists of subsystem blocks for the three different
modes that the system can be in. These subsystems are programmed with Egs. (15) and (16) for

15



contact mode, and with Eqgs. (18) and (19) for backlash mode. These equations are easy to
implement since they utilize the motor and wheel angular positions and speeds. The equations
for backlash dynamics are programmed in a different section. The inputs of all three subsystems
consist of the motor torque, load torque, and the states of the motor and wheel that are looped
back from the next section. Each subsystem calculates the motor and wheel angular acceleration
as well as the shaft torque for their respective system mode. The angular accelerations are then
input into the third section which integrates these signals to obtain the angular speeds and

positions of the motor and wheel.

The fourth section of the model calculates the rate at which the backlash position changes
6, based on Eq. (20). The backlash rate that is output by the subsystem is then integrated to
obtain the backlash position. The backlash position is then used by the If-Else Block to
determine which driveline mode is active based on the criteria described in the last chapter. Only
the driveline mode subsystem that is active will have its signals pass through the integrator

blocks in the third section.

In the next section, the dynamics of the model will be validated by running simulations of

the Simulink program without any active-damping controller.
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IVV. Open-Loop Analysis

Vehicle Parameters

To run the programmed model, the vehicle parameters must be identified first. The
parameters given in Table Il were adopted from [10] and are for a utility van that underwent an
electric conversion. In [10], the parameters were determined using grey-box modeling which

utilizes logged testing data and a mathematical model of the system to calculate unknown values.

Table 2. Vehicle Parameters

Symbol | Descriptions Value Units
Jm Moment of inertia of motor and gearbox 0.1462 [kg-m?]
Jw Moment of inertia of wheel and vehicle 203.48 [kg-m?]
2a Total backlash size 2%0.05 [rad]

i Fixed gear ratio 8.658 [-]
k Spring coefficient of driveshaft 10556 [N-m/rad]
c Damping coefficient of driveshaft 90 [N-m-s/rad]

Open-Loop Numerical Simulation

The first event of the simulation is a tip-in maneuver where the vehicle is initialized with
a positive torque request at a time of 10 seconds as seen in Fig. 7a below. The model is initially
in positive contact mode as evident with the backlash position 8,, being at +a, so positive contact
mode is retained when a positive torque is requested. Since the backlash gap is not opened, the
oscillations in the driveshaft torque can be mainly attributed to the driveshaft flexibility. As can
be seen in Fig. 7b, these torsional oscillations lead to shuffling in the longitudinal vehicle

acceleration with a frequency of around 4.3 Hz which is perceived as an uncomfortable jerking
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motion to the driver and passengers. This shuffling takes around 1.2 seconds to converge. The
motor speed is also subject to oscillations since the other end of the flexible driveshaft is
connected to the vehicle and wheel inertia which is substantially larger than the motor and

gearbox inertia. The twisting of the driveshaft causes the input end connected to the motor to

oscillate in speed until the rate at which the driveshaft is twisting, the torsion rate, converges to

ZEero.
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Figure 7a: Open-loop tip-in maneuver with no backlash traversal
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Figure 7b: Open-loop tip-in maneuver with no backlash traversal
After gaining some speed, the acceleration pedal is released at a time of 15 seconds, and a

positive torque is no longer requested. Due to regenerative braking, the motor is being run as a

generator which leads to negative motor torque during coasting conditions as seen in Fig. 8a
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below. Because there is a change in sign of the torque, the backlash gap opens as seen with 8,

moving from +a to -a.
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Figure 8a: Open-loop tip-out maneuver with backlash traversal



Mqtor and Wheel Speeds

@ 20
o
o
=]
@
210+
7]
© —— Motor/Gear Ratio
g_) ........ WhG‘EI
C .
< 0 I I
15 15.5 16 16.5 17
Vehicle Acceleration
N,....\ 1 T 1 1
0
g
c OF
o
©
21
©
Q
Q
<, | .
15 15.5 16 16.5 17
—_ Torsion Rate
@ 2 .
O
©
o
[h]}
(]
o
%)
@
-
()]
c L I I
<
15 15.5 16 16.5 17
Time (s)

Figure 8b: Open-loop tip-out maneuver with backlash traversal

The motor and wheel are effectively disconnected when the system enters backlash mode
which means torque cannot be transmitted as seen with the driveshaft torque zeroing out. It can
also be seen in Fig. 8a that the shaft twist, or the difference between the displacement angle 6,
and the backlash position 6,, is zero during backlash traversal. Since the driveshaft stiffness is
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much larger than the driveshaft damping, it should not be twisting in backlash mode [12]. After

the negative contact side is reached at about 15.09 seconds, the driveshaft is able to transmit

negative torque. However, the oscillating nature of the driveshaft twist actually causes the

backlash gap to open several times. This same phenomenon is observed in [20]. As a result, the

vehicle’s acceleration is interrupted intermittently as seen in Fig. 8b. This leads to the frequency

of shuffling to be lower and thus, more perceivable to the occupants of the vehicle.
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Figure 9a: Open-loop tip-in maneuver with backlash traversal
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Figure 9b: Open-loop tip-in maneuver with backlash traversal

Next, a more drastic tip-in maneuver is commanded at a time of 25 seconds with 200 Nm
of torque being requested as shown in Fig. 9a above. The motor rapidly increases in speed when
traversing the backlash from 25-25.04 seconds as shown in Fig. 9b. When positive contact is
reached the motor speed oscillates before increasing steadily with the wheel speed. Notably, the

magnitude of the shaft twist, as shown by the difference between 6, and 6,, is large enough that
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the system does not enter backlash mode for a second time. The magnitude of all oscillations is
increased due to the higher torque demand, especially the torsion rate. Therefore, an effective

control strategy is needed to dampen vibrations.

V. Feedforward Control

The presence of backlash makes the driveline model highly nonlinear and therefore
complex to control. Since the motor can be decoupled from the wheel, it is difficult to estimate
measurements such as the backlash position, especially since backlash traversals can be as quick
as 0.04 seconds which do not allow sufficient convergence time for an estimator or observer.
Coupling a feedforward controller along with a feedback controller allows for improved stability
compared with just a feedback controller alone [21, 22]. This is because a feedforward controller
can take corrective action before the system’s response becomes problematic as is the case with

excessive torsional vibrations in the driveline during a tip-in or tip-out maneuver.

Feedforward Control Design

Torque profiling is a feedforward method that can reduce the bad effects of backlash on
the drivetrain since it lessens the impact velocity of the gear after traversing backlash [23]. This
can reduce the severity of vibrations, but it is important to ensure that the vehicle’s
responsiveness is not severely deteriorated. The proposed torque profiling method utilizes the
dynamic rate limiter block in Simulink as seen in Fig. 10 which can adjust the maximum rate of

change of the motor torque.
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The positive and negative rate limits are programmed with the following expression:

ld@®)|

Vid@®l

(21)

The torque request by the driver d(t) is input into the feedforward controller and is

multiplied with an empirically determined gain K¢, to calculate the rate limit. Dividing d(t) with

its square root ensures that responsiveness is maintained when a smaller torque is requested by

the driver. Additionally, a lower limit is applied to d(t) to ensure the denominator is non-zero.

Numerical simulations with only the feedforward controller implemented are compared to a

system without any controller.

Feedforward Numerical Simulation

At a time of 10 seconds, a torque of 80 Nm is requested as shown in Fig. 11a. The system

is in positive contact mode before and after the torque request. With no controller, the full torque

request is commanded instantly while with the feedforward controller, the torque request is

reached 0.15 seconds later. The minimal loss in performance is evident in the vehicle speed
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shown in Fig. 11b where the system with feedforward control active starts speeding up at the
same rate shortly after the system without any control. Oscillations in the driveshaft torque and
the motor speed are also dampened with feedforward control. While convergence time is similar
for both no controller and feedforward control, the initial peak of the driveshaft torque is reduced

by 28% which also reduces the intensity of vehicle jerk.
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Figure 11a: Feedforward vs. open-loop tip-in maneuver with no backlash traversal
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Figure 11b: Feedforward vs. open-loop tip-in maneuver with no backlash traversal

At a time of 15 seconds, a tip-out event occurs. Due to the change in sign of the motor
torque request, the backlash gap must be traversed before reaching negative contact mode. As

shown in Fig 12a below, the time it takes for the feedforward control to reach the demanded
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torque is around 0.18 seconds. The system with feedforward control causes the motor speed to
decrease slower which leads to a reduction in impact velocity when the other side of the backlash
is reached. As a result, the overshoot in driveshaft torque is reduced and the system enters
backlash mode one less time than the system with no control. This is beneficial because reducing

the number of times the gears impact after traversing backlash leads to longer part life.
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Figure 12a: Feedforward vs. open-loop tip-out maneuver with backlash traversal
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Figure 12b: Feedforward vs. open-loop tip-out maneuver with backlash traversal

In Figure 13a, a more drastic tip-in is requested. For the system with feedforward control,
the demand torque of 200 Nm is reached after 0.26 seconds. The backlash traversal only takes

.034 seconds longer and yet the speed with which the other side of the backlash is impacted with
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is much less than the system with no control as evident by the reduced amplitude in oscillations
of both the driveshaft torque in Fig. 13a and motor speed in Fig. 13b. Notably, the initial peak of

the driveshaft torque is reduced by 49% with the implemented feedforward control.
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Figure 13a: Feedforward vs. open-loop tip-in maneuver with backlash traversal
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Figure 13b: Feedforward vs. open-loop tip-in maneuver with backlash traversal

To reduce the remaining vibrations after a tip-in or tip-out event, a feedback controller is

implemented in the next chapter.

V1. Feedback Control

To further dampen the remaining oscillations after the feedforward controller, a feedback
controller based on explicit model predictive control is implemented. The presence of backlash

in the model significantly complicates the feedback control design since it makes the system
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highly nonlinear, and the backlash position cannot be observed especially with how fast backlash
traversal can be [8]. Therefore, the robustness of a controller that utilizes a model without the

backlash angle state is considered.

Modified Drivetrain Model

The equations of motion derived in second chapter include the backlash angle for both
the motor and wheel dynamics. While the backlash position is constant in both negative and
positive contact mode, an estimation scheme that can determine which contact mode the system
is in based on signals readily available in the vehicle’s ECU, such as the motor and wheel speed,
was not able to be fully developed for this work. Therefore, the drivetrain dynamics of a model

without backlash is used for control design. The physics-based model is given by

Ba(D) = “20 — @, (0) (22)
Imom(©) = Tn(®) =% (22 - 0,(0)) = 2(222 - 0, (1)) (23)
It (® = =@ + k(22 - 0,®) + b (229 - 0, (1)) (24)

where t € R is the continuous time. The model variables are described in Table 2. A major
difference of the system without backlash is that the displacement angle 8, is equivalent to the
shaft twist.

The reduced model of Egs. (22) - (24) is given by

x(t) = Acx(t) + B.(u(t) +d(8)) + Byl(t) (25)
y(t) = Ccx(t) (26)
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where x(t) = [04(t), 84(6)] € R?*, u(t) € R, and d(t) € R are the state variables, control
input, and torque request by the driver, respectively. The sum of u(t) and d(t) indicates the
actual motor torque T, (t), and [(t) represents the load torque T;(t) which is generally unknown

as discussed in Chapter 1. The system matrices are given as follows:

0 1
ac=| (s2) —b(2=s) € RP<2 27)
B. =0 i]T € ®2x1 (28)
Ba=[0 2] emw (29)
C.=1[0 1]€R>2 (30)

The second inertia J,, includes the vehicle mass which makes it much bigger than the first
inertia J,,,, and the load torque T;(t) is significantly smaller than the motor torque T,,, (t) in the
low motor speed range where jerking is prominent. Therefore, the impact of the load torque in
Eqg. (25) can be neglected.

The discrete time model of Egs. (25) and (26) is given by

x(k +1) = Agx(k) + By(u(k) + d(k)) (31)

y(k) = Cqx(k) (32)
where A, = exp (A.t;), By = A71(44 — )B,, and C,; = C,. The discrete time is indicated by
k € Z and the sampling time is indicated by t;. Going forward, the subscript d will be omitted

for simplicity.
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Anti-Jerk Control Design
The proposed anti-jerk control consists of the rate limiting feedforward controller,

reference generator, state observer, and explicit MPC as shown in Fig. 14.

Feedforward
Control l
»| Reference Explicit Driveline
d(k) Generator | r(k) MPC u(k) y(k)

State
%(k) Observer

»

Figure 14: Block diagram of overall anti-jerk control

The reference generator generates the reference variables (k) = [Hd,ref(k), éd,ref(k)]T

to be tracked without dynamic consideration. The state observer estimates the state variables

~ ~ T
x(k) = [ed(k), 04 (k)] to follow the reference. The eMPC finds the control input u(k) from

the proposed optimization problem presented in the next sections.

Explicit Model Predictive Control

The principle of the MPC scheme is shown in Fig. 15. The optimal predicted control
input is computed over the finite output prediction horizon length N,, so that the predicted output
tracks the reference while satisfying the given constraints. Additionally, only the first control
input is implemented into the actual plant, and the optimization process is repeated at each time

step.
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Figure 15: Model predictive control scheme

As can be seen on the horizontal axis in Fig. 15, the control prediction horizon N, can
differ from the output prediction horizon N,, which improves computational efficiency. The
predicted control input remains the same after the control prediction horizon such that

u(ilk) = u(i — 1|k) + Au(ilk) (33)
Au(ilk) =0 Vi=> N, (34)
where Au(i|k) indicates the i-th predicted control input change ahead at time k.
In the proposed eMPC scheme, the following LQR-type cost function is employed over

the finite production horizon:

JUe) = 2537 (r(ilk) = x(ilk))" QUr(ilk) — x(ilk)) + > Ti<y" Au(ilk)"RAu(ilk)  (35)
where Q € R™™ and R € R™" are the diagonal weighting matrices. The state vector and control
input have dimensions n and r, respectively. The first term of Eq. (35) is to force reference

tracking, and the second term is a soft constraint that minimizes the change of the control input.

The objective of the proposed eMPC scheme is to find the optimal control input change
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Au(ilk) Vi € {0, 1, ..., N, — 1} that minimizes Eq. (35). Then, the control input prediction

u(ilk) vi € {0,1, ..., N, — 1} can be calculated from Egs. (33) and (34).

Using Eq. (31), the state prediction over the N,, prediction horizon length can be obtained

with the following:

X(k) = Fx(k) + Gu(k — 1) + d(k)) + HAU (k) (36)

X (k) and AU (k) are the sets of predicted state and control input up to N,, and N, — 1,

respectively. They can be expressed as

X(k) =

x(1[k)
x(2]k)

x(N|K)
x(N. + 1|k)

x(N)

AU(k) =

Au(0]k)
Au(1[k)

Au(N, — 1]k)

The matricies F € R™»*" G € R™»*" and H € R™V»*"Ne are given below:

A

(A+1,)B

H=|@N"t+.+1,)B

(ANe + -+ I)B

(AN + -+ [)B

where I,, is the n-by-n identity matrix.

B

(A+1,)B

(ANc_l + -
(ANe + -+ I)B

(AN

-+ I,)B.
0
0 0
: 0
B
(A+1,)B
(ANv~Ne 4 ...+ [)B]

-+ 1,)B

The future torque request by the driver is not known, so the reference generator assumes

the identical reference over the prediction horizon length such that
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r(1]k)

Xr(k) =

r(k)
[ : ]zFrd(k) (37)
r(k)

r(Np|k)
where E. = [I,, I, ... I,]7(I,, — A)™'B
Then, by using Egs. (36) and (37), the cost function of Eq. (35) can be rewritten by Eq.

(38) and further by Eq. (39).

J(k) = = (X, (k) = X (k)T QX (k) — X (k) + 5 AU (k)T RU (k) (38)
J(k) = %(Frd(k) —Fx(k) — G(ulk — 1) +d(k)) — HAU(k))T Q(F-d(k) — Fx(k) —

G(u(k — 1) + d(k)) — HAU(k)) + %AU(k)TﬁU(k) (39)

where Q = blockdiag(Q, ..., Q) € R *("Nv) and R = blockdiag (R, ..., R) € RONIX(Ne),

The optimality condition ;A]TU(% = (0 yields the optimal control input change given by

AU(k) = (HTQH + R)*HTQ((F. — G)d(k) — Fx(k) — Gu(k — 1)) (40)
Moreover, the first component to be implemented into the actual plant is obtained by
Au(k) = Au(0|k) = OAU(k) (41)
where 0 = [I,.,0, ..., 0] € R™*No),
From Egs. (33), (40), and (41), the optimal control input from the proposed eMPC can be
written by
u(k) = ad(k) + Bx(k) + A +puk — 1) (42)
where a, 8, and y are given by
a=0(HTQH+R)*HTQ(E- - G)
f =—0(HTQH + R)"*HTQF

Yy =—-0(H"QH + R)"'H"QG
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State Feedback Control
The state feedback control with the gain matrix K € R™*™ is given by
wsp (k) = Ke(k) = K(r(k) — x(k)) = K((I, — A)™'Bd(k) — x(k)) (43)
Egs. (33) and (34) include terms with the functions d (k) and x (k). These coefficients of
these terms can be equated together, i.e. « = K(I,, — A)~! and f = —K, and the gain matrix K
can be obtained. The eMPC solution of Eq. (42) can then be rewritten by the state feedback

control and low pass filter as given by

Ke(k)

ulk) = e

(44)

where g~ is a unit delay operator. Eq. (44) is beneficial since its implementation is much easier
than Eq. (42).

The coefficients a, 8, and y are functions of model parameters which means that the
optimal gain matrix K and filter constant y are as well. A model parameter such as vehicle mass
can vary due to factors such as the number of passengers. Many electric vehicles in production
are equipped with a single gear ratio, but some electric vehicles can have multiple gear ratios.
Whether it is a different vehicle mass or number of gear ratios, control parameters can be

computed offline and mapped to a specific set of vehicle parameters [24].

State Observer

In order for the proposed eMPC to solve the state tracking problem, the state variables
need to be estimated from the driven measurements. The torsion rate, which is the output given
in Eq. (32), can be obtained from Eq. (22) using the readily available signals of motor and wheel
speed from the vehicle ECU. For state estimation, the following Luenberger state observer is
used:

X(k+1) =Azx(k) + Bg(u(k) + d(k)) + L(y(k) — C4x(k)) (45)
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The observer gain L € R%*1 is designed using pole placement so that the eigenvalues of
(A4 — LC,) lie within the unit circle of the complex plane.

The observer behavior for a system without damping control is shown in Fig. 16 with a
tip-in request without backlash traversal at a time of 2 seconds and a tip-out request with
backlash traversal at a time of 4 seconds. For the first tip-in request, the observer is able to
estimate the oscillations in the torsion angle and torsion rate well since contact mode is retained
throughout the event. When a tip-out event occurs and the backlash gap opens several times, the
system becomes unobservable as evident by the deviations in the torsion angle and torsion rate.
After the system maintains negative contact mode at a time of 4.65 seconds, the observer can

converge and accurately estimate the torsion angle and rate.

Simulation Results

The eMPC-based anti-jerk control is validated using numerical simulations. The vehicle
parameters used are displayed in Table 2. Figures 17 to 19 show simulations results with
feedforward (FF) only control, FF with the proposed eMPC (N,, = 30 and N, = 10), and FF
with an LQR controller to be used as a benchmark. The same weighting matricies, Q and R, are
used for both the eMPC and LQR controller.

It can be seen from Figures 17 to 19 that both LQR and eMPC dampen torsional
vibrations at least within the first two periods compared to a system with only feedforward
control. The eMPC even does so in one less period than the LQR. The tradeoff between damping
and responsiveness is evident in these simulations. The proposed eMPC features better damping,
whereas the LQR control features less loss in performance and responsiveness. However, the
better damping of the eMPC is especially favorable during the tip-out event. In Fig. 18, the

eMPC causes the system to enter backlash mode only once while the LQR enters backlash mode
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twice as shown with the zeroing of the torsion angle and rate. By preventing the system from

opening the backlash gap more than once, the eMPC reduces the amount of clunk heard and

improves the longevity of parts in the driveline.
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Figure 16: Observer behavior for a system without damping control during a tip-in event

without backlash traversal and a tip-out event with backlash traversal
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VII. Conclusion

Electric vehicles lack the same damping elements that are present in traditional internal
combustion engine vehicles such as a torque converter or clutches. Therefore, electric vehicles
are more susceptible to unpleasant vibrations in the low frequency band which causes discomfort
to vehicle occupants and reduces the lifespan of drivetrain components. In this work, the
mathematical model of an electrified drivetrain with backlash was derived and programmed in
Simulink, and torque profiling is paired with explicit model predictive control to dampen
torsional vibrations in the drivetrain and reduce vehicle jerk. For the eMPC scheme, the optimal
solution is calculated offline and implemented as the state feedback control and low pass filter
which is computationally cheap, making it feasible to implement in a real vehicle. Control
parameters are saved as a map of vehicle parameters with the assumption they are available from
a separate control unit. While the eMPC was formulated using a linear model that neglected
backlash, it was robust enough to dampen torsional vibrations without significant loss to

responsiveness in a system with backlash.

VIII. Future Work

To further reduce jerking, the possibility of using machine learning to formulate an
optimal feedforward controller will be investigated. Addressing the observer and controller
performance during backlash traversals, a controller that is able to switch modes depending on

the mode of the drivetrain will also be investigated.
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