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ABSTRACT

BOSE-EINSTEIN CONDENSATION OF MAGNONS IN FERROMAGNETS AND
ANTIFERROMAGNETS

by

Petro Artemchuk

Adviser: Andrei Slavin, Ph.D.

Bose-Einstein condensation is a collective phenomenon which is the process of
transition of many bosons - particles having integer spin - to the same coherent quantum
state. One of the examples of bosons are magnons - the quanta of spin waves propagating
in magnetic media. Formation of Bose-Einstein condensate (BEC) of magnons has been
observed experimentally in ferromagnetic (FM) materials and analyzed in theory. The
peculiarity is that BEC of magnons can be formed at room temperature.

The BEC of magnons exhibits dynamic properties related to transport of magnon
density, which appears to be anisotropic. In addition, the BEC of magnons also possesses
nonlinear properties related to interaction of magnons in BEC and responsible for its
stability. However, the theory available does not take into account all the important factors.

Antiferromagnetic materials (AFM) also allow for existence of magnons, which
implies the possibility of BEC formation in AFM materials as well. Although such a
possibility has been discussed multiple times, none of the methods proposed has been
realized on practice yet.

The dissertation first informs about relevant topics, covering principles of
magnonics, formation of BEC and its properties. It then describes a model aimed to
describe both transport and nonlinear properties of magnons in BEC while accounting for

all the peculiarities of magnons. After this, it explores in theory the interaction of magnon



gas in the process of BEC formation with an isolated low-frequency mode. Finally, it
delves into formation of BEC in AFM samples using a method of rapid cooling. It
analyzes conditions required for BEC formation and discusses possible practical
realization.

The research presented in the dissertation helps to understand complicated
phenomena related to formation and existence of BEC. It also opens new possibilities and

directions of research both theoretical and experimental ones.

Vi



TABLE OF CONTENTS

ACKNOWLEDGMENTS
ABSTRACT

LIST OF TABLES

LIST OF FIGURES

LIST OF ABBREVIATIONS

CHAPTER ONE
INTRODUCTION

1.1. Motivation
1.2. Organization of the dissertation

CHAPTER TWO
BACKGROUND

2.1.

2.2.

Magnonics
2.1.1. Ferromagnets
2.1.2. Antiferromagnets
Bose-Einstein condensation of magnons

2.2.1. Bose-Einstein condensation of magnons
in ferromagnets

2.2.2. Transport properties of BEC
2.2.3. Nonlinear properties of BEC

2.2.4. Bose-Einstein condensation of magnons
in antiferromagnets

vii

Y

xi

xiil



TABLE OF CONTENTS—Continued

CHAPTER THREE

DESCRIPTION OF DYNAMIC AND NONLINEAR PROPERTIES
OF BOSE-EINSTEIN CONDENSATION OF MAGNONS

IN FERROMAGNETS

3.1. Description of magnetization dynamics using
vector Hamiltonian formalism

3.2. Magnon dispersion in BEC region
3.3. Thick film approximation

3.4. Parabolic approximation of dipersion at
the BEC point

3.5. Nonlinear interaction between magnons in
BEC

3.5.1. Description of nonlinear interaction
between magnons in BEC

3.5.2. Nonlinearity of magnon interaction
in the case of arbitrary demagnetization
tensor

3.5.3. Nonlinear frequency shift due to
interaction between magnons

3.6. Conclusion

CHAPTER FOUR

AMPLIFICATION OF AN ISOLATED LOW-FREQUENCY
MODE VIA INTERACTION WITH RAPIDLY COOLING
MAGNON GAS

4.1. Mechanism of interaction between magnon
gas and an isolated mode

4.2. Theoretical description

viii

10

14

15

17

17

22

26

28

30

30

33



TABLE OF CONTENTS—Continued

4.2.1. Equations accounting for coherency
of magnon modes

4.2.2. Adaptation of general theory to the
considered case

4.2.3. Condition for amplification of a coherent
mode

4.2.4. Calculation of effective parameters
of magnon gas

4.3. Results
4.4. Conclusion

CHAPTER FIVE
BOSE-EINSTEIN CONDENSATION OF RAPIDLY COOLING
MAGNONS GAS IN ANTIFERROMAGNETS

5.1. Theoretical description of non-equilibrium
magnon gas dynamics

5.2. Results and discussion
5.3. Conclusion

CHAPTER SIX
CONCLUSIONS

APPENDICES
A. Radiation Safety exemption letter

REFERENCES

X

33

45

46

49

51

55

63

63

68

74

79

81

83



Table 5.1

LIST OF TABLES

Material parameters of NiO used in simulations.

69



Figure 3.1

Figure 3.2

Figure 4.1

Figure 4.2

Figure 4.3

Figure 4.4

Figure 4.5

Figure 4.6

Figure 4.7

LIST OF FIGURES

Geometry of sample considered for description
of dynamic and nonlinear properties of BEC
of magnons.

Geometry of thin film sample with finite in-pane
dimensions.

Magnon energy vs magnon mode population
plotte for the cases of zero and non-zero chemical
potential

The time profile of the lattice temperature used

in simulation and the population number n

for the lowest magnon mode of the magnon
gas.The step-like temperature dependence imitates
the process of rapid cooling of the sample.
Local in time increase of the magnon population
illustrates the accumulation of magnkons at

the bottom of the spin wave spectrum.

Demonstration of the fitting procedure for dependence
of magnon population on the magnon frequency

The distribution of the population number of
magnons over frequencies at different times
after the start of rapid cooling.

The time profiles of the effective parameters
of the magnons gas

The population of magnons at the minimum
energy hoy,;, of propagating magnons and the
lattice temperature as a function of time after
the start of rapid cooling

Temporal evolution of effective chemical potential
and effective temperature of rapidly cooling
magnon gas

X1

11

23

32

57

58

59

59

60

60



Figure 4.8

Figure 4.9

Figure 5.1

Figure 5.2

Figure 5.3

Figure 5.4

Figure 5.5

Figure 5.6

Figure A.1

LIST OF FIGURES—Continued

Change of the average amplitude of the gyrotropic
mode in time with and without rapid cooling.

Dependence of amplification gain on the heating
temperature.

Visulization of exponential change of temperature
during the rapid cooling of AFM

Temporal profiles of temperature and its chemical
potential of a magnon gas in the process of
rapid cooling for different lattice cooling times

Temporal profiles of the chemical potential of
the magnons gas and the BEC fraction relative
to the total magnon density for different cooling
times 7.

Dependence of the peak magnon BEC energy
density on the cooling time for different heating
temperatures.

Dependence of the BEC pulse duration on the
cooling time for different heating temperatures.

Dependence of the critical cooling time required
to create BEC of AFM magnons on the cooling
temperature.

Copy of the Radiation Safety exemption letter.

Xii

61

62

71

72

76

7

77

78

82



AFM
AFMR
BEC
FM
SEV
VHF

LIST OF ABBREVIATIONS

Antiferromagnetic
Antiferromagnetic Resonance
Bose-Einstein Condensate
Ferromagnetic

Spin Excitation Vector

Vector Hamiltonian Formalism

Xiii



CHAPTER ONE

INTRODUCTION

1.1 Motivation

Bose-Einstein condensation is a collective phenomenon which manifests itself
through transition of many bosons - particles with integer value of spin - into the same
quantum state. The resulting coherent accumulation of bosons is called Bose-Einstein
condensate (BEC). A widely know example of BEC formation is superconductivity of
electrons in metals at cryogenic temperatures due to merging of electrons into Cooper
pairs having integer value of spin. Another example is superfluidity of Helium at criogenic
temperatures. Magnons are quasi particles having spin equal one. In contrary to the above
mentioned cases, they can form BEC at room temperature, which makes magnon BEC
much more convenient to investigate. Magnon BEC has properties related to transport of
magnon density and to nonlinear interaction between magnons, which is responsible for
stability of magnon BEC. These properties were observed experimentally and were
explained in theory. Some explanations however do not take into account peculiarities of
thickness profiles of magnon modes.

1.2 Organization of the dissertation

Chapter 2 contains background information relevant to topics discussed in the
dissertation. It starts with introduction to the field of magnonics and the phenomenon of
BEC. It tells about nature of magnons and their properties in FM and AFM materials.
Then, it discusses the process of formation of BEC and methods which either were used in

experiments or the ones proposed in theory.



Chapters 3-5 cover the original results obtained for this dissertation. These results
were presented in 18 conference presentations [1], [2], [3], [4], [5], [6], [7], [8], [9], [10],
[11], [12], [13], [14], [15], [16], [17] and one invited talk [18].

Chapter 3 presents a model aimed to explain transport and nonlinear properties of
magnons in the state of BEC in thick magnetic films. It discusses how anisotropy of
magnon dispersion leads to anisotropy of properties of magnons. The chapter ends with
derivation of coefficients of nonlinear interaction for the case of thick magnetic films and
analysis of nonlinear frequency shift.

Chapter 4 delves into interaction of magnon gas in the process of BEC formation
with an isolated nonlinear mode. It discusses peculiarities of such interaction and
introduces a new model accounting for discrepancies between known theory and the case
of coherent mode involved.

Chapter 5 considers the use of method of rapid cooling for creation of magnon
BEC in AFM materials. The chapter provides the model suitable for description of
temporal evolution of magnon gas, describes the obtained results and discusses the
practical realization.

Chapter 6 provides overview of the theoretical models described in the dissertation
and summarizes the results they lead to. The chapter ends with discussion of potential

directions for future research.



CHAPTER TWO

BACKGROUND

2.1 Magnonics
2.1.1 Ferromagnets

Magnetic materials are divided into several classes according to their magnetic
properties, which are closely related to their atomic stricture. Ferromagnetic (FM)
materials (ferromagnets) have spontaneous magnetization even in the absence of applied
magnetic field. Depending on the size of the sample the ground state can be a
single-domain or a multi-domain one. Single-domain sample has its magnetization
pointing in mostly the same direction over the whole sample. In this case the exchange
interaction between magnetic moments is dominant. The single-domain state is usually
observed for samples of small size. Multi-domain ground state appears when the size is
large and dipolar interaction become more important. Magnetic sample is trying to
minimize its energy which leads to splitting of a single domain into multiple smaller
domains separated by domain walls. If an external magnetic field is applied, FM will
magnetize in the direction of applied magnetic field with consideration of possible
anisotropy fields. If deviation of magnetic moment from its equilibrium direction occurs,
the magnetic moment will start to precess around the direction of the applied magnetic
field. This perturbation can propagate along the chain of magnetic moments and create a
magnetic excitation - a spin wave. Spin wave can be described by taking into account the
magnitude of the magnetization precession and phase of precession of magnetic moments
participating in it.

When the problem to solve does not require to know in details microscopic

dynamic of magnetic moments, spin wave can be described as a quasi-particle - magnon.



When magnons are used, one can focus on macroscopic parameters of a system
considered and describe spin waves in terms of populations of specific magnon modes.
The disadvantage of the magnon approach is that the information about phase of a spin
wave is lost. The phases of spin waves are important as they help to understand the
connection between spin waves, whether they will amplify or suppress each other in the
case of interaction (will the interference between them be constructive or destructive).
This is also important when the nature of a magnetic excitation is discussed.

Magnons are quanta of spin waves similar to electrons being quanta of electric
charge. To describe one spin wave of specific amplitude one would need to use certain
number of magnons. They would also need to be careful and remember that the magnons
the spin wave consists of are coherent, which makes them similar to spin waves having he
same phase of oscillation. In some case one needs to consider incoherent magnons.
Incoherent magnons are similar to spin waves having different phases. An example of
incoherent magons are thermal magnons existing in a magnetic sample due to finite
temperature of environment. The populations of such magnons satisfy the Bose-Esintein
distribution. Although the populations of thermal magnons can be significant, they are
usually completely incoherent, their complex amplitudes have random phases so thermal
magnons of the same frequency do not create spin waves. The distinction between
coherent and incoherent mangons is quite important as they would require different
equations for proper description of interaction between them.

2.1.2 Antiferromagnets

Antiferromagnetic (AFM) materials, in contrary to FM, do not have total magnetic
moment in the equilibrium state. In terms of atomic structure, they effectively have two
sublattices magnetized in opposite direction and thus compensating each other. AFM are
known to barely interact with the applied magnetic field. Since AFM have two effective

sublattices, their magnon spectrum consists of two branches, which may be degenerate or



not depending on the type of AFM. An important distinction between FM and AFM
magnons is the magnitude of magnon frequency. AFM have stronger exchange interaction
which leads to AFM magnon frequencies of the order of 1 THz rather than 1 GHz (3 order
of magnitude difference). Another important difference is that AFM magnon spectrum is
isotropic due to negligible dipolar interaction.

2.2 Bose-Einstein condensation of magnons

Bose-Einstein condensation of magnons is a collective phenomenon which
corresponds to transition of a huge amount of boson particles into the same quantum state.
In this state all the bosons are described by the same wave function. An important
distinction between formation of Bose-Einstein Condensate (BEC) and simply
amplification of an excitation or accumulation of a large number of particles is that BEC is
formed spontaneously (there is no process of adding particles directly into BEC) under
specific conditions.

Magnons are bosons having spin equal 1. This implies the possibility of magnons
undergoing the process of Bose-Einstein condensation. In most cases Bose-Einstein
condensation requires criogenic temperatures for the process to happen. The examples of
this are the electrons combining into Cooper pairs, thus, creating boson particles, which
leads to superconductivity in metals, and superfluidity of Helium III. Magnons on the
other hand can have transition into BEC at room temperature due to their small effective
mass, which makes them convenient to investigate.

2.2.1 Bose-Einstein condensation of magnons in ferromagnets

Bose-Esintein condensation of magnons was first experimentally observed when a
parametrcially driven gas of magnons has been studied [19]. In this case magnons are
added to the system using method of parametric pumping. The pumped magnons undergo
process of thermalization during which magnons interact with each other through

4-magnon processes and with lattice. Thermalization of high-frequency magnons leads to



creation of significant amount of low-frequency magnons. The sample made of Yittrium
Iron Garnet (YIG) is characterized by a long magnon lifetime, which is much less then the
thermalization time. This leads to accumulation of magnons at the bottom of the
spectrum, which increases the chemical potential of the magnon gas. Due to the form of
Bose-Einstein distribution, the condition for BEC formation is an increase of chemical
potential of magnons gas to the level corresponding to minimum energy of magnons in the
spectrum.

The method of parametric pumping is not the only way to achieve Bose-Einstein
condensation of magnons. BEC of magnons was later achieved in experiment involving
rapid cooling of a thin magnetic film made of YIG [20]. In this experiment, the source of
high energy magnons are the non equilibrium thermal magnons created by simply heating
up the part of the area of the magnetic film. In the process of rapid cooling of the film the
sample itself (the lattice) cools down during time of the order of 1 ns. The magnon gas,
however, cools down with the rate that depends on properties of the magnon gas itself,
specifically, intensity of magnon interaction. The very term "rapid cooling" means that
sample cools down faster than the magnons gas. Due to difference in cooling rate between
lattice and magnon gas, for a short period of time the sample is populated with
non-equilibrium high-frequency thermal magnons. These non-equilibrium magnon
undergo process of thermalization similar to magnons added using method of parametric
pumping, which then leads to accumulation of low-energy magnons and increase of
chemical potential of the magnon gas. The latter makes the condition for BEC formation
satisfied, which was observed experimentally.

In addition to parametric pumping and rapid cooling, possible ways to create and
control BEC of magnons include spin Hall effect [21], [22], which is, essentially, an

injection of spin current leading to spin torque pumping.



2.2.2 Transport properties of BEC

The state of BEC is characterized by significantly increased magnon density which
can be observed experimentally and have its evolution tracked in time [20]. When magnon
BEC is created in a part of the sample, it can be imagined as a spot with increased magnon
density. Due to phase gradient, the area of increased magnon density will move and grow
in size. During this "expansion" magnon BEC demonstrates anisotropic transport
properties, meaning, propagation of magnons density along the applied magnetic field is
more intense then in the direction perpendicular to it. Such anisotropy is mainly due to
anisotropy of the magnon spectrum in FM materials.

2.2.3 Nonlinear properties of BEC

In addition to transport of magnon density (dynamic properties), BEC of magnons
also possesses nonlinear properties. The source of these nonilnear properties is the
4-magnon interaction between magnons inside BEC.

It should be noted that in the case of applied in-plane magnetic field, the magnon
spectrum is anisotropic and the minimum of magnon energy is not at the zero wavevector,
which is different from the case of ferromagnetic resonance (FMR). Instead, there are two
minima located at nonzero wavevector in the direction corresponding to the direction of
the applied in-plane magnetic field.

Since the spectrum of magnons has two minima created by interplay between
exchange and dipolar interaction, BEC of magnons is actually two BECs located at two
minima of the spectrum. Although we talk about magnons being located in different
minima of the spectrum, they only separated in the momentum space as their wavevctors
have opposite directions. In the real space magnons from both spectral minima coexist
together in the same part of the sample. It was, however, demonstrated that one can

separate the two components of magnon BEC and observe their motion int time [23].



The coexistence of two BEC components leads to two types of nonlinear
interaction: self- and cross- interaction. Self- interaction corresponds to interaction
between magnons of the same kind while cross-interaction describes interaction between
magnons belonging to different minima of the spectrum.

Nonlinear properties of magnon BEC are very important for existence of BEC as
they, essentially, define its stability.

2.2.4 Bose-FEinstein condensation of magnons in antiferromagnets

Although AFM materials barely interact with the applied magnetic field, they still
have magnons. The possibility of Bose-Einstein condensation of magnons in AFM has
been discussed several times mostly involving theoretical derivations. There are also
reports of experiments when observed data could be explained by Bose-Einstein
condensation of magnons. Those experiment, however, were done at millikelvin
temperatures.

One of the reasons why BEC of magnons in AFM is important to investigate is
that minima of AFM spectrum branches correspond to sub-TH and THz frequencies.
Considering the fact that BEC is a coherent state of particular magnon energy (and thus,
magnon frequency), Bose-Esintein condensation in AFM is potentially a key to a new

technology of generation of sub-THz pulses.



CHAPTER THREE

DESCRIPTION OF DYNAMIC AND NONLINEAR PROPERTIES OF
BOSE-EINSTEIN CONDENSATION OF MAGNONS IN FERROMAGNETS

In this chapter dynamic and nonlinear properties of magnons in the state of
Bose-Einstein condensate (BEC) are discussed. A model to describe such properties of
magnons in BEC at the condensation point at the bottom of the spectrum is derived. A
thin-film geometry sample is considered as it is commonly used in experiments. In
addition, the magnetic film is considered to be "thick" in a sense of its thickness being
much greater than the exchange length of the magnetic material, which is a typical
situation when the method of parametric pumping [24] is used.

The results discussed in this chapter were previously presented in conference
presentations [1], [3], [4], [5].

3.1 Description of magnetization dynamics using vector Hamiltonian formalism

To describe magnetization dynamics as well as properties of the system in this
chapter, a method of Vector Hamiltonian Formalism (VHF)[25] is utilized. This approach
is suitable for description for weakly nonlinear dynamics in magnetic systems.

The peculiarity of the magnetization description is in projecting the spherical
space of the magnetization vector m into a plane. When spatial distribution of
magnetization over a magnetic sample is considered, at each point r we project
magnetization m(z,r) from the unit sphere into the plane and obtain the Spin Excitation
Vector (SEV) s(¢,r) orthogonal to the ground state magnetization myg. In this case, the

magnetization m(z,r) can be calculated as:

S2 52
m= 1—3 mg + I_ZS’ 3.1

where s = |s| is the SEV s.



The SEV itself can be calculated from the ground state mg and the magnetization

m using the transformation:
s=Pym+—2""Py-my, (3.2)
where Py is the projection operator into the SEV plane:
Py=1-mygeom,. (3.3)

The particular equations used will be introduced as derivations are described.

3.2 Magnon dispersion in BEC region

General VHF equations for eigen-modes:

—ia)viJO'Sv :ﬁO'Sv, (34)

Here
IAJ()-X: —Lym XX,ﬁO 2130- (ﬁ+MSBoi) -130, 3.5
Py=1-mygem, (3.6)

Ls = Mg /7y, where Mg is the saturation magnetization, Y is the gyromagnetic ratio, By is

the scalar internal magnetic field applied along the x-axis (see Fig. 3.1), H is the operator

describing self-interactions in the system and Hy is the linear Hamiltonian of the system.
For dipole-exchange spin waves in films, the energy operator in k-representation

(k is the in-plane wavevector) is

Ay = —poM222Vi + uoM2Gy, (3.7)
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where L is the vacuum permeability, Aex is the exchange length, V2 = 24 42 / dz?, 7 is

the coordinate normal to the film, and Gy is the dipolar operator:

A A

k k A
Gk(z,7) = Ee_k‘z_z |kk+lzslgn(z z ) —k|z—7/| (ka -+ 2Kk)
(3.8)

+(6(Z—Z —k\z Z|>

Here Kk is the unit vector in the direction of k.

Figure 3.1: Geometry of sample considered for description of dynamic and nonlinear
properties of BEC of magnons. The sample is a thin film of thickness d made of FM
material. The sample is in-plane magnetized by magnetic field H = B/ applied in the
x-direction, where L is the vacuum permeability.

To describe properties of magnons in the state of BEC, a thin-film geometry
sample of thickness d (see Fig. 3.1) is considered. The sample is magnetized by an
external magnetic field and the ground state of magnetization is described by a vector field
myg(r) and scalar internal magnetic field By(r), The sample is considered to be uniformly
magnetized so both mg and B are constant (independent of coordinates): mg(r) = my,

By(r) = By. The eigen-mode profiles sy (z) (v = (k,n), where n is the eigen-mode profile

11



number, can be expanded using some orthogonal system of "thickness functions" f(z):

sv(z) =} ¢;f(2), (3.9)
J

1 rd
2 [ rr@dz=a,, (3.10)

(we assume that f;(z) are real-valued). Then, the VHF equations become an infinite

system of equations for coefficients ¢y ;:

j/
Here
Ho (j.7) =Po: (H j' +MsBoI) Po, (3.12)
N 1 rd A ,
Hjr=13 /0 fi(@Hyfjr(2)dz. (3.13)

If the choice of f;(z) is close to real eigen-mode profiles, the diagonal

approximation can be applied:
—ioyLo-cy j=Hy (j j)-¢v,). (3.14)

Depending on the distribution of the magnetization precession amplitude over a
magnetic film thickness, the thickness functions f;(z) may need to satisfy requirement of
pinned spins (magnetization at the surface does not precess) or unpinned spins
(magnetization at the surface has non-zero angle of precession). It has been shown [26],
that in the BEC region, the appropriate choice of f;(z) are the functions satisfying the

requirement of pinned spin:

fi(z) = V2'sin (kjz), (3.15)

12



where k; = 7j/d. Then,
H; ; = uoM; Aeeg i+ uoM; (PRk+ (1 P))2z), (3.16)

where P; the result of integration of the part of the dipolar operator:

P=5 [ {O ey ae | dz =

(3.17)

Here g is the total (3D) wavenumber: q% = k24 KJZ. In the BEC region, kd > 1 and P;

can be approximated as

K2
~ J
Pim -y, (3.18)

Below the index j is dropped for simplicity (dependence on j is described by the
dependence on k). For the BEC geometry, magnetization is in-plane, and we choose

mg = X. Complex amplitude ¢ can then be decomposed into the y and z components:
c=oy+ipz. (3.19)
Then,
Hy - ¢ = Ls(0p + OmAsq’) (0 +iB2) + Leon (Psin® o +i(1 - P)B2),  (3.20)

where ¢y, 1s the in-plane propagation angle relative to mg (k = cos X+ sin¢y). By

introducing notation
0 = (0B + OMA&KG” + Op(1 = P)B, (3.21)

wp = (0 + OMAxG” + OMPsin® ) a, (3.22)

13



equation (3.20) can be rewritten as
Hy-c= L (wﬁy + i(oai> (3.23)

Considering Eq. (3.23) and diagonal approximation for Hy), the eigen-frequency of Hy can

be found from equation ®? = @ wg/ (af):

0? = (0 + OMASG* + om(1 — P)) (@ + opMAS > + omPysin® ¢y). (3.24)

The ellipticity € of propagating spin waves can be found from ratio of components of the

complex amplitude c:

RI ™=

E =

1/2
2 2 2

wp + OMA&KG: + on (1 — Py)

3.3 Thick film approximation

Although the sample considered has a thin-film geometry, its thickness can be
considered to be much larger than the exchange length (d > Aex). Especially this is true
for the films used in experiments utilizing parametric pumping. For such "thick" films the
bottom of the spectrum - BEC point - is at the wavenumber k;,,, which satisfies
inequalities:

1/ Aex > kpin > 1/d (3.26)

Also, BEC corresponds to magnon propagating along the applied magnetic field By,

hence, sin @, = 0. In this case, the dispersion can be approximated as
2,2 P
O ~ O + OMAKK” + oMk (3.27)

where & = (1/v/2)1/2 ~ 1.49.

14



The BEC point is located in the minimum of the spectrum and for dispersion

above the minimum is at the wavenumber

L (3.28)

min = 77od
X

The BEC frequency at the BEC point is

2
Oppin = OB +2§2wM%. (3.29)

and the ellipticity € is close to 1 at the BEC point.

3.4 Parabolic approximation of dipersion at the BEC point

Near the BEC point, the dispersion can be approximated as parabola,

by
0~ wmin""?(k_kmin)za (3.30)
where i, and ki, are the angular frequency and wavenumber of magnons at the
bottom of the magnons spectrum, where the BEC of magnons is formed.
The coefficient for dispersion in the x-direction (along the direction of applied

magnetic field) D” can be calculated as

8260 2

We can also calculate dispersion in the y-direction, which lies in the plane of the

magnetic film perpendicular to the applied magnetic field (kK = ki, X +ky¥):

D,
O~ Oy + Tkg, (3.32)
D) = oyk 2 =E 2oy Aed, (3.33)

where ky is a small deviation of the magnon wavevector from the BEC point in the

y-direction.

15



It should be noted that the ratio of between coefficients of dispersion parallel and

along the applied magnetic field is

p, d
DH 8&216)5

> 1, (3.34)

which implies anisotropy of properties of magnons at the BEC point.
Finally, we can consider the frequency as a function of k - effective wavenumber

in the normal-to-film direction:

L2 —x?

O =~ Onmin + E(DM kz ’ (335)

min

from which one can find the dispersion coefficient related to k:
D= ap/k2, =D . (3.36)

As one can see, in the approximation used dispersion coefficient related to out-of-plane
direction is equal to the one in the in-plane direction perpendicular to the applied magnetic
field.

It should be noted that the effective wavenumber x is actually quantized and is
related to thickness modes in film. The thickness modes are similar to the quantized
energy levels of a particle in an infinite potential well: change of k and transfer from one
branch of the magnon spectrum to another is an analogue of a particle moving from one
energy level to another in an infinite potential well. In this sense, the magnon in the state
of BEC can be interpreted as BEC boson in infinite potential well 0 < z < d (a thick film

acts as a potential well), where bosons have dispersion:

g = (wB‘nga)M%) "‘%(K_Kmin)'ﬁ‘(K_Kmin)a (3.37)

16



where K is the 3D boson wavevector, Ky = £kminX for minima located at kx > 0 and
kx < 0 and D is the dispersion matrix describing anisotropic effective mass of magnons:
D= diag(D”,DJ_,Dl).

3.5 Nonlinear interaction between magnons in BEC

3.5.1 Description of nonlinear interaction between magnons in BEC

As was discussed in Chapter 2, there are two types of nonlinear interactions
between magnon present in BEC: the self-interaction between magnon located in the same
spectral minimum and the cross-interaction between magnon located in different minima.
The aim of this chapter is to find simple expressions for nonlinear coefficients of self- and
cross-interaction between magnons in BEC and discuss their meaning. A number of

approximations related to the problem considered has been used:
* assumption of totally pinned spins [26];

* all magnons are described as identical eigenmodes having the same thickness

profile;

* magnons propagate parallel to the applied magnetic field in the plane of the film in

the direction of the x-axis;

* the sample is assumed to be uniformly magnetized with magnetization m directed

along the x-axis in the ground state;
 eigenmodes in BEC have ellipticity € = 1.

The energy of four-magnon nonlinear interaction can be written using symmetrized

nonlinear coefficient W, Bys [25]:

1
H4_ = — Z Waﬁ'}/écacﬁcl’c& (3.38)
24
afyo
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where cy is the dimensionless complex amplitude describing the profile of an eigenmode

having eigenfrequency fy and angular eigenfrequency wy = 27 fy:

cy = 'OV? (3.39)

The general expression for the coefficient Wy, Bys is

Waﬁ75 - Waﬁ,yé + Way,ﬁ& + Wa&ﬁya (3.40)

where W, B,ys 1s the non-symmetrized nonlinear coefficient described in general by

expression:
- \ 1 ,
Wa 10— [ (s sgImo - ((su-sp)mo) — s s)sy -5
) | 1 (3.41)
- Z(Sa -sg)ss - H-sy— Z(Sy'sa)sa ‘H-sg— Z(sy~55)sﬁ -H-sa)dr,
where H is the integral operator
H-sy= / H(r,r') sy (r)dr’. (3.42)
Vv

In Egs. (3.41) and (3.42), sy is the SEV representing the eigenmode having a

specific spatial and thickness profiles:
sv = avSy fy(2)e*VP), (343)

where ay is the normalization constant, Sy = (0, 1,i€y) is the SEV which describes
magnetization direction and depends on the ellipticity of the eigenmode €y, and fy(z) is
the thickness profile of the eigenmode.

Considering the SEV in a form (3.43), peculiarities of integral operator H and the

fact that all the eigen-mode interacting have the same thickness profile and normalization
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constant, the simplified expressions for separate terms of Eq. (3.41) can be obtained:

/(sa *Sg)mg H- ((sy-s5)mp)dr =
(3.44)

1 d A ,
:a‘é(sa-sﬁ)(sy~85)Ax7y3/() f(2)7mo - (Hiy 15 -mof()?)dz

, 1 [d A
[sasp)sy Bessdr = (Sa-Sp)yy [0Sy (g -Saf(N)dz, (349

where 2%y is the area in xy plane over which the integral is taken, and H, is the integral
operator H written for a specific value of a wavevector k.

Considering the expression for operator ﬁk the common factor can be taken
outside using substitution

H; = poM,Hj. (3.46)

The form of Eq. (3.41) can be simplified by introducing new integral operators A% s and
B 7,5

d A
Ays = /0 F@Pmo- (AL s -mof(2)? ) dz: (3.47)
d A
Bys :/O f(2)Sy- (HZS 'sz(zl)> dz, (3.48)

using which one can write the expression for nonlinear factor Wy, g s in a form:
)

2
7 4, HoM,
Wap.ys = avﬂfx,yTS ((Sa ‘Sp)-(Sy-Ss)Ays

1

(3.49)
~ 5 |(Sa-Sp)Bys+(Sa-Sp)Bs y+(Sy-Ss)Bap+(Sy- S6)B/3,a} )

Next, the normalization constant ay must be found. According to VHEF, ay is

defined by condition of orthogonality between eigenmodes:

(3.50)
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where J is the operator that has matrix form

0 mo, —moy
J=|-mp. 0  mp, (3.51)
moy  —Mox 0

and 7y 18 the real-valued norm of the v-th mode [25]:
hy = —i / si - Lo -sqdr. (3.52)
1%

The value of 7i,,u can be chosen as v = h, where 7 is the reduced Planck constant. This
corresponds to the quasi-classical "magnon" normalization when the mode profile sy is a
classical analog of a magnon wavefunction and the number of magnons in the mode is
equal to the mode amplitude squared.

Considering the assumption regard the norm 7y and the fact that interacting modes
cy and ¢, are essentially the same (except propagation in opposite directions), the

calculation of the normalization constant ay yields

hd |
ay =i - — (3.53)
2Msm07x8v%,va’v

which transforms the common factor in Eq. (3.49):

M2 252
d 4m07x3v42fx,va,v
where Fy, |, = fél f2(z)dz. For simplicity, we introduce notation
272
I
W Fo¥ (3.55)

T am2 &2 /
4m07x8v%7y (FV,v)z
By taking into account that all the modes interacting have the same thickness

profiles and ellipticity, the index v can be omitted in the normalization constant and the
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common factor:

hid !
ay=a= 2)/ ; (3.56)
2Msmg ety yF'
2%2
hi
o=V = — “gy - (3.57)
4mg € 2y y(F')

After taking all the common factors outside the parenthesis, the expressions inside can be
simplified.First, the properties of the operator Hj, must be taken into account. Some of the

terms in parenthesis turns out to be the same, because, considering the assumptions,
Y/ y/
SY'Hk5 ‘Ss =S5 -Hk}/-Sy. (3.58)

Since complex amplitudes Sy do not depend on coordinate z (this dependence is taken
care of by spin wave profile functions fy(z)), the integral operators A, 5 and By s

introduced in (3.45) and (3.46) are symmetric:
A%s :AM,:A},g; (3.59)
B%(g :B(g,y:B%(g. (3.60)

This allows to write three equations describing terms in Eq. (3.49) required for
calculation of coefficient of nonlinear interaction between magnons. After simplifications
described above Eq. (3.49) transforms into

Wopys =" ((Sa ‘Sp)(Sy-S5)Ays .

- 4889128, + (878528,
Equation (3.61) still preserves different indexes for complex amplitudes of interacting
magnon modes, while similarity in other parameters has been taken into account.
To define coefficient of nonlinear self- and cross- interaction, index V is assigned

to magnons propagating in positive direction (kx > 0) and index V is assigned to magnons
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propagating in opposite direction (kx < 0). Thus, using Eq. (3.40), the coefficients of

nonlinear self-interaction Wgej¢ and nonlinear cross-interaction Weross can be defined:
Weelf = Wy yysy* = va,v*v* + va*,vv* + va*,vv*§ (3.62)
Weross = Wy gy = va/,v*\?* + va*,\?\?* + va/*,\“/v*- (3.63)

Considering properties of complex amplitudes Sy and the fact that in the BEC
region magnonic modes have ellipticity € = 1, final expressions for nonlinear coefficients

Weelr and Weross have the form:
Wse]f = _ZWBVV*; (3.64)

Weross = W (Ao +A2k — Zva*) , (3.65)

correspondingly.

3.5.2 Nonlinearity of magnon interaction in the case of arbitrary demagnetization tensor

The previous subsection was dedicated to derivation of nonlinear coefficients of
self- and cross-interaction between magnons. Although equations do not look
complicated, they are still written for a general case, the particular parameters of the
operator Hj, have not been specified. This subsection is dedicated to a particular case of
sample having certain demagnetization tensor N. Lets remind ourselves the form of the

normalized integral operator H' in the k-space:

A (z,7) = - A2V + Gy, (3.66)
where V| is the nabla operator:
02
Vi=—k*+ o2 (3.67)
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In the case of the same geometry (thin magnetic film), but specific in-plane dimensions,
length a and width b (see Fig. 3.2), dipolar energy tensor Gk will be diagonal. The
operator Gy, corresponds to averaged Green function. By multiplying it over
magnetization and averaging it over the whole sample, one can obtain demagnetizing
field. Considering that the magnetization of the sample is assumed to be uniform and H is
normalized by poMs, the energy due to demagnetization field be written as Ms2 multiplied
by integral denoting averaging of the Green function (here it is averaged over the the film
thickness as initially the film was considered infinite). This approach can be generalized
by substituting traditional diagonal demagnetization tensor instead of the average Green
function. The fact that in the and result will be demagnetization field energy is supported
by appearance of M s2 in the normalization constant in front of the expression for nonlinear

coefficient (it is included into 7/).

4 /v Magnetic field
b B 4 Y H

<
< P>

Figure 3.2: Geometry of a thin film sample with finite in-plane dimensions. The film of
thickness d has length a and width b.

Integration of (3.66) yields

/ Hjdzd? = — / A2V 4R, (3.68)
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where integration over the exchange part denotes any integration performed with
consideration of of the thickness profiles of eigenmodes. Instead of performing integration
the whole, one may use known results instead. Operator N represents demagnetization

tensor, which in the diagonal case, can be written as

Ny 0 O
N=]|o0 n 0] (3.69)
0 0 N,

where demagnetization factors Ny and Ny depend on dimensions of the sample:

d d
X~ Y™~y (3.70)

It should be taken into account that the sample considered has a geometry of a thin
films. Here the assumption of a thin film simply means that the area of the film is much
larger than the thickness of the film, which helps to make assumption about particular
values of demagnetization factors. The film is still considered thick in terms of physics of
magnetism: the thickness of the film d is much larger than the exchange length A,. Thus

we assume that components of the demagnetization tensor are

Ny = Cm Ny:Cya N; = 1_Cx_Cy; (3.71)

where {y and {y are small parameters denoting in-plane demagnetization of a magnetic
film.

Another important detail to consider is that propagating spin waves (magnons) feel
the influence of demagnetizing field completely different from the case of uniform

precession of magnetization. In the case of spin waves demagnetization tensor can be
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calculated as

K2 kyky  keks

. k®k 1
SW:W:W kyky k% kyk; | - (3.72)

koky koky K2
Since magnons in BEC only have nonzero x-component of the wavevector, the

"spin-wave" demagnetization tensor Ny, has the form

1 00
Nsw=10 0 0]- (3.73)
0 00
By taking into account peculiarities of demagnetization tensor, nonlinear

coefficients for the lowest eigenmode (x = 7/d) can be calculated:

Wself = —4w (3)Lezxkr2nin - Bzﬂz - 2Cx> ; (3.74)
Weross = 4W (ﬁ2n2 G 3AG K+ 1) , (3.75)

where kgg is the wavenumber for magnons in BEC and B = A.x/d is a small parameter.

Substitution of kyy;, into Egs. (3.76) and (3.75) yields
Weerr = =2 (3628 — B22% 24, ) (3.76)
Weross = 4% (ﬁzﬂ'z + &+ 352[3 + 1) , (3.77)

where & ~ 1.49. It should be noted that the demagnetization factor {y is absent in the
expressions obtained, which implies that under used assumptions demagnetization
in-plane perpendicular to the direction of propagation of magnons (which is also the
direction of the applied magnetic field) does not affect the nonlinear interaction between

magnons.
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Considering that 8 and {, = N, are small parameters (f < 1,{; < 1) we can
further simply expressions by keeping only first-order terms for the self-interaction factor

and only dominant term for cross-interaction factor:
Weeit = 47 <2Nx - 3ézl3> ; (3.78)
Weross = 4%/, (3.79)

where the common factor 7 is simplified due to the assumptions used:

232
W= @ (3.80)

where V is the volume of the considered thin-film sample.

3.5.3 Nonlinear frequency shift due to interaction between magnons

The nonlinear frequency shift due to either self- or cross-interaction between
magnons is proportional to the product of the correspondent nonlinear coefficient W and
population of magnons n in BEC. However, it would be convenient to characterize the

nonlinear shift relative to the maximum possible magnon population nyax:

n

Awself/cross = Qself/(:ross s (3-81)
Nmax

where A®gelf/cross 1S the nonlinear shift due to self-/cross- interaction between magnons.
The maximum possible magnon population can be calculated from the material
parameters:

2L
Nmax = 75, (3.82)

where Lg is the spin that corresponds to saturation magnetization Mj:

M
L= 5 (3.83)
Ty
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where 7 is the gyromagnetic ratio. Together (3.80) and (3.82) give us

2M
Nmax = .

Yh

Considering (3.81) and (3.84) we get

Wself/cross
Qself/cross = h—vnmam

which, with consideration of (3.76), (3.77) and (3.80) gives us
Qself = 8%“0MS [2Nx - 362[3} s

Qcross = 8YUMsTT.

The expression for the total nonlinear frequency shift with consideration of

(3.84)

(3.85)

(3.86)

(3.87)

symmetry of nonlinear factors can be derived with consideration of the Hamiltonian .7 of

BEC of magnons:
= by (eveh +eucty) + 2 £
= hay(cycy + cv/cv,) + Zvav*v*CVCVCva
1W « % 1
+ Z v/v/v/*v/* Cv/Cv/Cv/Cv/ + 5 VVV/*

The equation of motion in the Hamiltonian form is

pdcv _ 97
Tar T acs,

By applying Eq. (3.89) to Eq. (3.88) the equation of motion becomes

where wr/nin is the BEC magnon frequency with consideration of nonlinear shift:

1
wrlnin =y + Ez (Wselfnself + 2Wcross”lcross) )

where ngejf = 11, ncross = Np 1f equation is written for magnons having kx > 0, and

Xk
v/*Cva/Cva/

(3.88)

(3.89)

(3.90)

(3.91)

Ngelf = N2, Ncross = N 1f equation is written for magnons having kx < 0. Specifically, n|
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and n, are the partial magnon densities of magnon BEC in the minima of the FM magnon
spectrum (n] is the density of magnons in BEC at kx = kp,i,, and n, is the density of
magnons in BEC at ky = —kpyip)-

Considering Eqgs. (3.85) and the fact that @y = @,j,, we can rewrite the frequency

o in terms of relative magnon density n/nmax:

1 n
wrlnin = Omin + 4 (Qqeif +2Qcross) —, (3.92)

max
where populations of magnons in both minima are considered to be the same: n = n; = ny.
The expression can be further by taking into account the expression for nyax and

the common factor of 1/4:

/

Opin = Omin + (Qself + 2choss) n, (3.93)

where

Querr = 7o [27N: 3B (3.94)
Qcross = '}’zh,u() (3.95)

The Eq. (3.93) can be generalized for the case of different magnon densities of

magnon BECs located in different minima of the FM spectrum of magnons:

.

Opin = Omin + (Qself”self + 2choss”cross) ) (3.96)

where, again, where nge)f = 11, ncross = 17 if equation is written for magnons having
kx > 0, and ngejf = no,ncross = 1 1f equation is written for magnons having ky < 0.
3.6 Conclusion
In conclusion, the model presented allows one to consider magnons in the BEC as
boson quasy-particles in a potential well, whose effective mass is characterized by a tensor

and depends on the dispersion law at the spectral minima. Simple expressions for the BEC
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point (spectral minimum) and the correspondent longitudinal wavevector magnitude has
been found and can be used for quick estimation of magnetic film thickness required to
observe BEC of magnons at a particular frequency/longitudinal wavevector. To account
for nonlinear effect, coefficient of nonlinear self- and cross interaction between magnons
have been found as well as resulting nonlinear frequency shift. The expressions for
nonlinear coefficients are in a good agreement with results found by other authors and

show the influence of the dimensions of the film on the stability of magnon BEC.

29



CHAPTER FOUR

AMPLIFICATION OF AN ISOLATED LOW-FREQUENCY MODE VIA
INTERACTION WITH RAPIDLY COOLING MAGNON GAS

This chapter describes the process of coherent thermodynamic amplification of the
isolated low-frequency mode via its interaction with a hot magnon gas undergoing rapid
cooling. One of the features of rapidly cooling magnon gas is that its chemical potential
increases (up to minimum energy of spectrum of magnons)[27], thus, providing means for
accumulation of magnons at the bottom of the spectrum and subsequent Bose-Einstein
condensation of magnons. However, the increase of chemical potential above the energy
level of an isolated low-frequency mode (ILFM) also creates thermodynamic conditions
stimulating scattering of magnons from the magnon gas into ILFM. This way one can
achieve coherent amplification of an ILFM using incoherent thermal pumping of magnons
by simply heating the sample.

To prove that amplification obtained is indeed coherent, the kinetic 4-wave
equations have been derived with the consideration of magnon modes being coherent
coherent, which corresponds to the average amplitude over ensemble of magnons in the
mode having non-zero value. This also helps to account for the fact that ILFM has
frequency below the minimum frequency of propagating spin waves and, therefore, has to
be coherent mode rather than incoherent ensemble of many magnons corresponding to
spin waves having the same frequency and different oscillation phases.

The results discussed in this chapter were previously presented in conference
presentations [6], [7], [8], [9], [10], [11], [12], [13], [14].

4.1 Mechanism of interaction between magnon gas and an isolated mode

As a medium where a magnon gas and an ILFM coexist, a sample made of

Yttrium Iron Garnet (YIG) is considered. To allow existence of an ILFM, the sample must
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have specific geometry (for example, a gyrotropic mode in nanodisk) and/or have other
required conditions satisfied (for example, a nonlinear bullet mode). The thermal magnons
can be considered as a magnon gas of certain chemical potential u and temperature 7.
Magnons have a continuous spectrum with the minimum energy /®,;,, where 7 is the
reduced Planck constant, Wiy = 27 finin, and finin 1S the minimum frequency of the
magnon spectrum.

At equilibrium the magnon gas and the ILFM barely interact, the magnon gas has
zero chemical potential (u = 0) and its temperature 7 is equal to the temperature of the
lattice 7;. In this case the isolated mode will demonstrate typical behavior and decay over
time due to damping. The plot of magnon energy versus corresponding magnon mode
population at equilibrium is depicted on Fig. 4.1 by a solid blue line.

If one heats up the sample to the heating temperature 7j,, the magnons gas will
eventually reach equilibrium with the same conditions for the chemical potential (1 = 0)
and the temperature (7" = 7), but the amount of thermal magnons will increase along with
the temperature of the lattice. Essentially, this way magnons are added to the gas that
would otherwise be considered as non-equilibrium ones.

During the process of rapid cooling two things happen. First, the temperature of
the lattice 77 rapidly drops to the cooling temperature 7;, which, usually, is the same
temeparture as the one before heating of the sample. Second, the thermal magnons,
created due to heating, become non-equilibrium and, thus, start actively interacting with
the lattice and other magnons in the process of thermalization. It should be noted that
high-frequency magnons interact with lattice faster than the low-frequency ones. This,
together with the long magnon lifetime in YIG (around 21 £ 4 ns according to [27] leads
to accumulation of magnons at the bottom of the spectrum. The plot of magnon energy
versus magnon population in this case is shown on Fig. 4.1 by a solid red line. In terms of

thermodynamics, this leads to creation of non-equilibrium state of the magnon gas with
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Magnon energy

Population

Figure 4.1: Magnon energy vs magnon mode population plotted for the cases of equilibrium
(1 = 0) (blue solid line), and nonzero chemical potential (u > 0) of the magnon gas (red
solid line). The increase of chemical potential leads to accumulation of magnons at the
bottom of the magnon spectrum and creates condition for scattering of magnons (depicted
by pointing down arrows) into the isolated low-frequency mode (ILFM). The black dashed
line marks the minimum energy %®,,;, of the magnon spectrum and the dark-green line
marks the magnon energy of an isolated low-frequency mode.

non-zero chemical potential. The increase of the chemical potential above the magnon
energy of the isolated low-frequency mode stimulates scattering of magnons from the
magnons gas into the isolated mode. This can be viewed as the thermodynamic analog of

a laser with inversely populated energy levels in atoms of the active environment.
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4.2 Theoretical description

The interaction between a magnon gas and an isolated low-frequency mode can be
described with a Hamiltonian that accounts for 4-magnon interactions:

n 1
A=Y howeieptg ), Tiosaeq g eses, “.1)
k 1234

where 7 1s the reduced Planck constant, @y is the frequency of the k-th magnon mode,
T34 are the nonlinear interaction factors, ¢; = ¢ and c]j = 6: are the creation and
annihilation operators for the k-th magnon mode (here and below in the paper, hats are
omitted for convenience). It should be noted, that Hamiltonian (4.1) does not distinguish
between the modes corresponding to propagating spin waves and the isolated
low-frequency mode.

In general, the change of the magnon mode populations can be described using
4-wave kinetic equation. However, the standard kinetic equation is derived assuming that
magnons are incoherent. Therefore, the standard approach is only suitable for description
of a gas of thermal magnons. The isolated low-frequency mode, on the other hand, has
nonzero average amplitude and consists of coherent magnons. Thus, in general, one needs
to consider each magnon modes as a mixture of an incoherent (thermal) and coherent
modes. Such generalized description of a magnon mode is an analogue to a displaced
thermal state.

4.2.1 Equations accounting for coherency of magnon modes

The derivation starts with writing down the Hamiltonian operator H considering

4-wave interaction:

1
A=Y hoye cx+ 7 Y Tiosact 5 czeq, (4.2)
% 1234
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where 7 1s the reduced Planck constant, @y, is the frequency of the k-th magnon mode,
cr = € and clj = é]j are the creation and annihilation operators for the k-th magnon mode
(hats are omitted for convenience).

Here a genral case if considered, when a magnon mode may have both coherent
and non-coherent properties. Coherent properties correspond to excited magnon modes,
for example, isolated low-frequency modes, while non-coherent properties correspond to
thermal magnons having random phases of spin-waves in the ensemble. A presence of
coherence also leads to non-zero value of an amplitude averaged over ensemble. Thus,
operators cj and c,j, in general, describe a displaced thermal state and have the next

properties:

<Ck> = di, 4.3)

(e cr) = m+ |ag 2, (4.4)

where (...) denotes averaging over ensemble of spin waves, a; = ag ke_iwkt is the
average value of spin-wave amplitude over ensemble and describes coherency of the
magnon mode, <c,jck> is the total population of magnons due to non-coherent part ny,
(corresponds to a well know population number for magnons) and coherent part \ak|2
(appears due to non-zero average amplitude over ensemble).

Since magnons - quasi-particles of spin waves - are bosons, operators c;, and c,‘:

inherit commutation properties of bosonic operators:
il =8 lepad =0 |cfef] =0 (4.5)
cich =ccj+Ajx (4.6)

where A ik is the Kronecker delta (Kronecker symbol).
Usually 4-wave kinetic equation is the equation of motion for a population number

ny = <l§,’;i)k>, where 13;'; and i?k are operators of annihilation and creation for completely
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non-coherent thermal magnons. In the case of completely incoherent spin waves one can
not get an equation of motion, for example, for an average complex amplitude (cy),
because its average over ensemble (all possible magnons of specific frequency) is zero.
However, in the presence of coherency, an average of ensemble value g;, of the magnon
mode ¢y, is non-zero. Thus, in general case one can derive not only equation of motion for
population number ny, but the one for an average complex amplitude a; = {(c;) as well.
The end goal is to derive two kinetic equations, one for the average amplitude a; and
another one for the population number n;. One should also take into account, that n;, is not

completely independent of ay, and the relation between them follows from Eq. (4.4)
me = (ef e — lag?, @.7)

which means that before deriving equation of motion for n;, one should first derive
equations for ay and {c; ci).

To derive the quantum 4-wave kinetic equations with consideration of coherent
components of the interacting magnons one needs to write down equations of motion for
the operators ¢, and c]":ck, which is only possible in the Heisenberg picture. Considering,
that in the Schrodinger picture ¢; corresponds to the time-independent complex amplitude
of a magnon mode, and c,jck corresponds to the total number of magnons in a specific

magnon mode, we can use Heisenberg equations of motion:

d
ih—ci = e, H] - (4.8)
e +.0
17’15 (ck ck) = [ck ck,H} 4.9)

After expanding the commutator in the right-hand side of Egs. (4.8) and (4.9),

rewriting products of operators in the normal order and simplifying the obtained
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expressions we get basic equations of motion:

d 1
ihzck = hoycy + 5 Y Tiioacf eacs. (4.10)
123
i ! o+ + o4
’ha (cfcx) = ) Y (Tasef ¢f eacs = Tiipa¢s €3 cick) 4.11)
123

The Eq. (4.10) looks exactly like the one for the non-coherent magnons, because it
does not specify properties of operators ¢; and c,": related to coherency of spin waves. The
Eq. (4.11) has a bit different form than typical equation for n; due to not being averaged
over ensemble yet.

The next step is to average Eqs. (4.10) and (4.11) over ensemble of spin waves:

d 1
ihz (ck) = hay (cx) + 5 ) Trioz {ci cacs), (4.12)
123
d + + .+
ihE <Ck ck> =Im Z Ti123 <Ck cq c203>, (4.13)

123

where it is considered that 7153 and (...) are complex numbers. Now Eq. (4.13) looks
similar to the equation for ny, in the case of incoherent magnons, again, because it does not
consider properties of operators Cl_: and c;, explicitly. Before taking another step in
derivation, it should be considered explicitly that {c;) = a; and denote the total population
number of magnons <c]":ck> — my, = ng + |ag|*. After this, Egs. (4.12) and (4.13)

transform into

d 1
ihaak = hcokak + 5 Z Tk123 <CTC2€3> , 4.14)
123
d + +
ih—-my = Im Y Tz (¢ cf cacs), (4.15)
t 123

36



To continue derivation we use perturbation theory using interaction factors Ty,
as a small parameter. Therefore, Egs. (4.14) and (4.15) are essentially first-order equations
of motion for a; and my. Zeroth-order equations (7'j;,, = 0) correspond to non-interacting
magnon modes, when the total population number m;, for each mode is constant and the
average complex amplitude g, rotates with the correspondent frequency @y.

The first-order equations can be written as

d
ihd—ak = hoyay + Z Ti1 16 ag
t 12 (4.16)
= hoyay + Y Sk1ay
1
d
ih—mk = 2iImZ Tkl 1k
dt T (4.17)
=2iIm)_ Oy
1

Considering properties of tensor 7', both § and Q are Hermitian tensors with nonzero
nondiagonal elements. The interactions described by them do not change the number of
magnons of modes ¢; and ¢y, for example, because it is essentially scattering of magnons
into themselves. What they actually describe is the modification of the mode profiles.
Using a specific transformation tensors, S and Q can be diagonalized making non-zero
components vanish, therefore, making their contribution irrelevant in terms of the effects
we are interested in.

The next step is to derive second-order equations. For this we define first-order

corrections Ji,3 and G 23:

J123 = (cf cac3) (4.18)

Gz = <c,jc1+c2(:3>, (4.19)
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which are to be substituted later into Eqs. (4.14) and (4.15), respectively, to obtain
equation of motion to the second order in 7'j;, describing all the nonlinear properties of
magnons.

First-order corrections are solutions of corresponding equations of motion, which

can be found by simply taking derivatives of Eqs. (4.18) and (4.19):

d d
ih—J123 = ihE<c1+c2c3>, (4.20)
d d .,
ihEka = iha<ck ¢l cac3). 4.21)

After expanding the derivatives on the right hand side of Egs. (4.20) and (4.21) and
simplifying the result as much as possible we get two equations of motion for the

first-order corrections Ji23 and Gy23:

d
ihEJ123—h(a)2+w3—w1)J123 =Aj23, (4.22)
. d
lhElezs — (@ + w3 — wp — 01) G123 = By23, (4.23)
where
A3z = Z 123 [n1(ny +n3+1) —nonslaj, (4.24)

e
Bi123 = Ty o3 (menin3 — nynpnz — mnpns — npn3 )+

+Z j123 nkn1n2+(n1n3+n1n2—n2n3)a,jaj)+

+Z 23 (mins + mny — mon) af a+ 4.25)
+Z k1y3 (ngny —n3ny —ngn3 —n3)a;_a2+

+Z t12z (M1 —nany —meny —np) af a
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It should be noted, that the average value ay, is considered to be small since it is assumed
that the presence of the gyrotropic mode does not influence the gas of thermal magnons
significantly For this reason only terms up to the first order in a;, are kept in Eq. (4.24) and
terms up to the second order in a; in Eq. (4.25).

With consideration of dependence of a; on time (a; = a(t) = ay, je_iwj "), the

solutions to the Egs. (4.20) and (4.21) are:

J123 = Crexp[—i (o + LHEDY Az (4.26)
123 =Cyexp|—i1(n + W3 — 1)1 — ) .
7 (0 + 03— 0 o)
. Bi123
Gri23 = Cgexp[—i(wy+ w3 — o — 1) 1] — A (4.27)

W)+ 03 — W — 1)’
where A ;123 is a single term in Eq. (4.24), 1.e. Aj23 =} jAj123-

Further simplification of Eqs. (4.26) and (4.27) is required. For this. the
interaction Tjjl:lm in A123 and Byp3is is included adiabatically slowly, and at # — —oo the
interaction between magons is assumed to be absent. To account for this we add a factor

of exp(I't) with I' < 1 to the right-hand sides of Egs.(4.20) and (4.21):

d
ihEJ123—h(a>2+w3—wl)le3 = Ajpzexp(I7), (4.28)
d
ih— G123 — (@) + @3 — 0 — 01) Gr123 = Briz exp(I1). (4.29)

The influence of this step on the solutions (4.26) and (4.27) we obtained before is

limited to the replacement

®;j— 0;+il. (4.30)
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Then, considering the discussion above, the solutions to Eqgs. (4.20) and (4.21) take the

form
Aj123
J123 = Cyexp[—i(@y+ w3 —w))1] =}, , (4.31)
; h(a)2+a)3—a)j—w1—ir)
Grizs = Cgexpli(or + )] B 432
= exp|—1 — @, — W)t — . .
k123 = CGexp[—i( + @3 — W — O] 7 (@ + @3 — o — ) — i)
To further simplify the solution we introduce notation
0=+ 0;— 0] —0; (4.33)
and use properties of complex numbers:
1 (0] i
= ) 4.34
o —il a)2+1“2+a)2+1“2 (434)
The expression in Eq. (4.31) can be simplifies considering that I’ < ®:
1 1 ir’
(4.35)

0T o o?il?
The fist term in Eq. (4.35) can not be simplified further, while the second one can
be simplified using an integral relation due to I" being a very small damping (I' < 1):
(o] F (o]
/—da) = /né(a))dw =, (4.36)

0> +12

—0Q —0Q

which makes the two expressions equivalent in integral way:

r
meaning
1 1
o a—kmé(a)) (4.38)

40



Using Eq. (4.38), the solutions (4.31) and (4.32) are transformed for the last time:

Aj123
J123 =Crexp[—i(wy+ @3 — @) 1] - Y
j h((’)Z + 03 — w;— (01) (4.39)
—iﬂZAj1235(w2+(D3 —0j— o),
J
G c i@yt Y Bii123
= Cgexp|[—i —w,—)t]—
— imB1236 (0 + 03 — ay — @),
where
Aj123 = Tipp3 [ (ny + 3+ 1) — mans)aj, (4.41)
Byioz = Ty | ((mg+1)(ny + 1)ngns —mgny (np + 1) (n3 + 1))
+ (—mpn3y+nin3+ninp+n—1) \ak\z
+ (—ngn3 + mgny + mna + ng ) lag |2 (4.42)
+ (—n3ny —n3 —mn3 +mgny ) |ag|?
+ (—npny —ny —mng +nyny) |a3|2} :
Equations (4.41) and (4.42) can be further simplified by using additional notation:
Aj123 = Tﬁ238123aj, (4.43)
Buon=T7 2 2 0103 — |as|? g3x1 — |az|? 4.44
1123 = T 03 ( fr123 +lakl” g123 + lar|” gko3 — laz|” g3k1 —laz|" 8okt ) » (4.44)
where
fr123 = (g +1)(ny + Dnpnz —mny (n + 1) (n3 + 1) (4.45)
gj1y =mmy —nj(n+ny+1) (4.46)
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Using notation from Eqs (4.43)-(4.46), solutions (4.39) and (4.40) can be written

as

123g123“1
J123 = Cyexp(—i(m + w3 — o)1) Z /
7oy —0j=o1) )

- iﬂZTﬁzgglzsajfs(wz + w3 -0 — )
j

Bi123
W+ w3 — o — o) (4.48)

Gii23 = Cexp[—i(my 4+ w3 — o — 1) 1] —

2 2 2 2
Ty (fk123 +lag|“ g123 +la1|” gkaz — laz|“ g3x1 —las| ngl) ,
Next, the substitution of Egs. (4.50) and (4.51) into Egs. (4.14) and (4.15),

respectively, yields

d 1
ih—ay = hayay + 5 Y Ti123Crexp (—i(@n + w3 — o)1)
123
1 Ti3T 5381234
- J (4.49)
1123 (w2+w3 W;j— (Dl)
T
—iz Y, TiioaT 1238123015((02+w3—wj—w1)
123
hd T {ZT C [—i (@ + e Bris
th—ny, = tm k123CGEXp [—1 (W + 03 — W — @1 )| —
dt 123 53 (0 + 3 — o — @)

: 2 2 2 2 2
—in Y | Tii03] (fk123‘|‘|ak| g123 + la1]” groz — laz|” g3k1 — las| g2k1> X
123 (4.50)

x&m+@—m—mﬁ

In Eq. (4.49) the second and the third terms must be considered as a part of nonlinear

frequency shift. Therefore, one needs to consider their ratio to the amplitude ay.
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Since Cj is arbitrary constant, we can set it to a, then

Gy
— Y Trozexp(—i(@y+ o3 —@y)t) = Y Triozexp (—i(@y + o3 — g — o)1), (4.51)
Ak 123 123
which is oscillating term unless @, + @3 = @ + W;:
Uy -y
— ) Tz exp(—i(wy + 03 — o)t Ti123A (0 + 3,00, + 0 (4.52)
ak 123 123 (0)2 03,0 l)

The third term in Eq. (4.49) after division by a; will have a factor of

exp (—i (0j— a)k)t) and the only non-oscillating terms would have @; = ay:

Ti123 T3, 11238123
h(w + o3 — 0 — o)

1 Tk1z3Tﬁ23g123 aj 1
_ Z — 5 ZZ

J123 (a)2+a)3 w;— (1)1 ag

wj,wk (453)

This allows us to introduce the frequency a),i with consideration of nonlinear shift:

1

=y, (4.54)

!/
@, = O,
k k+2

where € is:

Tk123T 1238123
Q=) T123Mwy+ 03,0+ 0) ~ (4.55)

;0
123 o+ o3 —o;— o) "Ik
It should be noted, that the first term in €, disappears if C; = 0.
In Eq. (4.50) only the first and the third terms contain imaginary part and,

therefore, contribute to the change in my:

d
i my = ilm [Z Ti123Cgexp[—i(m + w3 — ay — o) ]]
23

2 2 2 2 2 (4.56)
— 7Y | Tj123] (fk123+|ak| g123 +la1l” 823 — laz|” g3x1 — las3 gzm) X
i23

X 0(wy + w3 — o — @),
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From Eq. (4.53) it is seen that C describes the change of total population number
my when the system is at equilibrium, which contradicts itself, therefore C; = 0.
Now, the equations of motion for the average amplitude a; and the total population

number my, can be written down:

dak . T 2
—% = —iopa; + Py Y | Tii03l” 8123, (4.57)
dr 212 54

dmy T 2 2 2 2 2
DY 1, ( +la +la —|a —la > x
0 h2123‘ k1231 ( fr123 +lak|” g123 + la1]” gka3 — laz|” g3x1 — laz]” g2k 4.58)

X 6(wp + w3 — oy — wy).
Using kinetic equations for the average value a; and total population number m,
the kinetic equation for the population number 7y, is derived:

dny

T
2 2 2 2
di :h_ZZ | Tk123] <fk123+|al| 8k23 — laz|” g3x1 — las| gzk1> X

k123 (4.59)
X 8(an + 03 — 0 — @),
where the notation used is the same as before. This completes the system of kinetic

equations and the notations used:

T

dap . 2
= —iopag+ = Y, |Ta2sl” axg123 X 8 (0 + @3 — ay — y), (4.60)
dt 212 b
dy 7 2 2 2 2
— == ) |1 ( +|a —la —la ) X
” hz%’ 12317 (23 + a1 |” gras — laal” 8351 — laz|” g2x1 “46D)
X 8(w + 03 — o — @),
dm T 2 2 2 2 2
— == ) |T <f +lax|”g123 + |a1|” gx23 — laz|” g3k1 — 1a3|” 8 >><
7 hﬂ%‘ k12317 (fr123 +laxl” g123 +la1|” gro3 — lazl” g3x1 — laz|” g2x1 “4.62)

><5(602+(1)3—60k—601).
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1

o, = o+ 7% (4.63)
Tk123TT238123
Q=Y TiiaA - / Aw:.o (4.64)
1% (@23 0t o) ,%3 B + 03 — wj— @) %
81y = mny — nj(nl +ny+1) (4.65)
Jr123 = (ng +1)(ny + 1)ngnz —mgny (np +1)(n3 4 1) (4.66)

It should be noted, that in the case of completely incoherent magnons (ag = 0,
aj=0) Eq.(4.61) transforms into a standard 4-wave kinetic equation:

dny

1
T Y 1To1231% fo123. (4.67)

123
while Eq. (4.60) can be ignored completely. Hence, as expected, the equations derived are
backward compatible with the standard 4-wave kinetic equation.

4.2.2 Adaptation of general theory to the considered case

The next step is to adapt the theory developed in the previous subsection to the
specific case: interaction of rapidly cooling magnon gas with ILFM.

In the example considered, an isolated low-frequency mode interacts with a gas of
thermal (incoherent) magnons. The low-frequency mode is called isolated because it is
located below the spectrum of propagating spin waves, sometimes with quite significant
gap. Such modes are coherent and do not have a defined wavevector, hence, momentum
does not have to conserve in the interaction with other magnons.

The process of such interaction between ILFM and a magnon gas can be
considered as interaction between fully coherent magnon mode ¢ and fully non-coherent
modes ¢y, ¢ and c¢3. The frequency of the coherent mode @y, is considered to be already

nonlinearly shifted, because the frequencies observed in experiment are the ones already
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affected by nonlinear shift. In this case, the equations will be simplified to

T

da )
d_to = —iwpag + ﬁz | To1231* a0g123 % (@ + @3 — wp — o), (4.68)
123
dn T
d—to:ﬁZ\T0123|2f0123><5(602+(03—(00—601), (4.69)
123
dmy T 2 2
ke 7722 1 To123] <f0123 + lag| 8123> X 0(wp + 3 — wy — 7). (4.70)
123
gjiy =mny —nj(n +ny+1) (4.71)
fr123 = (g + 1) (ny + )ngnz —mgny (np + 1) (n3 + 1) (4.72)

With consideration of the notation used, the equation for population number nq of
an ILFM looks the same way as for interaction of incoherent magnon modes only, while
the total population number m( gets amplified with consideration of both coherency and
incoherency.It should be noted that kinetic equations for incoherent magnons interacting
with ILFM will include terms proportional to coherency of the ILFM.

From the equation for average amplitude a( one can see that the interaction
between ILFM and a magnon gas may lead to amplification of the average amplitude,
which is detectable in experiments. This allows to assume that amplification of an ILFM
interacting with a gas of thermal magnons is the coherent one.

4.2.3 Condition for amplification of a coherent mode

To analyze amplification of the coherent magnon mode interacting with a gas of

noncoherent magnons (thermal magnons), Eq. (4.60) can be rewritten as:

da

T
0 .
n— +ihajag = = ¥ |To123/> apg123 x 8(@ + @3 — oy — ;). (4.73)
1 2h &
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It is obvious, that average amplitude aq will be amplified if the right hand side is positive:

T

T Y T3 * axgias > 0. (4.74)

123

One can see, that the only value that could possibly be negative is g123, hence we analyze
it.

Let us assume that the modes ¢, ¢ and c3 correspond to noncoherent propagating
spin waves, while the amplified mode ¢ is a fully coherent mode. In general, there is no
simple way to describe population numbers 7; in a non-equilibrium state. However,
magnons in ferromagnet interact with each other faster than with phonons of the lattice.
Considering a long lifetime of magnons in YIG, one can assume that interaction between
magnons is much faster than with the lattice. Therefore, the gas of magnons can be
considered to be in quasi-equilibrium state with certain values of chemical potential y and
effective temperature 7" during the whole process of rapid cooling. Then, populations ny,
ny and n3 are determined by Bose-Einstein distribution in the assumption of

quasi-equilibrium magnon gas:

nj= (4.75)

where kp is the Boltzmann constant, it and T are the chemical potential and the effective
temperature of the magnon gas, respectively. The quasi-equilibrium state of magnon gas
also implies that we neglect the influence of the interaction between the magnon gas and

the isolated low-frequency mode on the population numbers n; of magnons in the gas.
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After introducing notation

ha)j—u
rj=exp T (4.76)
1
- 4.77
nj 1 4.77)
we can rewrite g73:
1 1 r3—l+rn—1+(r3—1)(rp—1)

8123 = - =
(rp—=1)(r3—1) r—1 (r3—=1)(ra—1)
rn—l—rm+l—rn+l-—rnr+rn+rn—1 (4.78)
a (ri=1D(r2=1)(r3—1) -

ry—nmr3

(=) (rn—1)(r3—1)

After converting values r; back to population numbers and exponents, we get

inequality

hop — u h(wy +@3) =21 . 470
ksT —exp kT >0, 4.79)

ninpny [ €Xp
which, with consideration of the energy conservation during the 4-magnon process

(o + @1 = » + m3), can be further simplified to

hop — U . haoy — p
kgT TP T

nnon3exp >0 (4.80)

While analyzing Eq. (4.80) one can notice, that population numbers n;, ny and n3 are
always positive. The sign of the factor in brackets, on the other hand, depends on the value

of the chemical potential of the magnon gas . To satisfy the inequality (4.80) one must

48



ensure that

hay — p
— 1 4.81
=P ( ka ) = ( )
which leads us to
u > hoy (4.82)

According to inequality (4.82), the coherent magnon mode will be amplified if the
chemical potential of the magnon gas p is greater than corresponding energy h@j, of the
coherent mode.

In the equilibrium state chemical potential of a magnon gas is zero (1 = 0),
therefore, the expression in parenthesis has positive value and the nonlinear damping I
is positive. However, if the chemical potential exceeds the magnon energy of the isolated
mode (U > hay), the noninear damping becomes negative, which leads to amplification of
an isolated low-frequency mode. Since the amplification condition is derived from the
equation for the average amplitude of ILFM, the resulting amplification of an isolated
low-frequency mode will be coherent. Also, the condition for coherent amplification
[ > hay does not depend on population numbers n; of the thermal magnons interacting
with the isolated low-frequency mode. This makes the amplification condition general and
the sum over different interactions in Eq. (4.74) does not introduce any additional effects.

4.2.4 Calculation of effective parameters of magnon gas

The assumption about magnons inside magnon gas interacting with each other
much faster than with lattice allows one to consider that magnon gas is in

quasi-equilibrium state. This allows one to use Bose-Einstein distribution for description
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of populations 7 of interacting magnon modes:

1
nj= : (4.83)
hwj— Hers
exp | —— | —1
kBTeff

where 71 is the Planck constant, ®; is the frequency of the j-th magnon mode, . ¢ and
T, ¢ are the effective chemical potential and the effective temperature of the magnons gas,
respectively.

The process of linearization of Eq. (4.83) yields

1+1—exp M0 besy (4.84)
n kBTeff .
1 ho n
In|-+1]= _ (4.85)
n kBTeff kBTeff

Eq. (4.85) resembles the equation of a straight line:
y=ax+b, (4.86)

in which case

h K
-y (4.87)
kpTerf kpTeyy

a

Using Eq. (??) one can easily find effective chemical potential p, s and
temperature 7, ¢ ¢ of magnon gas from the linear fit of the simulated or experimental data

points:

b akB
Uefr = —h;, Teff = T (4.88)

To verify the validity of quasi-equilibrium approximation, the data obtained from

numerical simulation has been analyzed. Fig. 4.2 shows time profiles of the lattice
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temperature used in the simulation and the population at the minimum of the magnon
spectrum. The peak of the population of magnons is due to rapid cooling of the magnon
gas. We then look at the validity of the assumption at different times. We do not check
validity of the assumption at initial heating temperature because system is literally in
equilibrium. Parameters used for the test are: simulation period of 10 ns, cooling
temperature 7 = 288 k and the heating temperature 7}, = 431.4 K, cooling time 1 ns.

On the Fig. 4.3 one can see the linearized data in the assumption of Bose-Esintein
distribution. The x-intercept allows us to find the effective chemical potential i, s ¢, and
the slope of the line is connected to the effective temperature of the magnon gas T ¢ . As
one can see, the linearized simulation data is very well fit with with a straight line, which
means that the validity of the assumption on the quasi-equilibrium magnon distribution is
successfully verified.

On Fig. 4.4 one can see distribution of population of magnons over frequencies for
different time after the start of rapid cooling: #; = ns, fp = ns, and 3 = ns. Dots
correspond to the simulated data and solid lines correspond to curve fits using
Bose-Einstein distribution. The population profiles shown agree with the change in time
of the lowest magnon mode population shown on Fig.1. By using this fitting we easily
obtain time profiles of the magnon gas temperature 7, r¢ and its chemical potential [, ¢ .
The time profiles of 7, s and U, s are shown on Fig. 4.5. As one can see, while the
temperature of the magnon gas gradually decrease in time, the chemical potential
experiences increase due to rapid cooling of the magnon gas.

4.3 Results

The process of coherent amplification of an isolated low-frequency mode was
analyzed for the case of a particular isolated low-frequency mode. Different kinds of
isolated low-frequency modes (ILFM) include a gyrotropic mode [28], [29], an edge mode

[30] and a nonlinear bullet mode (references). The edge mode is localized at the edge of
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the magnetic sample [30] while BEC of magnons is usually created in the middle of the
sample, which makes the interaction between two negligible. In contrary to an edge mode,
a nonlinear bullet mode can be excited in the area where BEC is created. However, a
nonlinear bullet mode has strongly nonlinear damping which complicates the theoretical
analysis and the search of reasonable simulation parameters. Therefore, we decided to
focus on a gyrotropic mode. The gyrotropic mode has a linear damping and its power is
directly related to the radius of the vortex core precession.

To demonstrate the process of coherent amplification of a gyrotropic mode,
numerical simulations have been performed in Wolfram Mathematica using a model first
proposed in [27]. The model was adapted to account for coherence of a gyrotropic mode
as described in the previous section. An example simulation was done for the cooling
temperature of 7z = 288 K and the heating temperature of 7;, = 431.4 K, same as in [27].
The simulated process consists of 30 ns of heating to the temperature 7;, and rapid cooling
of the sample down to 7; in the cooling time of 1 ns. The initial populations of magnons
in YIG were set using Bose-Einstein distribution with 7 = T; and u = 0. The gyrotropic
mode, in contrary to incoherent thermal magnons, has a non-zero average amplitude ag. In
general, the incoherent component can be present as well, however, unlike thermal
magnons the gyrotropic mode is absent at equilibrium and has to be excited in coherent
way. Thus, the corresponding noncoherent population n of the gyrotropic mode at the
start of the simulation was set to 0: no(t = 0) = 0. The average amplitude of a gyrotropic
mode, on the other hand, is non-zero at t = 0 ns (the mode is considered to be excited
previously), and, on practice, depends on the radius of the vortex core precession. The
radius of the vortex core precession is proportional to the power of the gyrotropic mode.
It, however, would also depends on the effective mass of the vortex core which is
unknown. Therefore, in simulations the average amplitude of the gyrotropic mode ag was

a manually set parameter rather than a calculated one. The initial value of ag was set at the
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start of simulation and then the gyrotropic mode was allowed to decay in time due to its
natural damping and interaction with the meagnon gas. The results of the simulation -
temporal profiles of the magnon population at the spectral minimum (® = @,,;,) and
lattice temperature - are shown on Fig. 4.6. Here we observe accumulation of
low-frequency magnons in YIG due to rapid cooling of the sample.

The simulation data have been used to verify the assumption about magnon gas
being in quasi-equilibrium state. The linearized population data is very well fit by a linear
depedence at the frequency range from f,;, = 5.3 GHz to at least 14 GHz. The reason we
do not verify the requirement for very high frequencies is because the gyrotropic mode
interacts mainly with magnons at the bottom of the spectrum, so the influence of
high-frequency magnons is negligible. Also, during the process of rapid cooling
high-frequency magnons have rather low population compared to the low-frequency ones.
These factors allow us to consider the state of the magnon gas as quasi-equilibrium.

Using the linearized magnon population data we found how the chemical potential
and the temperature of the magnon gas change in time. These results are shown on
Fig. 4.7 (solid lines), along with the lines that mark minimum frequency of magnons in
the gas and the frequency of the gyrotropic mode (dashed lines). As one can see, in a
certain time interval the chemical potential of the magnon gas u exceeds the energy of the
gyrotropic mode magnons /@y. The influence of rapid cooling on the average amplitude
aq of the gyrotropic mode is shown on Fig. 4.8. It is easy to notice the increase of average
amplitude aq soon after the start of rapid cooling, which is expected according to
amplification condition y > iy and results shown on Fig. 4.7. The amplification is a
continuous process in a time interval defined by lifetime of BEC of magnons in FM
sample, after which the gyrotropic mode continues its exponential decay due to natural

damping.
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After confirming presence of amplification we quantified the amplification effect
by calculating the amplification gain as a ratio of an amplified mode amplitude to the
nonamplified one. The analytical expression for the total amplification gain can be derived

from (4.68) and has the form:
Amplification — exp [ — [ (T — (€@ 4 4.8
plification = exp o Ui ol t (4.89)

where I'[§ is the the nonlinear damping when the rapid cooling is performed and Ffﬁq) is
the nonlinear damping due to interaction between the isolated low frequency mode and
thermal magnons at a constant temperature. The integration in Eq. (??) is done over the
period of time during which the interaction between the gyrotropic mode and the magnons
gas is considered, in this case - from the start of simulation at time ¢ = 0.

The simulation starts from equilibrium state either at cooling temperature 7; (to
simulate the amplitude decay at equilibrium) with a 20 ns waiting time after which a 60 ns
heating pulse is applied with the cut-off time (cooling time) of 1 ns. The amplification of
an ILFM is a continuous process of certain duration. To account for change of average
amplitude of ILFM a( during the hating phase and active interaction between magnon gas
and ILFM riht after rapid cooling, the amplification factor was measured far from the
moment of rapid cooling, which was ensured by the total simulation duration of 300 ns.

To evaluate the validity of the quasi-equilibrium approximation, the amplification
gain has been calculated using both simulated data and Eq. (4.89). The comparison of the
results obtained is depicted on Fig 4.9 as a plot of the amplification gain versus the heating
temperature 7,. The amplification increases with the increase of heating temperature,
which is expected as the negative damping I,; is proportional to populations of magnons
in the gas, which increase with the increase of the heating temperature 7;,. Total
amplification is also increased by the increase of the time period when chemical potential

exceeds the energy of the gyrotropic mode magnons. Closer to 7, = 420 K calculated data
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has a sign of saturation of the amplification gain. This is due to the fact that during the
heating period the interaction between the magnon gas and a gyrotropic mode leads to
decrease of average amplitude of the latter, which becomes quite significant at high
heating temperatures. At certain heating temperature the decrease becomes comparable
with the increase of average amplitude due to the amplification effect, which limits the
amplification gain and leads to its decrease at further increase of heating temperature 7j,.
Simulations performed for heating temperatures 7}, above 420 K show the same effect.
From Fig. 4.9 one can also see that amplification factor decreases with the decrease of
heating temperature. If there is no heating pulse applied, the amplification factor is equal
1, which means absence of amplification, which is expected.

Although The values of total amplification gain found in simulated data and theory
are in qualitative agreement, the discrepancy between amplification factors found by
different methods increases with the increase of heating temperature 7;, This is due to
greater change of temperature during rapid cooling, thus, making the transition process
less close to quasi-equilibrium. This also means that at very high heating temperatures 7,
the assumption of quasi-equilibrium magnon gas may not be applicable.

4.4 Conclusion

The effect of amplification of an isolated low-frequency mode (ILFM)
demonstrated here for the particular case of a gyrotropic mode with a linear damping can
be generalized for for the case of arbitrary ILFM, because it will only change the damping
function and influence the interaction efficiency.

The thermal coherent amplification effect described is supported by the recent
experiments [31] regards the interaction of the rapidly cooling magnon gas with the
nonlinear bullet mode. Indeed, depending on the temperature a magnon gas was heated to
by an electric pulse passing through the sample, the bullet mode lifetime was either short

or significantly prolonged.
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Another interesting previously reported effect [32] is the amplification of the
propagating spin wave. Although amplification of propagating spin waves is not possible
in the model presented here because chemical potential of a magnon gas u never exceeds
the minimum energy of a spectrum of propagating spin waves, it still might have similar
cause. It worth noting that here it is assumed that in the process of rapid cooling a magnon
gas is always in quasi-equilibrium. This is not fully true as in the process of
thermalization the gas is never in full equilibrium. However, the explanation of
propagating spin wave amplification involves some local (in terms of energy of magnons)
equilibrium leading to effective chemical potential of some parts of a magnon gas

exceeding the energy level of a propagating spin wave [32].
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Figure 4.2: The time profile of the lattice temperature used in simulation and the population
number n for the lowest magnon mode of the magnon gas.The step-like temperature
dependence imitates the process of rapid cooling of the sample. Local in time increase
of the magnon population illustrates the accumulation of magnkons at the bottom of the
spin wave spectrum.
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Figure 4.3: Demonstration of the fitting procedure for dependence of magnon population
n on the magnon frequency f in the assumption of quasi-equilibrium magnon distribution
for different time after the start of rapid cooling: | = ns, , = ns, and #3 = ns. Data points
represent the linearized result of simulation, and the solid lines represent the linear fit of
the data. The data points literally lie on the fitting straight line, which confirms the validity
of the assumption.
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Figure 4.4: The distribution of the population number of magnons over frequencies
at different times after the start of rapid cooling. Data points represent the simulated
population distribution, and the solid lines represent the population numbers expected in
the case of quasi-equilibrium magnon gas (Bose-Einstein distribution). The data points and
the corresponding curves coincide, which confirms the validity of the assumption.
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Figure 4.5: The time profiles of the effective parameters of the magnons gas, obtained
from the simulated data using the linearization procedure described above.
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Figure 4.6: The population of magnons at the minimum energy h®,,;, of propagating
magnons (blue line) and the lattice temperature (orange line) as a function of time after
the start of rapid cooling.
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Figure 4.7: The change in time of effective chemical potential u (blue line) and effective
temperature 7 (blue line) of rapidly cooling magnon gas. Horizontal axis shows the time
passed since the start of rapid cooling.
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and without (blue line) rapid cooling. The time scale represents the time since the start of
simulation, and the orange area represents the period when a heating pulse was applied.
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Figure 4.9: Dependence of amplification gain on the heating temperature calculated using
amplitudes from the simulated data directly (blue dots) and using Eq. (4.89) (orange dots).
The results obtained in two ways are qualitatively the same and show that the amplification
factor increases with the increase of heating temperature.
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CHAPTER FIVE

BOSE-EINSTEIN CONDENSATION OF RAPIDLY COOLING MAGNONS GAS IN
ANTIFERROMAGNETS

This chapter discusses the possibility of creating Bose-Einstein Condensate (BEC)
of magnons in Antiferromagnetic (AFM) materials using method of rapid cooling.
Typically, this method is used for formation of a magnonic BEC only in Ferromagnetic
(FM) crystals. Here application of the same method to an unbiased AFM film is analyzed
in theory. Then, series of simulations is performed considering the sample made of NIO
with Antiferromagnetic Resonance (AFMR) frequency of the lower branch of the magnon
spectrum of around 0.2 THz [33], [34]. NiO is a room temperature antiferromagnetic
insulator with biaxial, or easy-plane, anisotropy. It has two distinct AFMR frequencies
and, therefore, two distinct branches of AFM magnons. Thus, the AFM magnonic
branches are not equally populated, and cannot compensate each other. NiO has two
magnonic eigenmodes, and both of them demonstrate elliptical precession which gives
rise to an oscillating magnetization component [33]. This oscillating component ensures
generation of oscillating dipolar field, and, therefore, results in the terahertz frequency
radiation.

The results discussed in this chapter were previously presented in conference
presentations [15], [16], [17] and invited talk [18].

5.1 Theoretical description of non-equilibrium magnon gas dynamics

The spectrum of magnons in AFM materials consists of two branches due to the

fact that AFM has two magnetic sublattices. The dispersion relation for each branch can

o =/ OF + 22 (5.1)

be written as:
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where @ is the AFMR frequency (gap in the AFM magnon spectrum) and c is the
limiting (at k — o0) speed of the AFM magnons. For easy-plane antiferromagnets, like
NiO, the magnon gaps @ in the two magnon branches significantly differ (several
hundred GHz vs a few THz). For the processes considered in this work only the lower
magnon branch, which has a higher thermal magnon population and may undergo
Bose-Einstein condensation, is important.

A traditional way to describe interaction between magnons in a magnonic gas is by

using kinetic equation for magnon population numbers ny = ny(¢) [35]:

dni
dt

= 2Ty (m — ) + G (52)
The first term in the right-hand side of this equation describes magnon-lattice interaction,
while the second term — interactions within the magnonic subsystem. Here I'y = (g @ is
the magnon damping rate due to the magnon-lattice interaction, (0, is the dimensionless
Gilbert damping parameter) and nl((o) is the Bose-Einstein thermal equilibrium distribution
at the lattice temperature and zero chemical potential. G in Eq. (5.2) describes
interaction between magnons via a 4-magnon scattering processes, and can be written as:

Gk=)_ }Tk1,23’2fk1,237 (5.3)
123

where sum is taken over all possible combinations of magnons satisfying energy

(0 +01 =y + w3, 0] = a)kl) and momentum (k 4+ k; = ky +Kk3) conservation laws.
Tx1 23 is the 4-magnon interaction coefficient independent of magnon population, and the
term fiq 23 describes dependence of the 4-magnon scattering on the population of

magnon states (see Eq. (2.1.29a) on p. 71 in [35]:

Jx123 = (g +1)(ng + 1)ngng —ngng(ny +1)(n3 + 1). (5.4)
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The model Eq. (5.2) may be used to analyze non-equilibrium magnon dynamics
during processes of heating and cooling. In this case, the equilibrium Bose-Einstein
distribution nl((o) is determined by the instantaneous lattice temperature 7;(z), thus leading
to the explicit time dependence of the model Eq. (5.2) and development of
non-equilibrium time-dependent magnon states n (7).

Direct analysis of Eqgs. (5.2)-(5.4) is difficult because one needs to consider all the
possible interactions contributing to the population of magnons ny to find the interaction
term Gy, and, with account of momentum and energy conservation laws, the summation
in Eq.(5.3) becomes a five-dimensional sum. Thus, direct numerical simulations of the
model Egs. (5.2)-(5.4) is unfeasible at the present time, and one has to employ certain
approximate methods to analyze nonlinear magnon-magnon interactions involving the
whole thermally excited spectrum of magnons.

The estimated magnon-magnon relaxation rate for NiO is I, = 6.9- 108 1/s at the
bottom of the spectrum at room temperature and rapidly increases with the increase of
magnon frequency (o< a)4) and temperature (o< T35 ), see (4.11) in [36]. This value is close
to the observed AFMR linewidth in high quality NiO samples with oG ~ 10~%. Thus, we
may assume that the magnon-magnon interaction is a dominant process in relaxation of
room-temperature magnon gas containing magnons frequencies up to
fr = kT /h ~ 6 THz. Respectively, we shall assume that the magnon-magnon term Gy, in
Eq. (5.2) is much stronger than the magnon-lattice interaction described by I';, rate, and
employ two-time model in which fast time scale is related to the intrinsic magnon
dynamics (Gy), while the slow time scale describes magnon-lattice interaction (I'y).

One can assume that the magnon-magnon interaction is so fast compared to the
magnon-lattice interaction, that the magnon distribution ny is very close to internal

equilibrium (quasi-equilibrium state). This quasi-equilibrium state can be approximately
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described by the standard Bose-Einstein distribution:

1
ni = no(ox, T, 1) = : (5.5)
hoy —
kgT

exp —1

where kg is the Boltzmann constant and 7 is the reduced Planck constant (7 = h/(27)).
The quasi-equilibrium approximation also implies that the magnon temperature 7 may
differ from the lattice temperature 7}, and magnon chemical potential (t may be non-zero.

The magnon-magnon scattering processes Eq. (5.3) conserve the particle density

N(T.w) = [ no(@,T,p)D(0)de (5.60
@
and the energy density
E(T,u) = hong(o,T,u)D(w)dw (5.6b)
20

of the magnon gas.
Here D(w) is the density of magnonic states determined by the dispersion relation
of the AFM magnons Eq. (5.1). The dependence of the density of states D(®) on the

magnon spectrum is implicit and has the form

a [ i
DE)==—=|— 5.7
where E = hw is the magnon energy. From Eq. (5.1) one can extract the dependence k(E):
2
1 E
kE)y=—/|=] —1 5.8
®=/(5) -1 58)

where Eq = hay is the minimum energy of the AFM magnon spectrum.

By substituting Eq. (5.8) into Eq. (5.7) and simplifying the expression we get

0’ — o, (5.9)



It should be noted, that densities of states D(®) and D(E) are equivalent and the variable
chosen (either angular frequency @ or magnon energy E) only affects the parameter over
which integration in Egs. (??) and (5.6b) is done. In numerical simulation, calculations
was done using dimensionless parameters, which removes the need of choosing one
variable over another one.

The particle N and energy E densities vary on the slow time scale due to the
magnon-lattice interactions. Using the kinetic equations Eq. (5.2), the rate of change of

these quantities can be found as:

dN °
— = —2aG/ ou(w)D(w)do, (5.10a)
dt ap

dE il

== 205 | ho*u(w)D(w)do, (5.10b)

where u(®) is the excess of the magnon population over the lattice equilibrium value:
u(w) =ny(w,T,u) —ny(w,T,0). (5.11)

Equations (5.10) together with Egs. (5.6) form a system of implicit differential equations
for the magnon gas temperature 7" and chemical potential p. It should be noted, that rate
equations (5.10) do not contain the term describing magnon-magnon scattering, because
four-wave magnon-magnon scattering processes conserve the particle density N and the
energy density E. Various magnon processes may be studied by using different time
dependencies of the lattice temperature 7;(¢). This model can also be easily generalized to
study interaction of a magnon gas with a thermal bath at a non-zero chemical potential
(e.g., contact of a magnetic sample with a normal metal having a non-zero spin
accumulation).

The above presented model is applicable only below the threshold of the

Bose-Einstein condensation (BEC) (1 < hay). Above this threshold (1 = hay), Egs. (5.6)
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should be replaced with:
N = / no(T,hayy, ®)D(®)do + Nggc , (5.12a)
o

E= [ hony(T,hwy,®)D(®)do+ hogNggc, (5.12b)
@

where Nggc is the BEC density. A similar modifications are also required for Egs. (5.10):

— =-20g U(; ou(w)D(w)do + a)ONBEC] , (5.13a)

oo

hou(®)D(w)do + hw&NBEC} , (5.13b)

where u(®) should be evaluated at u = hay,.

To describe both sub-critical (1 < hwg, Nggc = 0) and super-critical (1 = hay,
Nggc > 0) regimes in the same simulation, it is more convenient to use N and E as
primary dynamical parameters of the magnon gas, and treat 7', , and Nggc as functions
of N and E (implicitly defined by Eqgs. (5.6) and (5.12)). This approach is used in the
current work.

5.2 Results and discussion

Based on the presented above approach, a series of numerical simulations have
been performed in Wolfram Mathemaica. In simulations, nickel oxide (NiO) was used as
an AFM material. While the intrinsic Gilbert damping of NiO is around 6 x 1074 [34] and
varies slightly depending on the sample being made of mono- or polycrystalline NiO [37],
its extrinsic damping can be one order higher due to influence of the experimental
environment [34]. The high quality of the used antiferromagnetic sample (caused by its
monocrystalline structure) is an important pre-condition for the formation of the BEC of
AFM magnons, because the presence of disorder in the atomic structure of the AFM

sample will lead to the increase of damping, and will negatively impact the creation of the
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Table 5.1: Material parameters of NiO used in simulations.

Parameter Description Simulation value
H. Exchange field 9684 T
Hax in-plane anisotropy field 635 mT
Hy, out-of-plane anisotropy field 11 mT
a lattice parameter 4177 A

AFM BEC. In the simulations, the value oG = 1.5 X 1073 for the Gilbert damping of NiO
has been used to account for possible increase of damping.

To evaluate AFM spectrum and density of states numerically, parameter ¢ in
Eq. (5.1) has been calculated using material parameters of NiO. Considering the
expression for lower branch of NiO spectrum in [33], the value of parameter ¢ can be

calculated as

- (%yHE,>2 (5.14)

where q is the lattice parameter of NiO, ¥ is the gyromagnetic ratio, and HE is the
magnitude of the exchange field of NiO. The numerical values of material parameters
used to calculate the minimum frequency of the AFM magnon spectrum and parameter ¢
are shown in the Table 5.1.

NiO has bi-axial anisotropy, which means that the two branches of AFM magnon
spectrum have different minimum frequencies (0.21 THz and 1.1 THz). The density of
states Eq. (5.1), which we used in our simulations, describes only one AFM magnon
branch (branch with lower AFMR frequency wg/(27) = 0.21 THz). The higher magnon

branch is not important for the process of rapid cooling of magnon gas and formation of
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magnon BEC since its gap frequency is several times higher, which justifies our
simplifying approximation.

The process of rapid cooling of magnon gas is very sensitive to the rate of change
of the lattice temperature 7;(¢). For slow, quasi-static changes of 7j(¢) the magnons
thermodynamic parameters 7'(¢) and p(¢) will follow instantaneous values of the
corresponding lattice parameters. In such a case, obviously, t(z) = 0, and no
condensation of magnons is possible.

During the process of rapid cooling the way temperature decreases may be as
important as the cooling time. In a simplest case one could utilize linear cooling when
during the cooling time the lattice temperature drops from the heating temperature to the
cooling temperature in a linear way. However, typically no transition process in nature
happens in such a way. Considering that magnon related processes in AFM happen on
much shorter timescale than in FM, the cooling should be implemented in a nonlinear
way. In simulations presented here, a simple exponential formula has been used to

describe the change of lattice temperature 1j:

Ti(t) :TC+(Th—TC)exp<—%). (5.15)

Here 7}, is the initial temperature of the lattice before the cooling starts (heating
temperature), 7¢ is the equilibrium temperature after cooling at t — oo (cooling
temperature), and 7 is the cooling time of the lattice. The visualization of the cooling
process is depicted in Fig. 5.1.

The system of differential equations (5.6) is not easy to solve numerically because
the right hand side does not depend on the total magnon density N and total magnon
energy density E explicitly. Instead, the integral in the right hand side depends on
effective temperature 7' and chemical potential u of the AFM magnon gas. The way to

solve this problem is to pre-calculate the value of the integral for all possible values of

70



T- cooling time

Temperature

Figure 5.1: Visulization of exponential change of temperature during the rapid cooling of
AFM. The solid blue line shows the temporal profile of the lattice temperature 77, while
the horizontal dashed lines show the levels of heating temperature 7}, and the cooling
temperature 7, and the arrows mark the cooling time 7.

temperature 7 and chemical potential ¢, which then allows one to make a connection
between the integral and parameters N and E since they also depend on 7" and u. This
way, although the equations are written for the total magnon density N and total magnon
energy density E, temperature and chemical potential of the magnon gas act as
intermediate variables in the solution process.

Fig. 5.2 shows examples of temporal profiles of magnon temperature 7 () and
chemical potential pi(r) during the rapid cooling process for different lattice cooling times
7. As one can see, the magnon temperature 7'(¢) only slightly deviates from the
instantaneous lattice temperature 7j(¢), with maximum deviation being of the order of 1 K
for the shortest cooling time 7 = 0.12 ns.

The magnon chemical potential, on the other hand, shows strong dependence on
the cooling time 7. It rapidly increases during the first ~ 0.02 ns of the rapid cooling, after

which it relatively slowly decays to the thermodynamically equilibrium value u = 0. The
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Figure 5.2: Temporal profiles of temperature (panels (a)-(c)) and chemical potential (panels
(d)-(f)) of the magnon gas in the process of rapid cooling for different lattice cooling times
7. The red solid lines in (a)-(c) show the difference between the magnon 7'(¢) and lattice
Ti(t) temperatures (right scale). The horizontal dashed lines in (d)-(f) mark the maximum

possible chemical potential of magnons u = hay. Heating temperature 7, = 400 K, cooling
temperature 7 = 288 K.

maximum value of the chemical potential strongly depends on the cooling time 7, and it
reaches magnon gap energy U = hayy for the cooling time 7 = 0.12 ns. In this case, AFM
magnon BEC at the frequency @ = @y is formed. It is interesting to note, that the
temperature difference 7'(r) — 7;(z) demonstrates a kink at the point of BEC formation
(see panel (c) in Fig. 5.2), which is indicative of the second-order phase transition in the
magnon gas, associated with the change of its heat capacity.

The process of BEC formation in rapid cooling is further illustrated by Fig. 5.3,
where we show temporal dependencies of the magnon chemical potential 4 and BEC

density (as percentage of the total magnon density) for different cooling times. As one can
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see, by speeding up the cooling process one can increase both the duration of the BEC
pulse and its peak magnitude. The maximum BEC fraction may reach significant values of
several percents of total magnon population if a sufficiently fast cooling (7 ~ 0.05 ns) is
provided.

The duration of the BEC pulse and its peak magnitude depend not only on the
cooling time 7, but also on the cooling 7; and heating 7}, temperatures. These
dependencies are illustrated by Fig. 5.4 and Fig. 5.5.

From Fig. 5.4 one can see that the increase of heating temperature 7, leads to an
increase of the BEC pulse duration. The duration of BEc pulse nonlinearly depends on the
cooling time and has a certain critical cooling time 7. below which the duration is zero,
meaning, the cooling of the sample is not rapid enough and BEC of magnons does not
form. The vertical black dashed line on Fig. 5.4 marks the cooling time 7 = 0.13 ns. This
example illustrates important connection between critical cooling time 7., and the heating
temperature 7;: at the heating temperature 7;, = 400 k the cooling time 7 = 0.13 ns is
enough for AFM magnon BEC to form, while at heating temperature 7;, = 380 K the
cooling time 7 = 0.13 ns is not enough for AFM magnon BEC formation.

In Fig. 5.5 the BEC pulse magnitude is characterized by the peak energy density
EBgc = hawgNggc rather than BEC density fraction used in Fig. 5.3, because the peak
energy density is a convenient parameter to use in practical applications of the AFM BEC
as a source of the sub-THz-frequency radiation. For example, one can use the peak energy
density Eggc to estimate the peak power of the sub-THz-frequency radiation extracted
from the AFM magnon BEC.

As expected, the heating temperature 7, has a positive correlation with both the
peak energy and duration of the BEC pulse. As one can see from Fig. 5.4, it is possible to
achieve BEC energy density of the order of 1kJ/m3. This number allows one to estimate

the maximum power Pggc = 21 EggcVarMm of sub-THz radiation that can be extracted
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from the AFM BEC source. Here I’} is the rate of radiative losses of the magnon BEC into
external circuit or antenna, and Vg is the volume of the AFM sample. Assuming that
the AFM sample is a 5 nm thick NiO film with 100 gm x 100 um lateral sizes and BEC
radiative losses are 'y ~ ag oy ~ Ins~1, the peak sub-THz power extracted from the
BEC may reach 0.1 mW. This power can be increased by using, for example, the
phenomenon of mutual synchronization in an array of AFM samples undergoing
simultaneous rapid cooling. The typical duration of the sub-THz pulse for NiO is of the
order of 0.1 ns, which should be sufficient for many practical applications.

Another important thing illustrated by the Fig. 5.4 and Fig. 5.5 is the threshold
nature of the BEC formation, which is expected since the criterion of the chemical
potential of the magnon gas reaching the spectral gap value is the threshold itself. It
means that there is a certain critical cooling time 7 required to achieve BEC
condensation of magnons during rapid cooling of an AFM sample.

The dependence of the critical cooling time 7., on the heating 7}, and cooling 7¢
temperatures is illustrated by Fig. 5.6: each line in this figure has been calculated for
constant temperature difference 7, — 7¢. As one can see, the critical cooling time Ty
rapidly increases with the decrease of the cooling temperature 7, meaning that working at
lower T; relaxes the conditions for magnon BEC formation. In particular, critical cooling
time at liquid nitrogen temperature (77 K) is about three times longer than at the room
temperature (288 K).

5.3 Conclusion

Thermal heating, and subsequent rapid cooling of an AFM sample can form a
magnon BEC state and generate a short radio-pulse of a sub-THz carrier frequency with
the duration of about 0.1 ns and peak power reaching 0.1 mW. The cooling times required
for this process are rather short (7 ~ 0.1 ns for NiO at room temperature), but can be

substantially increased by using cryogenic cooling temperatures. This effect may find
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practical applications in the development of compact sources of coherent

sub-THz-frequency radiation.
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Figure 5.3: Temporal profiles of the chemical potential of the magnons gas (blue lines,
left axis) and the BEC fraction relative to the total magnon density (black lines, right axis)
for different cooling times 7. The horizontal dashed line marks the level of the minimum
energy of magnons.
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heating temperatures 7}, and the cooling temperature of 7; = 288 K.
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CHAPTER SIX

CONCLUSIONS

Bose-Esintein condensation of magnons is a collective phenomenon which can be
observed as spontaneous significant accumulation of magnons at the bottom of the
spectrum due to transfer of magnons to the same quantum state. The BEC formed
possesses dynamic properties, related to propagation of the BEC magnon density. It also
exhibits nonlinear properties manifesting themselves through stability of BEC due to
interaction between magnons in BEC, as well as interaction of BEC with other magnetic
excitations present in the considered sample.

In the first study (Chapter 3), anisotropic nature of dynamic properties of BEC is
analyzed and a simple way to describe them is proposed. The wave-particle duality of
magnons is discussed through a similarity between a magnon in a film sample and a
particle in an infinite potential well. For a complete picture, nonlinear properties of BEC
are investigated with taking into account peculiarities of magnon modes at the bottom of
the spectrum. The results obtained confirm the nature of BEC stability and suggest the the
dependence on th geometric parameters of the sample. The final results are presented in
an easy to analyze form and can be used for quick estimations.

The nonlinear properties of magnons are further discussed in more detail (Chapter
4) when an interaction between rapidly cooling magnons gas and an isolated
low-frequency mode is investigated. The changes in the magnon gas in the process of
BEC formation are illustrated and their possible influence on an isolated low-frequency
mode is analyzed in theory and through numerical simulation of the interaction.

Coherency of interacting mangons modes is discussed and it is shown that the

79



low-frequency mode undergoes coherent amplification despite the interaction with
thermal (incoherent magnons).

The third study (Chapter 5) is dedicated to generalization of the method of rapid
cooling and analyzes its applicability in the case of a sample made of AFM material. A
model for description of temporal evolution of the magnon gas is presented and is used to
establish conditions required for BEC formation. The influence of parameters of the rapid
cooling procedure on the BEC formation is analyzed. According to the findings, the BEC
created this way may be suitable for practical applications in the area of sub-THz devices,
specifically, for generation of ultra-short sub-THz frequency pulses.

The results obtained show a different point of view on some of the known
properties of magnon BEC and create a path to new areas of research. The theoretical
work presented in the dissertation provides tools for description and analysis of new
phenomena related to BEC formation in the magnon gas, in both FM and AFM materials.
The numerical simulation provided data helps to understand known BEC-related
phenomena and suggests new practical applications for magnon BEC and their practical

realization.
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