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PREFACE
This thesis was undertaken in partial completion of Master of Science degree in
Artificial Intelligence at Oakland University. It is concerned with enhancing the accuracy
of retinal vessel graph representations obtained using medical images by trying to
overcome the structural inaccuracies that may arise as graphs are built using vessel

segmentation.

Retinal vessel graphs are valuable for vascular analysis, but extracted graphs often
contain topological inconsistencies such as broken vessels, incorrect connections, and
ambiguous junctions. These errors can reduce the reliability of graph-based analysis and

limit downstream clinical applications.

To address this problem, this thesis suggests a graph neural network-based model
of detecting and fixing structural errors in retinal vessel graphs. To simulate typical
topological errors, controlled perturbations are introduced and allow a systematic test of
the suggested approach. The idea is to enhance robustness and reliability of the vessel graph

representations in biomedical image analysis.

This research was carried out during my graduate studies at Oakland University
under the guidance of Dr. Guangzhi Qu. Through this work, I developed a strong interest
in research and innovation in artificial intelligence, and I anticipate that I will further
expand on this experience with future academic opportunities, such as pursuing a doctoral

degree.
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ABSTRACT
TOPOLOGY-AWARE CORRECTION OF RETINAL VESSEL GRAPHS USING

GRAPH NEURAL NETWORKS

by
Fatima Mohamad Omar Kssayrawi

Adviser: Dr. Guangzhi Qu

Vessel graphs are commonly used to study the structure of retinal vessels, but
graphs obtained from vessel segmentation often contain topology errors, including broken
vessels and spurious connections. These errors arise from limitations in pixel-level

processing and negatively impact graph-based analysis.

Our work addresses this problem by formulating topology correction as a graph-level
learning task. We represent connectivity errors as missing or incorrect edges and correct
them through a candidate edge prediction task. A perturbation framework is introduced to

simulate realistic structural errors, enabling supervised learning across various scenarios.

A graph neural network is used to encode both the geometry and the graph structure of the
vessels, enabling the prediction of valid vessel connections. Experimental results show that
this approach improves the structural consistency of vessel graphs and enhances the

accuracy of connectivity modeling.
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CHAPTER ONE
INTRODUCTION

1.1.  Background on Retinal Vessel Analysis

Retinal imaging provides detailed information about vascular structure and is widely used
for analyzing diseases such as diabetic retinopathy and cardiovascular conditions. The
retinal vasculature forms a complex network of blood vessels whose structure reflects both
ocular and systemic vascular conditions. Retinal vessel morphology analysis has therefore
become a significant area of research in medical image analysis and computer-aided
diagnosis systems [1]. Recent developments in deep learning have made a great
contribution to automated retinal vessel segmentation. Convolutional neural networks
(CNNSs) can locate vessels in fundus images and produce binary vessel masks that reflect

the location of vessels at the pixel scale [2], [3].

However, segmentation does not explicitly describe the structure of the vascular network.
Numerous clinical and computational studies need to know about the connectivity of
vessels, branching structures, and junction structures. Segmented vessels are often
transformed into graph representations to perform this type of analysis [4]. Graph
representations provide a structured model of the vascular network; however, it remains
difficult to construct reliable vessel graphs. The topological inconsistencies in the extracted
graph can be caused by errors inserted during segmentation or skeletonization, which can

produce incorrect vessel connections or missing vessel segments.



1.2.  Importance of Vascular Topology in Retinal Analysis

The vascular topology of the retina provides diagnostic information that depends on
accurate vessel connectivity, branching, and junction structures [5]. The vascular network
of the retina can be analyzed more effectively using graph theory to model these structural
properties. In a graphical view, this corresponds to nodes such as endpoints, bifurcations,
and junctions, and edges representing segments between nodes. This supports disease
detection and tracking through topology-based analysis and the extraction of quantitative
biomarkers. However, such analysis is useful only when the extracted graph is accurate.

Otherwise, mistakes made during graph construction would affect vessel connectivity.

1.3.  Challenges in Vessel Topology Extraction

Although the quality of the results obtained by retinal vessel segmentation is high, it has
proved challenging to transform the segmented images into appropriate vessel graphs. As
introduced earlier, graph extraction involves multiple processing steps that may introduce
structural artifacts. Junction identification errors, connection loss, and redundant branching
are common topological errors. For example, crossing vessels can be mistakenly identified
as junctions, and a break between segments may split a single vessel into two or more parts.

These artifacts lead to inaccuracies in vascular analysis.

Another limitation is the lack of datasets annotated with specific topological errors in
retinal vessel graphs. The existing datasets are not annotated with structural connectivity
problems of any extracted vessel graph. Developing suitable topology correction
techniques becomes more difficult in the absence of such annotations. This highlights the

need for datasets where structural errors are explicitly annotated.



1.4. Limitations of Current Segmentation and Skeletonization Methods

Accurate segmentation plays an important role in retinal blood vessel analysis, where
problems associated with segmentation occur mostly during skeletonization and graph
extraction procedures. Slight segmentation errors may lead to incorrect graph connections.
Handling segmentation errors in current methods often relies on geometric rules; however,

such methods generally fail to handle the complicated cases found in retinal vessels [6].

1.5.  Motivation for Topology-Aware Graph-Based Methods

Representing retinal vessels as graphs enables explicit modeling of vessel connectivity,
which is essential for identifying and correcting topology errors introduced during graph
extraction. The need for topology-aware techniques that preserve vessel connectivity
during graph formation and analysis has been emphasized in recent research [7]. However,
existing approaches based on geometric rules often fail in ambiguous configurations, such
as crossing or closely spaced vessels, where local features are insufficient to determine true
connectivity. Since graph neural networks (GNNs) process graph-structured data and
enable information exchange between related nodes, they can learn both geometric and

topological patterns and detect topology-related errors [8], [9].

1.6.  Overview of the Proposed GNN-Based Approach

We propose a topology-aware system that improves retinal vessel graph generation using
graph neural networks. The pipeline begins with the construction of vessel graphs from
retinal images through vessel segmentation, skeletonization, and graph extraction.

To generate labeled training data for topology correction, a synthetic perturbation

framework is introduced to emulate typical structural errors that may occur during graph



extraction. These perturbations generate graphs containing both valid and invalid
connections, supporting supervised learning for topology correction.

The topology correction problem is formulated as a candidate edge prediction problem,
where the objective is to determine whether an edge between two nodes is valid and should
be present in the corrected vessel graph. We adopt this formulation because it directly
models vessel connectivity as an edge prediction problem and enables learning topology-
aware patterns beyond local geometric rules, particularly in ambiguous cases such as
kissing vessels. Graph neural networks are trained to learn patterns of valid vessel
connectivity using node and geometric edge features.

To assess the proposed approach, a geometric heuristic baseline is used for comparison

with graph neural network models.

1.7. Research Questions

Given the challenges outlined previously, this work addresses the following research

questions:

1. RQI: How can structural topology errors in retinal vessel graphs be systematically

modeled and generated to support supervised machine learning training?

2. RQ2: How can graph neural networks learn to predict valid vessel connections in

perturbed retinal vessel graphs?

3. RQ3: How does a topology-aware graph neural network approach compare with

geometric heuristic methods for vessel topology correction?



1.8.

4. RQ4: How does model performance vary across different types of vessel topology

perturbations, including crossings, kissing vessels, dangling branches, and broken

vessels?

Research Objectives

The objectives of this research are:

1.9.

To build vessel graphs from retinal images using segmentation, skeletonization, and

graph extraction algorithms as part of the vascular graph generation pipeline.

To develop a synthetic perturbation framework for modeling typical topological

errors in vessel graphs.

To formulate vessel topology correction as a candidate edge prediction problem.

To train graph neural network models that detect valid vessel connections in

perturbed graphs.

To apply a geometric heuristic baseline for comparison.

To test the proposed methods under various topological perturbation scenarios.
Thesis Organization

Chapter 2 reviews existing work on retinal vessel segmentation, vessel graph

representation, topology analysis, and graph neural networks.

Chapter 3 formulates the vessel topology correction problem.



Chapter 4 describes the datasets used in this study and the process of constructing

vessel graphs.

Chapter 5 presents the synthetic perturbation framework.

Chapter 6 describes the graph neural network models and baseline methods.

Chapter 7 explains the experimental setup.

Chapter 8 presents the experimental results and analysis.

Chapter 9 discusses the findings and limitations of the proposed approach.

Chapter 10 concludes the thesis and outlines directions for future work.



CHAPTER TWO
RELATED WORK

Retinal vessel topology correction lies at the intersection of vessel segmentation, graph
construction, and graph-based learning. While these areas have achieved strong
performance individually, they do not fully address the problem of preserving global
vascular connectivity. Most existing methods focus on improving pixel-level accuracy or
detecting local structures, but errors introduced at early stages often propagate and manifest

as incorrect topology in the final vessel graph [13], [14], [24].

A typical retinal image analysis pipeline consists of three stages: vessel segmentation,
skeletonization with graph extraction, and downstream analysis such as junction analysis
or disease prediction [14], [34], [35], [41]-[44]. Although segmentation models can
achieve high accuracy, even minor pixel-level artifacts can lead to significant structural
errors after graph construction. For instance, small discontinuities may break vessel
continuity, while slight overlaps can create false junctions. These issues directly affect
connectivity-based analysis, even when standard segmentation metrics such as Dice or

AUC indicate strong performance [13], [24].

Recent work has attempted to incorporate structural priors or connectivity awareness into
segmentation models. However, these approaches remain fundamentally limited because
they operate at the pixel level and cannot enforce consistency in the final graph
representation [22]-[24], [52], [59]. At the same time, graph-based learning methods
typically assume that the input graph is already correct, leaving topology errors
unaddressed [41]-[44], [47]-[50]. As a result, correcting vessel connectivity at the graph

level remains an underexplored problem.



2.1. Retinal Vessel Segmentation

Retinal vessel segmentation extracts vessel structures from fundus images and serves as
the foundation for subsequent analysis [13], [14]. Traditional methods using image
processing methods, such as vesselness filtering and matched filtering, are vulnerable to

noise and may not perform well in poorly contrasted areas or thin and discontinuous vessels

[15]-[17].

Recent deep learning approaches, such as U-Net and its variants have greatly enhanced
segmentation accuracy by learning both local and global features [19]-[21]. While these
methods enhance segmentation accuracy, they do not ensure topological correctness. Pixel-
wise predictions are local and can result in small gaps, noise, or over-segmentation, leading

to broken vessel structures [52], [54].

This limitation arises because segmentation models optimize for pixel-wise similarity
rather than structural correctness. As a result, they cannot ensure that vessels remain
connected in a way that reflects true anatomical structure. Even when connectivity-aware
losses or attention mechanisms are introduced, the learning process remains constrained to
the image domain [22]-[24]. Consequently, errors introduced during segmentation persist

and become more pronounced during graph construction [52], [54].

These limitations motivate the need for approaches that operate beyond the pixel level.
Rather than attempting to enforce topology indirectly during segmentation, our work
addresses connectivity errors directly in the graph representation, where structural

relationships can be explicitly modeled.



2.2. Retinal Vascular Junction Detection

Junction detection focuses on identifying bifurcations and crossings, which are critical for
understanding vascular structure and supporting tasks such as vessel tracking and
classification [25], [32]. Recent deep learning approaches, including heatmap-based
localization and graph-based classifiers, have improved the accuracy of detecting these key

points [25]-[31].

However, accurate junction detection does not guarantee correct connectivity. Junction
detection methods are inherently local: they identify whether a point corresponds to a
bifurcation or crossing but do not model how vessel segments are connected across the
graph. This creates a disconnect between local detection and global structure. In practice,
mistakes are made when segmentation introduces distortions to the vessel structure [52],
[54]. For instance, vessels that are close together may artificially merge, even in the
absence of a junction. Alternatively, actual connections may be lost due to gaps in

segmentations.

Junction detection cannot address these inconsistencies as it does not guarantee global
connectivity [30], [31]. This motivates the need for methods that explicitly model vessel
segment connectivity. Unlike isolated junction detection, our method uses connectivity as
a prediction task over all possible edges, which allows for the removal of incorrect

connections as well as insertion of missing connections.



2.3. Graph-Based Representations of Retinal Vasculature

The retinal vascular network can be represented as a graph, which captures both the
geometry and connectivity [34], [51]. The graph nodes represent vessel endpoints or
junctions, and edges represent vessel segments. These graphs are frequently applied in

artery/vein classification, vessel analysis and disease diagnosis [34]-[44].

Despite their advantages, graph representations depend heavily on the accuracy of the
graph construction process. This process typically involves skeletonization, node detection,
and edge construction, all of which are sensitive to segmentation errors. As discussed
earlier, errors introduced during earlier processing stages can lead to structural

inconsistencies in the graph. [51], [54].

A key limitation of existing work is that these errors are rarely addressed after graph
construction. Most methods treat the graph as a fixed input and proceed with analysis or
learning under the assumption that it is correct [34], [41]-[44]. This assumption is
problematic because structural errors directly affect the reliability of downstream tasks.
For example, incorrect connectivity can lead to misleading conclusions in vessel analysis

or disease prediction [34], [35].

These observations suggest that graph construction should not be treated as a final step, but
rather as an intermediate representation that may require correction. Our work builds on

this idea by explicitly modeling and correcting errors in the graph structure.
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2.4. Graph-Based Retinal Vascular Analysis and Graph Neural Networks

Graph neural networks (GNNs) have become a powerful tool for learning from graph-
structured data [45], [46]. In retinal analysis, they have been applied to tasks such as
classification, segmentation enhancement, and junction analysis [22], [23], [30], [39], [41],
[42], [47]-[50]. GCN, GraphSAGE, GAT and VGAE allow information to be shared
among connected nodes, so that the model can learn local and global features [45], [46].
GNNs are powerful in learning representations over the graph, but in retinal analysis,
GNNs usually assume that the graph is given and is correct [41]-[44], [47]-[50]. This
assumption limits their ability to handle real-world data, where graphs often contain
missing or incorrect edges due to earlier processing stages [51], [54]. The problem is that
most GNN-based methods assume a given graph structure and do not alter the graph. This

means they cannot correct errors like dangling edges or invalid edges.

These errors are essentially learned as part of the representation, which may result in poor
performance. Our work addresses this limitation by shifting the role of the GNN from
representation learning to structure correction. Specifically, we formulate topology
correction as an edge prediction problem because connectivity errors naturally correspond

to missing or incorrect edges in the graph.

2.5. Limitations of Existing Approaches and Research gap

The previous sections reveal a consistent limitation across existing methods: improvements
in segmentation, junction detection, and graph-based learning primarily target local

accuracy but do not guarantee global connectivity [22]-[24], [25]-[31], [34], [41]-[44]. As
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discussed throughout this chapter, errors introduced during earlier stages propagate

through the pipeline and remain unresolved in the final graph representation [51], [54].

These limitations prevent existing methods from addressing topology errors in a direct and
systematic way [51], [54]. Rather than implicitly modeling topology errors as a byproduct
of segmentation, our approach explicitly models these errors at the graph level.
Specifically, we formulate topology correction as a candidate edge prediction problem, in
which the model predicts whether two nodes should be connected in the corrected vessel

graph.

This formulation is based on the observation that connectivity errors take the form of either
missing edges or invalid connections [51], [54]. This allows the model to learn which pairs
of nodes should be connected—and which should not—based on both geometric and

graph-structural properties.

To enable this learning, common graph-construction errors are modeled using perturbation
scenarios, such as crossing vessels, kissing vessels, dangling spurs, and broken vessels
[52], [54], [57]. These scenarios provide supervised training data covering a wide range of

realistic structural errors.

Unlike pixel-level approaches, this method operates directly on the graph representation,
enabling the model to reason about long-range relationships and resolve ambiguities that
cannot be addressed locally. As a result, the proposed approach provides a more principled
solution to topology correction by explicitly modeling and correcting connectivity errors

in retinal vessel graphs.
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CHAPTER THREE
PROBLEM FORMULATION

3.1. Overview

Retinal vascular analysis increasingly relies on structural representations of the vascular
network rather than pixel-level descriptions. As introduced earlier, vessels are modeled as
graph. This abstraction (based on graphs) allows topology-aware analysis of vascular
connectivity, which is critical to tasks such as artery-vein classification, vessel tree

analysis, and disease biomarker extraction [63], [64].

However, vessel graphs of segmented images can be affected by skeletonization and
segmentation errors. These artifacts can lead to missing edges, spurious connections, or
artificial branches in the graph [65], [66]. Since most downstream analyses involve
appropriately connected graphs, these errors may decrease the accuracy of downstream

analyses.

This thesis therefore addresses retinal vessel graph topology correction by explicitly

formulating it as a graph learning problem to identify and repair incorrect connections.

Retinal Fundus Image

v
Vessel Se%mentation

v
Skeletonization
(centerline extraction)

v
Vessel Graph Extraction
Nodes: endpoints / junctions
Edges: vessel segments

v

Synthetic Topology Perturbations
(Chapter 5)

13



* vessel crossing
* kissing vessels
» dangling spur
* broken vessel

v
Perturbed Vessel Graph (Gp)

v
Candidate Edge Generation

v
Feature Extraction
(node features + edge geometry)

v
Graph Neural Network
(Chapter 6)
GCN | GAT | GraphSAGE
v
Edge Prediction

(valid vs invalid connections)

v
Corrected Vessel Graph

Figure [1]: Pipeline of the proposed retinal vessel topology correction framework. Vessel graphs extracted from
segmented images are perturbed to simulate common topology errors. Candidate connections are evaluated using
graph neural networks to predict valid vessel connectivity

Each edge e € E represents a vessel segment connecting nodes vi and vj. Edge attributes
include geometric descriptors such as Euclidean distance, vessel path length, orientation,
and tortuosity. These features are a geometric characteristic of segments of the vessels and
give useful information to learn connectivity relationships.

This graphical model not only captures the geometry of the retinal vascular network, but

also its topology, allowing graph reasoning about its connectivity [63].
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3.3. Perturbed Vessel Graphs

As discussed earlier, vessel graphs may contain topology errors introduced during earlier

processing stages. To explicitly model these errors, we define a perturbed vessel

graph G, = (1, E,), which represents a graph containing structural inconsistencies.

These inconsistencies directly affect connectivity and impact topology-dependent analysis.

In this work, four common perturbation cases are considered:

1.

Vessel Crossing: Two vessels can cross in the two-dimensional retinal image plane but
be in different vascular branches. Graph extraction algorithms can falsely combine such
crossings into one junction, with the result that the vessel graph contains false
connectivity.

Kissing Vessels: Two vessels can be seen to kiss together by projection effects or
segmentation artifacts. Such cases may give false graph edges. There are two variations
that are taken into consideration:

e T-shaped touching vessels

e Parallel touching vessels.

Dangling Spur: Skeletonization artifacts can give rise to short artificial branches, which
are not related to actual vessels. Such spurious branches provide false endpoints and
unneeded edges to the graph.

Broken Vessel: Segmentation discontinuities may leave gaps between segments of a
vessel, making one vessel look like two discontinuous pieces in the graph. This leads

to the loss of edges which are to be present in the correct topology [65].
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3.4. Candidate Edge Generation

Given a perturbed vessel graph G,, topology correction is formulated by generating
candidate edges between nearby nodes.

LetC = {( vy, V) )} represent the collection of candidate pairs of nodes that may potentially
be vessel connection pairs. Geometric constraints are used to create candidate edges:
Spatial closeness amongst nodes, Orientation compatibility, Vessel segment continuity

A feature vector of geometric descriptors of the local vessel structure is created on each
candidate pair (vi, vj). The goal is to decide whether a given candidate edge is in the

corrected vascular graph as a valid vessel connection.

3.5. Graph Neural Network Formulation

The topology correction problem is formulated as a binary edge prediction task. Given a
perturbed graph G, = (V}, Ep,), a candidate edge set C. The goal is to learn a function f
f (vi,vj, Gp) -, where y;; € {0,1} indicating whether the candidate edge between the
nodes v I and v j should be present in the repaired graph. The representations of vessel
nodes are learned through graph neural networks (GNNs), based on the aggregation of
information of their neighbors. By repeating the message passing, every embedding node
captures local geometric information and structural context in the vessel graph [67]. This
task is explored using several graph neural network architectures, such as Graph
Convolutional Networks (GCN) [68], Graph Attention Networks (GAT) [69] and
GraphSAGE [70]. These models enable the network to utilize both node attributes and

graph connectivity in making predictions of valid vessel connections.
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3.6. Learning Objective

The model is trained using supervised learning on perturbed vessel graphs containing
labeled candidate edges. For each candidate edge (vi' vj), the ground-truth label is defined

as

o {1 if the connection is valid
Yoo otherwise

The model outputs a predicted probability J;; representing the likelihood that the candidate

edge should exist. Training is performed using binary cross-entropy loss:

L= —z [yl-jlog @) + (1 —yij)log (1 — f/ij)] which encourages the model to
(i,J)EC

distinguish valid vessel connections from invalid ones.
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CHAPTER FOUR
DATASET AND GRAPH CONSTRUCTION

4.1. Retinal Image Datasets

This study uses the DRIVE dataset to construct vessel graphs and train the topology
correction model. The primary dataset used is DRIVE, which contains 40 color fundus

images with expert-labeled vessel masks.

DRIVE has 20 training images and 20 test images. This thesis involves the use of the 20
training images to build vessel graphs and create the dataset to train the topology correction

model.

Instead of pixel-level segmentation evaluation, the vessel masks in this work are used to
construct structural graph representations of the retinal vasculature by skeletonizing and
extracting the graph. The training, validation and testing splits are based on the DRIVE

dataset to develop and evaluate the model.

Figure [2]: Binary vessel segmentation mask for the DRIVE image 21 _manuall. The white pixels represent the
segmented retinal blood vessels, which are later skeletonized to extract the vessel centerline structure used for graph
construction.
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4.2. Vessel Segmentation Data

The proposed approach uses vessel segmentation masks to construct graph representations
of the vascular network. In this study, the input consists of manually annotated vessel
masks from the DRIVE dataset. As vessels are represented as thick areas, the masks are
skeletonized to create one-pixel-wide centerlines, out of which graph nodes and edges are
obtained. The segmentation artifacts may, however, introduce topological errors, such as
spurious junctions or isolated vessels, and topology-aware correction algorithms must be

developed.

4.3. Skeletonization and Initial Graph Construction

Once the binary vessel segmentation masks have been obtained, the next step would be to
transform the segmented vessel regions into a graph representation that can be analyzed
using topological methods. Since the segmentation masks mark out vessels as thick
foreground regions (as opposed to explicit centerlines), a series of structural processing

steps are necessary to extract graph nodes, graph edges, and edge-level geometric features.

4.3.1. Preprocessing of Vessel Masks

The manually annotated vessel mask is loaded as a binary image for each retinal image.
Another field-of-view (FOV) mask of the DRIVE dataset exists. This mask removes pixels
outside the valid retinal field and therefore the graph building is limited to the visible retinal
field. Mathematically: Since M is binary mask of vessel and F is binary mask of FOV, the
effective vessel mask is computed as the element-wise product of M and F: My, = M A F

where pixels are not within the retina field of view, the pixels are zeroed. This will prevent
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interruption of the background artifacts along the edges of the picture to be interpreted as

vessel structures.

Small connected components (e.g., fewer than 16 pixels) are removed to reduce noise and
prevent the creation of spurious nodes and edges. The pixel images pipeline uses images
with less than 16 pixels. This process helps reduce the influence of individual noise
components or small disguise artifacts in other areas. These artifacts can otherwise

introduce unwanted endpoints or small random edges to the output vessel graph.

4.3.2 Skeletonization

After preprocessing, the vessel mask is skeletonized to obtain a one-pixel-wide centerline
representation. Let M. denote the cleaned binary vessel mask. Skeletonization is a way to
obtain a binary centerline image S, so that S = skeletonize(M. ) and every vessel is
hopefully represented by a connected chain of one-pixel-wide skeleton points. This is
needed since the relationship of the centerlines should be evident when developing the
graph. The original vessel mask points to the region of the vessel but does not literally point
to the segments of vessels initiation, termination or branching points. The skeleton gives a
compact structural representation based on which the endpoints, junctions, and pathways

of vessels can be defined.

4.3.3 Node Identification from Skeleton Connectivity

After the computation of the skeleton, graph nodes are found by examining the local
connectivity of skeleton pixels. The method implemented relies on the 8-neighborhood of
each skeleton pixel to identify the number of connected skeleton pixels. The degree of each

skeleton pixel p is defined as the number of active neighbors in the 8-neighborhood of p.
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According to this degree, there are two types of nodes that are extracted: Endpoint nodes:
skeleton pixels of degree 1. Junction nodes: skeleton pixels that have degree at least 3.
Degree 2 pixels are represented as interior points on vessel segments and are not
represented as graph nodes. The detected nodes are given a node identifier and stored with
the following attributes: node ID, spatial coordinates (x’y), node degree, endpoint

indicator. So, the initial node set is given as
V= {Ul, vz, ey UN}

with each node being an endpoint or a junction in the vascular network derived from the
skeleton. This model is a faithful representation of the proposed graph abstraction: vascular
landmarks are represented as nodes, and edges are continuous segments of vessels between

landmarks.

4.3.4 Edge Tracing Along Skeleton Paths

Once the nodes are identified, graph edges are constructed by tracing skeleton paths
between pairs of nodes. Tracing continues along valid paths until another node or a dead
end is reached. Each edge is represented not only by its endpoints but also by the ordered
sequence of skeleton pixels along the path. In addition to edge endpoints, the full pixel

polyline is stored in a JSON file for visualization, auditing, and perturbation analysis.

4.3.5 Edge-Level Geometric Feature Extraction

Once the skeleton paths are followed, the geometric properties are computed on an edge.
These features describe the geometry and spatial relationships of vessel segments. With the

implemented graph construction pipeline, the following features are calculated:
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e Path length in pixels (L): the straight geodesic length of the skeleton path traced, made

up of horizontal/vertical steps and diagonal steps.

e Fuclidean distance: is the distance that the line will travel between source and

destination nodes.
e Tortuosity: the ratio of path length/Euclidean distance.
e Orientation: the way the edge between the start and end nodes in the globe is oriented.

The length of path is calculated as the sum of the distance of the skeleton pixels of the edge

that are ordered. Horizontal and vertical movements add a length of 1 pixel and diagonal

moves addv2. If the start and end node coordinates are (x;>y;) and (xj'yj), then the

Euclidean distance is d;; = \[ (xj —x;)? + ; — y;)?. Tortuosity is then defined as ; =

Lij L o

ﬁ where larger values indicate more curved or indirect vessel segments. The edge
ij

orientation is computed as the angle of the line connecting the start and end nodes: 6;; =

atan2 (y; — y;,Xj — x;). These geometric descriptors are a brief description of vessel

shapes and continuity, which allow distinguishing between valid and invalid candidate

connections during topology repair.

4.3.6 Graph Artifacts Saved for Each Image

Each retinal image is processed by the pipeline to produce files that detail the extracted

vessel graph, as well as topology, geometry, visualization and metadata.
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endpoints
junctions

Figure [3]:Visualization of the initial vessel graph extracted from the skeletonized segmentation of the DRIVE image
24 _manuall. Vessel centerline paths are displayed as colored polylines, while detected graph nodes are overlaid as
points indicating

Figure 3 shows the vessel graph extracted from the skeletonized segmentation of the
DRIVE image 24 manuall. The centerlines of vessels are used as the graph edges, and
detected nodes are the structural landmark in the network. Instead, the blue markers
indicate endpoints (degree one), and the orange markers indicate a location where several

vessel segments intersect.

4.3.6.1. Node Representation

The node-level representation of the vessel graph is stored in the file nodes.csv, which

contains the list of detected graph nodes and their attributes.
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node_id X y degree is_endpoint

131 185 538 1 1
132 304 561 1 1
133 297 562 1 1
134 282 563 1 1
135 165 64 3 0
136 166 64 3 0
137 165 65 3 0
138 167 65 3 0
139 166 66 3 0
140 318 75 3 0
141 317 76 3 0
142 318 76 3 0
143 333 78 4 0
144 331 79 3 0
145 332 79 4 0

Table [1]: Example rows from nodes.csv generated for the initial vessel graph of the DRIVE image 21 _manuall. Each
row corresponds to a detected graph node extracted from the vessel skeleton and includes its spatial coordinates,
graph degree, and endpoint indicator

Sample rows from nodes.csv are shown in Table 1. The skeleton of the vessel nodes is
represented in form of rows, each row contains the spatial coordinates of the node, the
degree of the graph and the indicator of the endpoint. The node table has the following
fields: node id - a label of a node in the graph; x, y - a position of a node in the image space;
degree - the number of edges on a node, is_endpoint - a 0/1 value, which indicates whether
a node is a vessel point endpoint or not. Vessel endpoints have a degree of one and a
junction structure (bifurcation or candidate crossing) has a degree of more than two. These

node properties are used to construct the vessel graph topology upon which one uses.

4.3.6.2. Edge Representation

The edges file of the vessel graph is the connectivity of the nodes, which is stored in the
edges.csv file. Table 2 presents some sample rows of edges.csv created on the first vessel
graph of the DRIVE image 21 manuall. A row corresponds to a vessel segment joining
two nodes and contains some geometric descriptors of the segment. Each edge entry is

edge id - unique identifier of the vessel segment, source node ID, destination node ID,
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length-px, Euclidean length, tortuosity, orientation. The tortuosity measure is used to
measure the degree to which a vessel section is not straight. A value near one represents
relatively straight segments whereas a larger value will represent more curved vessels. The
orientation rad value is used to describe the direction of the vessel segment in the image in
the global sense. Most vessel segments are found to be slightly tortuous with a tortuosity
value of slightly more than one as indicated in Table 2 below which is expected based on
the relatively smooth structure of retinal vessels. These geometric descriptors can give
useful structural features and are subsequently embedded in the feature representation of

the graph learning models.

edge_id src dst length_px euclidean_px  tortuosity orientation_rad
0 0 155  62.48528137  60.29925373 1.03625298  1.670464979
1 1 140  40.07106781  38.32753579  1.045490324  1.701623723
2 2 8 18.07106781 16.2788206  1.110096871  1.756144277
3 3 138  18.72792206  17.02938637 1.09974145  2.439335722
4 4 171 75.45584412  68.11754546  1.107729934  1.512040504
5 5 7  14.89949494  13.89244399  1.072489113  1.042721878
6 6 135  6.656854249  6.403124237 1.03962597 0.8960553846
7 9 147  81.55634919  76.65507159  1.063939378  3.010765258
8 10 143 2414213562  2.236067977  1.079669128  2.034443936
9 11 162  20.55634919  18.35755975  1.119775693  2.083185787
10 12 148 4 4 1 -1.570796327

Table [2]: Example rows from edges.csv generated for the initial vessel graph of the DRIVE image 21 _manuall. Each
row represents a vessel segment connecting two nodes in the graph and includes geometric features describing the
segment length, straight-line distance, tortuosity, and orientation.

4.3.6.3. Pixel-Level Edge Paths

While the edge table describes graph connectivity and geometric features, the exact pixel-

level representation of vessel segments is stored in edgepaths.json.
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[{"edge_id": 0, "src": 0, "dst": 155, "path": [[35, 250], [36, 250], [37,
2501, [38, 2501, [39, 2501, [40, 250], [41, 250], [42, 250], [43, 250],

[44, 250], [45, 250], [46, 250], [47, 250], [48, 250], [49, 250], [50,
249], [51, 249], [52, 249], [53, 249], [54, 249], [55, 249], [56, 249],
[57, 249], [58, 249], [59, 249], [60, 249], [61, 249], [62, 249], [63,
249], [64, 249], [65, 249], [66, 249], [67, 249], [68, 248], [69, 248],
[70, 248], [71, 2481, [72, 248], [73, 248], [74, 2471, [75, 2471, [76,
2471, [77, 247)1, (78, 247)1, [79, 247], (80, 247], [81, 246], [82, 246],
[83, 245], [84, 245], [85, 244], [86, 244], [87, 244], [88, 244], [89,
2441, [90, 244], [91, 244], 1[92, 244], [93, 244], [94, 2441, [95, 24411},
{"edge_id": 1, "src": 1, "dst": 140, "path": [[37, 323], [38, 322], [39,
3221, [40, 322], [41, 322], [42, 322], [43, 322], [44, 322], [45, 322],
[46, 321], [47, 3211, [48, 321], [49, 321], [50, 321], [51, 3211, [52,
3211, [53, 321], (54, 321], [55, 321], [S6, 321], [57, 321], [58, 3211,
[59, 321], [60, 321], [61, 320], [62, 320], [63, 320], (64, 320], [65,
3201, [e6, 320], [67, 320], [68, 319], [69, 319], [70, 319], [71, 319],
[72, 3191, (73, 318], [74, 318], [75, 318]]}, {"edge_id": 2, "src": 2,
"dst": 8, "path": [[52, 330], [53, 329], [54, 328], [55, 328], [56, 328],
(57, 327), [58, 327], [59, 327], [60, 327], [61, 326], [62, 326], [63,
326), [64, 326], [65, 326), (66, 326], [67, 326], [68, 32711}, {"edge id":

Figure [4]: Example entries from edgepaths.json generated for the initial vessel graph of the DRIVE image
21 manuall. Each entry stores the pixel-level polyline representing the skeleton path of a vessel segment between two
graph nodes.

Each entry includes the following fields: edge id (edge identifier), src (source
node), dst (destination node), and path (a sequence of pixel positions representing the
vessel centerline between the two nodes). This representation enables accurate computation

of geometric properties such as geodesic length and tortuosity.

4.3.6.4. Graph Metadata

The file metadata.json stores global information about the graph representation. The
metadata includes the image ID, image size, feature names, and the number of vessel

segments. This file provides a concise summary of the graph structure and feature schema.

The vessel graph is stored using four files: nodes.csv, edges.csv, edgepaths.json,
and metadata.json. This representation separates graph structure from the original image
while preserving vessel geometry, enabling visualization, inspection, and further

processing.
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{
"image_id": "21 manuall",
"image_size": [
565,
584
1r
"pixel_size_um": null,
"feature names": {
"node": [
"degree",
"is_endpoint"
1,
"edge": [
"length_px",
"euclidean_px",
"tortuosity",
"orientation_rad",
"length_um"
1
by
"num_edge_paths": 959
}

Figure [5]: Example content of metadata.json generated for the initial vessel graph of the DRIVE image 21 _manuall.
The metadata file stores global information about the image and the feature schema used for nodes and edges in the
constructed graph.

4.3.7 Quality Assurance of Graph Construction

After graph construction, quality assurance checks are performed to verify that the
extracted graph accurately represents the vessel skeleton. These checks include both

structural validation and geometric alignment.

4.3.7.1. Structural Graph Validation

Structural validation ensures that the graph representation is consistent. This includes
checking node—edge relationships, identifier validity, absence of self-loops, correct degree
values, and basic geometric constraints (e.g., tortuosity > 1 and path length > Euclidean

distance).

base num_nodes num_edges node_ids_contiguous edges_valid_srcdst self_loops degree_mismatches num_endpoints_csv num_junctions_csv tortuosity_<l1 length<euclid

0 21_manuall 679 959 True True 0 0 135 544 [ 0
1 22_manuall 805 1078 True True 0 0 196 609 0 0
2 23 manualt 349 520 True True 0 0 52 297 [ [
3 24 _manuall 1039 1459 True True 0 0 203 836 [ o
4 25 manuall 762 1041 True True 0 0 177 585 [ 0
5 26_manuall 556 751 True True 0 0 127 429 0 0
6 27_manuall 918 1332 True True 0 0 154 764 [ 0
7 28 manuall 934 1316 True True 0 0 189 745 0 0
8 29_manuall 728 1005 True True 0 0 159 569 [ 0

Table [3]: Structural validation statistics for the initial vessel graphs constructed from selected DRIVE images. The
table reports the number of nodes and edges, checks for node identifier continuity, validity of edge endpoints, presence
of self-loops, and degree consistency between node and edge representations.
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The results show that all constructed graphs satisfy these conditions: node identifiers are
consistent, edge endpoints reference valid nodes, no self-loops are present, and node
degrees are consistent with the edge list. Additionally, geometric constraints are satisfied,
confirming the validity of the extracted graph structure.

4.3.7.2. Geometric Alignment with the Vessel Skeleton

Geometric validation compares reconstructed graph paths with the reference vessel

skeleton using metrics such as precision, recall, F1-score, loU, and distance measures.

base tp fp fn precision recall fl iou chamfer_mean hd95 ... jn_recall ep_precision jn_precision ep_fl jn_f1
0 21_manuall 6348 3 2 0.999528 0.999685 0.999606 0.999213 0.000426 0.0 1.000000 0.992593 1.000000 0.992593 1.000000
1 22 _manuall 8024 4 9 0.999502 0.998880 0.999191 0.998382 0.001267 0.0 1.000000 0.984694 1.000000 0.984694 1.000000
2 23 manuall 5138 2 5 0.999611 0.999028 0.999319 0.998639 0.000939 0.0 1.000000 0.961538 1.000000 0.961538 1.000000
3 24 _manuall 8458 0 9 1.000000 0.998937 0.999468 0.998937 0.001042 0.0 1.000000 0.980296 1.000000 0.980296 1.000000
4 25 _manuall 7053 1 5 0.999858 0.999292 0.999575 0.999150 0.000725 0.0 1.000000 0.988701 1.000000 0.988701 1.000000
5 26_manuall 5964 20 32 0.996658 0.994663 0.995659 0.991356 0.007056 0.0 0.990698 0.952756 0.993007 0.952756 0.991851
6 27_manuall 7364 1 1 0.999864 0.999864 0.999864 0.999728 0.000136 0.0 1.000000 1.000000 1.000000 1.000000 1.000000
7 28_manuall 8023 6 11 0.999253 0.998631 0.998942 0.997886 0.001285 0.0 1.000000 0.984127 1.000000 0.984127 1.000000
8 29 _manuall 5864 6 8 0.998978 0.998638 0.998808 0.997618 0.001228 0.0 1.000000 0.993711 1.000000 0.993711 1.000000

Table [4]: Quantitative agreement between the reconstructed vessel graph paths and the reference vessel skeleton.
Metrics include pixel-level precision, recall, F1-score, intersection-over-union (loU), Chamfer distance, and node-level
alignment measures for junctions and endpoints

The results indicate a high level of agreement, with precision above 0.99 and near-perfect

detection of junctions and endpoints.

4.4. Corrected Reference Graph Generation

Although the initial graph provides a structural representation, it may contain incorrect
connectivity due to projection ambiguities. To address this, a refinement step is applied to

correct such errors and produce a reference graph for subsequent perturbation experiments.
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4.4.1 Motivation for Crossing Correction
Although the initial graph provides a structural representation, it may contain incorrect
connectivity due to projection ambiguities. To address this, a refinement step is applied to

correct such errors and produce a reference graph for subsequent perturbation experiments.

4.4.2 Candidate Crossing Nodes

Candidate crossing nodes are identified by selecting nodes with degree four, as such
configurations often correspond to projection-induced crossings. For a node v € V with

degree four, the four incident edges are analyzed to evaluate their geometric relationships.

4.4.3 Path Normalization and Arm Representation

Edge paths are represented as ordered pixel sequences and normalized to ensure consistent
coordinate representation.

For each candidate node, incident edges are treated as directional arms extending from the

node. A local direction vector is estimated using the first few pixels along each arm:

_ P(k) - P(1)
TR - P |

where k is a small number of points (set to 10). This produces four direction
vectors Uy, Uy, U3, Uy, describing the geometry around the node.

4.4.4 Geometric Pairing of Crossing Arms

To determine whether a node represents a true crossing, the four arms are evaluated based

on geometric continuity. The arms can be paired in three possible configurations. For each

pairing, the angle between direction vectors is computed.
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Valid vessel continuation is characterized by nearly opposite directions (angles close to
180°). The pairing that best satisfies this condition is selected. Additional constraints

include:

e Minimum arm length

e Angular threshold (> 130°), determined empirically

Figure [6]: Example metadata describing a detected crossing candidate. The record stores the crossing node ID,
coordinates, incident arms, geometric pairing, and the resulting graph update applied during correction.

4.4.5 Splitting the Crossing Node

Once a crossing is confirmed, the graph structure is updated. For a node v with

neighbors a, b, ¢, d:

e Remove node v and its incident edges

Add new edges between paired nodes

Merge corresponding edge paths

Recompute geometric features
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e Update node degrees

This converts a false crossing into two independent vessel continuations.

183 170 124 3 0
184 171 124 3 0
185 350 126 4 0
186 357 126 3 0
187 349 127 3 0
189 351 127 3 0
190 356 127 4 0
191 357 127 3 0
192 190 128 3 0

Table [5]: Example node entries after crossing correction. Node 188, which originally represented a degree-4
crossing artifact, is removed from the corrected node table.

4.4.6 Updating Edge Features

For each newly created edge, geometric features are recomputed:

Lap
dab = \/(xb - xa)z + (yb - ya)ZJTab = da
ab

where L, is the geodesic length. Orientation is also recomputed from node coordinates.

4.4.7 Sequential Application Across the Graph

The correction process is applied sequentially to all candidate crossing nodes. Each

correction is recorded in metadata for traceability.
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"best_pairing_arm_indices": [

‘ol

3

1,
2
1
"best_pairing_angles_deg": [
134.99999999990217,
179.99988540334746
Iy

"gt_pairs_neighbors": [

185,
193

" 187,
189

Figure [7]: Example record from ‘crossings_meta.json" showing the geometric pairing of vessel arms at candidate
crossing node 188 and the applied graph update in which the node and its four incident edges are removed and
replaced with two new edges.

4.4.8 Output of the Corrected Reference Graph

The final corrected graph is stored as:

e nodes_corrected.csv, edges corrected.csv, edgepaths corrected.json,
crossings meta.json

These files store both the corrected topology and metadata describing each applied
correction.

Found 20 images

[EDGE_PATH NORMALIZE] checked=959 swapped=959
[VALIDATE] nodes=653 edges=907 edgepaths=907
[VALIDATE] bad_edges(endpoints missing nodes)=0
[VALIDATE] edgepaths without edges=0

[VALIDATE] edges without edgepaths=0

[ENDPOINT CHECK] mismatched_edges=0 (tol=3.0px)
[Partl] Candidates deg4: 123

[Partl] High-confidence crossings kept: 44
[Partl] Splits applied: 26

[Partl] Saved to: /content/drive/MyDrive/Graph lec

Figure [8]: Example execution log of the crossing-correction stage. The algorithm identifies candidate degree-4 nodes,
selects high-confidence crossings(44), and applies graph rewiring operations.
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CHAPTER FIVE
SYNTHETIC PERTURBATION GENERATION

5.1. Overview of the Perturbation Framework

This chapter presents a framework for simulating topology errors in retinal vessel graphs
to generate datasets for evaluating topology correction methods. The perturbations are
applied to corrected graphs to avoid introducing unintended artifacts from graph extraction.
All perturbations modify the graph locally and are geometrically consistent. In addition to
individual perturbations, mixed scenarios combining multiple error types are also
generated. The remainder of this chapter describes the perturbation algorithms, dataset

generation process, and associated metadata.

5.2. Design Principles of Perturbations

The perturbation framework generates realistic topology errors, including false crossings,
kissing vessels, dangling spurs, and broken vessels. These perturbations introduce
localized structural changes while preserving the overall vessel geometry. Structural
checks are performed after each modification to ensure graph consistency. To ensure

reproducibility, perturbations are applied using predefined rules and fixed random seeds.
5.3. Types of Synthetic Perturbations
5.3.1. Case 1: False Crossing

5.3.1.1. Motivation and intuition

Case 1 simulates false vessel crossings, where two vessels that should remain independent
are incorrectly connected. These errors commonly arise during graph extraction due to

projection effects in 2D retinal images [77]. The corrected graph from Chapter 4 is used as
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a reference to identify valid crossing structures, enabling controlled generation of false

crossings.

5.3.1.2. Structural definition of the perturbation

In the corrected graph, two independent vessel segments are represented by edges (A,B)
and (C,D). To simulate a false crossing, these edges are removed and replaced by a new
node J, connected to A, B, C, and D through edges (A,J), (B.J), (C,J), and (D,J). This creates

an artificial four-way junction that does not correspond to true vessel connectivity.

5.3.1.3.Importance of this Perturbation

This perturbation models one of the most common topology errors in retinal vessel graphs.
It enables the model to distinguish between valid configurations, where vessels cross

without connecting, and invalid configurations, where false junctions are introduced.

5.3.1.4. Algorithm for false crossing injection

Perturbations are generated by working with the graph, correcting the crossings (with

metadata created in Chapter 4) attached.

Step 1: Load the corrected graph and crossing metadata

The algorithm loads nodes_corrected.csv, edges corrected.csv, edgepaths corrected.json,

and crossings meta.json.

Step 2: Identify valid perturbation sites

Valid perturbation sites are identified based on corrected crossing locations.
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Step 3: Randomly select crossing sites
A subset of valid sites is selected randomly to generate different perturbed graph variants.
Step 4: Insert an artificial junction node

A new node J is inserted at the crossing location with degree 4.

Step 5: Remove the true vessel continuations
Edges (A,B) and (C,D) are removed from the graph.

Step 6: Add four false crossing edges

Four edges (A,J)), (B,J), (C,J), and (D,J) are added to form the false crossing. Geometric

features are computed for these new edges.

Step 7: Recompute node degrees

Node degrees and endpoint indicators are updated to maintain consistency.

Step 8: Save perturbation metadata

The algorithm records the inserted node, removed edges, and added edges for traceability.

5.3.1.5. Labels for link prediction using the union graph

A union graph is constructed by combining the corrected and perturbed graphs to support

edge prediction.

o Existing edges: present in both graphs (y = 1)

e Removed edges: valid edges removed during perturbation (y = 1)

e Added false edges: invalid edges introduced during perturbation (y = 0)
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This formulation enables the model to both remove incorrect edges and restore missing

valid connections.

5.3.1.6. Step-by-step example from image 21 _manuall

Split sites: 26 Valid sites: 26
« Chosen sites: 2

[21_manuall] Site #0

cross_node (removed in Partl): 227  cross_xy: [137.0, 162.0
endpoints: A=223, B=229, (=224, D=226
pseudo-GT pairs: (A,B)=(223,229) (C,D)=(224,226)
BEFORE (corrected graph):

edge AB exists? True edge_id=963

edge CD exists? True edge_id=964
AFTER (perturbed graph):

inserted node J=679

removed true edges: [AB id=963, (D id=964]

added false edges (to J):

A-J id=1011, B-J id=1012, (-] id=1013, D-J] id=1014

SANITY CHECKS:

[21_manuall] Site #1

cross_node (removed in Partl): 550  cross_xy: [186.0, 426.0
endpoints: A=547, B=551, (=548, D=549
pseudo-GT pairs: (A,B)=(547,551) (C,D)=(548,549)
BEFORE (corrected graph):

edge AB exists? True edge_id=999

edge CD exists? True edge_id=1000
AFTER (perturbed graph):

inserted node J=680

removed true edges: [AB id=999, CD id=1000]

added false edges (to J):

A-) id=1015, B-J) id=1016, C-J id=1017, D-J id=1018

SANITY CHECKS:

AB exists after? False (should be False)

AB exists after? False (should be False)
(D exists after? False (should be False)
AJ exists after? True (should be True)
BJ exists after? True (should be True)

(D exists after? False (should be False)
AJ exists after? True (should be True)
B) exists after? True (should be True)
. 5 () exists after? True (should be True)
51 exiets after? True (should be Trie) DJ exists after? True (should be True)
DONE DONE
Saved perturbed graph to /content/drive/MyDrive/Graph learning/DRIVE/dri

Figure [9]: Example audit output for Case 1 false crossing perturbations generated from the corrected graph of the
DRIVE image 21 _manuall. For each selected crossing site, the two true vessel continuations identified during the
correction stage (Chapter 4) are removed, and an artificial junction node is inserted at the original crossing location.
Four false edges are then created between the endpoints and the inserted node, producing a false four-way crossing
configuration used as a negative training example for the link prediction model.

There is an example of the false crossing perturbation on image 21 manuall, which is
where the algorithm picks two fixed crossing sites. The audit report is as follows: Split
sites: 26 -26 out of the Chapter 4 metadata corrected crossing sites. Valid sites: 26 - There
are 26 valid sites to perturb. Chosen sites: 2 -two sites are chosen in this variant of the

graph.
Site #0

For the first selected site, the original crossing node removed during Chapter 4 correction

is: cross_node = 227, cross_xy = [137.0, 162.0]

The four endpoint nodes around the crossing are: A = 223, B = 229, C = 224, D = 226
The pseudo-ground-truth vessel pairs inherited from the corrected graph are: (4,B) =

(223,229), (C,D) = (224,226).
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Before perturbation, the corrected graph contains the two true edges:
e edge AB: edge id =963, edge CD: edge id =964
After perturbation:
e a new artificial junction node is inserted:] = 679, the two true
edges (223:229) and (224 226) are removed, four false edges are added:
o 223-679:edge id=1011, 229-679: edge id=1012
o 224-679:edge id=1013,226-679: edge id=1014
The sanity checks confirm that the true edges no longer exist after perturbation, while all
four false edges do exist.
Site #1
For the second selected site, the original corrected crossing corresponds to:
e cross_node = 550, cross_xy = [186.0, 426.0]
The surrounding endpoints are: A = 54, B = 551, C = 548, D = 549
The true vessel pairs are: (547551), (548 549)
Before perturbation, the corrected graph contains edge AB:edge id = 999,
edge CD: edge id = 1000
After perturbation:
e anew junction node is inserted: ] = 680, the two correct edges are removed, four
false edges are added:
o 547-680: edge id=1015, 551-680: edge id=1016
o 548-680: edge id=1017, 549-680: edge id=1018
Again, the sanity checks verify that the true edges are removed, and the new false junction

edges are present.
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5.3.1.7. Generated Graph Files After Perturbation

Once the false crossing perturbation has been applied, the resulting graph gets stored with
the same format as in Section 4.3.6 and with nodes perturbed.csv, edges perturbed.csv,
and edgepaths perturbed.json. A record of perturbations done is stored in
labels_casel.json containing the inserted nodes, removed edges, and newly created false
edges. In the case of supervised learning a union graph is formed by combining the
corrected and perturbed graphs. This combined format and labels of valid connections,
missing true connections, or false connections artificially added are recorded in the files
nodes_union.csv, edges union.csv and edgepaths union.json. Further metadata like

perturbation type, seed and image identifier are also logged to enable reproducible

experiments.

edge_id in_ref in_cur exists_in_cur  is_added y_edge_exists label_reason |_
1203 1 1 1 0 1 keep_existing
1204 1 1 1 0 1 keep_existing
1205 1 1 1 0 1 keep_existing
1206 1 1 1 0 1 keep_existing
1207 1 0 0 0 1 POS_case1_removed_true_edge
1208 1 0 0 0 1 POS_case1_removed_true_edge
1209 1 1 1 0 1 keep_existing
1210 1 1 1 0 1 keep_existing
1211 1 0 0 0 1 POS_case1_removed_true_edge
1212 1 0 0 0 1 POS_case1_removed_true_edge
1213 0 1 1 1 0 NEG_case1_fake_edge_remove
1214 0 1 1 1 0 NEG_case1_fake_edge_remove
1215 0 1 1 1 0 NEG_case1_fake_edge_remove
1216 0 1 1 1 0 NEG_case1_fake_edge_remove
1217 0 1 1 1 0 NEG_case1_fake_edge_remove
1218 0 1 1 1 0 NEG_case1_fake_edge_remove
1219 0 1 1 1 0 NEG_case1_fake_edge_remove

Figure [10]:Example rows from edges union.csv generated after applying the Case 1 perturbation. The table indicates
whether each edge belongs to the reference graph (in_ref), the perturbed graph (in_cur), and whether the edge should
exist in the corrected topology(y_edge_exists). The label reason field identifies whether the edge corresponds to an
unchanged connection, a removed true edge, or an inserted false edge.
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edge_id sample_case  experiment_namimage_id run_id is_perturbation_¢edit_type

1198 case1_crossing seed17 36_manual1 v007 0 normal
1199 case1_crossing seed17 36_manual1 v007 0 normal
1200 case1_crossing seed17 36_manual1 v007 0 normal
1201 case1_crossing seed17 36_manual1 v007 1 case1_crossing
1202 case1_crossing seed17 36_manual1 v007 1 casel_crossing
1203 case1_crossing seed17 36_manual1 v0o07 0 normal
1204 case1_crossing seed17 36_manual1 v0o07 0 normal
1205 case1_crossing seed17 36_manual1 v007 0 normal
1206 case1_crossing seed17 36_manual1 v0o07 0 normal
1207 case1_crossing seed17 36_manual1 v007 1 case1_crossing
1208 case1_crossing seed17 36_manual1 v007 1 case1_crossing
1209 case1_crossing seed17 36_manual1 vo07 0 normal
1210 case1_crossing seed17 36_manual1 v007 0 normal
1211 case1_crossing seed17 36_manual1 v007 1 case1_crossing
1212 case1_crossing seed17 36_manual1 v007 1 case1_crossing
1213 case1_crossing seed17 36_manual1 v007 1 case1_crossing
1214 case1_crossing seed17 36_manual1 v0o07 1 case1_crossing

Figure [11]:Example rows from the union edge metadata table showing experiment attributes associated with each
edge, including the perturbation case (casel crossing), experiment seed, image identifier, and run identifier.

node_id X y degree is_endpoint in_ref in_cur is_added sample_case experiment_namimage_id run_id
808 196 539 3 0 1 1 0 casel_crossing seed17 36_manual1 v007
809 197 539 3 0 1 1 0 case1_crossing seed17 36_manual1 v007
810 198 539 3 0 1 1 0 case1_crossing seed17 36_manual1 v007
811 180 540 3 0 1 1 0 casel_crossing seed17 36_manual1 v007
812 181 540 3 0 1 1 0 casel_crossing seed17 36_manual1 v007
813 327 344 4 0 0 1 1 casel_crossing seed17 36_manuall v007
814 273 487 4 0 0 1 1 casel_crossing seed17 36_manual1 v007
815 64 151 4 0 0 1 1 casel_crossing seed17 36_manual1 v007
816 164 238 4 0 0 1 1 casel_crossing seed17 36_manual1 v007
817 244 114 4 0 0 1 1 casel_crossing seed17 36_manual1 v007
818 52 336 4 0 0 1 1 casel_crossing seed17 36_manual1 v007
819 327 100 4 0 0 1 1 casel_crossing seed17 36_manual1 v007
820 88 434 4 0 0 1 1 casel_crossing seed17 36_manual1 v007
821 307 507 4 0 0 1 1 casel_crossing seed17 36_manual1 v007
822 178 326 4 0 0 1 1 casel_crossing seed17 36_manual1 v007

Figure [12]: Example rows from nodes_union.csv illustrating the combined node representation. The columns indicate
whether each node originates from the corrected graph (in_ref), the perturbed graph (in_cur), or was inserted during
the perturbation process (is_added).

5.3.2 Case 2: Kissing Vessels

5.3.2.1.Motivation and intuition

Kissing vessels refer to local contact between two adjacent but unconnected vessel
segments. This occurs when nearby vessels are incorrectly linked during skeletonization or
graph extraction due to their spatial proximity. In the image, these vessels appear to touch

or “’kiss,” despite having no true anatomical connection.

Unlike Case 1, which introduces a false junction, Case 2 creates a short artificial bridge

between two distinct vessel segments. Two geometric configurations are considered:

o T-shaped kissing: the local angle between vessel directions is close to 90°.

39



o Parallel kissing: the local angle is close to 0° or 180°.

These configurations represent common errors in graph extraction.

5.3.2.2. Structural definition of the perturbation

Let two distinct edges e; and e, have polyline paths P; and P,. The perturbation selects
two points p € P,and q € P, such that the Euclidean distance between them is small and

the edges are not already connected.

If the pair satisfies the geometric conditions for either T-shaped or parallel configurations,
a short artificial bridge is introduced between p and q. If either point does not correspond

to an existing node, a new node is inserted by splitting the corresponding edge.

This results in a localized spurious connection while preserving the overall graph structure.

5.3.2.3. Importance of this perturbation

This perturbation captures subtle topology errors where spatially close but anatomically
unrelated vessels are incorrectly connected. Although these bridges are small, they can
significantly affect connectivity analysis, vessel tracing, and structural interpretation. By
simulating both T-shaped and parallel configurations, the model is exposed to realistic local

connectivity errors.

5.3.2.4. Geometric modes: T-shaped and parallel kissing

Candidate pairs are classified based on the angle between local tangent directions.
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5.3.2.4.1. T-shaped kissing

A candidate pair is classified as T-shaped when the local tangent angle is close to 90°,
forming a perpendicular configuration. | 8 —90° |< 8 where 87 is the tolerance

threshold.

5.3.2.4.2. Parallel kissing
A candidate pair is classified as parallel when the angle is close to 0° or 180°, representing
aligned or opposite directions. 8 < 64111010160 = 180° — O4ran1e1 Where Opypgpir i the

tolerance threshold.
5.3.2.5. Algorithm for kissing vessel injection

The perturbation process starts with the corrected graph, and the topological consistency

of the base structure is made first, followed by the introduction of the false bridge.

Step 1: Load the corrected graph
The algorithm loads nodes_corrected.csv, edges corrected.csv,
and edgepaths_corrected.json.

Step 2: Mine candidate edge pairs
Edge pairs are selected based on spatial proximity, minimum distance threshold, and

angular compatibility with the selected mode (T-shaped or parallel).

Step 3: Select candidate pairs for one variant

A subset of valid candidates is randomly selected. Each region is modified at most once to

avoid overlapping perturbations.
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Step 4: Determine whether the selected points already correspond to nodes

The closest points p and q are evaluated. If they do not correspond to existing nodes, new

nodes are inserted.

Step 5: Split edges if necessary

If a selected point lies within an edge, the edge is split into two segments to maintain valid

node connections.

Step 6: Insert the false bridge edge

A new edge is added between the selected nodes. Its geometric features are computed and

stored.
Step 7: Recompute node degrees
Node degrees and endpoint indicators are updated to ensure consistency.

Step 8: Save perturbation metadata
The algorithm records selected edge pairs, inserted nodes, split edges, and the added bridge

edge in labels case2.json and related audit files.

5.3.2.6. Labels for link prediction using the union graph

A union graph is constructed by combining the corrected and perturbed graphs.

5.3.2.6.1. Meaning of union nodes

The nodes_union.csv file contains nodes from both graphs with indicators:

e in_ref= 1: node exists in the reference graph

e in_cur = 1: node exists in the perturbed graph
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e is_added = 1: node introduced during perturbation

New nodes correspond to inserted bridge endpoints or split locations.

5.3.2.6.2. Meaning of union edges

The edges_union.csv file includes all edges with labels:

o Existing edges: y = 1 (valid connections)

e Added bridge edges: y = 0 (invalid connections)

This setup enables the model to preserve correct structure while removing artificial
connections. Unlike Case 1, this perturbation primarily introduces false edges without

removing valid ones.

5.3.2.7. Examples about case 2

5.3.2.7.1. Step-by-step example: T-shaped kissing

In the following example (figure 14), the algorithm had the following results: Candidate
pairs found = 44, mode = T, pair = ((4,162)) min distance = 1.00 px local angle = 74.7. The

closest points chosen are point (p) along edge 4 with index 68 where (p) equals (188,122),

and point (q) along edge 162 with index 31 where (q) equals (189,122).

43



; is_existing_node? True | nid_p=310
Variant 173 | node=T z:is:existing:node? True I nid:g=311
p_is_interior? False | idx=23 / 23
[Case2] Candidate pairs found = 44 (d_touch=5.0) q_is_interior? False | idx=58 / 58
p_is_existing_node? True | nid_p=171
q_is_existing_node? True | nid_g=172

--- BEFORE KISS ---
mode=T | pair=(34, 48) | dmin=1.00px | angle=90.0°

p-is_interlor? False | de=6 / 68 D on eid34 @ idw=23: (503, 207)
q_is_interior? False | idx=31 / 31 g on eidd8 @ idx=58: (504, 207)
--- BEFORE KISS --- -— AFTER KISS --—-

bridge_eid=1048 | bridge_len=Ipx | connects node 310 <-> 311

mode=T | pair=(4, 162) | dnin=1,00px | angle=74,7° added_edges=[1048]

p on eidd @ idx=68: (188, 122) p_is_existing_node? True | nid_p=174

q on eid162 @ idx=31: (189, 122) q_is_existing_node? True | nid_g=176
p_is_interior? False | idx=22 / 22

—— AFTER KISS ——- q_is_interior? False | idx=0 / 25

bridge_eid=1047 | bridge_len=Ipx | comnects node 171 <-> 172 ___ gerore KIs§ —-

added_edges=[1047] mode=T | pair=(14, 184) | dmin=1.00px | angle=71.6°

p on eidl4 @ idx=22: (255, 128)
q on eid184 @ idx=0: (255, 129)

-—— AFTER KISS ---

bridge_eid=1049 | bridge_len=1px | connects node 174 <-> 176
added_edges=[1049]

[Saved] /content/drive/MyDrive/Graph learning/DRIVE/drive_vesse

Figure [13]: Console output illustrating three kissing-vessel perturbation edits ( Case‘Z) in T-mode for image
21 _manual, where nearby vessel segments are detected and connected by short artificial bridge edges to simulate
kissing vessel topology errors.

According to the output of the audit, these two points are already graph nodes: nid p =
171, nid_q = 172. No splitting is needed since neither of the points is on the interior of an
edge. When the perturbation has taken place, there is an inserted bridge edge bridge eid =
1047, bridge len = 1 px, between node 171 and node 172. The second T-shaped one
indicates pair = (34,48), minimum distance = 1.00 px, angle = 90.0 with existing nodes 310
and 311, linked with bridge eid =1048. Another T-shaped example reports pair =
((14,184)), minimum distance = 1.00 px, angle = 71.6° with existing nodes 174 and 176,
connected by: bridge eid = 1049. The following are examples of Case 2: two graph nodes
already present are physically near but unlinked in the reference graph, and a short false

bridge is added between them.
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5.3.2.7.2. Step-by-step example: parallel kissing

In the below figure 14 example, the selected pair = (33,834), minimum distance = 1.41 px,

angle = 0.0°. The selected points are p = (290,284), q = (291,283).

p_is_existing_node? False | nid_p=None
q_is_existing_node? False | nid_g=None
p_is_interior? False | idx=25 / 25
q_is_interior? False | idx=0 / 36

——— BEFORE KISS ———

mode=parallel | pair=(33, 834) | dmin=1.41px | angle=0.0°
p on eid33 @ idx=25: (290, 284)

q on eid834 @ idx=0: (291, 283)

——— AFTER KISS ——

bridge_eid=1444 | bridge_len=1px | connects node 904 <-> 905
added_nodes=[904, 905]

added_edges=[1444]

Nodes near q: []

p_is_existing_node? False | nid_p=None

q_is_existing_node? False | nid_g=None

p_is_interior? False | idx=40 / 40

g_is_interior? False | idx=0 / 59

——— BEFORE KISS —-

mode=parallel | pair=(1330, 1338) | dmin=4.00px | angle=18.4°
p on eid1330 @ idx=40: (456, 246)

q on eid1338 @ idx=0: (456, 250)

——— AFTER KISS ———
bridge_eid=1445 | bridge_len=4px | connects node 906 <-> 907
added_nodes=[906, 907]

added_edges=[1445]

Figure [14]: Console output illustrating kissing-vessel perturbations (Case 2) in parallel mode for image 21 _manual,
where two nearby vessel segments are connected by short artificial bridge edges to simulate kissing vessel topology
errors.

The result of the audit is that neither of these points is represented in a graph node:

e p is existing node = False, q_is_existing node = False

Thus, the algorithm will add two new nodes added nodes = [904, 905] and add a bridge
edge bridge eid = 1444, bridge len = 1 px that will have node 904 add a bridge edge to

node 905.

A second parallel example reports pair = (1330,1338), minimum distance = 4.00 px, angle
= 18.4°. Once again, both chosen points are not already nodes, and therefore the algorithm
adds: added nodes = [906, 907] and bridge eid = 1445, bridge length = 4 px. As these

examples illustrate, the perturbation handles such instances where the bridge must be
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inserted between points which are already on vessel paths, but which are not already graph

nodes. The two examples illustrate the two prominent geometric shapes of Case 2:

e T-shaped kissing, when the local directions of the vessels are orthogonal.

e Parallel kissing, where the local vessels head directions are facing each other.

In the 2 cases, we have the perturbation establishing a transient artificial contact between
two already segments of vessels that are close together. The algorithm may tie the given
nodes or introduce new nodes and partition the existing edges, by the local graph structure,
to ensure consistency of the graph. The resulting graph thus has a realistic local fake

association which can be utilized as negative training example to the link prediction model.

5.3.2.8. Generated graph files after perturbation

After applying the kissing vessel perturbation, the graph is stored in the same format as in

the previous section. The resulting files
include nodes perturbed.csv, edges perturbed.csv, and edgepaths perturbed.json.
Perturbation labels and metadata are stored

in labels_case2.json and audit case2 header.json. A union representation is also
generated, consisting of nodes_union.csv, edges union.csv, and edgepaths union.json, to
support link prediction training. In this representation, newly introduced nodes are
identified, and the inserted bridge edge is labeled as a false connection to be removed

during correction.
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5.3.3 Case 3: Dangling Branch

5.3.3.1. Motivation and intuition

Case 3 simulates a small spurious branch that does not correspond to a true anatomical
vessel. These artifacts typically arise from segmentation noise, skeletonization errors, or
local tracing inaccuracies. In the graph representation, they appear as short dangling edges

attached to otherwise valid vessel segments or junctions.

Unlike Case 1 and Case 2, which introduce false connections between existing vessels, this
perturbation creates a new branch extending outward from the vessel structure. The goal is
to train the model to detect and remove such local branch-like artifacts while preserving

valid connectivity.

5.3.3.2. Structural definition of the perturbation

Let G = (V,E) represent the corrected graph. Case 3 introduces a short spur

edge e, connected to an existing location in the graph.
The perturbation may include:
e anew terminal spur node
e anew spur edge
e asplit node (if the attachment occurs on an edge interior)
This spur edge is labeled as a false edge to be removed during topology correction.

Two attachment modes are considered:
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e spur on an edge

e spur on a bifurcation

5.3.3.3. Importance of this perturbation

Dangling branches are common local artifacts in skeleton-based vessel graphs. Although
small, they affect endpoint detection, branching structure, and connectivity analysis. This
perturbation allows the model to distinguish between valid vessel continuations and

artificial branches, improving robustness in topology correction.

5.3.3.4. Two modes of spur insertion

Case 3 generates dangling branches in two structurally different ways.

5.3.3.4.1. Spur on an edge
The spur is attached to the interior of an existing edge. Since edge interiors are not graph
nodes, the edge is first split at the attachment point. A new node is inserted, and the spur

edge is connected to this node.

5.3.3.4.2. Spur on a bifurcation

The spur is attached directly to an existing degree-3 node. No edge splitting is required,

and a new edge is added extending from the junction.

5.3.3.4.3. Difference between the two modes

The difference lies in the attachment location:

e On-edge requires splitting an existing edge before attaching the spur

e On-junction attaches directly to an existing node
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Both modes create a dangling branch but differ in how the graph is modified locally.

5.3.3.5. Candidate selection for spur perturbation

Candidate locations are selected from the corrected graph.

For spur on an edge:

o edges must be sufficiently long

e attachment points must be away from endpoints

For spur on a bifurcation:

e nodes must have degree 3

e incident edges must be sufficiently long

These constraints ensure that the perturbation does not affect critical regions of the graph.

5.3.3.5.2. Candidates for spur on a bifurcation

A valid candidate junction node is an example of a node whose degree is three and whose
incident edges are not so short. This restriction shuns the perturbation instead of centering
the sound bifurcation arrangements instead of the local areas of the graphs. The presence
of a degree-3 node is explainable by the fact that such a division of the retinal vasculature
would be a degree-3 node anyway since any natural division of the retinal vasculature
would be a degree-3 node since the branch would naturally be located there where a fake

additional branch would be visible.
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5.3.3.6. Algorithm for dangling branch injection
The perturbation process is applied to one graph variant at a time, with multiple spur edits
inserted per run.

Step 1: Load the corrected graph

The algorithm loads nodes_corrected.csv, edges_corrected.csv,
and edgepaths_corrected.json. The archived polylines are then recreated to get the edge
attributes so that the working graph with updated geometry and adjacency information can

be had.

Step 2: Build candidate lists

Candidate edges and junctions are identified based on structural constraints.

Step 3: Choose the perturbation mode

The algorithm selects either on-edge or on-junction mode (randomly or predefined).
Step 4: Select a host location

A valid edge or junction is selected based on the chosen mode.

Step 5: Determine the attachment point

e On-edge: a point is sampled along the edge

e On-junction: the node itself is used

Step 6: Split the edge if necessary
If the spur is attached to an edge, the edge is split and a new node is inserted.

Step 7: Determine the spur direction
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The direction is based on local vessel geometry, with added random variation.
Step 8: Set the spur length and endpoint

A short length is selected, and collision checks ensure the new node does not overlap

existing structures.

Step 9: Add the spur node and spur edge

A new node and spur edge are inserted, marked as a false edge.

Step 10: Recalculate graph statistics.

Node degrees, adjacency, and geometric features are updated to maintain consistency.

5.3.3.7. Step-by-step example of Case 3

RUN 001 | modes=['on_edge', 'on_junction', 'on_edge']

[GLOBAL USED] edges=@ junctions=0
——— Inject spur 1/3 | mode=on_edge ——

[BEFORE | on_edge]
selected_edge_id=280 src=235(deg=3) dst=286(deg=3)
edge_length_px=57.28
candidate_reason=o0k
n_safe_points=25 example_attach=(181.0,182.90942169310804)
insert_new_node_at_s=40.23 attach_point=(183.0, 187.4283869528603)
[AFTER | split]
new_split_node_id=679 at (183.00,187.43)
removed_old_edge=280
new_edges_from_split: el=1011 (src=235-679), e2=1012 (679-286)

[AFTER | spur added]
new_spur_node_id=680 at (178.95,187.43)
new_spur_edge_id=1013 src=679 dst=680
spur path endpoints: (183.0, 187.4283869528603) —> (178.95442425151822, 187.42"
spur_length_px=4.05 euclidean_px=4.05 tortuosity=1.00
spur_orientation_rad=-3.141 spur_angle_deg=-179.98
spur_dir_dxdy=(-1.000,-0.000) jitter_deg=21.16
degree(attach_node) AFTER = 3
degree(spur_end_node) AFTER = 1

Figure [15]: Example audit output for a dangling-branch perturbation inserted on an existing edge. The host edge is
first split at a safe interior location, after which a short spur edge is attached to the new split node.

In Figure 15-17 there is a run where 3 spur edits are added with the mode sequence as on
edge, on junction, on edge.

Example 1: On an edge, spur.
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During the first edit, the algorithm picks the selected edge loaded with the id 280, the source
node loaded with 235, the degree loaded with 3, the destination node loaded with 286, and
the degree loaded with 3, the length of the host edges loaded with 57.28 px.

The audit reports that there are valid candidate and safe interior attachment points. An arc-
length position is picked: s = 40.23 that corresponds to the position of attachment (187.43,
183.0). The original edge 280 is then removed and replaced by two new edges: 1011 : 235
=2 679, 1012 : 679 = 286 where node 679 is the newly inserted split node. After the split,
the spur itself is added: new spur node = 680, new spur edge = 1013, edge 1013 connects
679 = 680. The new spur is of length = 4.05 px, Euclidean distance = 4.05 px, and has a
tortuosity = 1.00. This is an artificial branch that is newly created; hence, the spur edge
1013 will subsequently be labeled as negative edge to remove.

Example 2: Spur inserted on a bifurcation

——— Inject spur 2/3 | mode=on_junction ——

[BEFORE | on_junction]
selected_bifurcation_node=162 degree=3
attach_point=(422.0, 97.0)
incident_edges=[9, 19, 161]
incident_lengths_px=[20.56, 93.47, 91.84]

[AFTER | spur added]
new_spur_node_id=681 at (425.37,94.35)
new_spur_edge_id=1014 src=162 dst=681
spur path endpoints: (422.0, 97.0) —> (425.36837248204347, 94.35
spur_length_px=4.29 euclidean_px=4.29 tortuosity=1.00
spur_orientation_rad=-0.666 spur_angle_deg=-38.18
spur_dir_dxdy=(0.786,-0.618) jitter_deg=2.85
degree(attach_node) AFTER = 4
degree(spur_end_node) AFTER = 1

Figure [16]: Example audit output for a dangling-branch perturbation inserted on a bifurcation node. In this case, no
edge splitting is required because the attachment point already corresponds to an existing degree-3 node.

The second edit of the structure in on-bifurcation mode and selected-bifurcation-node =
162, degree = 3, attachment point = (422.0, 97.0) as the selection, the algorithm will embark

on, resultant in the output shown below:
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The incident edges are: 9, 19, 161 with lengths approximately: 20.56 px, 93.47 px, 91.84
px. Because the point of attachment is already an endpoint of a graph a splitting of the
edges is not needed. The algorithm directly adds a new spur node = 681, new spur edge =
1014, edge 1014 connects 162 = 681. The spur has: length = 4.29 px, tortuosity = 1.00.
After a break, the degree of the attachment node, r, is disturbed and becomes 4, and the
new spur endpoint has a degree of 1.

Example 3. Another spur inserted on an edge

——— Inject spur 3/3 | mode=on_edge -——

[BEFORE | on_edgel]
selected_edge_id=236 src=211(deg=3) dst=240(deg=4)
edge_length_px=51.80
candidate_reason=o0k
n_safe_points=25 example_attach=(159.0,236.88216442042778)
insert_new_node_at_s=16.72 attach_point=(160.0, 241.05828567430598)
[AFTER | split]
new_split_node_id=682 at (160.00,241.06)
removed_old_edge=236
new_edges_from_split: e1=1015 (src=211-+682), e2=1016 (682-240)

[AFTER | spur added]
new_spur_node_id=683 at (156.84,243.48)
new_spur_edge_id=1017 src=682 dst=683
spur path endpoints: (160.0, 241.05828567430598) —> (156.83913151558522, 243.48
spur_length_px=3.98 euclidean_px=3.98 tortuosity=1.00
spur_orientation_rad=2.488 spur_angle_deg=142.54
spur_dir_dxdy=(-0.794,0.608) jitter_deg=-16.32
degree(attach_node) AFTER = 3
degree(spur_end_node) AFTER = 1
removed_edge_ids used for union: [236, 280]

[CHECK] spur edges in union:

edge_id is_spur y_edge_exists label_reason
909 1013 1 @ NEG_remove_this_edge
910 1014 1 @ NEG_remove_this_edge
913 1017 1 @ NEG_remove_this_edge

Figure [17]: Example audit output showing a second edge-based spur insertion and the resulting union-edge labels,
where the newly added spur edges are marked as false edges that should be removed.

The third edit depicts the algorithm making a conjecture in again on the on edge, and
selecting selected edge id = 236, source node = 211, and degree = 3, destination node =
240, degree = 4 and Host edge length = 51.80 px. The split occurs at: s = 16.72 and it forms
a new split node = 682. The original edge 236 is removed and replaced by: 1015 : 211 =
682, 1016 : 682 = 240. The algorithm then inserts a new spur: new spur node = 683, new
spur edge = 1017, edge 1017 connects 682 > 683, The spur has: length = 3.98 px ;

tortuosity = 1.00. An audit would then make the deleted reference edges in the union
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construction explicit: [236, 280] and make certain that the spur edges of the union are:
[1013],[1014],[1017] labelled with: y edge exists = 0, label reason = NEG remove this
edge.

This is a type that demonstrates the two types of Case 3. In the on_edge mode: A legal
edge of a vessel is selected followed by splitting this edge to make a safe interior point and
a new split node is formed, and the spur is attached to the new point. In the on-junction
mode: the spur will be glued on a degree-3 bifurcation which exists; hence, this will not
require edge splitting. The result of the learning is also analogous i.e. the graph currently
has a short hanging branch that was not present in the fixed reference topology and thus

needs to be removed.

5.3.3.8. Labels for link prediction using the union graph

After generating the perturbed graph, a union graph is constructed by combining the
corrected reference graph and the perturbed graph. This representation is used to generate

labels for link prediction.

5.3.3.8.1. Meaning of union nodes

The file nodes_union.csv contains nodes from both the corrected and perturbed graphs. A

node may appear in the reference graph, the perturbed graph, or both.

The columns are defined as follows:

e in_ref= 1: node exists in the reference graph

e in_cur = 1: node exists in the perturbed graph

e is_added = 1: node introduced during perturbation
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In Case 3, newly added nodes include:
e split nodes (created when an edge is divided)

e terminal spur nodes

5.3.3.8.2. Meaning of union edges

The file edges_union.csv contains all edges from both graphs, along with labels indicating

whether each edge should exist in the corrected topology.

In Case 3, three types of edges are considered:

1. Untouched valid edges: Present in both graphs

— y =1, label reason = keep_existing

2. Removed reference edges (due to edge splitting): Present in the reference graph but
not in the perturbed graph

— y =1, label reason = POS _removed true edge

3. New spur edges: Artificial edges introduced during perturbation

— y = 0, label reason = NEG_spur_edge

This labeling scheme ensures that the model learns to preserve valid structure, restore

removed edges, and eliminate artificial spur edges.

5.3.3.8.3. Importance of Union in Case 3

The union representation is particularly important in Case 3 because the perturbation

modifies the graph in two ways:

e introduces a false spur edge
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e may remove a valid edge during splitting

Without the union graph, the model would only observe the perturbed graph and would not

recognize that certain removed edges belong to the correct topology.
5.3.3.9. Generated graph files after perturbation

After applying the dangling branch perturbation, the graph is stored in the same format as

in previous cases. The main files include:

e nodes_perturbed.csv, edges perturbed.csv, edgepaths perturbed.json

Perturbation metadata is stored in:

o labels case3.json, audit_case3.json, audit case3 summary.csv

The union representation is stored as:

e nodes union.csv, edges union.csv, edgepaths union.json

This structure ensures reproducibility and supports supervised training of graph neural

networks.
5.3.4 Case 4: Broken Vessels
5.3.4.1. Motivation and intuition

Case 4 models a scenario where a true vessel segment is broken and one of its endpoints is
incorrectly reconnected to a nearby unrelated vessel. This introduces two simultaneous

errors: a missing true connection and a false connection.
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Unlike simpler cases, this perturbation combines both disconnection and incorrect
reconnection, resulting in a structurally inconsistent local topology. The objective is to train

the model to restore the correct vessel continuity while removing the erroneous bridge.
5.3.4.2. Structural definition of the perturbation

Let G = (V,E) denote the corrected reference graph. The perturbation proceeds in three

stages:

1. A valid edge is selected and split at an interior point, creating two disconnected

endpoints.

2. One of the endpoints is selected for incorrect reconnection.

3. A false bridge is added between this endpoint and a nearby vessel segment.

As aresult:

o the original vessel continuity is broken

e a false connection is introduced

o additional valid edges are created due to splitting

This makes Case 4 a combination of missing positive edges and incorrect negative edges.
5.3.4.3. “Broken Vessel” Definition

A broken vessel refers to a segment that should be continuous but is interrupted in the
graph representation. The original edge is split into two parts, creating two endpoints that

should be reconnected.
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In this perturbation, one of these endpoints is instead connected to a different vessel,

forming a false junction. The model must therefore:

e remove the incorrect bridge

o restore the original connection between the broken endpoints

5.3.4.4. Importance of this perturbation

Case 4 is more complex than previous cases because it combines:

loss of true connectivity

creation of false connections

modification of node degrees

local structural inconsistency

This makes it particularly valuable for evaluating whether the model can reason beyond

local geometry and recover biologically plausible vessel continuity.

5.3.4.5. Candidate edge selection for vessel breaking

Candidate edges are selected based on structural stability to ensure realistic perturbations.

An edge is considered valid if:

o its geodesic length exceeds a minimum threshold

e its endpoint nodes have moderate degree (< 3)

e it is not connected to highly complex junctions
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 its polyline contains sufficient points for safe splitting

In practice, a minimum length of approximately 40 pixels is used, along with constraints

on node degree and path length.

5.3.4.6. Algorithm for broken-vessel generation

For each run, the algorithm starts from the corrected reference graph and applies multiple
Case 4 edits sequentially. Each edit follows the same sequence of operations.

Step 1: Select an edge to break

The algorithm then constructs a table of valid edges between candidates. Breached on one
of the candidate edges. The findings of the audit are the chosen edge ID had destination
nodes, its length and the rationale why it was regarded as viable candidate. The algorithm,
e.g. the one in the shown run, is run on: edge id to-break = 8, endpoints = (97, 417),
length-px = 83.63. This edge is picked because it is long enough and is not linked to
extremely complicated crossroads.

Step 2: Break the selected edge

The chosen edge is then cut at a point within it, by removing a small piece of course. This
causes a gap and splits the initial edge in two pieces that are separated. The old edge is
removed, and two new endpoint nodes are introduced where the break is, and 2 new valid
edges are created, one per piece that remains. Under example: the initial edge 85 is
removed, new break nodes 679 and 680 are inserted and the environment replaces the initial
edge with new ones 1011 and 1012. This is a legitimate amount of vessel that is new. No
real error lies in the values of these edges, but that the continuity between the two broken

endpoints is no longer present.
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Step 3: Choose one broken endpoint to reconnect wrongly

After breaking the edge, the algorithm picks one of the two new break endpoints and uses
one of them as the endpoint that will be reconnected improperly. The other is not fettered.
This is randomly selected and when it is selected it describes the attached broken endpoint,
and the free broken endpoint. The edge between the two removed terminals is the edge
which should be taken up again later.

Step 4: Find a nearby target vessel

This algorithm then tries to find an extra, nearby, edge that is irrelevant to the broken
vessel. Its target must not surpass a radius of the search, and they must have a safe central
location where a new node can be introduced. This will re-relate assumptions in an
implausible but flawed way. Information on spatial proximity to the selected broken
endpoint is used to determine the target edge. In the sample, the algorithm found that there
was a nearby target edge, that the nearest target edge was found at 643 which was the split
point chosen, and the distance was approximated at 26.02 pixels.

Step 5: Insert a node on the target vessel

To ensure the broken endpoint is joined to the next ship, a new node is placed at the edge
of its destination. This splits up the target edge to two good sub-edges. Subsequently, the
target vessel is modified accordingly: the original target edge gets revealed, a new node is
added to it, and the first target node is replaced by two new ones which are valid. As
illustrated: inserted target node = 681, target edge 643 is split, to form new edges 1013 and
1014. Before the introduction of the dropped bridge, this target node-added node is a degree
2 node in the sense that it simply is inserted in the middle of a legal vessel segment.

Step 6: Add the wrong bridge edge
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A fake edge between the selected broken node and the target node inserted is then added.
This results in the wrong reconnection. Wrong bridge edge in following example = 1015
with using node 680 and 681. The inserted node and bridge mean the inserted node will be
a target degree of 3 which is like a false junction like formation.

This is the undesired critical point in Case 4: here the critical point occurs in the perturbed
graph but should not be occurring in the fixed topology.

Step 7: Update graph structure and features

Any newly added and modified edges are then updated by identifying their geometric
features (geodesic length then Euclidean distance and tortuosity, orientation, degrees of
Nodes and endpoint markers are also re-calculated) to make the graph consistent with the
supposedly new and changed connection.

5.3.4.7. Step-by-step interpretation of the example

An example of the perturbation of case 4 happens is shown in the below figure 18. It begins
with a legal vessel edge, edge 85, between nodes 97 and 417. This perturbation-structurally
appropriate edge is long. It is splintered in the middle by the algorithm to form two new
endpoint nodes, 679 and 680, and has created two valid partial edges between the original
vessel edge, 1011 and 1012. At this point the ship has been shattered. The real continuity
that is to be is between the two newly created break ends. To say it differently, the lost real
edge would be the one that would bring back the broken ship. Then, the algorithm finds a
nearby unrelated vessel and finds edge target 643. This target vessel is split in two valid
target sub-edges by the insertion of a new node, 681 on it. Lastly, the algorithm introduces
the erroneous bridge edge 1015, between broken endpoint 680 and introduced target node

681. This results in the final pattern of the perturbation: the original vessel is broken; the
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real reconnection is absent of fake reconnection exists. Thus, the appropriate graph repair
would be to delete edge 1015 and reconstruct the lost edge between the two endpoints of

the break.

[CASE4] RUN 001/1 image=21 manuall edits_per_run=1

[CASE4] edge_id_to_break=85 endpoints=(97,417) length_px=83.63
[CASE4] why candidate: length_px>=40.0 & deg_endpoints<= 3 & not incident to deg>=4
[CASE4] BEFORE break edge row:

edge_id src dst length_px euclidean_px tortuosity orientation_rad \
85 85 97 417 83.627417 77.103826  1.084608 -1.518895

length_um
5

[CASE4] AFTER break new nodes:
node_id x y degree is_endpoint
1

653 679 63 353
node_id x vy degree is_endpoint
654 680 65 347 1

[CASE4] AFTER break new edges:
edge_id src dst length_px euclidean_px tortuosity orientation_rad \
906 1011 97 679 27.071068  25.019992  1.081977 -1.610775

Tength_um
906 154.305087
edge_id src dst length_px euclidean_px tortuosity orientation_rad \
907 1012 680 417 49.727922 46.097722 1.07875 -1.505671
Tength_um
.. __907 283.449156
[CASE4] found target within R=30.0px: edge=643, idx=3, dist=26.02
[CASE4] chosen target_edge=643 nearest_vertex_index=3 dist_px=26.02
[CASE4] inserted node on target edge: inserted_node_id=681 (this was degree-2 before bridge)
[CASE4] AFTER insert target node:

node_id  x y degree is_endpoint
655 681 91 351 2 0
edge_id src dst length_px euclidean_px tortuosity orientation_rad \
907 1013 471 681 3.0 3.0 1.0 1.570796
length_um
907 17.1
edge_id src dst length_px euclidean_px tortuosity orientation_rad \
908 1014 681 504 65.012193 58.137767 1.118244 0.858439
length_um

908 370.569502
[CASE4] wrong bridge edge added: edge_id=1015 (680 —> 681)
[CASE4] AFTER wrong bridge edge:
edge_id src dst length_px euclidean_px tortuosity orientation_rad \
909 1015 680 681 26.305893 26.305893 1.0 0.152649
length_um
909 149.943589
[CASE4] Degree of inserted_target_node now: 3
[CASE4] edlt#l accepted (attempt#l)

Figure [18]: Example log output of the Case 4 perturbatlon procevs zllustmtmg vessel breakage insertion of
intermediate nodes, and incorrect bridging to a nearby vessel.

5.3.4.8. Labels for link prediction in Case 4

Case 4 generates both positive and negative supervision signals.

5.3.4.8.1. Positive missing edge

The two endpoints created by breaking a vessel should be connected in the correct
topology. The edge between them is therefore a positive missing edge. It is absent in the
perturbed graph but should exist in the corrected structure. The model must learn to restore

this missing connection.
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5.3.4.8.2. Negative wrong bridge edge
The false bridge connecting a broken endpoint to a nearby vessel is labeled as a negative
edge. It exists in the perturbed graph but not in the corrected graph. The model must learn
to remove this incorrect connection.
5.3.4.8.3. Removed true edge from the reference
The original vessel edge that was broken is part of the correct topology. Although it is
removed during perturbation, it is retained in the union graph as a positive reference edge
(in_ref=1,in cur=0,y edge exists = 1) to guide the learning process.
5.3.4.9. Meaning of the union graph in Case 4
As in previous cases, supervision is based on a union graph constructed from the corrected
reference graph and the perturbed graph.
5.3.4.9.1. Meaning of union nodes
The file nodes_union.csv contains all nodes from both graphs. A node may appear in the
reference graph, the perturbed graph, or both.
Node indicators are defined as:

e in_ref=1: node exists in the reference graph

e in_cur = 1: node exists in the perturbed graph

e is added = 1: node introduced during perturbation
In Case 4, newly added nodes include: break endpoints and inserted target nodes.

5.3.4.9.2. Meaning of union edges

The file edges_union.csv contains all edges from both graphs, along with labels

indicating whether each edge should exist in the corrected topology.
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In Case 4, four categories of edges are defined:

1. Untouched valid edges
Present in both graphs

— y =1, label reason = keep_existing

2. New valid split edges
Created during edge splitting

—y=1,in ref=0,in cur=1,is_added =1

3. Removed true reference edges
Present in the reference graph but removed during perturbation

— y =1, label reason = POS _removed true edge

4. Wrong bridge edges
Artificial edges introduced during perturbation

— y = 0, label reason = NEG_wrong_bridge remove

Virtual Positive Edges

In addition to removed edges, a virtual positive edge is introduced between the two broken

endpoints. This edge represents the missing connection that should be restored.

It is defined as:

e in ref=1,in cur=0,y edge exists=1

e label reason =POS missing uv_virtual

64



This representation helps the model learn both to remove incorrect edges and restore

missing valid connections.

5.3.4.10. Edge Changes in Case 4

5.3.4.10.1. Added edges

e split edges from breaking the original vessel

o split edges from the target vessel

e the wrong bridge edge

Only the bridge edge is invalid.

5.3.4.10.2. Removed edges

e original vessel edge (broken)

o original target edge (split)

The original vessel edge remains part of the correct topology and is preserved in the union
graph as a positive reference.

5.3.4.10.2. Missing edge to be repaired

The key missing edge connects the two broken endpoints. Restoring this edge is essential

to recover correct vessel continuity.

5.3.4.11.0utput files generated for Case 4

After perturbation, the graph is stored as:

e nodes perturbed.csv

65



e edges perturbed.csv

e edgepaths perturbed.json

Additional metadata and audit files include:

o labels case4.json

e audit _case4.json

e candidates edges case4.csv

e chosen_sites debug.csv

The union representation is stored as:

e nodes union.csv, edges union.csv, edgepaths union.json

These files support reproducibility and supervised training.

5.4. Mixed Perturbations

As discussed earlier, each perturbation case models a specific type of structural error.
However, in real vascular graph extraction, errors rarely occur in isolation. Instead,
multiple inconsistencies often appear simultaneously, such as crossing misinterpretations,

kissing vessels, dangling spurs, and broken segments.

To better reflect these real-world conditions, this work introduces mixed perturbations,
where two or more perturbation types are applied sequentially to the same graph. This
approach produces more complex and realistic graph structures, allowing the model to

learn how to correct multiple interacting topology errors.
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5.4.1 Sequential Perturbation Generation
The corrected reference graph is modified through a sequence of perturbations. Let
Go = (Vo, Eo)

denote the reference graph obtained after graph extraction and correction (Chapter 4).

A sequence of perturbed graphs is generated:
Gy, G5, G5, G,

where each graph is obtained by applying a perturbation to the previous one, rather than

returning to the original reference graph.

For example:

G, = Case 1(Gy)

G, = Case 2(G,)

G5 = Case 3(G,)

G, = Case 4(G53)

This sequential design ensures that later perturbations are applied to already modified

graphs, resulting in compounded topology errors.

5.4.2 Algorithm for Mixed Perturbation Generation

The mixed perturbation process is applied as follows:
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Step 1: Initialize graph

Set G = G, the corrected reference graph.

Step 2: Apply Case 1 (false crossing)
Crossing perturbations introduce incorrect junctions by connecting vessels that should
remain separate.
Update: G < G;
Step 3: Apply Case 2 (kissing vessels)
A short artificial bridge is added between nearby vessels.
Update: G < G,
Step 4: Apply Case 3 (dangling spur)
A short spurious branch is introduced.
Update: G < G3
Step 5: Apply Case 4 perturbation (broken vessel)
A vessel segment is broken, and one endpoint is incorrectly reconnected to a nearby
vessel.
Update: G < G,
e The final graph contains a mixture of structural inconsistencies, including false

crossings, spurious connections, dangling branches, and broken vessels.
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5.4.3 Example of Mixed Perturbation Generation

[MIX] image 1/20: 21_manuall ====

[MIX

image=21_manuall | variant=1/1

[MIX] step 1: casel

[MIX] Using REAL corrected crossings_meta.json
[CASE1] Split sites=26 | Valid sites=26
[CASE1] Chosen sites=1

[CASE1] site#1 | inserted J=679 at (318.0,419.0)

[CASE1] removed true edges: AB(id=993), CD(id=994)

[CASE1] added fake edges: AJ=1011, BJ=1012, CJ]=1013, DJ=1014

[CASE1] positives (missing): [(523, 535), (528, 530)]

[CASE1] negatives (fake): [(523, 679), (535, 679), (528, 679), (530, 679)]

[CASE1] Saved variant to: /content/drive/MyDrive/Graph learning/DRIVE/drive_vessel_

[MIX] step 2: case2 (rep 1/1)
p_is_existing_node? False | nid_p=None
q_is_existing_node? False | nid_g=None
p_is_interior? False | idx=23 / 23
q_is_interior? False | idx=64 / 64

——— BEFORE KISS ——
mode=T | pair=(102, 115) | dmin=1.0@px | angle=90.0°
p on eid102 @ id (474, 164)
q on eidl15 @ idx=64: (474, 165)

—— AFTER KISS -—
bridge_eid=1015 | bridge_len=1lpx | connects node 680 <-> 681
added_nodes=[680, 681]

added_edges=[1015]

[MIX) step 3: case3 (rep 1/1)

[BEFORE | on_edge]
selected_edge_id=654 src=477(deg=3) dst=482(deg=4)
edge_length_px=31.73
candidate_reason=ok
n_safe_points=12 example_attach=(352.0,432.6950407609128)
insert_new_node_at_s=11.55 attach_point=(352.0, 433.1326848694359)
(AFTER | split]
new_split_node_id=682 at (352.00,433.13)
renoved_old_edge=654
new_edges_from_split: €1=1016 (src=477+682), e2=1017 (682+482)

[AFTER | spur added)
new_spur_node_id=683 at (346.17,434.76)
new_spur_edge_id=1018 src=682 dst=683
spur path endpoints: (352.0, 433.1326848694359) -> (346.1677980626667, 434.7574627221279)
spur_length_px=6.05 euclidean_px=6.05 tortuosity=1.00
spur_orientation_rad=2.870 spur_angle_deg=164.43
spur_dir_dxdy=(-0.963,0.268) jitter_deg=-15.57
degree(attach_node) AFTER = 3
degree(spur_end_node) AFTER = 1

[MIX) step 4: cased (rep 1/1)

[CASE4) break_edge=161 endpoints=(162,175) length_px=91.84
(CASE4] reason: L>=40.0, deg<= 3, not incident deg>=4

[CASE4] break created endpoints: lefts684, right=68S

[CASE4] removed edge 161, new edges: 1019,1020

[CASE4] target found within R=30.0px: edges7, idx=24, dist=28.44
[CASE4] inserted node 686 on target edge 7 (split into 1021,1022)
[CASES] WRONG bridge added: edge_id=1023 (684 -> 686)

[CASE4) free broken endpoint left disconnected: node=685

[MIX) Saved: /content/drive/MyDrive/Graph learning/DRIVE/drive_vessel_graphs/Mix Perturbations
[MIX] labels_mixed.json + audit_mixed.json written

Figure [19]: Example of a mixed perturbation sequence, illustrating how multiple structural errors (crossing
misinterpretation, kissing vessels, spur branch, and broken vessel) are progressively introduced into the same graph.

The example starts with the image 21 manuall, in which the initial input is a corrected

vascular graph.
Step 1: Case 1 (Crossing perturbation)
In the algorithm, an initial crossing misinterpretation is introduced. The precomputed

metadata file crossings meta.json is used to choose a valid crossing location.

There were 26 valid crossing sites in the example in Figure 20 so there was a random
selection of one site to place a new junction node at coordinates (318.0, 419.0). The original

crossing edges are taken out and four erroneous junction edges set in their place. This
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means that the actual crossing connections will lose their positive edges and the new

junction edges will be negative edges.

Step 2: Case 2 (Kissing vessels)

The second step is to do a kissing vessel perturbation on the graph generated in Step 1.
Two close sections of the vessel are identified with a minimum spacing of around 1 pixel
and an angle of approximately 90 degrees, which means that there could be a probable
crossing setup. The algorithm adds two new nodes on the two vessels and connects them
up using a short bridge edge. In example: 680 and 681 are added as nodes and edge 1015
is added between these two nodes. Such an advantage is a fictitious connection between
vessels to be discarded later.

Step 3: Case 3 (Spur generation)

In the third perturbation, a spur artifact is added. One of the candidate edges is chosen and
a new node is added to the vessel segment. It is a short branch off this node which forms a
hanging spur. In the following diagram: edge 654 is selected, a new split node 682 is added,
the former one is substituted by edges 1016 and 1017, a spur node 683 is introduced and a
spur edge 1018 is added. The spur node will be a degree-1 node, which reflects a hanging
piece of vessels.

Step 4: Case 4 (Broken vessel)

Lastly, the algorithm produces a perturbation of broken vessel. A vessel edge is chosen that
is long, and split into two, forming two new break endpoints. In the example: the edge 161
is broken, that is, break endpoints 684 and 685 are generated, the initial edge is exchanged
to 1019 and 1020 edges. The algorithm then identifies a neighboring ship and adds a node

to it: node 686 gets added on an edge 7, resulting in edges 1021 and 1022. Thereafter a
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wrong bridge edge 1023 is formed between node 684 and node 686 and node 685 has not
been connected. This adds a false missing node between nodes 684 and 685, in addition to

a false bridge edge between node 684 and node 686.

5.4.4 Multiple Variants for Dataset Augmentation

The mixed perturbation process is repeated with alternative random seeds, and parameters
to achieve greater training diversity. This yields many corrupted instances of each retinal
graph with various combinations of errors that enhance diversity of the dataset and model

resilience. This arrangement is detailed in Chapter 7.

5.4.5 Importance of Mixed Perturbations for Learning Topology Repair

Mixed perturbation complicates the process of vessel topology correction since many
errors might be present simultaneously. In these circumstances local geometry is frequently
not sufficient to establish the appropriate connection. GNNs can solve this by exploiting
local and global graph structure to enable the model to discover more trustworthy topology-

aware corrections.
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CHAPTER SIX
GRAPH NEURAL NETWORK MODEL-BASED LINK PREDICTION FOR
TOPOLOGY REPAIR

This chapter presents a framework for predicting vessel connectivity in retinal vessel
graphs. The objective is to determine whether a candidate edge between two nodes
corresponds to a valid vessel connection in the corrected topology. The method operates
on skeletonized vessel graphs and resolves structural ambiguities introduced by

perturbations, including broken vessels, false crossings, and spurious junctions.

Two complementary approaches are considered. We first develop a graph neural network
(GNN)-based model that learns connectivity patterns from data. In addition, we implement
a heuristic geometric baseline to provide a rule-based comparison. Both approaches use the

same graph representation and candidate edge set to ensure a fair evaluation.

6.1 Problem Formulation: Edge Existence Prediction

We model topology repair as a binary edge prediction problem. Given a vessel graph G =
(V,E), the goal is to determine whether a connection between two nodes should exist in

the corrected graph.

For each node pair (w’ v), a candidate edge is assigned a label:

_ {1 if a valid vessel connection exists between u and v
Y =1 otherwise

The model estimates the probability:

Puw =P =116)
which represents the likelihood that the candidate edge corresponds to a valid vessel

continuation. During inference, a threshold 7 is applied to obtain binary predictions.

72
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Figure [20]: illustrates the overall pipeline, including both the GNN-based model and the geometric baseline. This
Jformulation enables the model to learn structural patterns that distinguish valid vessel connections from erroneous
ones [90].

6.2 Graph Representation and Candidate Edges

The retinal vascular network is represented as a graph where nodes correspond to endpoints
and junctions, and edges correspond to vessel segments extracted from the skeletonized

image.

The graph is constructed using three main components:

e nodes_perturbed.csv: node coordinates and structural attributes

o edges perturbed.csv: connectivity of the perturbed graph

e edges union.csv: candidate edges with supervision labels

The union representation combines existing and candidate edges, allowing the model to
learn from both valid and invalid connections. Using the same graph representation for

both learning-based and rule-based approaches ensures consistent evaluation.
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6.3 Node and Edge Features

We define a set of geometric and structural features to support edge prediction.

Node features include:

e spatial coordinates, node degree, endpoint indicator

Edge features include:

e vessel path length, Euclidean distance, tortuosity, orientation

These features capture both local geometry and structural relationships, enabling the model
to distinguish between valid and invalid connections.

6.4 GNN Architecture Framework

We use Graph Neural Networks (GNNs) to learn representations from the vessel graph.
GNNs operate on graph-structured data by aggregating information from neighboring

nodes through message passing.

The framework follows an encoder—decoder design. The encoder computes node
embeddings that capture the structural context of each node. The decoder then predicts the

existence of candidate edges based on these embeddings.

We evaluate several architectures, including Graph Convolutional Networks (GCN),
GraphSAGE, Graph Attention Networks (GAT), and Variational Graph Autoencoders

(VGAE).

GCN aggregates normalized neighbor features to learn node representations.

GraphSAGE introduces learnable aggregation functions and supports inductive learning.
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GAT assigns attention weights to neighbors, allowing the model to focus on more

informative connections.
VGAE learns probabilistic node embeddings, capturing uncertainty in graph structure.

Each architecture encodes both geometric and structural information into node

embeddings.

6.5 Message Passing and Representation Learning

Node embeddings are learned through iterative message passing. At each layer, a node

updates its representation by aggregating information from its neighbors.
Let hf,k) denote the representation of node v at layer k. The update rule is:

R = o <W(k) . AGG ({hff“l); u € N(v)}))

where AGG is an aggregation function, W ® are learnable parameters, and o is a nonlinear

activation function.

Stacking multiple layers allows nodes to capture information from larger neighborhoods,
enabling context-aware representations that are critical for resolving ambiguous

connections.

6.6 Edge Prediction Decoder

Given node embeddings, the model predicts whether a candidate edge is valid.

For GCN, GraphSAGE, and GAT, predictions are computed directly from node

embeddings by modeling interactions between node pairs.
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For VGAE, we use a multilayer perceptron (MLP) decoder. The input is the concatenation

of node embeddings:

h"LLU = [Zu ” ZU]

where z,, and z,, are node embeddings, and || denotes concatenation.

The MLP outputs the probability that the edge exists. This allows the model to capture
nonlinear relationships between node features and improves flexibility in modeling
complex vessel structures.

6.7 Heuristic Geometric Baseline

We implement a heuristic baseline based on geometric rules. Candidate edges are scored
using features such as length, Euclidean distance, tortuosity, and orientation consistency,

and classified using a threshold.

While simple and interpretable, this approach relies only on local geometry and does not
capture global graph structure. As a result, it is expected to perform xy>xe than GNN-based

models.
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CHAPTER SEVEN
EXPERIMENTAL SETUP

7.1 Perturbed Graph Dataset Generation
7.1.1 Source Dataset and Graph Construction

The experiments conducted in this paper have been conducted in DRIVE retinal vessel
dataset that comprises of 20 pictures of retinal fundus that are usually used in examining
the retinal vessels. The dimensions of the retinal vessels in each image have been
symbolized as a graph in a preprocessing pipeline. Vessel segmentation is the initial step
in processing the retinal images to extract the vascular structure of the images. The
skeletonization of the segmented vessels is then performed to obtain the vessel centerlines.
As this representation of the skeleton is a few junction nodes, a few endpoint nodes are
computed as well as a graph representation of a straight skeleton is plotted where each node
represents a junction point or endpoint point and represents a section of a vessel between
two nodes. The outcome of this procedure is an initial graphical model of a retinal vascular

net.

7.1.2 Reference Graph Correction

Original graphs derived of the vessel skeleton can have ambiguities in the structure of
certain structures especially at the vessel cross point. The process of skeletonization is also
not always a guarantee on the existence of a proper path of any node to a skeletonized node
and can even cross a vessel. to fix the situation a correction process is carried out to create
a graph of the proper graph of a graph of vessels that has a correct topology. This is
accomplished by crossing the nodes and the cross point of two vessels which do not share
a true common branch is ascertained. Not only does it break up the artificial position of

crossings of the type, but it breaks up the different parts of the attacked ships and re-
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connects and re-stitches once more at his will. so, to set up the passages of the vessel--no
longer a crossing, but two different cross vessels. Fixed graph of any image will be stored
with the assistance of the following files: nodes fixed.csv, edges fixed.csv, edgepaths
fixed.json and meta corrected crossings meta corrected.json. Such fixed graphs are
perturbed synthetically.

7.1.3 Synthetic Perturbation Strategy

Corrected vessel graphs are perturbed with synthetic perturbations to learn and test models
that learn to address structural ambiguities. These noises assume the form of typical
topological errors when performing automated vessel extraction. Four cases of perturbation

are used:

1. Case 1: Vessel Crossing

2. Case 2: Kissing Vessels

3. Case 3: Dangling Branch (Spur)

4. Case 4: Broken Vessel

In addition to individual perturbation types, mixed perturbation variants are generated by
combining multiple perturbations within the same graph to simulate more complex
structural errors.

7.1.4 Case 1— Vessel Crossing

In the first perturbation scenario, false junction nodes are added at vessel crossings, which
describes how two vessels can cross each other, but be mistakenly viewed as a branch

point. In each corrected graph: 10 trials are carried out; 4 random seeds are varied to
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enhance diversity of perturbation. Seeds used: 17, 26, 42, 100. Within each trial, a specific
number of crossing sites are chosen: 2, 3, 5, 6, 7, 8§, 9, 10, 11, 12. When running a run,
previously sampled edges are monitored to make sure that the same point is not sampled
more than once in a single trial. This makes generated crossing configurations more varied.
On each image: 10 trials multiplied by 4 seeds: 40 samples, Over the 20 images in the
DRIVE dataset, 20 x 40 = 800 perturbed graphs, across these trials, about 72 crossing edits

are used on each image.

7.1.5 Case 2—Kissing Vessels

The second perturbation example is false vessel connections which is also called kissing
vessels. Such connections can be of two kinds, T-shaped junctions, Parallel vessel
connections. Multiple experiments are run to produce a variety of examples using varying
numbers of edits, and random seeds. The experiments include 10 trials with 20 edits (seed
42), 8 trials with 12 edits (seed 100), 5 trials with 6 edits (seed 10), 2 trials with 2 edits
(seed 1000), 2 trials with 25 edits (seed 26). Overall: 27 samples per image, Over the 20
images, there are 27 x 20 = 540 samples of T-shaped kissing vessels. The parallel
configuration is repeated on the previously done experiments, and another: 540 samples
are produced. Therefore, the size of the set of Case 2 samples is: 1080 Case 2 perturbed
graphs.

7.1.6 Case 3— Dangling Branch (Spur)

The third perturbation scenario adds spurious dangling branches, which are small parts of
the vessel that falsely seem to be connected to the vessel network. Spur branches may be
injected either: on a given edge, or at a node. Several experiments are carried out using

various numbers of edits and random seeds to increase variability.
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Table[6]: Experimental configurations for Case 3 (Dangling Branch / Spur), showing the number of trials, injected
edits, and random seeds used to generate spur perturbations.

Trials | Edits | Seed
1 3 42
2 60 1

5 10 10
5 20 26
5 25 99
5 40 20
5 50 64
7 15 17
8 30 35
10 12 100

» These experiments result in 53 experiments on each image. There is a total of about
1060 perturbed graphs obtained across the 20 images. They cannot however apply all
perturbations since the number of valid candidate locations will vary across images.
This means that Case 3 has 848 usable samples in the final dataset. About 265 spur
edits are made on each image, when viable locations of injection are available.

7.1.7 Case 4 — Broken Vessel

The fourth perturbation case simulates vessel discontinuities, where a continuous vessel

segment is artificially disconnected. The following experiments are performed:

Table[ 7]: Experimental configurations for Case 4 (Broken Vessel), showing the number of trials, injected
disconnection edits, and random seeds used to simulate vessel break perturbations.

Trials | Edits | Seed
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1 1 100
2 10 10
3 15 26
3 25 99
4 20 17

This results in: 13 trials per image. Across the 20 DRIVE images, the dataset contains: 13
x 20 =260 perturbed graphs. Each image receives approximately 71 vessel break edits,

depending on the availability of suitable vessel segments.

7.1.8 Mixed Perturbation Variants

Several types of perturbations are applied simultaneously to the same graph to produce a
more realistic set of graph distortions. It has six different perturbation configurations with
each configuration defined by the amount of edits in separate perturbation cases, cross
edits, connections that form kissing vessels, spur branches, and broken vessels. All variants
are subjected to three random seeds (26, 42, and 100), which gives 18 samples per image
(6 variants x 3 seeds). The perturbed dataset is a mixture, with 20 images and gives around
388 perturbed graphs overall. These settings give graphs of different structural complexity

allowing the models to be trained on a wide variety of perturbation patterns.

7.1.9 Final Dataset Size

After combining all perturbation cases, the dataset contains:

Table [8]: Number of samples generated for each perturbation case and the mixed perturbation dataset.

Case Samples

Case 1 — Crossing 800
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Case 2 — Kissing 1080

Case 3 — Spur 848

Case 4 — Broken 260

Mixed perturbations | 388

» Total number of perturbed graphs: 3376 samples

7.1.9 Dataset Splitting Strategy

To adequately assess model generalization, the dataset is separated into training, validation
and test sets. The splitting is done at the image level as opposed to the graph level. Every
retinal image produces numerous distorted samples of graphs. Provided that samples were
randomly split on a graph level, perturbations of the same underlying vessel network may
occur in both training and testing data. This would enable the model to indirectly view
structural patterns in the same image during training, which would result in data leakage
and artificially enhanced performance. To avoid this problem, perturbation samples
corresponding to a given retinal image are put into the same dataset split. In the DRIVE
dataset, there are 20 distinct retinal images, and it is separated into the following sets:
Training set: 14 images, Validation set: 3 images, Test set: 3 images. To make it

reproducible, a fixed random seed (seed = 42) is used to generate the split.

* Training Images: 22 manuall, 25 manuall, 26 manuall, 27 manuall,
30 manuall, 31 manuall,3 2 manuall, 33 manuall,34 manuall, 35 manuall,

36_manuall, 38 manuall, 39 manuall, 40 manuall

* Validation Images: 23 _manuall, 28 manuall, 37 manuall

* Test Images: 21 manuall, 24 manuall, 29 manuall
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The below figure 20 illustrates the number of graph samples generated for each

perturbation case across the training, validation, and test splits of the dataset.
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Figure[21]: Distribution of graph samples across perturbation cases for the training, validation, and test splits.

The graph perturbations in the dataset consist of five categories: crossings of vessels,
vessels kissing each other, spur, broken, and mixed perturbations. The distribution
indicates that the highest number of samples is in the training set, and the graph neural
network models can acquire structural patterns. The sample sizes of both the validation and
test set are smaller though proportionally balanced to provide adequate model assessment.
Mixed perturbation category indicates more complicated situations in which a series of
structural errors are combined, which is a realistic environment to assess the robustness of

models.

Images per split:
split num_images

test 3
train 14
val 3

Total graph samples per split:
split num_graphs

test 494
train 2362
val 512

Graph samples per case per split:
split test train val
case_name

casel_crossing 120 560 120
case2_kissing 162 756 162

case3_spur 116 598 134
cased4_broken 39 182 39
mix 57 266 57

Figure [22]: Summary statistics of image and graph sample distribution across dataset splits.
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The data used in the experiments are reflected by Figure 21. The data will include 14
training photos, 3 validation photos and 3 test photos which are manipulated to form graph
samples. The training, validation and testing samples are 2362 and 512 and 494
respectively. The table also illustrates the number of samples of the graphs provided in
each case of perturbation per split. Through the distribution, the entire list of perturbations
will be stored in the dataset, and the set of training samples that will be gathered by the

model will be enough to make the graph structure.

7.2 Model Training Setup

This section outlines the training setup that is employed to test various measures to make
predictions of valid vessel connections of perturbed vessel graphs. A variety of graph
neural network (GNN) models along with a geometric heuristic baseline were tested on the
same dataset and candidate edge prediction problem. The goal of the models is to indicate
the probability that an edge in the union graph is a candidate edge that will give an edge in

the corrected topology.

7.2.1 Learning Task

Learning is defined as binary edge existence problem. Each perturbed vessel graph is
provided to the model with the perturbed graph structure is going to be used to pass the
message, a set of candidate edges, the ground truth labels. All the candidate edges are

marked as:

_ {1 valid vessel connection
Yedge =10  invalid candidate edge

The perturbed graph gives the context of the structure, and the supervised learning targets

are the candidate edges.
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7.2.2 Graph Representation
7.2.2.1. Node Features

The four features calculated as the perturbed graph normalized x coordinate, normalized y
coordinate, log-transformed node degree, endpoint indicator are used to represent each
node. The nodes are represented with four features derived on the perturbed graph: The
node feature vector is thus: x; = [x;, y;,log (1 + degree;), endpoint;]. Each graph has its
spatial coordinates normalized. The degree of the nodes is log-transformed to normalize its
scale. A crucial implementation choice is that the perturbation-specific metadata like is
added are not part of node features. Including these attributes would give information on
artificially injected nodes and enable the model to use shortcuts during training.

7.2.2.2. Candidate Edge Features

Each candidate edge contains geometric descriptors derived from the vessel graph: vessel
length, Euclidean distance between endpoints, Tortuosity, orientation angle. To stabilize

learning, the following transformations are applied:

[log(1 + length), log(1 + euclidean), tortuosity, sin(@), cos(6)]

These five features form the edge attribute vector used by the edge prediction decoder.

7.2.3 GNN Encoder-Decoder Framework

All neural models follow a common encoder—decoder architecture.

7.2.3.1. Encoder
The encoder computes node embeddings in terms of the perturbed graph: h = GNN (X, E)

in which: X is the node features; E is the graph edges in the perturbed graph. The encoder

gathers the information of the surrounding nodes in several layers of message passing.
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7.2.3.2. Decoder

For each candidate edge (u’ v), the decoder constructs an edge representation using node

embeddings and edge features:
Z‘UJJ = [hu " hv ” | hu - hv | " hu @ hy ” euy]

In this case, h, and h,, are node embeddings, e u v is the feature vector of the edge, 0 is
the concatenation operation, h,, © h,, is the element-wise product. These representations
are then fed to a multilayer perceptron (MLP) which gives a single logit, the probability of

the existence of an edge.

7.2.4 Edge Prediction Pipeline

The prediction process follows a multi-stage pipeline that combines graph representation

learning and edge classification. This pipeline is used during both training and inference.

Perturbed Vessel GNN Encoder Node Edge MLP Sigmoid P
Graph Embeddings Representation Edge Classifier & Threshold Edge Prediction

i (e \} Puy
i Edge
GraphSAGE / 0 (hu | hy [hy-hy | hy 0 hy | : 0
=) a’é o =) \ @ = euv > i =)
i Threshold T Q No Edge

A D S
Length Angle Tortuosity

o

Edge |No Edge
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Figure [23]: Edge prediction pipeline used in the proposed graph learning framework. The perturbed vessel graph is
first processed by a GNN encoder (GCN, GraphSAGE, or GAT) to generate node embeddings through message
passing. For each candidate edge, the embeddings of the two endpoint nodes are combined with geometric edge
features to form an edge representation. This representation is passed through an MLP decoder to estimate the

probability of edge existence, which is converted to a final prediction using a sigmoid function and a threshold selected
on the validation set

The perturbed vessel graph is shown first as a graph (G=V, E) where the nodes are the
endpoints or junctions of the vessels, and the edges are the observed vessel connections

following perturbation. Each node is linked to feature vector of spatial location and
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structural properties. The model starts with the calculation of node embeddings through a
graph neural network encoder. Using several levels of message passing, each node is a
summation of the information of the adjacent nodes. The node representations at every
layer are updated based on the general message passing formulation: The model starts by
calculating node embeddings with the help of a graph neural network encoder. The
information is aggregated by each node through the various message passing layers of the
node with its neighbors. In every layer, a node representation is updated based on the

general message passing formulation:
k+1 . .
h = 5 <W<k> - AGG({h(,h%: j € ]\f(l)}))

In which hgk) is the embedding of node i, at layer k, V' (i) is the neighbors of node i,
AGG is the aggregation function, is a nonlinear activation function. The learned embedding
of every node after the last GNN layer contains both the local and graphical features of the
node. Then, an edge representation (a combination of the embeddings of the two endpoint

nodes) is built up, with respect to each candidate edge (w v):
Zyy = [hu I hy, I Thy—"hy,| Il b, ©hy |l euy]

where e, represents the geometric features of the candidate edge. This edge representation
is fed through a multilayer perceptron (MLP) decoder, which generates a single logit value,
the probability of the existence of the edge. A sigmoid function is used to convert the logit

to a probability: p,,, = d(Z,,).

Finally, a decision threshold is applied to determine the predicted class:
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- _{1 Puv =T
yuv 0 puU<T

where 7 is the classification threshold selected using the validation set. A weighted binary
cross entropy loss is used to compare the predicted probabilities with ground truth labels
during training. In testing, the trained model will produce probabilities and use the chosen
threshold to make final predictions.

7.2.5 Compared Models

Various models were tested to examine the effect of various graph learning methods GCN
- Graph Convolutional Network, GraphSAGE - neighborhood aggregation-based GNN,
GAT - Graph Attention Network, VGAE + MLP decoder - Variational Graph Autoencoder,
GraphSAGE Ablation (no node features), GraphSAGE Ablation (no edge features),
Geometric heuristic baseline. These models enable the comparison of learning-based
models with the rule based geometric reasoning.

7.2.6 Training Configuration

All neural models were implemented using PyTorch Geometric and trained using GPU

acceleration when available. The main training configuration parameters are summarized

in Table 9.
Table [9]: Experimental configurations for GNN models
Experiment Model Hidden Dim Layers Epochs Batch Size
Exp 1 GCN 64 2 10 4
Exp 2 GraphSAGE 64 2 10 4
Exp 3 GraphSAGE 64 2 10 4
Exp 4 GAT 64 2 15 4
Exp 5 GraphSAGE 128 3 20 4
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Exp 6 VGAE + MLP 64 2 10 4
Exp 7 GraphSAGE (no node features) 128 3 20 4
Exp 8 GraphSAGE (no edge features) 128 3 20 4
Table 10: Overall Performance of all evaluated models
Experiment Model Batch Size Learning | Weight Loss Threshold
Rate Decay Function Tuning
Exp 1 GCN 4 le-3 le-4 Weighted Validation
BCE
Exp 2 GraphSAGE 4 le-3 le-4 Weighted Validation
BCE
Exp 3 GraphSAGE 4 le-3 le-4 Focal Loss Validation
Exp 4 GAT 4 le-3 le-4 Weighted Validation
BCE
Exp 5 GraphSAGE 4 Se-4 le-4 Weighted Validation
BCE
Exp 6 VGAE + MLP 4 le-3 le-4 BCE Validation
Exp 7 GraphSAGE (no | 4 Se-4 le-4 Weighted Validation
node features) BCE
Exp 8 GraphSAGE (no | 4 Se-4 le-4 Weighted Validation
edge features) BCE

7.2.7 Loss Function and Class Imbalance Handling

The candidate edge dataset exhibits class imbalance, where valid vessel edges significantly
outnumber invalid candidate edges. To address this issue, the training loss uses weighted

Npositive

binary cross entropy: Wye, = . This increases the penalty for incorrectly predicting

negative
the minority class. Some experiments also evaluated focal loss, which emphasizes difficult

examples by reducing the contribution of easy predictions [94].
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7.2.8 Considerations on Applying SMOTE for Graph-Based Edge Prediction
Although the application of oversampling techniques such as SMOTE (Synthetic Minority

Oversampling Technique) is a usual approach in addressing the problem of class
imbalance, it was not used in this research. The SMOTE generates artificial examples by
interpolating between the ones that are already present in the feature space. Although it
works on tabular data, the method presents issues to graph-based vessel structures due to
several reasons. First, SMOTE is independent of feature vectors and it does not preserve
the topology of the graph. The topological or geometrical invalidity of synthetic samples
can occur at the edges of the interpolated sample in the vessel network. Second, the
connectivity of the vessels depends on the restriction of spatial relationship and structure
which is not justified in generating synthetic edges. Lastly, the use of artificial samples
may corrupt the underlying geometric structure that the model has to learn to recognize
valid vessel connections. These reasons are why the imbalance problem was solved by loss
weighting and threshold tuning, instead of synthetic oversampling.

7.2.9 Threshold Selection

Due to class imbalance, the optimal decision threshold may differ from the default value
of 0.5. During training, the classification threshold is tuned on the validation set by
evaluating thresholds between 0.05 and 0.95. The threshold that maximizes balanced

accuracy is selected. Balanced accuracy is defined as:

Recal lpositive + Recal lnegative
2

Balanced Accuracy =

This ensures that both valid and invalid edges are predicted reliably.
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7.2.10 Geometric Heuristic Baseline

A case-agnostic geometric baseline was applied along with the neural models. This
baseline is a geometric plausibility score of each candidate edge which is calculated based
on structural and geometric properties, such as endpoint connectivity, node degree,
Euclidean distance, vessel length, tortuosity, and alignment with neighboring vessels. A
sigmoid function is then used to convert the score into a probability, and a decision
threshold is picked on the validation set. This baseline gives a comparison of not learning
to determine whether graph neural networks can detect more complicated topological
patterns.

7.2.11 Ablation Study

To analyze the contribution of different feature groups, an ablation study was conducted

using the GraphSAGE model. Two variants were evaluated:

1. GraphSAGE without node features, where node embeddings are learned without

spatial or structural node attributes.

2. GraphSAGE without edge features, where the decoder relies only on node

embeddings and ignores geometric edge attributes.

These experiments help determine whether performance improvements arise primarily
from graph topology, node attributes, or candidate edge geometry. The detailed results of
the ablation study are provided in the appendix.

7.3 Evaluation Metrics

To measure the performance of the proposed models, some classification measures were

computed with the predicted labels of candidate edges. Since the problem is introduced as
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binary edge existence prediction task, the measurements of the predictions are provided
with the assistance of the common binary classification measures with the help of the
confusion table. The system of evaluation checks the performance of the model at different
levels of granularity so that we are not only aware of the effectiveness of the model in
general, but also the degree to which it is resistant to different perturbation scenarios and
topology errors.

7.3.1 Confusion Matrix

The predictions are summarized using a confusion matrix to compare them with ground-
truth predictions. In edge prediction problem, the confusion matrix is 4-dimensional: True
Positive (TP): An edge is in the ground truth, and the model identifies it with being a true
edge. False Positive (FP): A candidate edge that is predictable as being valid but is not.
True Negative (TN): An edge that has been correctly falsely predicted is called the true
negative (TN). False Negative (FN): True and correct connection that is not modeled. In
the case of vessel graph reconstruction, especially false negatives are significant because
they correspond to vessels connections, which are placed in the fixed vessel topology and

are missing.

7.3.2. Evaluation Metrics
Several performance metrics are computed from the confusion matrix [94].

1. Accuracy measures the overall proportion of correctly predicted edges:

| ~ TP + TN
CCUracy = b X TN+ FP + FN

While accuracy provides a general indication of model performance, it may be misleading
when the dataset is imbalanced.

2. Precision measures the proportion of predicted edges that are correct:

92



Precision = TP
recision = 50

A high precision indicates that when the model predicts an edge, it is likely to be valid.
3. Recall measures the proportion of true edges successfully identified by the

model:

TP

Recall = TP-}-—FIV

Recall is particularly important for this task because it reflects the model’s ability
to recover missing vessel connections in the perturbed graph.

4. F1 Score is the harmonic mean of precision and recall:

2 - Precision - Recall
F1 =

Precision + Recall

This metric balances the trade-off between precision and recall.

5. Macro F1 averages the F1 score across both classes equally:

Fledge + Flno—edge

MacroF1 = >

This metric is useful when dealing with imbalanced datasets, since it evaluates
performance on both classes independently.
6. Balanced Accuracy measures the average recall across both classes:

Recallgqge + Recally,_eqge
2

BalancedAccuracy =

Balanced accuracy ensures that the model performs well on both edge predictions and non-

edge predictions, even when the dataset contains class imbalance.
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7.3.3 Multi-Level Evaluation Strategy

To obtain a deeper understanding of model performance, the evaluation is performed
at three different levels. Each level answers a different question about the behavior of the

model.

7.3.3.1. Level 1 Overall Evaluation
The first level evaluates the overall performance of the model across the entire dataset.

All candidate edges from all graphs are aggregated, and the confusion matrix and
classification metrics are computed globally. This level answers the question: “How well
does the model predict edge vs. non-edge across the entire dataset? ” This provides a global
summary of the model’s performance and reflects its overall ability to reconstruct vessel
connectivity. Metrics reported at this level include Accuracy, precision, recall, F1 score,

macro F1, balanced accuracy.

7.3.3.2. Level 2 Per Sample Case
The second level will compare the performance of each perturbation scenario applied to

obtain the dataset, and each graph in the dataset is annotated with a sample case label of
the type of perturbation applied during dataset generation. These cases include
casel crossing, case2 kissing, case3 spur, case4 broken, mix. To conduct this evaluation,
the set of graphs in each perturbation scenario has metrics calculated separately. The level
will provide the answer to the following question: In case the graph has a certain
perturbation situation, how the model can perform on that graph? It measures the stability
of the model to various classes of graph perturbations. Notably, this level contains all

candidate edges in such graphs, and normal edges and perturbation edges as well.
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7.3.3.3. Level 3 Perturbation Edge Analysis

Whereas Level 2 measures the graph-level performance, Level 3 measures the performance
of edges which were directly perturbed by the perturbation operations. All the edges are
associated with the structural changes that were made when generating the data and they
are the most difficult aspect of the issue. Level 3 thus isolates the edges that are the
topological errors to the vessel graph. This level provides answer to the question: How
detectable are the edges directly related to topology errors by the model? The level 3 is

further subdivided into two sub-levels.

7.3.3.3.1. Level 3A Perturbation Edges Only

This evaluation considers only the edges that were created or modified by perturbation
operations. These edges are identified using the is_perturbation edge indicator in the
dataset. Metrics are computed using only this subset of edges. This level answers the
question: “How well does the model detect edges related to topology errors in the vessel
graph?” Since these edges represent the actual structural mistakes introduced in the graph,

this evaluation provides a direct measure of the model’s ability to repair graph topology.

7.3.3.3.2. Level 3B Per Edit Type

The last level compares performance of models based on individual perturbation types of
edits. Rather than grouping together edges based on the graph situation, the edges are
grouped based on the perturbation operation that created it. Some types of edits are crossing
edges, kissing vessel edges, spur branches, broken vessel connections and normal edges.
The measures are calculated separately on an edit type. The question that this level answers:
How effective is the model in distinguishing each kind of topology error? This discussion

can be used to discover which structural perturbations are difficult to detect by the model.
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7.3.4 Training Monitoring Metrics

Various measures are monitored during epochs of training to detect the learning behavior
of the model. This training curves contain training and validation accuracy, training and
validation F1 score, training and validation macro F1, training and validation balanced

accuracy, training and validation loss.
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CHAPTER EIGHT
RESULTS AND ANALYSIS

This chapter shows us the experimental analysis of the suggested graph-based solution to
eliminating the topological faults in retinal vessel graphs. The experiments contrast several
graph neural network structures with a geometric heuristic baseline to understand their

performance in predicting whether edges exist in perturbed vessel graphs.

The major aim of this task is not merely to identify real vessel relationships but also to
identify correctly the edges, which are unwanted in the graph. Perturbations can also add
spurious edges or remove valid edges in vessel topology correction. Thus, the model should
be able to recycle the edges that are not there as well as discard false connections. To assess
these capabilities, there were several models under evaluation on a three-level evaluation
framework Level 1: Overall model performance, Level 2: Performance in perturbed
situations, Level 3A: Edge identification of perturbation, Level 3B: Performance on a
single perturbation edit. The models considered are Geometric heuristic baseline, Graph
Convolutional Network (GCN), Graph Attention Network (GAT), GraphSAGE (10
epochs), GraphSAGE with focus loss, GraphSAGE (20 epochs), Variational Graph

Autoencoder with MLP decoder (VGAE + MLP).

8.1 Overall Model Performance

Model Accuracy | Recall | F1 Score Balanced Accuracy | False
Negatives
Heuristic 0.723 0.719 | 0.836 0.791 154,286
GCN 0.917 0916 | 0.956 0.939 45,902
GAT 0.884 0.883 | 0.937 0918 64,590
GraphSAGE (10) 0.920 0919 | 0.957 0.948 44,757
GraphSAGE + Focal | 0.925 0.924 | 0.960 0.950 41,571
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GraphSAGE (20) 0.942 0.942 | 0.970 0.953 32,043

VGAE + MLP 0.938 0.937 | 0.967 0.953 34,379

Table [11] presents the overall performance of all evaluated models.

The results in Table 6 show a clear improvement from the heuristic baseline to graph neural
network models for vessel edge prediction. The geometric approach achieves very high
precision (0.997) but low recall (0.719), missing many true vessel connections (154,286
false negatives). This highlights the limitation of relying only on local geometric rules. All
GNN models significantly improve performance by learning structural patterns. GCN
achieves strong results (accuracy 0.917, recall 0.916), greatly reducing missed edges. GAT
performs slightly worse (accuracy 0.884, recall 0.883), suggesting limited benefit from
attention in this task. GraphSAGE further improves performance. The 10-epoch model
achieves accuracy 0.920 and recall 0.919, while adding focal loss increases performance
(accuracy 0.925, recall 0.924) by better handling difficult cases. The best results are
obtained with GraphSAGE trained for 20 epochs, achieving the highest accuracy (0.942),
recall (0.942), and F1-score (0.970), with the lowest number of false negatives (32,043).
The VGAE + MLP model also performs strongly (accuracy 0.938, recall 0.937), though
slightly below GraphSAGE (20 epochs), and still significantly outperforms the heuristic
baseline.

8.2 Confusion Matrix Analysis

To better understand model behavior, Table 7 summarizes the confusion matrix

components for all evaluated models.

Model TP FP | TN FN

Heuristic 395,557 | 842 | 9,390 | 154,286
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GCN 503,941 | 396 | 9,836 | 45,902

GAT 485,253 | 478 | 9,754 | 64,590

GraphSAGE (10) 505,086 | 236 | 9,996 | 44,757

GraphSAGE + Focal | 508,272 | 250 | 9,982 | 41,571

GraphSAGE (20) 517,800 | 367 | 9,865 | 32,043

VGAE + MLP 515,464 | 325 | 9,907 | 34,379

Table [12]: Confusion matrix comparison for all models evaluated on the test dataset.

False Negatives of the heuristic baseline are many and what this means is that geometry
rule cannot achieve the complex connectivity of a vessel. The GNN models significantly
decrease this problem. In the former, GCN tries to minimize the false negatives to 154, 286
and the GraphSAGE minimized the amounts to 44,757 and 41,571 respectively in the case
of focal loss. The highest performance of the GraphSAGE trained and tested on 20 epochs
have the minimal false negatives of 32,043. At the same time, the false positives of any
GNN model are extremely small i.e. it reconstructs the real edges having the minimal
spurious connections. This equilibrium is relevant about the topology correction that is

reliable.

8.3 Performance per Perturbation Scenario (Level 2)

The Level 2 evaluation measures performance across different perturbation scenarios

present in the dataset.

Model Crossing | Kissing | Spur | Broken | Mixed
Heuristic 0.844 0.845 0.503 | 0.805 0.508
GCN 0.925 0.925 0.906 | 0.910 0.901
GAT 0.891 0.897 0.866 | 0.885 0.858

GraphSAGE (10) 0.921 0.924 0.914 | 0.913 0.910

GraphSAGE + Focal | 0.928 0.930 0.919 | 0.922 0.915

GraphSAGE (20) 0.941 0.943 0.944 | 0.936 0.939
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VGAE + MLP 0.944 0.944 0.929 | 0.935 0.927

Table [13]: Comparison of model performance across different perturbation cases.

The Level 2 test is used to test the performance of a model on a variety of topology
perturbations, such as crossings, kissing vessels, spurs, broken vessels, and mixed errors.
Baseline The heuristic is reasonably effective on simpler problems, but is ineffective on
harder ones, particularly on spurs and mixed perturbations. Its accuracy in the mixed case
is about 0.51 which is near random guessing. On the contrary, the GNN models are robust
to every type of perturbation. GraphSAGE trained over 20 epochs is the most stable and
consistent in performance amongst them, suggesting that it can learn both geometrical
structure and topological structure.

8.4 Perturbation Edge Detection (Level 3A)
Level 3A focuses specifically on edges that are directly affected by topological

perturbations.
Model Precision | Recall | F1
Heuristic 0.713 0.210 | 0.324
GCN 0.957 0.885 |0.920
GAT 0.946 0.833 | 0.886

GraphSAGE (10) 0.973 0.863 | 0915

GraphSAGE + Focal | 0.972 0.886 | 0.927

GraphSAGE (20) 0.961 0.920 | 0.940

VGAE + MLP 0.966 0.934 | 0.951

Table [14]: Comparison of perturbation edge detection performance (precision, recall, F1-score) across models.

100



This test is a direct measure of the sensitivity of the model to structural errors added to the
graph. The heuristic method is utterly ineffective in this assessment and successfully
detects only circa 21 percent of perturbation edges correctly. This proves that the fact that
simple geometry rules are unreliably able to detect numerous forms of topology errors.
Graph neural networks can largely detect perturbations. GCN model identifies almost 89
percent of perturbation edges whereas GraphSAGE and VGAE models can further enhance
this result. The results of GraphSAGE (20 epochs) can detect most perturbation edges with
the accuracy of around 92% indicating a strong ability to identify structural irregularities

in the vessel graph.

8.5 Performance per Edit Type (Level 3B)
Edit Type | GraphSAGE (20) Recall

Crossing | 0.898

Kissing very low

Spur 0.992

Broken 0.882

Normal 0.942

Table [15]: Recall of the GraphSAGE (20 epochs) model for perturbation edge detection across different edit types
(crossing, kissing, spur, broken, and normal) at Level 3B analysis.

Level 3B provides a detailed analysis of model performance for each perturbation type.
Spur perturbations are most readily identified since they create dangling segments which
are obviously incompatible with the vessel network. Broken vessels and crossings are more
difficult since they entail an inferring of correct connectivity. Kissing vessels are the most

difficult as adjacent vessels seem to be joined together when they are not.
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8.6 Edge Prediction vs Non-Edge Prediction

In the topology correction task addressed in this thesis, it is important to evaluate not only
the ability of the models to detect valid vessel edges, but also their ability to correctly
identify edges that should not exist in the graph. Most of the perturbations that have been
added to the dataset are related to artificial links in between the segments of the vessels
that need to be eliminated to restore a proper vascular topology. To study this behavior, we
consider the values of recall of both classes: Edge recall (class 1): ability to recover valid

vessel connections and non-edge recall (class 0): ability to correctly reject spurious edges

Model Edge Recall (Recover Non-Edge Recall (Reject
True Vessels) Spurious Edges)
Heuristic 0.719 0.918
GCN 0.917 0.961
GAT 0.883 0.953
GraphSAGE (10) 0.919 0.977
GraphSAGE + Focal | 0.924 0.976
GraphSAGE (20) 0.942 0.964
VGAE + MLP 0.937 0.968

Table [16] summarizes the recall values for both classes across all evaluated models.
According to the results of Table 11, the difference in the model performance, i.e.
differences in the officially rejected model edges and true model edges are statistically
significant. The heuristic baseline can perform very well in rejecting edges (non-edge recall
0.918) but also has considerably lower edge recall (0.719) suggesting that the heuristic
baseline does not attempt to explore the space of valid association among vessels. The
graph neural networks can be significantly recovering edge recovery, but the non-edge
detection can be high. The GCN in edge recall is 0.917 and non-edge recall is 0.961 and
GAT slightly less edge recall 0.883. Generally, the most optimal of them is the

GraphSAGE models. GraphSAGE-10 retrieves the largest amount of non-edge (0.977) and
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focal-loss GraphSAGE recalls the largest amount of edges (0.924) and the best
performance overall (0.942 and 0.964) in terms of edge and non-edge recall, respectively.
VGAE + MLP model is also doing well having the edge recall of 0.937 and non-edge recall
of 0.968. Overall, these results support the hypothesis that GNNs can be applied in vessel
topology repair because it can rebuild the lost connections, and the fact that the spurious
connections can be ignored.

8.7. Discussion of Model Behavior

The findings indicate that graph neural networks do significantly better than geometric
heuristics in correcting the vessel topology. The heuristic base assumes principles based
on pre-existing geometrical concepts and has issues with more complex structural forms
leading to many edges being overlooked. GNNs bypass this by simultaneously learning
geometry and structure on graphs through passing of messages [78]. The most successful
of the models tried is the GraphSAGE: this is likely because learnable neighborhood
aggregation is more effective in approximating the relationship between vessels. Adding
more epochs to training GraphSAGE only increases the performance resulting in the
highest recall rate and the least amount of edges being missed. In the overall, GraphSAGE
is the most promising and accurate solution to overcome the topology errors of retinal

vessel graphs.
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CHAPTER NINE
FINDINGS AND LIMITATIONS

This chapter summarizes the main experimental findings and discusses the limitations of
the proposed approach. The results show that graph neural networks significantly
outperform heuristic methods in topology correction; however, the analysis also reveals
specific scenarios where performance remains challenging, providing direction for future

work.

9.1 Key Findings
9.1.1 Graph Neural Networks Significantly Improve Topology Correction

The results show that graph neural networks outperform rule-based geometric methods in
correcting topology errors in retinal vessel graphs. The heuristic baseline relies on fixed
geometric rules, which limits its ability to model complex vessel relationships, particularly

in ambiguous regions [99].

In contrast, GNNs learn structural patterns directly from the graph, allowing them to
incorporate both local geometry and global connectivity. This enables the model to
correctly infer vessel continuity even when geometric cues alone are insufficient. The
improvement in performance indicates that topology correction is inherently a structural

reasoning problem, which cannot be fully addressed by local geometric rules alone.

9.1.2 GraphSAGE Provides the Most Consistent Performance

Among the evaluated models, GraphSAGE achieves the most consistent performance
across different metrics and perturbation types. This can be attributed to its neighborhood

aggregation mechanism, which effectively balances local and contextual information.
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GraphSAGE maintains high recall while limiting false negatives, indicating that it is better
at preserving valid vessel connections. This behavior suggests that its inductive learning
formulation generalizes well across different graph structures, making it more robust to

variations introduced by perturbations.

9.1.3 Graph Neural Networks Effectively Detect Both Edges and Non-Edges
The results demonstrate that GNNs successfully handle both aspects of topology

correction: restoring missing edges and removing false connections.

This is a critical property, as topology errors involve both types of mistakes. Models that
focus only on detecting existing edges would fail to correct false connections, while models
that focus only on removal would not restore missing continuity. The balanced
performance across both tasks indicates that GNNs learn a more complete representation

of vessel connectivity.

9.1.4 Model Performance Varies Across Perturbation Types

The analysis shows that performance depends on the type of perturbation.

Spur perturbations are easier to detect because they introduce clear structural anomalies,

such as short dangling branches.

Broken vessels are more challenging because the model must infer missing continuity

without explicit geometric evidence.

Kissing vessels are the most difficult, as nearby vessels exhibit similar geometric features,

making it hard to distinguish true and false connections.
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This variation highlights that errors requiring global reasoning (e.g., missing connections
or ambiguous proximity) are more difficult than those that can be identified through local

structure.

9.1.5 Mixed Perturbations Reflect Real-World Conditions

Mixed perturbations provide a more realistic evaluation setting, as multiple topology errors
often occur simultaneously in practice. The heuristic baseline performs poorly in this
setting because it evaluates each candidate edge independently using local rules. In
contrast, GNNs maintain stable performance, suggesting that they can model interactions

between multiple structural inconsistencies.

This result highlights an important advantage of learning-based approaches: the ability to
reason about interacting errors, rather than treating each error in isolation.

9.2 Limitations

Several limitations exist in the proposed approach of correcting vessel topology errors.

9.2.1 Difficulty in Distinguishing Kissing Vessel Configurations

Kissing vessels remain the most challenging scenario. The difficulty arises because these
vessels are spatially close and often have similar orientations, making them

indistinguishable based on local geometric features alone.

This limitation suggests that additional contextual information, such as longer-range
connectivity or domain-specific anatomical constraints, may be required to improve

performance in these cases.

106



9.2.2 Dependence on Synthetic Perturbations

The training and evaluation rely on synthetic perturbations applied to corrected vessel
graphs. While this provides controlled and diverse training data, it may not fully capture

the complexity of real segmentation errors.

As a result, the model’s performance on real-world data may differ. Future work should

evaluate the method on larger datasets with naturally occurring topology errors.

9.2.3 Computational Cost

Training GNNs requires more computational resources than heuristic methods due to

iterative message passing and parameter optimization.

However, this cost is primarily incurred during training. Once trained, the model performs
inference efficiently. Given the significant improvement in performance, the additional

computational cost is justified.
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CHAPTER TEN
CONCLUSION AND FUTURE WORK

10.1 Conclusion

This thesis dealt with the issue of repairing topological errors in retinal vessel graphs with
graph neural networks. Correct vessel topology is significant in the retinal image analysis
process since vessel connection errors may impact the subsequent image processing tasks,
including vascular analysis and disease detection. To overcome this issue, the thesis put
forward a graph-based model, which predicts the presence of candidate edges indicating a
valid vessel connection. The perturbation model was also created to model typical
topological errors, such as crossings, kissing vessels, spurs, and broken vessels, with the
help of the DRIVE dataset corrected reference graphs. Several models were evaluated,
including a geometric heuristic baseline and various graph neural network (GNN)
architectures, such as GCN, GAT, GraphSAGE, and VGAE. The results demonstrate that
GNNs can learn structural relationships directly from the graph and significantly
outperform the heuristic approach. Among these, GraphSAGE achieved the best overall
performance, with the 20-epoch variant yielding the highest recall and the fewest false
negatives. The findings also revealed the effect of perturbation type on difficulty, where
spur errors are the easiest to detect and kissing vessels are the most difficult to detect. In
general, the results validate that the graph neural networks are a useful and sound solution

to detect and fix the topology errors in retinal vessels graphs.
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10.2 Future Work
One way in which the future of the perturbation model could be developed is through the

extrapolation to other retina datasets such as HRF, FIVES and CHASE DBI. This would
allow making comparisons between datasets of different image quality, the properties of
the vessels, and resolutions that would allow the evaluation of model generalization. In the
future, the work can also be expanded to incorporate more classes of perturbations to more
effectively model the space of topology errors which are experimentally observed. An
alternative approach is to study more advanced models of graph neural networks to fix
topology. This experiment was successful with GraphSAGE, although other models like
edge-aware GNNs and graph transformers, and specific link prediction algorithms could
be more effective to model complex vascular structure, particularly in the difficult cases

like kissing vessels.
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APPENDIX A — Mixed Perturbation Variants

To model more realistic situations of vessel graph extraction, some more datasets were
created with mixed perturbations, i.e. a combination of several types of topology errors in
the same graph. These forms are a combination of the perturbation types presented in
Chapter 5, such as false crossings (Case 1), kissing vessels (Case 2), dangling spurs (Case

3), and broken vessels (Case 4).

Both variants define the number of perturbation sites used in each type of error. The
framework can generate a graph with graphs at different levels of structural complexity by
changing the number and mixture of perturbations. This allows testing of the strength of
the proposed topology correction model when several topology errors occur at the same

time.

Table [17]: Configuration of mixed perturbation variants showing the number of perturbation sites applied for each

topology error type.
Variant | Crossing (Case | Kissing (Case 2) | Mode | Spur (Case3) | Broken
1) (Case 4)
Vi 1 1 T 1 1
V2 2 3 Parallel | 4 3
V3 4 3 T 2 2
V4 6 4 Parallel | 7 8
V5 8 3 T 9 7
Vo6 4 6 Parallel | 10 7

The configurations were applied using randomized candidate selection with fixed seeds to

generate multiple perturbed graph instances while maintaining reproducibility.
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Appendix B — Code and Dataset Availability

To support reproducibility of the proposed framework, the code used for graph
construction, perturbation generation, dataset preparation, and experimental evaluation is
made available together with the generated datasets.

Resource

Description

Code to Generate Reference
Graphs

Implementation used to construct vessel graphs
from skeletonized segmentation masks.

Reference Graphs

Extracted vessel graph representations including
nodes, edges, and edge paths.

Code to Generate Corrected
Graphs

Implementation of the crossing correction
procedure used to refine the initial vessel graphs.

Corrected Graphs

Topologically refined vessel graphs used as the
reference structure for perturbation generation.

Code to Generate Case 1 Dataset

Script used to generate false crossing perturbations.

Case 1 Dataset (Crossing)

Synthetic perturbation dataset containing false
crossing topology errors.

Code to Generate Case 2 Dataset

Script used to generate kissing vessel perturbations.

Case 2 Dataset (Kissing Vessels)

Dataset containing kissing vessel perturbations with
T and parallel configurations.

Code to Generate Case 3 Dataset

Script used to generate dangling spur perturbations.

Case 3 Dataset (Spur)

Dataset containing dangling spur perturbations
generated on vessel edges.

Code to Generate Case 4 Dataset

Script used to generate broken vessel perturbations.

Case 4 Dataset (Broken Vessel)

Dataset containing broken vessel segment
perturbations.

Code to Generate Mixed Dataset

Script used to generate datasets containing multiple
perturbation types simultaneously.

Mixed Perturbation Dataset

Dataset combining multiple topology perturbations
within the same vessel graph.

Code to Generate Dataset Splits

Script used to generate the train, validation, and test
dataset partitions.

Train / Validation / Test Split
Dataset

Predefined dataset split used for training and
evaluation experiments.

Experiment Code

Implementation of model training, evaluation, and
experimental pipelines.

Heuristic Baseline Model

Implementation of the geometric heuristic baseline
used for comparison with GNN models.

Table [18]: Code and dataset resources used in this study for graph construction, perturbation generation, dataset
preparation, and model evaluation.
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https://colab.research.google.com/drive/1HPIewAiaJ9fVCKRJy_HAlR9jPV-j0hB4?usp=sharing
https://colab.research.google.com/drive/1HPIewAiaJ9fVCKRJy_HAlR9jPV-j0hB4?usp=sharing
https://drive.google.com/drive/folders/13vkMKmkvLQhRpe_KKtu-lN0JsAvJsTBD?usp=drive_link
https://colab.research.google.com/drive/15Kw4z5bFPjMKaidLVz4TgD0BkrJaF_iS?usp=sharing
https://colab.research.google.com/drive/15Kw4z5bFPjMKaidLVz4TgD0BkrJaF_iS?usp=sharing
https://drive.google.com/drive/folders/1LpmSKfnrxB3wElX9Dd9-d_IhL0Nqd414?usp=drive_link
https://drive.google.com/drive/folders/1QxhhY0bT4U3Vsskjr2yOuDZDGRLP213v?usp=drive_link
https://drive.google.com/drive/folders/1KD7cKGNRLpPC_bs4t7073S15jruJabtW?usp=drive_link
https://drive.google.com/drive/folders/1BrbgHjBfPyuk45Wi3zCkW6uBteQ6tBK1?usp=drive_link
https://drive.google.com/drive/folders/19gkv8RyYecqAE8jf8evr7iUhrNXRy4LX?usp=drive_link
https://drive.google.com/drive/folders/1tyXjbKbkbWRoeAdWaVpjsmGm-rZ8zxWF?usp=drive_link
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