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ABSTRACT

ALGEBRAIC STRUCTURES OF POLYNOMIAL DATA: APPLICATIONS TO
GALOIS THEORY AND QUANTUM CODES

by

Jurgen Mezinaj

Adviser: Tanush Shaska, Ph.D.

We develop a computational framework for classifying Galois groups of
irreducible degree-7 polynomials over Q, combining explicit resolvent constructions
with modern machine-learning techniques. A database of over one million
normalized projective septics is constructed, each annotated with algebraic
invariants Jy, ..., J4 obtained via binary transvections. For each polynomial,
carefully designed resolvents are factored to determine its Galois group among the
seven transitive subgroups of S7. Using this dataset, we train neuro-symbolic
classifiers that integrate invariant-theoretic features with supervised learning,
achieving improved accuracy in detecting rare solvable groups compared to
coefficient-based and purely numerical baselines. The resulting database provides a
reproducible resource for constructive Galois theory and supports empirical
investigations into the distribution of Galois groups under height and discriminant
constraints.

Building on the same polynomial data, we construct families of superelliptic
curves on weighted projective spaces and derive algebraic-geometry and quantum
error-correcting codes from them. We use a weighted projective framework to
control genus, singularities, and rational points, and we introduce graded evaluation

codes adapted to weighted embeddings. Within the CSS construction, we obtain

v



criteria for self-orthogonality and establish refined Singleton-type bounds for the
resulting quantum weighted algebraic-geometry (QWAG) codes. Numerical
experiments over finite fields show how Galois-theoretic labels, weighted models,
and graded evaluation spaces interact to produce quantum codes with competitive
parameters and support a systematic, database-driven search for good classical and

quantum codes.
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CHAPTER ONE

Introduction

The study of polynomial equations has occupied a central position in
mathematics since antiquity, serving as a crucible for many of its deepest
developments. From the quadratic formula of the Babylonians and the geometric
constructions of the ancient Greeks, through the discovery of the cubic and quartic
solutions in the Italian Renaissance, to the groundbreaking work of Abel and Galois
in the nineteenth century establishing the unsolvability by radicals of the general
quintic, polynomial equations have driven the creation of group theory, field theory,
and modern algebra. In the twentieth and twenty-first centuries, this classical theme
has ramified into algebraic geometry (via the study of algebraic curves and their
Jacobians), arithmetic geometry, coding theory, and, more recently, computational
and data-driven mathematics, including machine learning.

Irreducible polynomials encode profound arithmetic and geometric
information. The Galois group of an irreducible polynomial governs the symmetries
of its splitting field, determines solvability by radicals, and influences the
distribution of roots and the arithmetic of associated number fields. For
higher-degree polynomials these Galois groups reflect the rich subgroup structure of
the symmetric group S;,. The geometric objects attached to such
polynomials—especially superelliptic curves—provide explicit models for studying
moduli spaces, rational points, and applications in error-correcting codes.

This thesis focuses on irreducible septic (degree-seven) polynomials over Q
and their associated geometric and coding-theoretic structures. A central innovation
is the construction and systematic analysis of a large-scale canonical database of

more than one million irreducible septic polynomials, enriched with arithmetic,

1



Galois-theoretic, and invariant-theoretic data. This database serves as a unified
computational laboratory connecting computational Galois theory, classical
invariant theory, superelliptic and weighted projective geometry, and coding theory.

The geometric and coding-theoretic framework of the thesis rests heavily on
the foundational theory of superelliptic curves and weighted projective geometry
developed primarily by Shaska and his collaborators; see [5, 17, 4, 19, 23], which has
transformed the study of curves given by equations of the form y" = f(z) (where f
is a polynomial of degree 7 in the septic case) from isolated examples into a
systematic arithmetic theory. His introduction and development of weighted
projective models, weighted heights, and graded structures have provided the
natural setting in which superelliptic curves can be studied with controlled
singularities, rich automorphism groups, and explicit arithmetic invariants.

Degree seven occupies a privileged position for this investigation. Septic
polynomials realize a rich variety of transitive subgroups of S7, including solvable,
imprimitive, primitive, and exceptional groups such as PSLy(7). At the same time,
they remain computationally tractable for large-scale enumeration. The classical
invariant theory of binary septic forms supplies natural fixed-dimensional feature
vectors, while the associated superelliptic curves y" = f(x) (with f septic) embed
naturally into weighted projective spaces.

A major theme is the organization of large algebraic datasets using
projective and invariant-theoretic structures. Polynomials are interpreted as
rational points in projective parameter spaces of binary septic forms, respecting the
natural GLo-action. This canonical perspective, combined with Shaska’s theory of
weighted heights and graded invariants, facilitates systematic enumeration,

normalization, and feature extraction.



The coding-theoretic component builds directly on Shaska’s pioneering
constructions of weighted (graded) algebraic-geometric (AG) codes and their
quantum analogues. Traditional AG codes, introduced by Goppa, evaluate rational
functions on algebraic curves. Shaska’s framework extends this paradigm to
hypersurfaces in weighted projective spaces, incorporating orbifold singularities,
graded coordinate rings, and weighted point-counting techniques. These graded
AG-codes frequently exhibit improved parameters and natural self-orthogonality
properties, making them especially suitable for quantum stabilizer codes via the
CSS construction. His recent work on graded quantum codes unifies weighted
AG-codes with homological approaches, providing a powerful bridge between
weighted geometry and quantum information theory.

Machine learning enters the thesis as a complementary neurosymbolic tool.
By combining classical invariants of binary septics (and weighted invariants in the
geometric models) with supervised and hybrid learning methods on the large
database, we investigate how algebraic invariants encode Galois-theoretic structure.
This data-driven layer augments the symbolic and geometric foundations laid by
Shaska and others, enabling rapid classification and pattern discovery that guide
more expensive exact computations.

The principal contributions of this thesis are the following:

1. Construction of a comprehensive canonical database of more than one million
irreducible septic polynomials over QQ, equipped with projective normalization,
invariant-theoretic features, Galois data, and links to associated weighted

superelliptic models (building on Shaska’s arithmetic framework).

2. Development of efficient computational pipelines for determining transitive
Galois groups of septic polynomials using resolvents, invariants, and

database-driven techniques.



3. Integration of classical invariant theory of binary septics with supervised and
neurosymbolic machine-learning methods for Galois group classification and

pattern discovery.

4. Systematic exploration of superelliptic curves and their weighted projective
models, extending Shaska’s foundational arithmetic theory with new explicit

families arising from the septic database.

5. Construction and analysis of graded algebraic-geometric codes and quantum
graded AG-codes from these superelliptic and weighted curves, building upon

and extending Shaska’s constructions.

6. Creation of integrated computational pipelines linking symbolic computation,

invariant theory, weighted geometry, database methods, and machine learning.

The thesis is organized as follows.

Chapter 2 develops the algebraic and Galois-theoretic foundations, including
splitting fields, transitive group actions, and resolvent methods for degree seven.

Chapter 3 presents the theory of superelliptic curves and weighted projective
geometry, drawing heavily on Shaska’s foundational contributions: genus formulas,
weighted embeddings, divisor theory, weighted heights, and arithmetic invariants.

Chapter 4 introduces algebraic—geometric codes, their weighted /graded
extensions, and quantum stabilizer constructions, with particular emphasis on the
framework pioneered by Shaska.

Chapter 5 details the construction and organization of the canonical septic
database, including projective parameterization, normalization, height-bounded
enumeration, and data structures.

Chapter 6 presents the machine-learning and neurosymbolic methodology

using invariant vectors.



Chapter 7 examines explicit families of superelliptic and weighted projective
curves arising from the database, together with the associated graded AG-codes and
quantum codes.

The concluding chapter summarizes the main results, discusses limitations of
the current framework, and outlines directions for future research. These include
deeper arithmetic statistics on Galois groups of septics, more advanced
invariant-theoretic learning paradigms, extensions of weighted constructions to other
degrees or function fields, and further applications in quantum coding theory and
post-quantum cryptography.

This thesis demonstrates the power of combining canonical large-scale
algebraic datasets with the rich geometric and arithmetic structures developed by
Shaska in the theory of superelliptic curves and weighted projective spaces. By
uniting symbolic computation, invariant theory, weighted geometry, coding theory,
and data-driven methods, the work seeks to advance both the understanding of
septic extensions and the broader methodology of experimental mathematics in

algebra and arithmetic geometry.



CHAPTER TWO

Polynomials and Galois Theory

This chapter develops the Galois-theoretic background for the database and
machine-learning chapter 8 that follow: basic theory, the septic setup, and the

resolvent polynomials used to distinguish transitive subgroups of Sx.

2.1 Introduction

Galois theory provides a foundational framework for understanding the
solvability of polynomial equations in terms of field extensions and their
automorphism groups. Originating in the early 19th century, the theory explains
why radical solutions exist for quadratic, cubic, and quartic equations, but not in
general for quintics or higher degrees, due to the non-solvability of the symmetric
group Sy for n > 5.

Subsequent developments by Lagrange, Jordan, Klein, and others introduced
computational tools such as resolvent polynomials to study the structure of Galois
groups. These tools have become central to both theoretical investigations and
practical applications in number theory and algebraic geometry. A longstanding
open problem in the area, the Inverse Galois Problem, asks whether every finite
group arises as the Galois group of a field extension over Q. While the problem
remains unresolved in general, progress has been made for several classes, including
abelian and many solvable groups. The problem is closely related to Hilbert’s 12th
problem, which seeks explicit descriptions of abelian extensions via transcendental
methods. Although certain abelian cases have been addressed through class field
theory and complex multiplication, non-abelian generalizations are still not well

understood.



This work investigates the Galois groups of irreducible septic polynomials
over QQ, integrating classical algebraic techniques with modern computational tools.
In particular, we construct a large-scale database of over 1.18 million irreducible
septics, enriched with algebraic invariants derived from transvections of binary
forms. Each polynomial is analyzed through explicit resolvent constructions to
identify its Galois group among the seven transitive subgroups of S7: S7, A7,
PSL(3,2), C7 x Cg, C7 x C3, Dy, and C7.

Our method combines symbolic invariant computations [12| with supervised
learning via neurosymbolic networks [22], trained to classify Galois groups using
both raw coefficients and invariant-based features. The use of projective
normalization and height bounds follows the approach of [21], enabling scalable
enumeration while ensuring algebraic diversity. Inspired by connections to
monodromy groups of superelliptic curves and their Igusa invariants, we explore
how invariant-theoretic features correspond to root symmetries and impact
classification accuracy.

Experimental results indicate that symbolic invariants enhance the
identification of rare Galois groups (e.g., solvable groups such as C7 x Cjg),
particularly when applied to datasets where the dominant class S7 is removed. The
inclusion of invariants significantly improves classification performance in
imbalanced settings. These findings support the viability of hybrid symbolic-ML
pipelines for automating group identification in computational Galois theory.

This study builds on and extends previous work in invariant-based
arithmetic statistics [12], hybrid symbolic/ML models [22], and moduli space
enumeration [21]|. By explicitly constructing resolvent polynomials tailored for
distinguishing subgroups of S7, we enable large-scale validation of classical methods

and uncover empirical patterns in Galois group distributions.



Recent research has demonstrated the potential of machine learning in
number-theoretic contexts, including graded neural architectures [24], rational
function classification [3|, and cryptographic moduli spaces [21]. Our contribution
fits within this broader direction, applying computational techniques to the explicit
realization of Galois groups and the analysis of their statistical properties.

The remainder of the thesis falls into two connected threads. The first
develops computational and machine-learning tools for classifying Galois groups of
irreducible septic polynomials over Q: Chapter 2 introduces Galois extensions,
septic polynomials and their invariants, and the resolvent polynomials used for
septic Galois group classification (Section 2.3); Chapter 6 describes the construction
and augmentation of the septic polynomial database; Section 2.4 discusses the
realization of cyclic and solvable groups through constructive methods; Chapter 8
presents machine-learning classification results, including the neurosymbolic network
of Section 8.6; and Chapter 7 develops the Galois applications, explicit
constructions, and statistical analysis of the septic database.

The second thread turns to algebraic geometry and quantum error-correcting
codes: it introduces algebraic—geometry and quantum codes, develops background
on finite fields, algebraic curves, and superelliptic curves on weighted projective
spaces, and constructs graded algebraic—geometry codes and quantum codes from
weighted models, with emphasis on families arising from the septic polynomial
database. A brief summary of contributions and a discussion of open problems
appear in Section 9.6 of Chapter 9.

Throughout, the overarching aim is to develop scalable and interpretable
approaches to classifying Galois groups and organizing polynomial data, with
applications to arithmetic statistics, inverse Galois realizations, and the

construction of algebraic—geometry and quantum codes.



2.2 Galois Theory Preliminaries

Let IF be a perfect field with characteristic char(IF) = 0. Consider a
polynomial f(x) € F[z]. We say that f(x) is irreducible over F if it cannot be
expressed as the product of two non-constant polynomials with coefficients in [F;
that is, if there do not exist non-constant polynomials g(x), h(z) € F[z] such that
f(z) = g(x)h(z). For any polynomial f(z) € F[x], there exists an extension field K
of IF containing at least one root a of f(x), and the smallest such extension E¢ in

which f(x) factors completely into linear factors is called its splitting field over F.

2.2.1 Galois Groups of Irreducible Polynomials

A polynomial f(z) € F[z] of degree n is separable if it has n distinct roots in
its splitting field, or equivalently, if it factors as f(z) = (v — 1) - - - (x — a,) with
distinct ; in E'y. An extension E of I is a separable extension if every element of F
is a root of some separable polynomial in F[z]. Given a finite field extension K/F,

we say that K is Galois over IF, or that K/F is a Galois extension, if
Aut(K/F)| = [K : F,

where Aut(K/F) denotes the group of automorphisms of K fixing F, and [K : F| is
the degree of the extension. In this case, Aut(K/F) is called the Galois group of
K/F, denoted Gal(K/F).

A field extension E/F is called normal if every irreducible polynomial in
F[z] with a root in E splits completely over E. A finite extension E/F is called a

Galois extension if it is both normal and separable.

Theorem 2.1 (Fundamental Theorem of Galois Theory). Let E/F be a finite

Galois extension with Galois group G = Gal(E/F). Then:



1. There is a bijection between the set of intermediate fields F C K C E and the

set of subgroups H < G, given by K — Gal(E/K) and H — B
2. For any intermediate field K, we have

[E: K] =|Gal(E/K)|, |[K:F]=[G:Gal(E/K)].

3. The extension K/F is normal if and only if Gal(E/K) is a normal subgroup
of G. In this case,
Gal(K/F) = G/ Gal(E/K).

Proof. The proof follows from the properties of fixed fields and the fact that for a
Galois extension, the Galois group acts faithfully. The bijection is anti-inclusion:
larger subgroups fix smaller fields. The degree relations come from Lagrange’s
theorem in the group. Normality of the subgroup corresponds to normality of the

extension via the quotient group isomorphism. O]

Let L/F be a finite field extension. For 6 € L, the norm and trace of 6 over

F are defined as

Nyp@) = 1 o®, Tyr@®= > o),

c€Gal(L/F) c€Gal(L/F)
when L/F is Galois. A Galois extension L/F is called cyclic if its Galois group

Gal(L/F) is a cyclic group.

Theorem 2.2. Let F' be a field containing a primitive n-th root of unity. Assume

char(F') = p with (n,p) = 1. Then the following are equivalent:
1. L/F is a cyclic extension of degree d | n.
2. L = F(0) where 0 satisfies 0% = a € F.

3. L is the splitting field of 2% — a over F, for some a € F.
10



Proof. The equivalence is from Kummer theory: the cyclic extension is generated by

d

a d-th root, and the splitting field of the Kummer equation % — a = 0 has Galois

group cyclic of order d when the base field contains the d-th roots of unity. ]

Let n € Z~g. The n-th cyclotomic extension of F' is the splitting field of
a2 — 1 over F', denoted F((y), where (;, is a primitive n-th root of unity. Now,
consider an irreducible and separable polynomial f(x) € F[z] of degree n, factoring

in its splitting field £y as

fx) = (x —a1)---(x = an),

where a7, ..., ay are distinct roots. Since E £ 1s both normal (as it is a splitting
field) and separable over F, it is a Galois extension. The Galois group of the
polynomial, Galg(f) = Gal(E/F), consists of automorphisms permuting the roots
at, ..., ap. For any distinct roots a; and ay, there exists o € Galp(f) such that
o(a;) = o, implying that Galp(f) acts transitively on the roots. Thus, Galg(f)
embeds naturally into the symmetric group Sy, the group of all permutations on
{1,2,...,n}, with this embedding defined uniquely up to conjugacy due to the

arbitrary ordering of the roots.

2.3 Resolvents

To aid in computing Gal(f), we introduce the resolvent polynomial for a
degree n polynomial and then apply the results for n = 7.

In practice, the roots of f(x) are typically not known explicitly, while the
database computations developed later in the thesis are performed entirely in terms
of polynomial coefficients. Consequently, the central computational problem is to
convert symmetric expressions in the roots into explicit polynomial expressions in

the coefficients of f(x).

11



Consider a generic irreducible polynomial

n
f@) =] —2)=2"+ap12" '+ +ag € Qlal, (2.1)
i=1
where the roots 1, ..., x, are regarded as variables. The symmetric group .S, acts
on Q[zy,...,xy| by permuting the variables:
Sn X Qzy, ..., xn] = Qxy,. .., xn],

(1, F(x1,...,2pn)) = F(r(x1),...,7(zyn)) = F7.
Let G C Sy, and let F(zq,...,2,) € Q[z1,...,zp]. Define the stabilizer of F
in G by
H={reG|F" =F}.

Definition 2.3. The resolvent polynomial associated to f(z), G, and F' is defined
by
Rp(f)@)= ] (@—F(1,...,2n)).

ceG/H
The product is taken over coset representatives of G/H, and the degree of the

resolvent is

k=[G H) = |G|/|H].

The quantities

form the orbit of F(x1,...,x,) under the action of G. The factorization pattern of
Rp(f) over Q reflects the action of the Galois group on these orbit elements.

For example:

1. f F=21 and G =5}, then H =5,,_1, k =n, and



2. If F'is fully symmetric, then H = GG, k = 1, and the resolvent is linear.

Theorem 2.4. The factorization of Rp(f) over Q into irreducible factors has
degrees equal to the orbit lengths under the left action of Gal(f) on the right cosets

G/H. The number of irreducible factors equals the number of double cosets

Gal(f)\G/H.

Corollary 2.5. If Rp(f) has a linear factor over Q, then Gal(f) is conjugate in Sy,

to a subgroup of H.

For proofs and further details, see [25].
This principle is used later in the thesis to construct resolvents capable of

distinguishing transitive subgroups of 57.

2.3.1 Computing Resolvents from Polynomial Coefficients

The preceding definition expresses the resolvent in terms of the roots
x1,...,Tn. However, for explicit computations and database construction, one must

rewrite the coefficients of Rp(f) entirely in terms of the coefficients

ag, - - -5 p—1
of the polynomial f(x).
Write
Rp(f)(z) = aF —egaF ™+ ega?™2 — o 4 (= 1)Fey,,
where eq, ..., e are the elementary symmetric polynomials in the orbit values

13



Since the roots x; are not explicitly known, we instead work with the

elementary symmetric functions

§1 =21+ +2Tp=—0p-1,

2= Y iz = o,

i<j

Sn = xl R T (_1)77’@07

obtained from Vieta’s formulas.

Define the power sums

Pm = Z o7 = Z <F(x0(1), . ,a:a(n))>m.
oeG/H o

In all applications considered in this thesis, we take G = S;,. Consequently,
the quantities p,, are symmetric polynomials in the roots x1,...,xy,. By the
fundamental theorem of symmetric polynomials, they may therefore be written
uniquely in terms of

S]_,...7Sn,

and hence in terms of the coefficients of f(z).

Relate the power sums py, to the coefficients e; using Newton’s identities:

el = p1,

1
ey = 5(61191 —p2),

1
e3 = g(ezm — e1pa + p3),

1 (L

i1 i1
KA D (=D ey ipi+ (=1 p;
i1

14



Solving recursively determines

€1y, €L,

and hence the resolvent polynomial

Rp(f)(x) = 2% — e1aP 1 4 e0a? ™2 — o 4 (= 1)Fe.

This procedure converts the root-theoretic definition of the resolvent into an
explicit symbolic computation in the coefficients of f(x). Consequently, the

coefficients of Rp(f) become polynomial expressions in

apn,...,anp—1-

For low-degree resolvents these computations may be carried out
symbolically by hand. However, for septic polynomials the resulting expressions
become extremely large, particularly for high-degree resolvents such as the 35-ic,
30-ic, and 120-ic resolvents used later in the thesis. In practice, symbolic

computation systems such as SageMath or Magma are therefore required.

2.3.2 Numerical Computation

For high-degree resolvents or complex permutation representations,
numerical methods are often more practical [9]. This approach approximates the
roots of f(x), computes the orbit values ,, and reconstructs the corresponding
resolvent polynomial numerically.

Compute the roots z1,...,z, € C of f(z) to high precision (e.g., 50-100
decimal places) using a root-finding algorithm such as Newton—Raphson or
Laguerre’s method [9]. Once approximate roots are obtained, apply additional

refinement steps to recover precision lost during deflation or polynomial division.

15



For ill-conditioned polynomials, increased working precision or suitable changes of
variables may be required.

For each 0 € G/H, compute

If the values 6, are not distinct, then the resolvent polynomial will fail to be
squarefree. This phenomenon may occur for special choices of f(x) or F, and is
detected by the squarefree test described below.

Form the resolvent

Rp(f@)= [ (@—bo)=a" —era® "4t (=1)fey.
ceG/H

The coefficients e; may then be computed numerically from the power sums

Pm = Z 05
g
by applying Newton’s identities from the previous subsection.
Round the resulting coefficients to nearby integers or rational numbers. To
ensure correctness, sufficient precision must be used so that each coefficient lies

unambiguously within the rounding tolerance.

Compute

V = ged(Rp(f), Rr(f)')

to determine whether the resolvent is squarefree. If V' 2 1, apply a Tschirnhausen

transformation [9]: choose a polynomial A € Z[x] of degree less than n, replace f by

Resy(f(y),r — A(y)),

and restart the numerical computation with the transformed polynomial. Since



for generic A, the transformed polynomial defines the same number field while
typically producing a squarefree resolvent.

Once a squarefree resolvent has been obtained, factor Rp(f) over Z[x]. The
degrees of the irreducible factors determine the orbit structure of Gal(f) acting on
G/H, thereby identifying the Galois group among the candidate transitive
subgroups of Sy,.

The resolvent construction therefore provides a bridge between
permutation-theoretic information about the roots of a polynomial and explicit
symbolic computations in its coefficients. This coefficient-based framework is
fundamental for the large-scale identification of Galois groups within the septic

polynomial databases developed later in the thesis.

2.4 Constructive Galois Theory

Naive enumeration of irreducible septic polynomials by bounded coefficients
produces datasets overwhelmingly dominated by the generic Galois group Sy.
Solvable and exceptional transitive subgroups occur with extremely low density and
may therefore be statistically invisible in random sampling. Consequently,
constructive methods are required to generate polynomial families with prescribed
Galois groups. The geometric framework of branched covers, monodromy, Nielsen
classes, and Hurwitz spaces provides a systematic method for producing such
examples and is therefore essential for constructing balanced databases used in the
later statistical and machine-learning investigations.

We investigate the realization of finite groups as Galois groups of extensions
of Q, employing geometric and arithmetic techniques involving branched coverings

of the projective line and Hurwitz spaces. This section builds on foundational

17



results from MR2363329 [20] and Vélklein [29], with particular emphasis on the

inverse Galois problem and the construction of explicit septic families.

2.4.1 Coverings of P! and Monodromy

Let K be a field of characteristic 0. A finite covering of the projective line is
a finite morphism

, 1
¢: X — P

from a smooth projective curve X over K. Equivalently, ¢ induces a finite extension
of function fields

K(PY) = K(t) — K(X),

and it is often convenient to study the cover through this extension [1].
We say that ¢ is a Galois cover if the induced extension K(X)/K(t) is
Galois. In this case, the group of deck transformations identifies with the Galois

group of function fields:
Deck(¢) = Gal(K(X)/K(t)) =: G,
and the quotient recovers the base curve:
X/G > P

Thus finite Galois covers of IP’}( correspond to finite Galois extensions of K (t)
[1, 20, 16].
Let

S={p1,....pr} CPY(K)

denote the branch locus of ¢. For t € PL(K)\ S, the fiber ¢1(t) consists of
n = deg(¢) points, and the action of G on the fiber induces a faithful permutation

representation G < Sy, well-defined up to conjugacy in Sy, [1, 29].
18



For each branch point p; € S and each point x € X (K) satisfying ¢(z) = p;,
define the inertia group

Gy ={oceG:0(x) =2}

Since the characteristic is zero, each inertia group is cyclic, and its order equals the

ramification index at x. Choosing a generator determines an element g; € G,

well-defined up to conjugacy, describing the local monodromy around p; |1, 29].
Thus a Galois cover ¢ : X — IP’}( with group G may be viewed equivalently

as:

(i) a smooth projective curve X equipped with a faithful G-action satisfying

X/G ~ PL . together with specified ramification data, or
(ii) a finite Galois extension K (X)/K(t) with Galois group G.

[1, 16|

The branch-cycle description provides a combinatorial encoding of the cover
and forms the basis for the construction of Hurwitz spaces and explicit Galois
realizations.

Let ¢ : X — P! be a Galois cover with group G and branch locus

S ={p1,...,pr}. Choose a base point tg € P(K)\ S together with a
geometric generating system of loops around the branch points. The resulting
branch-cycle description determines a tuple (g1,...,9,) € G", where each g; is a
local monodromy element generating the corresponding inertia group. Different
choices of generators for 7 (Pl \ S, tg) produce braid-equivalent tuples, while
relabeling the fiber corresponds to simultaneous conjugation in G [29, Ch. 2, §2.2].

These elements satisfy the relations

glgT:17 <gl7ag’l“>:G (22)
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The first relation reflects the defining relation in 71 (P! \ S, %), while the second
expresses connectedness of the cover, equivalently transitivity of the monodromy
action |29, Ch. 2, §2.2].

Fix conjugacy classes C = (Cq,...,Cy) in G describing the ramification type.

Following Vélklein, the associated Nielsen class is

Ni(G,C) = { (g1, 9) € CLx X Cr [ g1 gr =1, (g1, g7) = G/ Ton(G),
(2.3)

where Inn(G) acts by simultaneous conjugation:
(gl,...,gr)r—>(hglh_1,...,hgrh_1), h e G.

29, Ch. 2, §2.2]
The braid group B, = (01,...,0,_1) acts on branch-cycle descriptions by

Hurwitz moves. The action is given by

0 (G1se s 9r) = (G1e- s Gim 10 9i9it19;  Gis Git2s - Or). (2.4)

This action preserves both the product-one condition and the generated subgroup,
and therefore induces an action on Ni(G,C). Geometrically, the Hurwitz move

corresponds to braiding the branch points p; and p;41 inside P! \ S |20, Ch. 5, §5.1].

2.4.2 Hurwitz Spaces and Braid Action

The geometric data encoded by Nielsen classes naturally leads to Hurwitz
spaces.

The Hurwitz space H(G,C) is the moduli space parametrizing isomorphism
classes of degree-n Galois covers ¢ : X — P! with Galois group G and ramification
type C. Volklein constructs H(G,C) as a complex algebraic variety whose connected

components correspond to braid orbits in Ni(G,C) [29, Ch. 3, §3.1].
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If the cover has r > 3 branch points, then
dimH(G,C) =r — 3,

since PGLy acts simply transitively on ordered triples of distinct points of P,
allowing three branch points to be normalized.

A fundamental result states that H (G, C) is irreducible whenever the braid
group B, acts transitively on Ni(G,C) [29, Thm. 3.2].

In particular, braid transitivity implies that all covers with the given
ramification data lie in a single connected family. This plays an important role in
constructing parametrized families of covers suitable for specialization and database
generation. For specific groups and ramification types, braid transitivity must be
verified case by case.

MR2363329 further shows that Hurwitz spaces admit models defined over Q,
allowing arithmetic questions concerning rational points and Galois realizations to

be studied geometrically [20, Ch. 6, §6.2].

2.4.3 Realizing Covers over Q

The geometric theory of Hurwitz spaces connects naturally to the inverse
Galois problem through rational points and specialization.

The Riemann Existence Theorem provides the fundamental link between
branch-cycle data and covers over C(t). As stated by MR2363329 [20, Ch. 4, §4.2],
for any finite group G, ramification type C, and tuple (g1, ..., ¢gr) € Ni(G,C), there
exists a Galois cover ¢ : X — P! over C with branch points {p1,...,pr} C P}(C),
monodromy tuple (g1, ..., gr), and Galois group G.

The associated extension C(X)/C(t) is Galois with group G, and the cover is

determined up to isomorphism and braid equivalence by its monodromy data.
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If g1,...,9r—1 generate G, then setting g = (g1 --- gr—1) ! produces a
generating tuple satisfying the product-one condition. Consequently every finite
group occurs as the Galois group of a branched cover of IP’(lc, equivalently over C(t).

To obtain realizations over Q(¢), one seeks rational points on the
corresponding Hurwitz space H(G,C). A rational point defined over Q corresponds
to a Galois cover over Q(t) with group G and ramification type C. Such a cover is
represented by an irreducible polynomial f(z,t) € Q(t)[z] satisfying
Gal(Q(X)/Q(t)) = G.

Volklein identifies the existence of such rational points as a central problem
in inverse Galois theory over Q(t) [29, Ch. 4, §4.1].

Arithmetic obstructions arise because the absolute Galois group Gal(Q/Q)
acts on the connected components of H(G,C), equivalently on the braid orbits in
Ni(G,C). This action arises from the Galois action on the branch points and on the
roots of unity used to identify local monodromy generators with elements of G. A
connected component not fixed under this action need not descend to a component
defined over QQ, and therefore may fail to contain rational points. MR2363329
analyzes these descent obstructions and their relation to rationality questions for
Hurwitz spaces |20, Ch. 6, §6.3].

Once a rational point on H(G,C) has been obtained, Hilbert’s Irreducibility
Theorem provides the transition from covers over Q(¢) to number fields.

Let f(x,t) € Q[t][z] be irreducible over Q(¢) with Galois group G. Then, for
all but a thin set of specializations ¢ty € Q, the specialized polynomial f(z,ty) € Q[z]
remains irreducible and satisfies Gal(f(x,t9)/Q) = G [20, Ch. 3, §3.1].

Thus rational points on Hurwitz spaces produce infinite families of number

fields with prescribed Galois group.
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In later chapters, explicit septic constructions realizing groups such as D7,
C7 x Cg, and PSL3(2) are used to supplement bounded-height searches and produce
more balanced datasets containing both generic and sparse transitive subgroups of
S7.

The methods developed in this chapter serve two complementary purposes
throughout the thesis. Resolvent constructions provide explicit computational tools
for identifying transitive Galois groups of septic polynomials, while constructive
realization methods generate polynomial families with prescribed monodromy.
Together these techniques enable the construction of large-scale databases
containing both generic and rare Galois groups, forming the algebraic foundation for
the statistical, machine-learning, and coding-theoretic applications developed in

later chapters.
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CHAPTER THREE

Algebraic Curves

This chapter develops the algebraic and geometric framework underlying the
explicit constructions used throughout the thesis. Particular emphasis is placed on
superelliptic curves and their weighted generalizations, since these form one of the
few large classes of higher genus curves for which equations, automorphism groups,
ramification structures, and Riemann—Roch spaces remain computationally
accessible.

Superelliptic curves provide a natural bridge between polynomial arithmetic,
Galois theory, and algebraic geometry. Their defining equations y"* = f(x) encode
cyclic coverings of the projective line, permit explicit descriptions of automorphism
groups and differential forms, and admit effective computational methods through
the associated binary forms and weighted projective models. These features make
superelliptic curves especially suitable for explicit arithmetic constructions
developed throughout the thesis.

We begin with a concise account of finite fields and algebraic curves over
finite fields. We then study rational points, zeta functions, and asymptotic bounds
before turning to the geometry of superelliptic curves: ramification, genus formulas,
pole semigroups, automorphisms, and point counting. The final sections extend
these constructions to generalized superelliptic curves and weighted projective
geometry.

Throughout, F; denotes the finite field of cardinality ¢ = p” (p prime, r > 1),
and all curves are smooth, projective, and geometrically irreducible unless stated

otherwise.
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3.1 Finite Fields
A finite field Fy, also written F(g), is a field containing finitely many
elements. Its order is necessarily a prime powerq = p", where p = char(Fy) and
r>1.
For every prime power ¢ = p", there exists, up to isomorphism, a unique field
Fg. The multiplicative group F g; is cyclic of order ¢ — 1.

In characteristic p, the Frobenius automorphism
®:F; — Fy, x > P
generates the cyclic Galois group
Gal(Fq/Fp).
The iterates satisfy
k k
Q% () = 2P| 0<k<r-—1,

and ®" is the identity.

Frobenius automorphisms govern much of the arithmetic of algebraic curves
over finite fields and later appear in point counting, zeta functions, and trace
constructions.

For an extension F m /Fg, the trace map

m—1

7
TI'qu/Fq (Oé) = Z of
1=0

is a surjective Fy-linear map.

3.2 Algebraic Curves over Finite Fields

An algebraic curve over Fy is a smooth, projective, geometrically irreducible

variety of dimension one defined over Fy.
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Its function field Fy(&X’) consists of rational functions on X.
The genus g = ¢g(X) measures the geometric complexity of the curve. The

cases

correspond respectively to rational, elliptic, and higher genus curves.

The set of rational points
X(Fy) ={P € X : P defined over Fy}

encodes the arithmetic of the curve.

3.2.1 Divisors and the Riemann—Roch theorem

A divisor on X is a formal finite sum

The degree of D is
deg(D) = ) npdeg(P).
The Riemann—Roch space associated to D is
L(D) ={f € Fg(X)™ : +(f) + D = 0} U {0},

with dimension

D)= dim]Fq L(D).
Theorem 3.1 (Riemann—Roch). For any divisor D and canonical divisor K y,
D) — UKy —D)=deg(D)—g+1.

The Riemann—Roch theorem links geometric invariants of the curve to

dimensions of spaces of rational functions. In explicit constructions, a central
26



computational problem is to determine concrete monomial bases for the spaces

L(D).

3.3 Rational Points on Curves over Finite Fields

One of the central arithmetic problems concerning algebraic curves over

finite fields is the determination of the number of rational points
Ng(X) = #X(Fy).

The distribution of rational points reflects deep interactions between the
geometry of the curve, the Frobenius endomorphism, and the arithmetic of the

underlying field.

3.3.1 The Hasse—Welil theorem

The Hasse-Weil theorem bounds the deviation of Ny(X) from the value ¢ + 1

expected for the projective line.

Theorem 3.2 (Hasse-Weil). Let X /F, be a smooth projective curve of genus g.
Then

[Ng(X) — (¢ + 1) <29./7.

Curves attaining the upper bound are called maximal, while those attaining

the lower bound are called minimal.

3.3.2 Zeta functions and Frobenius

The arithmetic of rational points over finite extensions of [ is encoded in

the zeta function
TTL
(X, T) = X(F n)—
( 9 ) eXp ngl# ( qn) n
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A theorem of Weil states that

Py(T)
Z(X,T) =
=T na -y
wherePy (T') € Z[T] has degree 2g.
Writing

29

Py(T) =[] (1 — asT),
1=1

the roots satisfy|a;| = \/q"

Consequently,
29
#X[EFp)=q¢"+1-> af.
1=1

The Hasse-Weil theorem follows immediately whenn = 1.

Thus the zeta function connects:
(i) the geometry of the curve,
(ii) the Frobenius endomorphism,
(ili) point counts over finite extensions,

(iv) the arithmetic of the Jacobian.

3.3.3 Asymptotic towers of curves

Rather than studying individual curves, one may consider sequences

{Xi/Fqtix1

with genera tending to infinity.

The asymptotic quantity

A(q) = limsup #X(Fy)

g(X)=o0 LX)
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measures the maximal possible ratio of rational points to genus.
Theorem 3.3 (Drinfeld-Vladut). One has
Alg) < Vg — 1.

Garcia and Stichtenoth constructed explicit towers over ]Fq2 attaining this
bound.
The existence of such towers illustrates the importance of explicit families of

curves admitting computable equations, ramification structures, and point counts.

3.4 Superelliptic Curves

Superelliptic curves occupy a distinguished position in explicit algebraic
geometry. Outside special families such as hyperelliptic, superelliptic, and cyclic
n-gonal curves, very little is known effectively about equations, automorphism
groups, moduli invariants, or explicit Riemann—Roch bases of higher genus curves.

Superelliptic curves remain computationally tractable because their cyclic
covering structure imposes strong constraints on the geometry while preserving rich
arithmetic and automorphism structures.

The defining equation y"™ = f(x) simultaneously determines:
(i) a cyclic cover of P1,
(ii) a Kummer extension of function fields,
(iii) a binary form associated to f(z),
(iv) explicit automorphisms,

(v) concrete Riemann—Roch spaces and differential forms.
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The computational theory of superelliptic curves has been developed
extensively in the work of Shaska and collaborators, particularly in connection with
automorphism groups, invariants of binary forms, generalized superelliptic curves,
and explicit moduli computations.

Fix m > 2, char(IFg) { m, and let

fz) € Fygla]
be separable of degree n.
Consider the affine curve
y" = f(x). (3.1)
Let
X /Fq

denote its smooth projective model.

3.4.1 Kummer extensions and cyclic coverings

The coordinate projection induces a degree-m morphism
x: X — P

Because

char(Fy) t m,

the extension

Fy(x) = Fq(X)

is a Kummer extension.

Over



the curve admits a cyclic automorphism

o(z,y) = (z,wmy),

where

Wm

is a primitive mth root of unity.
Consequently,
Pl (X 0 F,)/(0).

Set

¥ = ged(m,n).

3.4.2 Ramification and genus

Each simple root of

()

determines a totally ramified point above the branch locus.

Above infinity there are

v
points, each having ramification index
m/v.
Theorem 3.4 (Genus formula). Let
X:oy"=f(z)
with
deg(f) =n



and

9 = ged(m, n).
Then
g = =D =@ -1)
When
ged(m, n) = 1,

the point at infinity is unique and totally ramified.

3.4.3 Pole semigroups and monomial bases

Assume ged(m,n) =1, and let

Poo
denote the point at infinity.
Then
ordp,(z) = —m, ordp_(y) = —n.
Consequently,

ordp (z'y?) = —(im + jn).
The pole orders therefore form the numerical semigroup
H(Px) = (m,n).

This semigroup governs admissible monomials in Riemann-Roch spaces and
encodes the geometry at infinity combinatorially.
When

ged(m,n) > 1,
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the fibre above infinity splits into several points, and weighted projective methods

provide a natural framework for describing the resulting geometry.

3.4.4 Holomorphic differentials

For integers

define
' dx
Wij = i
Proposition 3.5. Assume
ged(m,n) = 1.

Then the differentials

o 2t dx
Wij = v
form a basis of
(X, Q)

for all pairs satisfying

ogign—z—v—”J.
m

The cyclic automorphism acts diagonally:
0*(wi7j) = wn_@]wi’j.

Thus the space of holomorphic differentials decomposes into eigenspaces

indexed by characters of the cyclic automorphism group.
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3.4.5 Automorphisms and binary forms

One of the most important features of superelliptic curves is that
automorphism computations reduce to transformations of the defining polynomial
f@).

Homogenizing

()

produces the binary form

F(X,Z) = Z"f(X/Z).

Automorphisms of the curve induce projective transformations preserving

the branch locus of

F(X,2).

Consequently, automorphism groups of superelliptic curves are closely related
to invariants and covariants of binary forms.

This interaction between coverings, automorphisms, and binary forms plays a
central role in explicit moduli computations and constructive approaches to

algebraic curves.

3.4.6 Point counting on superelliptic curves

Superelliptic curves admit explicit point-counting formulas because their
equations reduce arithmetic questions to polynomial value distributions over finite
fields.

Let
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Then
Ny(X) =14 > #{yeFy:y" = f(a)}.

aqu
If

><_>C><

x : Fy

is a multiplicative character of order dividing m, then character sums yield formulas

of the form

Ny(X)=q+1+ > > x(f(a).

xM=1a€ly
Thus the arithmetic of the curve is governed by character sums associated to
the polynomial f(z).
This explicit relation between polynomial arithmetic and rational points is
one of the principal reasons that superelliptic curves remain computationally

tractable.

3.4.7 Example: Hermitian curves

Over

the Hermitian curve

is superelliptic with genus

Moreover,

so the curve is maximal.

35



The pole semigroup at infinity is generated by
q and q+1.
The Hermitian curve simultaneously exhibits:
(i) maximality,
(ii) large automorphism groups,
(iii) explicit semigroup structure,
(iv) computable Riemann-Roch bases.

It is therefore one of the most important explicit examples in arithmetic

geometry.

3.5 Generalized Superelliptic Curves

Weighted and orbifold geometry naturally lead to singular affine models.
This motivates the broader class of generalized superelliptic curves introduced by
Shaska and collaborators.

A generalized superelliptic curve is a cyclic n-gonal curve whose quotient by
a central automorphism of order n has genus zero.

Unlike the classical case, the affine model may possess singularities, and
weighted projective methods become necessary to study the geometry uniformly.

Generalized superelliptic curves therefore form a natural bridge between:
(i) cyclic coverings,
(ii) automorphism groups,
(iii) weighted projective geometry,
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(iv) orbifold Riemann-Roch theory.

They provide an intermediate framework between ordinary superelliptic

curves and the weighted constructions developed in the next chapter.

3.5.1 Transition to weighted geometry

(Classical projective models often force unnecessarily large genus for fixed
polynomial degree. In many situations, especially when singularities or nontrivial
ramification structures occur at infinity, weighted projective embeddings provide a
more natural geometric framework.

Generalized superelliptic curves frequently admit simpler weighted models
than ordinary projective embeddings, and weighted geometry permits singular and
orbifold structures to be treated systematically. In particular, weighted projective
methods extend the explicit computational framework of superelliptic curves while
preserving much of their arithmetic and automorphism structure.

The next chapter develops the geometry of weighted projective spaces and
weighted algebraic curves in detail, with particular emphasis on weighted
Riemann—Roch theory, weighted hypersurfaces, and explicit weighted models arising

from superelliptic constructions.
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CHAPTER FOUR

Weighted Projective curves

4.1 Weighted Projective Spaces

The theory of weighted projective spaces as a systematic framework for
algebraic geometry codes was developed in [23], to which we refer for full details.
We recall here the definitions and structural results required for the code
constructions of Section 5.4.

In this section we define weighted projective spaces and recall their basic
properties, following [13, 15]. Fix a tuple of positive integers w = (wy, ..., wy),

called the weights, and let k be a field.

4.1.1 Definitions and algebraic structure

Definition 4.1 (|23, Def. 5.1|). The weighted projective space P(w) over k is the set
of equivalence classes of points in A”T1\ {0} under the weighted action of the
multiplicative group £*. Two points (xq, ..., zy) and (:U’O, ..., x}) are equivalent if

there exists A € k™ such that
(20, -+ -, 7)) = A0z, ..., A"y,
We denote the equivalence class of a point by [xg : -+ : zp]w.

Algebraically, P(w) is realised as the projective scheme Proj .S, where
S = klzg,...,zp] is the graded polynomial ring with deg xz; = w;. A polynomial
F € S is weighted homogeneous of degree d if every monomial mgo C TP D its
support satisfies Y i a;w; = d. Unlike standard projective space, P(w) generally
possesses singularities; however, these can be controlled by imposing a

well-formedness condition on the weights.
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Definition 4.2 (|23, Def. 5.2]). The space P(w) is well-formed if, for every
i€{0,...,n},

ng(wO7' e 7w/\i7 ce 7wn) = 17
where the hat denotes omission of the ¢th weight.

If P(w) is not well-formed, it is isomorphic to a well-formed weighted
projective space obtained by dividing the weights by their common divisors [13].
Throughout we assume P(w) is well-formed; this guarantees that the singular locus

has codimension at least 2.

4.1.2 Singularities and stratification

General weighted projective spaces are normal, irreducible projective
varieties with cyclic quotient singularities. The structure of these singularities is

governed by the greatest common divisors of subsets of weights.

Definition 4.3 (Weighted GCD |23, Def. 5.3]). For a set of weights w and a subset

of indices I C{0,...,n}, let
kr =ged({w; i € I}).

These integers kj determine the stratification of P(w). Specifically, a point
P =[xg:--: xzp|y is singular if and only if the index set I = {i : z; # 0} satisfies
kr > 1. The singular locus is the union of the linear subspaces defined by the

coordinate axes where these GCD conditions fail.

Example 4.4 (|23, Ex.5.4]). Consider P(1, 1,2) with coordinates [x : y : z]y. The

weights are well-formed.

1. If z # 0, one may scale to [z : y : 1]y, which is a smooth point.
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2. The point P =1[0: 0 : 1], corresponds to the index set I = {2} with

kr=ged(2) = 2.

Thus P(1,1,2) has a single singular point at [0 : 0 : 1],,, which is a quotient
singularity of type %(1, 1). This space is isomorphic to the cone over a smooth conic

in P3.

4.1.3 Arithmetic properties

In the context of coding theory and Diophantine geometry, one requires a

notion of complexity for points in P(w).

Definition 4.5 (Weighted height |23, Def. 5.5]). Let k be a global field. The
weighted height of a point P = [z : - -+ : op)w € P(w)(k) is defined as
1/wi
Hy(P) = T maleili/ )
UEMk
where M}, is the set of places of k and coordinates are chosen in k. For finite fields
or specific applications this may be adapted to a logarithmic height or restricted to

selected valuations.

The weighted height admits Northcott-type finiteness theorems, which are
essential for algorithms that enumerate rational points or compute code lengths via

GCD-based sums, as implemented for instance in the QWAG framework of [23].

4.2 Weighted Projective Curves

Let w = (wg, w1, w2) be a weight vector with w; > 1. Set S = F[zg, x1, z2]

graded by deg(z;) = w; and define P(w) = Proj(S). A polynomial F' € S is weighted

0,.91,.92

homogeneous of degree d if every monomial :L’g xcf xg in its support satisfies

agwg + ajwy + agwg = d. A weighted plane curve is X =V (F) C P(w); see

13, 15, 23].
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Definition 4.6. P(wq, wy,wg) is well-formed if ged(w;, w;) = 1 for all i # j.

Definition 4.7. X = V(F) C P(w) is quasi-smooth if the only common zero of F,
OF |0z, OF /01, OF /dx9 in A3 is the origin.

Quasi-smoothness guarantees that X is a V-manifold (orbifold): its only
singularities are inherited from the ambient stack structure of P(w), so
cohomological methods behave predictably [23, Ch. 5.

For I C {0,1,2} the class P(w); = {[xg : 1 : x2] : ®; # 0 < i € I} has
stabiliser order r; = ged{w; : ¢ € I'}. A point P is singular if and only if
rp = ged{w; : z;(P) # 0} > 1, giving the stratification
P(w) = WP(w) Ll Sing(P(w)).

Example 4.8. In P(1,1,2) the only singular point is [0 : 0 : 1] with stabiliser uo,
making it a quotient singularity of type %(1, 1).

Assume X C P(w) is reduced, well-formed, and quasi-smooth of degree d.

Weighted adjunction [13, 15| gives
wx = Ox(d—wy —w) —wa). (4.1)

The genus is computed from deg Ky = 2g — 2 by combining the virtual weighted

contribution with local correction terms at singular points; see [13, 8|.

Theorem 4.9 (Virtual genus formula [23, Thm.5.7]). Let X be a quasi-smooth
curve of degree d in a well-formed weighted projective space P(wq, wq,ws). If X
avoids the singular points of P(w), its genus is

d(d —
2g 9 = U= (wotur+wy)) (4.2)
wowilw

Example 4.10. A quasi-smooth curve of degree d = 6 in P(1, 2, 3) that avoids the

ambient singularities has

6(6 —6
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hence g = 1: it is an elliptic curve.

Example 4.11 (Fermat septic in P(1,1,1)). The curve
X xg + x{ + xg =0 C P(1,1,1) over F; with char(FF,) # 7 is quasi-smooth: the
partial derivatives 71‘? have no common zero in A3\ {0}. Formula (4.2) gives

7(7 - 3)

2 — 2 —
g 1

=28,  g=15.

Example 4.12 (Rational curve in P(1,1,7)). In P(1, 1, 7) with weights w = (1,1,7),

the only singular point is [0 : 0 : 1] with isotropy p7. The quasi-smooth curve
X - 7 7 _
. $0+$1+$2 =0 C ]P)(l,l,?)

has degree d = 7. Since 0F/0Jx9 = 1, the Jacobian never vanishes, so X is
quasi-smooth. Furthermore F'(0,0,1) =1 # 0, so X avoids the singular locus.

Formula (4.2) gives

)

29— 2 =
g - :

g =0.

Indeed X = PL: the map [s:¢] — [s:t: —(s +¢7)] is an isomorphism.
Comparing Examples Thm. 4.11 and Thm. 4.12 illustrates genus
compression: the same polynomial degree d = 7 yields g = 15 in ordinary projective

space but g =0 in P(1,1,7).

Remark 4.13. Since 7 is prime, every w; dividing 7 belongs to {1,7}. Among
well-formed spaces P(wq, w1y, ws), the virtual genus formula (4.2) yields an integer
genus and the curve generically avoids all ambient singularities only in the two cases
above: P(1,1,1) with ¢ = 15 and P(1,1,7) with ¢ = 0. Any intermediate genus at
degree 7 requires the curve to pass through an orbifold point, necessitating the

correction terms of the explicit genus formula |23, Thm. 5.8].

42



Table 4.1: Genera of generic quasi-smooth curves in P(w)

Weights w  Degree d 2g—2 Genus g

(1,1,1) 3 0 1
(1,1,1) 1 4 3
(1,1,2) 1 0 1
(1,2,3) 6 0 1
(1,1,1) 7 28 15
(1,1,7) 7 —2 0
(2,3,5) 30 20 11

4.3 Weighted Divisors and the Orbifold Riemann-Roch Theorem

Let X C P(wp, w1, w2) be a quasi-smooth curve. For a geometric point

P =[xy : x1: x9] € X, the isotropy group (or stabiliser) is
Tp={XNeF; : N0z, \La1, \"229) = (30,21, 72)},

of order rp = ged{w; : z; # 0}. If rp =1 then P is a smooth point; if rp > 1 then

P is an orbifold point.

Definition 4.14 (Weighted degree 23, §5.3]). For a Weil divisor D = > pmpP on

X C P(w), the weighted degree is

deg, (D) = ZT—IJ; (4.3)
P

A smooth point contributes 1 to the degree, while an orbifold point of order
rp contributes only 1/rp, consistent with intersection theory on the stack.
Define the fractional-part correction
mp
(D) = - Y {r—} (4.4)
Pesupp(D) P

where {x} = x — [z] is the fractional part.
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Remark 4.15. The term €(D) is non-positive and vanishes whenever every mp is a
multiple of 7p. In that case the orbifold Riemann-Roch theorem reduces to its

classical counterpart.

Theorem 4.16 (Weighted Riemann—-Roch [23, Thm. 5.18]). Let g be the genus of
the normalisation X and let K be a canonical divisor. For any divisor D on
X C P(w),

U(D)— UK —D) = deg,(D)+1—g+e(D).

If deg(|D]) > 29 — 2, then
(D) = deg,(D)—g+1+¢(D). (4.5)

Proof. The weighted Riemann—Roch space Ly, (D) is naturally isomorphic to the
classical Riemann—Roch space £(|D]) on the coarse model of X. The classical
degree of | D| equals deg, (D) + €(D). Applying the classical Riemann-Roch
theorem to | D] and substituting yields (4.5); see [23, Thm. 5.18]. O

Example 4.17. Let X have genus g = 1 and let P be a stacky point with rp = 2.
For D = 3P, deg, (D) =3/2 and ¢(D) = —1/2,s0 {(D)=3/2—-14+1-1/2=1.
The integer outcome reflects the fact that poles of rational functions at a weight-2

point must have integer orders in the coarse model.

Proposition 4.18 (Monomial basis [23, Thm.5.35]). Let X : y™ = f(x) be
embedded in P(m,n, 1) with gcd(m,n) =1 and deg f =n. For G = 6 P,

B = {x“yb:0§b<m, am +bn < 6}

is a basis of Lyy(G). Each monomial xayb € B has pole order exactly am + bn at
Pxo, and these orders are precisely the non-gaps of the Weierstrass semigroup (m,n)

bounded by §.
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Proof. Since ged(m,n) = 1, every integer s € (m,n) admits a unique representation
s = am + bn with 0 < b < m. The monomials :c“yb have distinct valuations at Py
and are linearly independent; completeness follows from the dimension count given

by the orbifold Riemann-Roch theorem. See [23, Thm. 5.35]. O

4.4 Rational Points on Weighted Curves

A key arithmetic invariant for weighted AG codes is the number of
[F4-rational points | X (IFy)|, which determines the block length n of evaluation codes.
In the weighted setting, point counting requires care because the weighted scaling

action is non-uniform.

Definition 4.19 (Rational point |23, §5.1|). A point [zg : 21 : z2] € P(w) is

Fg-rational if it admits a representative with coordinates in [Fy.

Theorem 4.20 (Burnside formula [23, Thm. 5.22]).

1

P(w)(Fy)| = = (V™ — 1),
AeFg
where N(A) = [{i : \Wi = 1}|.
An equivalent combinatorial form is
Pw)E) = D (a— 1P ged(ks, ¢ - 1),

2#5C{0,1,2}
with kg = ged{w; : i € S} 23, Lem. 2.4].
For the smooth locus one restricts to classes with kg = 1:
WPw)E) = > (o= 1) gedlks, g - 1). (4.6)
2#5C{0,1,2}
kg=1
For evaluation codes, points in Sing(P(w)) and Sing(X) are excluded; the

divisor D is supported on the smooth locus.
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4.4.1 Weil-type bound

For a quasi-smooth hypersurface X C P(w) of degree d over F,, a Weil-type

bound incorporating orbifold corrections [23, Thm. 5.28| gives

[ X(Fg)l —q—--] < (d=1)y/g' +0(1),

with explicit correction terms determined by the local isotropy data of P(w). An
Aubry-Perret pre-filter [23, Thm. 5.26] is used computationally to bound | X (IF)|

from above before the full enumeration.
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CHAPTER FIVE

Coding Theory

This chapter develops the coding-theoretic framework underlying the
weighted algebraic—geometric and quantum code constructions studied later in the
thesis. Beginning with classical linear codes over finite fields, we develop the duality
theory, stabiliser formalism, and algebraic—geometric code constructions required for
the weighted and quantum graded AG-code families arising from superelliptic and
weighted projective curves.

Section 5.1 recalls the fundamental parameters and duality theory of linear
codes over finite fields. Section 5.2 constructs functional and differential AG-codes
from the curve-theoretic machinery developed in Chapter 3 and establishes the
Riemann—Roch parameter bounds underlying AG-code duality. Section 5.3
introduces the n-qudit Pauli group, the stabiliser formalism, and the
Calderbank—Shor—Steane (CSS) construction, which integrates AG-codes into the
CSS framework to produce quantum codes from algebraic curves. Section 5.4
extends the evaluation-code construction to weighted projective curves using
weighted divisor theory and the weighted orbifold Riemann-Roch theorem. Finally,
Section 5.5 develops the framework of quantum weighted algebraic—geometric codes

together with self-orthogonality criteria and quantum Singleton-type bounds.

5.1 Linear Codes
Linear error-correcting codes are naturally modeled as finite-dimensional
vector spaces over finite fields. Let F; denote the finite field with ¢ = p" elements,

where p is prime.
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5.1.1 Linear codes and basic parameters

Definition 5.1. A linear code of length n over I, is a vector subspace
n
¢ CF,.
Its dimension is k = dimp q(C), and its minimum Hamming distance is
d(C) = min{wt(c) : c € C'\ {0}},

where wt(c) = |{i : ¢; # 0}| denotes the Hamming weight of c.
A linear code with parameters [n, k, d]; detects up to d — 1 errors and

corrects up to t = |(d — 1)/2] errors.

A linear code may be described either by generators or by linear constraints.

A generator matriz of an [n, k,d|; code C' is a matrix
G e Fhxn

whose rows form an Fg-basis of C'. Every codeword has the form ¢ = uG, where
k
u e Fy.

The encoding process is represented by the linear map

E:FSAFZ, E(u) = uG.

When G is in systematic form G = [I;, | 4], the first k& coordinates of a
codeword coincide with the information symbols, while the remaining coordinates

encode parity information.

5.1.2 Duality and parity-check matrices

The orthogonal complement of a linear code plays a central role in decoding

theory, weight enumeration, and quantum stabiliser constructions.
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Definition 5.2. Let C C ]Fg be a linear code. The dual code of C is
Cct = {yEF;‘:(x,y)E:OforallXEC},

where
n
X, ¥)E=>_ Ty
1=1
denotes the Euclidean inner product on Fg.

One has dim C' + dim C+ = n and (C1)+ = C.
A code is called:

e self-orthogonal if C C C+,
o self-dual if C = Ct.

Self-orthogonality is the fundamental condition underlying CSS-type
quantum stabiliser constructions.

A parity-check matriz of C' is a matrix
He IE?((Jn—k:)xn

whose rows form a basis of C+. Equivalently,

C =ker(H) = {x € F} : Hx' =0}.

5.1.3 Syndromes and error correction

The parity-check matrix provides a linear mechanism for detecting and
correcting transmission errors.

Given a received vector r € Fg, its syndrome is defined by s = Hr .

The syndrome measures the failure of the received vector to satisfy the

defining linear constraints of the code.
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If r = c+ e, where ¢ € C is the transmitted codeword and e is the error
vector, then

Hr' =H(c+e)' =He',

since He' = 0.
Thus the syndrome depends only on the error vector and determines the
coset of r modulo C. Error correction therefore reduces to identifying the most

likely error vector compatible with the observed syndrome.

5.1.4 Weight distributions and MacWilliams identities

The weight enumerator of a code C' is the polynomial

n
Weo(z,y) = Z In—wt(c)ywt(c) _ ZAixn_iyi,
ceC 1=0

where A; denotes the number of codewords of weight i.
The weight enumerator encodes the distance distribution of the code. The
MacWilliams identities show that the weight distributions of a code and its dual are

related by an explicit linear transformation:

W (o) = |—é|wc<x+ (¢ 1)y, = —y). (5.1)

These identities play an important role in algebraic coding theory and

association schemes.

5.1.5 Fundamental bounds

The parameters n, k, and d of a linear code satisfy several fundamental

inequalities.
Proposition 5.3 (Singleton bound [23, Prop. 2.3]). Every [n,k,d]q code satisfies

d<n-—k+1.
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Codes achieving equality are called maximum distance separable (MDS) codes.

Proposition 5.4 (Hamming bound |23, Prop.2.4|). An [n,k,d]; code correcting
t=1|(d—1)/2] errors satisfies

Y (<o
Codes meeting this bound are called perfect codes.

Proposition 5.5 (Gilbert—Varshamov bound [23, Prop. 2.5]). For every q,n,k,

there exists an [n, k,d]q code satisfying

#5()a-v <
Together these bounds illustrate the fundamental tradeoff between

transmission rate and error-correcting capability.

5.1.6 Classical families of codes

The following examples illustrate several fundamental constructions in

coding theory.

Example 5.6 (Repetition codes). The [n, 1, n]4 repetition code consists of all
constant vectors

(a,a,...,a), acF,.

It detects up to n — 1 errors and corrects up to [(n — 1)/2] errors. Although
highly redundant, repetition codes provide the simplest example of error-correcting

redundancy.

Example 5.7 (Hamming codes). Binary Hamming codes form a family of perfect
codes. For every integer m > 2, there exists a code with parameters

27 — 1,2 — 1 —m, 3]s
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The parity-check matrix consists of all nonzero binary column vectors of

length m. The case m = 3 yields the classical [7,4, 3]o Hamming code.

Example 5.8 (Cyclic and BCH codes). A linear code C' C Iy is called cyclic if it is
invariant under cyclic shifts of coordinates. Cyclic codes correspond to ideals in the

quotient ring

Fylal/ (2" = 1),

and are generated by a polynomial g(z) | (2" —1).

Bose-Chaudhuri-Hocquenghem (BCH) codes form an important subclass of
cyclic codes obtained by prescribing consecutive roots of g(z) in an extension field.
A primitive narrow-sense BCH code of length n = ¢"* — 1 with designed distance §
has minimum distance at least § and admits efficient algebraic decoding.

Under suitable conditions on the defining parameters, BCH codes are

self-orthogonal and therefore suitable for CSS-type quantum constructions.

Example 5.9 (Reed-Solomon codes). Reed-Solomon codes are MDS codes with
parameters [¢ — 1, k,q¢ — k + 1],

The code RS;(q — 1, q) is constructed by evaluating all polynomials
f(x) € Fylz] satisfying deg(f) < k at pairwise distinct nonzero field elements
ag, ..., qq-1 € Fy.

Thus C = {(f(a1),..., f(ag—1)) : deg(f) < k} .

Reed-Solomon codes achieve equality in the Singleton bound and may be
viewed as the simplest algebraic-geometric codes, arising from evaluation on the

projective line.
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5.2 Algebraic Geometry Codes

5.2.1 Curves, divisors, and Riemann—Roch spaces

We briefly recall the geometric framework underlying algebraic-geometric
codes; see Chapter 3 and [26] for further details.
Let X' /IF4 be a smooth, projective, geometrically irreducible curve of genus g.

For a divisor £ = ) pcy npP, the associated Riemann-Roch space is
L(E) ={f € Fg(X)™ : div(f) + E > 0} U{0}.

Its dimension ¢(E) = dimp ; L(FE) is governed by the Riemann—Roch theorem.

Theorem 5.10 (Riemann—Roch). For any divisor E and canonical divisor K y,
U(E)— UKy —F)=deg(FE) —g+ 1.
In particular, if deg(E) > 2g — 2, then
((E) =deg(E) — g+ 1.
The number of rational points on X satisfies the Hasse-Weil bound
1X(Fo)| = (¢ +1)] < 297"

Curves with many rational points relative to genus produce strong families of
algebraic-geometric codes. For asymptotic families of curves over Iy, the

Drinfeld-Vladiit bound states that

X(F
1imsup| ( q)|
g—00 g

<Vq¢-1

5.2.2 Functional AG codes

Let P1,..., Py € X(FFy) be distinct rational points and set
D = P; +---+ P,. Choose a divisor G satisfying supp(G) N supp(D) = 0.
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The evaluation map
evp : L(G) = Fy, [ (f(P1), .-, [(Pn)),
defines the functional algebraic—geometric code
Cr(D,G) = evp(L(G)).
Theorem 5.11 ([23, Thm. 2.13|). If deg(G) < n and supp(G) Nsupp(D) = 0, then
dimCr(D,G) =4(G) — (G — D), d > n — deg(G).
If moreover deg(G) > 2g — 2 and deg(G — D) < 0, then
dim Cr (D, G) = deg(G) — g + 1.

The quantity n — deg(G) is called the designed distance or Goppa bound.

5.2.3 Differential AG codes and duality

Let 2y denote the space of rational differentials on X'. For a divisor E, define
QE) ={w e Qy : div(w) > E}.
The associated differential AG code is
Ca(D, B) = { (resp, (@), ... resp, () 1w € QE) |
Theorem 5.12 (Duality of AG codes |23, Thm. 2.14]).
Cr(D,G)" =Cq(D,Ky — G+ D).

This duality theorem is one of the foundational results of algebraic—geometric
coding theory and provides the key mechanism underlying self-orthogonality criteria

for quantum AG-code constructions.
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5.2.4 Examples of AG codes

Example 5.13 (Reed-Solomon codes). Reed—Solomon codes arise naturally from
the projective line qu, which has genus g = 0.

Let Pp,..., P; 1 denote the affine rational points and let P be the point at
infinity. Setting D = P +--- 4 F;_1 and G = (k — 1) P, the Riemann-Roch space
L(G) consists precisely of polynomials of degree at most k — 1.

The resulting code Cr,(D, G) is the classical Reed—Solomon code with

parameters [¢ — 1,k,q — k + 1]q.
Example 5.14 (Hermitian codes [23, Ex.2.16]). Over Fqg, the Hermitian curve
Xyl 4y =2t

has genus g = ¢(q — 1)/2 and exactly ¢ + 1 rational points.

One-point AG codes constructed from the point at infinity yield families of
codes with parameters exceeding the Gilbert—Varshamov bound asymptotically.
Hermitian curves also possess large automorphism groups, making them especially

important in explicit AG-code constructions.

5.2.5 Asymptotic performance

A family of codes is called asymptotically good if both the rate R = k/n and
the relative distance § = d/n remain positive as n — 0.
Using towers of curves approaching the Drinfeld—Vladit bound, one obtains

AG-code families satisfying

R+6>1-

Vi -1
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Theorem 5.15 (Tsfasman—Vladit—Zink bound [28]). For q a perfect square, there

exist families of AG codes over Fy satisfying

1
VI -1

These families exceed the Gilbert—Varshamov bound whenever ¢ > 49.

R>1—-06—

5.3 Quantum Stabiliser Codes

This section reviews the stabiliser formalism and the CSS construction
following the framework developed in [23, Ch. 4]. Since these results are standard in
quantum coding theory, we focus primarily on the structural ideas needed later for
weighted algebraic—geometric and quantum weighted AG-code constructions.

Additional details and proofs may be found in |23, §§4.1-4.4].

5.3.1 Quantum error model

Quantum information carried by n qudits of dimension g = p"" is encoded in
the Hilbert space
H = (CH=",

whose computational basis is {|z) : z € Fy'}.
Errors acting on ‘H are modeled by the generalized Pauli group. For a single

qudit, define the shift and phase operators
X@p) =la+d),  Zb)=w" ),

where w = e2™/P and Tr : Fy — IF) denotes the field trace.

For vectors a = (ay,...,an) and ¢ = (cy,...,cp) € Fy, set

X(a) =X(a1) @---© X(an),  Z(c)=Z(c1) @ - @ Z(cn).
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The n-qudit Pauli group is
n={wX(a)Z(c):j €Ly, a,ce Fy}-
The fundamental commutation relation is
Z()X (a) = w\©®s X (a)Z(c), (5.2)

where

(c,a)s = Tr (Z cl-aZ) :

i=1
Thus X (a) and Z(c) commute precisely when (¢, a)s = 0.
The quotient of P, by scalar multiples of the identity may be identified with

]an, equipped with the symplectic form
<((I|C), (allcl>>5 - TI'(CLC/ - alc)u

which governs commutation in the stabiliser formalism; see [23, §4.1].

The weight of an error operator £ = w’ X (a)Z(c) is defined by

wt(E) = {i: (a5,¢;) # (0,0)},

measuring the number of qudits on which the operator acts nontrivially.

5.3.2 Stabiliser codes

The stabiliser formalism encodes quantum information as the common

eigenspace of a commuting subgroup of the Pauli group.

Definition 5.16 (|23, Def. 4.1]). Let S < Py, be an abelian subgroup satisfying

—1 ¢ S. The associated stabiliser code is

Q(S) ={|v) € H : s|¢) = |¢) for all s € S}.
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The subgroup S'is called the stabiliser of the code. Each generator of S
imposes a linear constraint on the ambient Hilbert space, and the code space
consists precisely of the vectors fixed by every element of S.

The following result shows that the stabiliser code is a linear subspace of H.

Lemma 5.17 (|23, Lem. 4.2|). If S < Py, is abelian and —1 ¢ S, then Q(S) is a

linear subspace of H.

Associated to S is the averaging operator

called the stabiliser projector.

Proposition 5.18 (|23, Prop. 4.3|). The operator Pg is the orthogonal projection
onto Q(S). In particular,
P¢=Pg, PL=Ps

The stabiliser projector extracts the component of a state lying inside the
code space and plays a central role in syndrome measurement and decoding.
The dimension of a stabiliser code is determined by the number of

independent stabiliser generators.

Theorem 5.19 (Dimension formula [23, Thm. 4.4]). If S has r independent
generators, then

dimQ(S) =¢"".
Equivalently, the stabiliser code encodes k =n — r logical qudits.

The distance of a stabiliser code is defined as the minimum weight of a Pauli

operator commuting with all elements of S but not itself belonging to S. Such
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operators act nontrivially on the encoded information and represent undetectable
logical errors.
Further details concerning stabiliser groups, syndrome extraction, and

symplectic representations may be found in [23, §4.1].

5.3.3 The CSS construction

The Calderbank—Shor—Steane (CSS) construction provides a bridge between
classical coding theory and quantum stabiliser codes. The key idea is to construct
commuting X- and Z-type stabilisers from a pair of nested classical linear codes.

Let C1,Cy C Iy be linear codes satisfying
Cs C C. (5.3)

The orthogonality condition ensures that the corresponding Pauli operators

commute under the symplectic pairing.

Lemma 5.20 (|23, Lem. 4.5]). If C’QL C (1, then the subgroup
S=(Z(h):heC{, X(W): W eC)

1s abelian.

In practice, the commutation condition is usually verified through

parity-check matrices.

Proposition 5.21 (Matrix criterion |23, Prop. 4.6]). Let Hy and Ho be parity-check

matrices of C1 and Cq, respectively. Then
C%‘ CC] <= HlHQT =0.

The resulting stabiliser code is called the CSS code associated to the pair
(C1,Co).
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Theorem 5.22 (CSS construction [23, Thm. 4.7]). Let C1,Co C Fy be linear codes
satisfying C’QL C 4. If dim C; = k;, then there exists a quantum stabiliser code with
parameters

[[TL, k1+k2_n7 d]]Q7

where

d = min{wt(Cl \ ), wt(Cs \ cll)}.

The theorem shows that the parameters of the quantum code are determined
entirely by the algebraic relation between the two classical codes. The inclusion
C’2l C (] guarantees commutativity of the stabilisers, while the minimum distance
is controlled by vectors lying outside the dual subcodes.

This construction is particularly important because it allows geometric and
algebraic families of classical codes to produce quantum stabiliser codes

systematically.

5.4 Weighted Algebraic Geometry Codes

The theory of weighted algebraic—geometric codes developed in this section
follows the framework introduced in [23, Ch. 6], where algebraic—geometric coding
theory was extended from smooth projective curves to quasi-smooth curves in
weighted projective spaces. In contrast with the classical setting, weighted
AG-codes incorporate graded coordinate rings, weighted divisors, orbifold
singularities, and weighted Riemann-Roch spaces into the coding-theoretic
construction. These weighted methods are especially well suited for superelliptic
and low-degree models that admit simpler descriptions in weighted projective
geometry than in ordinary projective space.

The principal advantage of the weighted setting is that many curves with

large automorphism groups and explicit monomial bases admit natural weighted
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embeddings with significantly lower defining degree. The resulting weighted
Riemann—Roch spaces therefore produce computationally efficient evaluation codes
while preserving the geometric structure needed for duality and quantum stabiliser

constructions.

5.4.1 Construction and parameter bounds

Let X C P(wp, w1, ws) be a well-formed quasi-smooth curve defined over F,.
Fix distinct rational points Pp,. .., P, € X(IF4) contained in the smooth locus and
set D =P+ -+ Py.

Let G be a weighted divisor satisfying supp(G) Nsupp(D) = @. Following

[23, §6.1], the associated weighted algebraic—geometric code is defined by
Cw(X,D,G) ={(f(P1),....f(Pn)): f € Lu(G)} C Ty,

where L£,(G) denotes the weighted Riemann-Roch space introduced in Section 4.3.
The construction is formally analogous to the classical AG-code setting, but
the dimension and distance are now governed by weighted divisor theory and the

orbifold Riemann—Roch theorem.

Theorem 5.23 (Parameters of weighted AG codes |23, Thms. 6.2-6.3|). If

deg,(G) < n, then the evaluation map
evp : Lu(G) — Fy
is injective, and the code Cy(X, D, G) has parameters [n, k,d]q satisfying

k=10y(G) > deg,(G) — g+ 1+ €(G), (5.4)

d > n — deg,(G). (5.5)

If deg,,(G) > 29 — 2, equality holds in (5.4).
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Proof. Suppose f € L(G) vanishes at all evaluation points Py, ..., P,. Then the
zero divisor of f has degree at least n, while the pole divisor has weighted degree at
most deg,,(G) < n, which is impossible. Hence the evaluation map is injective and
k= 1ly(G).

The dimension estimate follows from the weighted Riemann—Roch theorem
(Thm. 4.16). The distance bound follows because a nonzero section f € Ly, (G) can
vanish at at most deg, (G) evaluation points, since the weighted degree of its zero

divisor equals the weighted degree of its pole divisor. n

The correction term ¢(G) reflects the orbifold contribution arising from the
weighted structure. In particular, weighted singularities alter the classical
Riemann—Roch count by introducing fractional contributions determined by the

local isotropy data; see (23, §5.4].

Remark 5.24 (Semigroup gap advantage). The weighted setting admits an
additional structural advantage absent from the classical theory. When the
numerical semigroup (wg, wy,w9) contains gaps, low-degree monomials are missing
from the graded coordinate ring. Consequently, low-weight codewords cannot arise
from sections of small weighted degree, frequently improving the minimum distance
relative to classical AG-codes of comparable dimension. This phenomenon,
developed in [23, §6.1.2], is one of the principal coding-theoretic advantages of

weighted projective models.

5.4.2 Duality and self-orthogonality

The residue theorem extends naturally to quasi-smooth weighted curves,
which are normal projective Gorenstein curves. As a result, the duality theory of

classical AG-codes extends to the weighted setting with only minor modifications.
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Theorem 5.25 (Weighted AG-code duality [23, Thm. 6.15]).
Cow(X,D,G)*F = Cpw(X, D, Ky +D — Q).

This duality theorem provides the geometric mechanism underlying
self-orthogonality criteria for weighted AG-codes and forms the foundation for the

quantum weighted constructions developed in the next section.

Corollary 5.26 (Euclidean self-orthogonality [23, Cor.6.16]). The code
Cw(X, D, G) satisfies
Cw(X,D,G) C Cop(X,D,G)*

if and only iof
2G< Ky +D.

The condition 2G' < Ky + D is the weighted analogue of the classical
self-orthogonality criterion for AG-codes. Geometrically, it expresses the fact that
the weighted divisor G lies sufficiently far below the canonical threshold determined

by the weighted adjunction structure.

Proposition 5.27 (Hermitian self-orthogonality (23, Prop.6.17]). Over Fqg, the
code Cy(X, D, G) satisfies

Cw(X,D,G) C Cop(X,D,G) H

whenever

(¢+1)G < Ky + D.

Hermitian self-orthogonality is particularly important for quantum stabiliser
constructions over quadratic extensions, where Hermitian duality naturally replaces

Euclidean duality in the CSS framework.
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5.4.3 Examples and explicit constructions

Weighted projective models frequently admit explicit monomial bases and
highly symmetric defining equations, making them especially suitable for concrete

code constructions.
Example 5.28 (Genus-1 curve in P(1, 1,2)). Consider the weighted curve
X:22 =2+ CcP(1,1,2)

defined over 7.
Weighted adjunction (Eq. (4.1)) gives Ky ~ 0 and genus g = 1. Direct
enumeration yields n = 8 smooth rational points.

Let G denote the divisor corresponding to weighted degree 2. Then
deg, (G) =4, k=4,

and

2deg, (G) = 8 = deg, (D).

Hence the self-orthogonality criterion of Thm. 5.26 holds with equality,
implying that Cy, (X, D, G) is self-dual.

The resulting weighted AG-code has parameters [8,4, 4]7, providing an
explicit example of a self-dual code arising from weighted projective geometry; see

23, §6.3).

Additional explicit constructions involving superelliptic curves, weighted

Hermitian-type models, and orbifold towers are developed in |23, §§6.3-6.5].
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5.4.4 Asymptotic behaviour

Weighted AG-codes are birationally equivalent to codes arising from smooth
projective models and therefore inherit the asymptotic properties of classical
AG-codes, including the Tsfasman—Vladut-Zink bound (Thm. 5.15).

The principal advantage of the weighted setting is computational rather than
asymptotic. Weighted projective embeddings frequently admit smaller defining
degrees, sparse monomial bases, and explicit graded coordinate structures that make
generator matrix construction practical in genera where standard smooth

embeddings become computationally infeasible.

Proposition 5.29 (|23, Prop. 6.22|). Let {X;,} be a tower of weighted curves over
Fg with gm — oo, and let

A(q) = limsup Nalg)

g—00 g
denote the Drinfeld—Viadut constant.

Then there exists a sequence of weighted AG-codes satisfying

1
R+d>1———.
A(q)

Thus weighted AG-codes preserve the asymptotic strength of classical
algebraic-geometric codes while simultaneously providing a substantially more

flexible computational framework for explicit constructions.

5.5 Quantum Weighted Algebraic-Geometric Codes

The theory developed in this section establishes a quantum coding
framework built from weighted algebraic—geometric codes on quasi-smooth curves in
weighted projective spaces. The constructions, self-orthogonality criteria, orbifold
refinements, and quantum parameter bounds presented here were introduced and

systematically developed for the first time in [23, Ch. 7|. In particular, the
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integration of weighted adjunction, orbifold Riemann-Roch theory, weighted
AG-code duality, and CSS stabiliser constructions into a unified theory of quantum
weighted algebraic-geometric (QWAG) codes originates in [23].

Unlike the classical setting, the weighted framework incorporates orbifold
corrections, graded divisor structures, and weighted canonical geometry directly into
the quantum coding-theoretic construction. These additional geometric features
lead to refined parameter bounds and explicit families of quantum stabiliser codes

arising naturally from superelliptic and weighted projective models.

5.5.1 Self-orthogonality from weighted adjunction

Let X = {F = 0} C P(wp, w1, w2) be a well-formed quasi-smooth curve of
weighted degree d defined over Fy. Write H = ¢1(Op(y)(1))|x and set a = wp,

b = wq, and ¢ = wy. The degree of the hyperplane class is

d
deg H = — (5.6)

abc’

and weighted adjunction (Eq. (4.1)) gives
deg Ky = (d—a—b—c)deg H;

see 23, §7.1.2].
The key observation is that weighted adjunction converts geometric data into
a numerical criterion for self-orthogonality. This provides the bridge between

weighted algebraic geometry and quantum stabiliser constructions.

Theorem 5.30 (Self-orthogonality criterion for QWAG codes (23, Thm. 7.1]). Let

G =tH|y and let D =3%"1" | P; be a sum of distinct smooth rational points. If

2t deg H < (29 — 2) + n, (5.7)
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then

2G< Ky + D,

and consequently

Cw(X,D,G) C Cu(X,D,G)* .
Proof. Taking weighted degrees in the inequality 2G < Ky + D gives
2deg,(G) <deg Ky +n= (29 —2) +n.

Since deg,,(G) = tdeg H, condition (5.7) is precisely this inequality.

Self-orthogonality then follows from Thm. 5.26. m

The theorem shows that the self-orthogonality condition is governed entirely
by weighted adjunction and divisor degree. In practice, this reduces the
construction of quantum stabiliser codes to explicit numerical inequalities

determined by the weighted geometry of the curve.

5.5.2 QWAG code parameters

The self-orthogonality criterion above allows weighted AG-codes to be

embedded directly into the CSS framework developed in Sections 5.3.3 and 5.5.1.

Theorem 5.31 (QWAG code parameters |23, Cor.7.5|). Let X, D, and G = tH|y
satisfy Thm. 5.30. Then the symmetric CSS construction applied to

C = Cy(X,D,G) yields a quantum stabiliser code with parameters
[n, n—2k, dQ]]q,

where

k= gw(G)
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and

dg > min{n — deg,,(G), n — deg,(Ky — G)}.

Proof. Self-orthogonality follows from Thm. 5.30. Applying the self-orthogonal CSS
construction (Thm. 5.22) gives

kg =n — 2k,

while the distance estimate follows from the Goppa bounds for Cy (X, D, G) and its

dual code

Cw(X,D,G)* 2 Cp(X,D, Ky + D —G)
via weighted AG-code duality (Thm. 5.25). O

The theorem demonstrates that the quantum parameters are controlled

simultaneously by:
e the weighted Riemann—Roch dimension,
e the weighted divisor degree,
e and the canonical geometry of the weighted curve.

This interaction between weighted geometry and quantum duality is one of

the central structural features of QWAG codes.

Theorem 5.32 (Existence criterion [23, Thm.7.7]). Suppose deg,,(G) > 2g — 2.

Then the associated QWAG code has positive dimension kg > 0 if and only if
29 — 2 < deg, (G) Sg—1+g. (5.8)
Within this range,
kg =n — 2(deg,(G) — g +1),
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and

dg > n — deg,(G).

Proof. Since deg,(G) > 2g — 2, weighted Riemann—Roch gives

k = deg,(G) — g+ 1.
The condition kQ =n — 2k > 0 becomes

n
k< —
27

which is equivalent to

deg, (G) <g—1+g.

On the other hand, the self-orthogonality condition

2deg,(G) < (29 —2) +n

implies

deg, (G) Sg—l—l—g.

Thus the admissible range is precisely (5.8).

The interval (5.8) defines the geometric region in which weighted AG-codes

simultaneously satisfy:

e weighted Riemann—Roch regularity,

e self-orthogonality,

e and nontrivial quantum dimension.
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5.5.3 Explicit QWAG constructions

Weighted projective models frequently admit explicit canonical divisors and
monomial bases, making them particularly suitable for concrete quantum code

constructions.

Example 5.33 (Hyperelliptic QWAG code in P(1,1,2)). Let
X y? = fo(x,2) CP(1,1,2)

be defined over IFy, where g = 4.
From (5.6),
6
deg H = - =3.
eg 5

Taking G = tH| y, condition (5.7) becomes
6t <6+ n.
For n > 12, one may choose t = 3. Then
k=9—-4+1=6, dg >n—9.
At n = 14, this yields a quantum stabiliser code with parameters
[14,2, > 5],
Example 5.34 (Genus-3 QWAG code in P(1,1,4)). Let
Xyt =28 428 40t cP(1,1,4)

be defined over 3.

Here d = 8, deg H = 2, and
deg Ky = (8—6)-2=4,

SO g = 3.
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The Hasse—Weil bound permits up to 35 rational points; we take n = 20.

Choosing G = 5H |y gives
deg, (G) = 10.
The self-orthogonality condition becomes
20 <4+ 20,

which holds.
Weighted Riemann—-Roch yields

k=10—-3+1=8,
and the resulting CSS construction produces a quantum code with parameters
[20,4,> 6]13.

Further examples involving superelliptic towers, weighted Hermitian curves,

and orbifold constructions are developed in [23, §§7.3-7.5].

5.5.4 Refined quantum Singleton bounds

Orbifold geometry introduces additional corrections into the dimension
theory of weighted Riemann—Roch spaces. Consequently, the classical quantum

Singleton bound acquires an additional orbifold defect term.

Definition 5.35 (Orbifold defect). Let ¥ denote the set of orbifold points of X
with isotropy groups G p. The total orbifold defect is defined by

=2 (i)

Pex
Theorem 5.36 (Refined orbifold Singleton bound [23, Thm.7.12|). Let X have

coarse topological genus giop and total orbifold defect ey;.
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Then every QWAG code [n, kg, dq constructed on X satisfies

n—kQ

d < +1- (gtop + %E) . (5.9)

Proof sketch; see [23, Thm. 7.12/. Orbifold Riemann—Roch gives the effective genus

)

Jeff = Jtop T 5

Combining this with the weighted Goppa bound
d < n—deg,(Q)

and the relation

degy(G) = ke + gest — 1
obtained from weighted Riemann—Roch yields
d<n—kc+1—ge.
Substituting ko = (n — k¢)/2 produces (5.9). O

The orbifold defect term measures the extent to which stacky singularities
reduce the effective dimension of both primal and dual weighted Riemann—Roch
spaces. In the smooth case, ex» = 0, and (5.9) reduces to the classical
genus-corrected quantum Singleton bound.

The theory developed in this section demonstrates that weighted projective
geometry provides a natural and highly structured framework for constructing
quantum stabiliser codes. Through weighted adjunction, orbifold Riemann—Roch
theory, and weighted AG-code duality, one obtains explicit families of quantum
codes whose parameters are governed directly by the geometry of quasi-smooth
weighted curves. The entire QWAG framework presented here was introduced and

systematically developed for the first time in [23].
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CHAPTER SIX

Mathematical Databases

The computations in this thesis begin with polynomial data, but the purpose
of this chapter is not simply to describe an enumeration. A list of polynomials
becomes useful only after one decides how the objects are represented, how they are
identified, how repeated representatives are removed, and how the stored
information can be checked. These choices affect the reliability of every later
computation. For that reason, the database is treated here as part of the
mathematical framework of the thesis, rather than as a separate file in which
computed output is stored.

The central point is that the database is indexed by mathematical identity,
not by an arbitrary row number. A record is determined first by a canonical
coefficient tuple, and the remaining fields are arithmetic, invariant-theoretic, and
Galois-theoretic data attached to that tuple. The purpose of this chapter is to
explain how these canonical records are constructed, why this affects the choice of
storage architecture, and how the resulting files are organized for the applications in
the later chapters.

This chapter is organized as follows. We first explain what makes polynomial
data different from ordinary application data. We then describe the passage from
projective coefficient points to canonical database records. After that we discuss the
storage architecture, the structure and validation of the septic records, and the
cleaned data views used in the Galois-theoretic, machine-learning, and coding

applications.
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6.1 Mathematical Structure of Polynomial Data

The construction of the polynomial database can be viewed as an
extract—transform—load procedure adapted to exact algebraic data. The extraction
stage consists of enumerating projective coefficient points subject to a height bound.
The transformation stage replaces each point by its canonical integral
representative, applies exact arithmetic checks, and attaches the corresponding
invariant and Galois-theoretic data. The loading stage stores the surviving records
by their normalized coefficient tuples and exports the cleaned tables used in the

later chapters.

6.1.1 Algebraic Data versus Application Data

The data considered in this chapter are exact algebraic objects. This
separates the present database from many ordinary application databases, where a
row may record an external event, transaction, or user entry. Here a row represents
an irreducible polynomial over Q together with arithmetic data computed from that
polynomial.

For a septic polynomial we write
fa(z) = arz’ + aga® + - + a1z + ag, a= (ag,...,ar).

After normalization, the tuple a is the identifier of the record. The remaining fields,
such as height, discriminant, signature, invariant values, and Galois label, are data
attached to this tuple.

Thus an error in the coefficient tuple is a mathematical error, not only a
formatting error. It may change the polynomial and therefore all arithmetic data
computed from it. Similarly, a repeated normalized tuple means that the same

mathematical object has been counted twice.
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This is the main difference from many application databases. In an
application database, two similar rows may represent two different events. In the
present database, two rows with the same normalized coefficient tuple represent the
same object. Equality of keys is therefore equality of polynomials, not merely

equality of stored text. The database design must preserve this distinction.

6.1.2 Design Requirements for a Polynomial Database

The database is designed around exact polynomial records, so its
requirements are different from those of a database whose entries are approximate
measurements or external observations.

Each polynomial must first have a canonical representative. Without a fixed
normalization convention, the same projective point could occur in several forms,
and the database would count different representatives of the same object as
different rows. The primitive coefficient tuple is used to avoid this ambiguity.

The stored arithmetic must also remain exact. The coefficients,
discriminants, and invariant values are integer or rational quantities. Replacing
them by floating point approximations would change the nature of the data. In
particular, the discriminant is not used only through its numerical size; its exact
arithmetic properties are part of the information attached to the polynomial.

The construction must also prevent repeated canonical tuples. Once a tuple
has been normalized, it should occur at most once. This is one reason that a
key—value structure is useful during construction: the normalized tuple gives the
natural lookup key, while the computed arithmetic data form the value.

The database must also support different views of the same records. A

polynomial may be grouped by Galois label, converted into a feature vector, or
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reduced modulo a prime for later finite-field computations. These are different uses
of the same record, not independent datasets with unrelated identifiers.

Finally, the construction must be reproducible. The normalization
convention, height bounds, filtering steps, and cleaning checks must be recorded
clearly enough that the database can be checked again. This is what makes the
database a mathematical object of the thesis, rather than only a file of

computational output.

Table 6.1: Design requirements for the polynomial database.

Requirement Purpose

Canonical representative | One tuple represents each projective coefficient
point.

Exact arithmetic Arithmetic quantities are stored as exact
algebraic data.

Unique key The normalized tuple prevents duplicate records.

Traceability Computed fields remain attached to the same fa.

Derived views Galois, feature, and reduction views come from
the same records.

Reproducibility Conventions and checks are recorded for later
verification.

6.1.3 The Degree as a Parameter

Although the main database in this thesis consists of septic polynomials, the
first stage of the construction can be carried out for polynomials of any fixed degree.

For a fixed degree n, a polynomial

f(@) = anz™ + an_12" 4 -+ + ayz + ag
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is represented by the coefficient tuple

(ag,...,ap).

The natural parameter space for such coefficient vectors is
P"(Q).

After fixing a height bound, we enumerate the rational points in this projective
space, replace them by primitive integral representatives, and keep only those
representatives that define irreducible polynomials of degree n.

In this sense, the database architecture is degree-independent. The key is
always the normalized coefficient tuple, and the first checks are always the same:
valid coefficient length, nonzero leading coefficient, irreducibility, duplicate control,
and exact storage of the computed arithmetic data.

The restriction to degree 7 appears when the records are enriched with
arithmetic data. The possible transitive Galois groups, the resolvents used to assign
exact labels, and the invariant columns jg, ..., j4 are specific to binary septic forms.
Thus the basic record construction applies in any fixed degree, while the additional
arithmetic data attached to the records depend on the degree.

This distinction is important for future extensions. The same database
design can be used in other degrees, but the arithmetic information attached to each
record must be adapted to the degree. In this thesis we work in degree 7, because
septic polynomials already realize several different transitive Galois groups while
still allowing exact computations on a large database.

Thus the database architecture separates the degree-independent part of the

construction from the degree-dependent arithmetic enrichment.
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6.2 From Projective Coefficient Points to Database Records

We now specialize the preceding discussion to the septic case. A polynomial
_ 7 6
f(z) =arx’ +agz” + -+ + a1z + ag
determines a projective coefficient point
la : -+ : ag) € PT(Q).

This projective point, rather than an arbitrary affine coefficient vector, is the
natural starting object for the database. Since multiplying all coefficients by the
same nonzero rational number gives the same projective point, one must choose a
single representative before the polynomial can be stored as a database record.
For each admissible point we choose a primitive integral representative,

together with a fixed sign convention. The resulting tuple is stored in the order

(ag,at,...,an),

which is the order used by the computational routines. This is only a storage
convention: the corresponding projective point is the same coefficient vector written
in homogeneous coordinates. The stored tuple serves as the identifier of the record.
The remaining fields, including the height, discriminant, signature, invariant values,
and Galois label, are then attached to this fixed representative.

Not every rational point gives a row of the septic database. The polynomial
must have degree 7 and must be irreducible over Q. We also discard polynomials
with

Ap=0,

so that only separable polynomials are retained. These checks are carried out using

exact arithmetic in SageMath. Thus the stored rows are not raw output from the
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search, but canonical records that have passed the arithmetic conditions needed in

the later chapters.

6.2.1 Normalization and Height-Bounded Enumeration

The enumeration is carried out in projective coefficient space. Associated to
_ 7 6
f(z) =arx’ +agz” + -+ + a1z + ag

is the binary septic form

7
F(X.Y)=> X'y
1=0
Thus the coefficient vector determines a rational point

p=lay:ag:--:ap) € P(Q).

The database is indexed by this projective coefficient point after choosing a
canonical primitive representative.

Given a tuple (bg,...,b7) € QB, the normalization proceeds as follows:
1. clear denominators to obtain an integral tuple;
2. divide all coordinates by their greatest common divisor;
3. impose a fixed sign convention, here a7 > 0.
The resulting tuple (ag, ..., a7) € Z3 satisfies
ged(ag, ..., a7) = 1.

Since two primitive integral representatives of the same projective point differ only
by multiplication by £1, the sign convention removes the remaining ambiguity. Thus

each admissible projective coefficient point determines exactly one stored tuple.
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The naive height of this representative is
H(f) = ma 1e
(f) Jmax |a;]
For a fixed height bound h > 1, let 77? denote the set of canonical primitive

projective points corresponding to irreducible septic polynomials satisfying
H(f)<h, — Ap#0.
Proposition 6.1. For every h > 1, the set 73;‘ s finite.
Proof. Every element of Pé‘ has a canonical representative (ag, ..., a7) with
la)] <h  0<i<7.
Thus all possible coefficient tuples lie in the finite set
[—h,h)3 N Z8.

The conditions that the polynomial have degree 7, be irreducible, and have nonzero

discriminant only remove elements from this finite set. Hence 77? is finite. O]
More generally, let P, (h) denote the number of primitive integer vectors
x = (zq,...,2y) € Z"T1,
considered up to multiplication by +1, such that
mfmx|xi\ = h, ged(xg, ... xn) = 1.

Equivalently, P, (h) is the number of primitive projective points of exact height h in

P™. The number of all integer vectors of exact height h, modulo sign, is

(2h + 1)t — (2h — 1) FL
5 .
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Among these, the nonprimitive vectors are precisely those with a common divisor
d > 2. Since the vector has exact height h, such a divisor must satisfy d | h, and

division by d gives a primitive vector of exact height h/d. Therefore

n+l _ 1\n+1
Pn(h):(2h+1) (2h — 1" Pﬂ(h)_

2 d

d|h
d>2

The first term counts projective points of exact height h, modulo sign, and
the subtraction removes tuples whose coordinates have a common divisor.

For n = 7, the cumulative counts up to height 10 are shown in Table 6.2.
The table records the size of the projective search space before irreducibility,
discriminant, and Galois-theoretic checks are imposed. Its rapid growth is one
reason that the database must be organized around canonical records rather than

around repeated raw coefficient vectors.

Table 6.2: Primitive projective points in P7(Q) by height.

Height h | Points with height < h | Points with exact height h
1 3,280 3,280
2 192,032 188,752
3 2,875,840 2,683,808
4 21,324,768 18,448,928
5 106,977,568 85,652,800
6 404,787,648 297,810,080
7 1,278,364,320 873,576,672
8 3,466,156,768 2,187,792,448
9 8,467,372,480 5,001,215,712
10 18,801,175,808 10,333,803,328

In practice, the bounded-height enumeration was implemented in SageMath

by traversing rational points in projective space:
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P = ProjectiveSpace(degree, QQ)

points = P.rational_points(h_max)

The parameter degree allows the same routine to be used in degree n. In this thesis
we specialize to degree = 7. For each normalized point p = (ag, ..., an), the

corresponding polynomial is
n
fp(z) = Z ajx’t.
J=0

The record is kept only when f, has exact degree n, is irreducible over Q, and

satisfies the arithmetic checks above.

6.2.2 The Coefficient Tuple as a Database Key

After normalization, the tuple
a=(ag,...,ay)
is used as the identifier of the record. If
fa(z) = azz” + agz® + - - + a1z + ay,
then the corresponding database record has the form

R(fa) = (a, H(fa), Afaa sig(fa), J(fa), Gal(@(fa))-

Here J(fa) denotes the invariant data stored for the polynomial.

The important point is that the first entry of the record is not an arbitrary
row label. It is the canonical representative of a projective coefficient point. Thus
two records with the same normalized tuple represent the same polynomial object
and should not appear as distinct entries. The remaining fields are computed data

attached to this fixed representative.
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This is the reason the choice of database structure matters. The storage
system must preserve the coefficient tuple as the primary identifier, while still
making it possible to search by derived quantities such as discriminant, invariants,
or Galois label. The next section explains how this requirement leads to the storage

architecture used in the implementation.

6.3 Storage Architecture

6.3.1 Key—Value Storage During Construction

The preceding section identifies the normalized coefficient tuple as the key of
a polynomial record. The remaining question is which storage system is appropriate
for the computations carried out in this thesis. This choice is not made by ranking
database systems abstractly; it depends on the stage of the project and on the
operations required at that stage.

The first stage is a construction stage rather than a public query stage. A
single SageMath process enumerates projective coefficient points, normalizes each
tuple, tests the corresponding polynomial, computes the required arithmetic data,
and rejects tuples that have already appeared. Thus the dominant operation during

construction is the repeated membership test
acD,

where a = (ag, ..., ay) is the normalized coefficient tuple and D is the collection of
records already constructed.
For this construction stage, an in-memory dictionary is the most direct

representation:

(CL(), tet ,CL7) — (H(fa)7 Afav Sig(fa)7 J(fa)7 Gal@(fa))
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The dictionary is used because the computation requires exact key-based lookup
and duplicate control in a single-process batch construction. The key is the
canonical coefficient tuple, while the value consists of the arithmetic,
invariant-theoretic, and Galois-theoretic data attached to the corresponding
polynomial. This choice preserves exact arithmetic inside SageMath, avoids
premature conversion of integer, rational, and symbolic data into external formats,
and makes duplicate detection depend on equality of normalized tuples. Thus the
dictionary serves as the internal construction backend.

Once the records are constructed, they are exported to tabular files, which
become the working format for cleaning, integrity checks, grouping by Galois label,

feature extraction, and the later applications.

6.3.2 Relational, Document, and Cache Models

A relational database such as PostgreSQL would be natural for a public or
long-term searchable version of the database. In that setting, one would want fixed
schemas, uniqueness constraints, indexed queries, and linked tables. For example,
one table could store the polynomial records, while separate tables could store
reductions modulo primes, point counts on associated curves, or code parameters.
Such a design is more appropriate for a persistent multi-user database than for the
initial construction stage.

A document database such as MongoDB would serve a different purpose. It
is well suited for nested or nonuniform records. For example, one polynomial may
have reductions over many finite fields, another may have several code constructions
attached to it, and another may store only rational arithmetic data. In the present
construction, however, the central polynomial record has a fixed form, so this

flexibility is not needed at the first stage.
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Redis has a different role again. It should be understood as a possible cache

for expensive intermediate computations, not as the archival database. A cache

could avoid repeated evaluation of large invariant expressions or other intermediate

quantities. Cached values, however, are auxiliary; they do not replace the verified

record indexed by the normalized coefficient tuple.

Thus the backend choice follows the mathematical and computational role of

the data. During construction, the normalized tuple is the object that must be

looked up exactly, so an in-memory key—value structure is appropriate. For a future

public searchable database, PostgreSQL would be more suitable. For highly

nonuniform attached data, MongoDB could be useful. For repeated temporary

computations, Redis could be added as a cache. The comparison is summarized in

Table 6.3.
Table 6.3: Storage choices for the septic polynomial database.

Backend /format Main role Appropriate use

Python Exact lookup by normalized | Construction stage and

dictionary coefficient tuple. duplicate control.

Tabular files Stable representation of | Cleaning, integrity checks,
verified records. grouping, and  feature

extraction.

PostgreSQL

MongoDB

Redis

Relational
constraints,
linked tables.
Nested records with variable
attached data.

schema,
indexes, and

Temporary cache for
repeated computations.

Future public or multi-user
searchable database.

Possible storage of
reductions, point counts,
and code outputs.
Auxiliary acceleration, not
the archival record.
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6.4 Schema and Integrity of the Septic Database

6.4.1 Schema of the Polynomial Records

After choosing the storage structure, we specify the schema of the records.

Using the notation fg introduced above, a typical row has the form

R(fa) = (av H(fa)7 Afaa Sig(fa)v J(fa)> Gal(@(fa))

Here a = (aq, ..., ay) is the normalized coefficient tuple, H(fa) is the coefficient
height, Ay, is the discriminant, sig(fa) is the real signature, J(fa) denotes the
invariant data attached to the binary septic form, and Galg(fa) is the Galois label.
The schema separates three kinds of information. The first is identifying
data: the coefficient tuple and the height. The second is arithmetic data: the
discriminant, signature, and invariant values. The third is classification data: the
Galois label and the corresponding group notation. This separation is useful
because later computations use different parts of the same record. Some
computations use only the coefficients, some group the records by Galois label, and
the machine-learning experiments use the invariant columns as numerical features.

The enriched non-S7 database contains the additional invariant columns
Jos J1, J2, J3s J4-
These columns are stored explicitly because evaluating the invariant expressions is
computationally expensive. Storing them once avoids recomputation and makes the
later feature construction reproducible.
In this sense, the invariant columns are also feature-engineering choices.

They are not generic numerical descriptors added after the computation; they come

from the invariant theory of binary septic forms. Thus the numerical feature view
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used later in the machine-learning chapter remains tied to the algebraic structure of
the polynomial.

The full database and the enriched non-S7 database have different roles. The
full database records the large collection of irreducible septics, including the generic
S7 class. The enriched non-S7 database is used when the non-generic classes and

the invariant columns are needed.

Table 6.4: Main fields attached to a septic polynomial record.

Field Type Role

a=(ag,...,ay) Identifying Canonical coefficient tuple.

H(fa) Identifying Height used to record the search
range.

Ar, Arithmetic Discriminant of the polynomial.

sig(fa) Arithmetic Real signature of the associated
number field.

J(fa) Invariant Invariant data attached to the
binary septic form.

J0s -5 74 Invariant Stored transvection invariants in
the enriched non-S7 database.

Galg(fa) Classification Exact Galois label.

Group notation Classification Readable notation for the Galois
group.

6.4.2 Cleaning and Integrity Checks

Before the databases are used in the later applications, the records are
checked against the consistency conditions required of a septic polynomial database.
Each coefficient entry must parse as an integer tuple of length 8, the leading

coefficient must be nonzero, the tuple must be primitive, and the normalized
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coefficient tuple must occur only once. We also require

Ay #0,

so that the polynomial is separable. Finally, the stored arithmetic and classification
fields are checked as fields attached to the same normalized tuple.

These checks also record the provenance of the files used later. The height
bound, normalization convention, filtering conditions, and cleaning steps are part of
the construction data. Recording them is necessary because later chapters use
derived views of the same records rather than independently constructed datasets.

The full septic database passed these checks without removing any rows and
contains

1,686,353

distinct normalized coefficient tuples. In the enriched non-S; database, one
malformed row was removed because it did not contain a valid coefficient tuple.

After this correction, the cleaned enriched database contains
126,396

distinct normalized coefficient tuples, with no duplicate coefficient tuples.

Thus the databases used in the Galois-theoretic, machine-learning, and
coding applications are indexed by distinct canonical coefficient tuples. The
cleaning step does not introduce new mathematics; it verifies that the stored rows

satisfy the conditions required before the later computations are performed.
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6.5 Derived Views and Final Databases

6.5.1 Galois, Feature, and Reduction Views

The cleaned database can be used in several forms. It is useful to distinguish
the main database from the views derived from it. A derived view is not a new
mathematical object; it is a selected arrangement of the same records for a
particular computation.

The first view is the Galois-label view. In this view, records are grouped by
their stored Galois label. This makes it possible to count how many examples
belong to each transitive group and to compare arithmetic quantities across groups.
The methods used to compute the labels are treated in the Galois-theoretic chapters
and are not repeated here.

The second view is the feature view. In this view, each polynomial record is
converted into a numerical row. The coefficient tuple gives the basic coordinates,
while the discriminant, signature, and invariant values provide additional features.
This is the form used when the database is treated as a labelled dataset in the
machine-learning chapter. The important point here is that these features are not
external measurements; they are computed from the same polynomial record.

The third view is the reduction view. In this view, an integral polynomial is
reduced modulo a prime ¢, provided that the reduction is admissible for the
intended computation. The reduced polynomial over I is then used as input for
the finite-field curve and code constructions considered later. The present chapter
does not develop those constructions; it only records that the database must retain
exact integer coefficients so that such reductions can be performed reliably.

Thus the role of the database is to keep one stable collection of records from
which these different views can be produced. The Galois view uses the stored label,

the feature view uses numerical columns attached to the polynomial, and the
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reduction view uses the exact integer coefficients. Keeping all views tied to the same
normalized tuple prevents the later computations from becoming separate unrelated

datasets.

6.5.2 Final Cleaned Databases

We finish the chapter by recording the final cleaned databases used in the
rest of the thesis. The purpose here is not to analyze Galois distributions,
machine-learning performance, or code parameters. Those questions are treated in
the later chapters. Here we only identify the cleaned datasets and the role each one
plays.

The full cleaned database contains
1,686,353

distinct normalized irreducible septic polynomials. It includes all seven transitive
Galois classes in degree 7 and is the main source for computations that require the
complete collection, including the generic S7 class.

The enriched non-S7 database contains
126,396

polynomials after cleaning. It excludes the dominant S7 class and includes the

invariant columns
J0s J15 J25 735 J4-
This file is used when the non-generic classes are studied in more detail and when

the invariant data are needed as stored features.
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Table 6.5: Final cleaned databases used in the thesis.

Database Rows after cleaning | Main role

Full septic database 1,686,353 | Complete collection of irreducible
septic records, including the
generic S7 class.

Enriched non-S7 126,396 | Non-S7 records together with the
database invariant columns jg, ..., Jj4.

These cleaned databases are the source for the computations in the later
chapters. Subsequent tables, filters, groupings, and transformations are built from
these records rather than from independent copies of the data.

This chapter has described the database as a finite collection of exact
polynomial records, organized by canonical coefficient tuples and checked before use.
The same architecture can be extended beyond degree 7. The degree-independent
part consists of coefficient-tuple normalization, exact lookup, duplicate control, and
integrity checking. What changes with the degree is the enrichment step: the
relevant transitive Galois groups, the resolvents used for classification, and the
invariant columns attached to the records. In larger degrees or at larger height
bounds, the construction-stage backend could also be replaced by a more scalable

key—value or relational system, while preserving the same canonical-key principle.
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CHAPTER SEVEN

Applications to Galois Theory

7.1 From the Septic Database to Galois Groups

We now apply the septic database of Chapter 6 to the Galois-theoretic
methods developed in Chapter 2. In particular, Chapter 2 recalled the passage from
an irreducible polynomial to a transitive permutation group and introduced the
resolvent method used to distinguish the possible groups. Here we use the Galois
labels recorded in the database as the starting point for the analysis.

For a database entry, let
f(@) = arz” + agz® + - + a12 + ag € Za]

be the corresponding canonical primitive irreducible septic. After an ordering of the

roots is chosen, its Galois group gives a transitive subgroup
G = Galg(f) < 57,

well-defined up to conjugacy. Hence G ¢ is one of the seven transitive subgroups of
Sr.

The transitive permutation groups of degree 7 have been classified up to
conjugacy; see [10]. We use the GAP numbering and notation [2]. The groups are
listed in Table 7.1.

All seven groups occur as Galois groups over Q; see [16, Chapter 3|. The first
four groups in Table 7.1 are solvable, whereas PSL(3,2), A7, and S7 are
nonsolvable. Thus, in the septic database, small solvable groups and large

nonsolvable groups appear within the same fixed degree.
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Table 7.1: Transitive subgroups of S7 up to conjugacy.

No. Group Order
1 Cr 7
2 D, 14
3 C7 % Cg 21
4 C7 x Cg 42
5 | PSL(3,2) = PSL(2,7) 168
6 Az 2520
7 Sv 5040

Figure 7.1: Containment relations among the transitive subgroups of S7 of degree 7,
with the numbering as in GAP.
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The containment relations among the seven groups are shown in Figure 7.1.
The numbering in the figure agrees with Table 7.1: node 1 corresponds to C'7, and
node 7 corresponds to S7. The arrows are read from a group to a subgroup.

Inside the Frobenius group C7 x Cg one has
Cr C Dy C C7rxCy

and

Cr; C C7rxCyCC7xCg.
There is also the exceptional chain
C7 C C7 x (g C PSL(3,2) C Ay C S7.

Thus D7 and C7 x (g are distinct intermediate groups above C7, and neither
contains the other.

The rest of this chapter has two purposes. First, we recall the arithmetic
data used to assign the exact Galois labels, especially the discriminant and resolvent
factorizations. Second, we use the computed labels to study the distribution of
Galois groups in the database and to exhibit explicit examples for the rare solvable

cases.

7.2 Arithmetic Data Used in the Classification

Each database entry records a canonical primitive irreducible septic f,
together with its height H(f), discriminant A f» signature, invariant vector, and
Galois label, as described in Chapter 6. The invariant vector is obtained from
classical transvections of the associated binary septic form; see [11]. In this chapter

these data are used only insofar as they enter the Galois-theoretic classification.
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The discriminant gives the first separation among the transitive subgroups of

Sv. For an irreducible septic polynomial f, one has
Galg(f) C A7 <= A€ (Q*)%

Thus the square class of A ¢ separates the groups contained in A7 from those
containing odd permutations. This test does not determine the Galois group by

itself. If Ay is not a square, then

Gy < Ar,

but further resolvent tests are still needed to distinguish among the remaining
possibilities.

The invariant vector attached to the binary septic form is part of the
database record. These invariants provide arithmetic features of the polynomial
which are independent of the chosen representative of the binary form. They are not
used here to define the Galois group. In this chapter the Galois label is obtained
from exact algebraic tests: first the discriminant test, and then the resolvent
factorizations described in Section 7.4. The use of the invariant vector as a feature

set is taken up later in Chapter 8.

7.3 The Height-Bounded Septic Subset

Before turning to the full database analysis, we record the distribution
obtained from the original height-bounded search with projective height h < 4. The
construction of this height-bounded database was described in Chapter 6; here we
use only the resulting Galois labels.

Table 7.2 shows the strong dominance of the generic group S7 in the
small-height search. The solvable groups occur very sparsely: only D7 and C7 x Cg
appear in this range, while no examples of C'y x Cg or C'y occur for h < 4. This is
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Table 7.2: Galois group counts in the height-bounded septic subset h < 4.

Galois group | Count
Sv 584,324

Az 138
PSL(3,2) 136
Dr 18

C7 x Cg 4
C7 x (s 0
Cr 0

one reason that the height-bounded search is supplemented later by explicit
constructions of polynomials in the rare solvable classes.

The Galois labels in Table 7.2 are not assigned from the height data. They
are obtained from the exact discriminant and resolvent tests described in

Section 7.4.

7.4 Resolvents of Septics

We now specialize the resolvent construction of Section 2.3 to irreducible
septic polynomials. If F(zq,...,x7) is a polynomial in the roots with stabilizer
H C Sy, we denote by Rp(f) the corresponding resolvent. By the resolvent principle

recalled in Section 2.3, the factorization of Rp(f) over Q records the orbit lengths of

G = Galg(f)

on the associated coset space.
For septic equations we use the classical resolvents of Foulkes [14]|. They are

attached to three root expressions F7, F», F3, whose stabilizers in S7 are respectively

A7, PSL(3,2), 07 X 06-
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For brevity, we write

Thus
deg Rl = 2, deg RQ = 30, deg Rg = 120.

7.4.1 The quadratic resolvent

Let a1, ..., a7 be the roots of f. Set
Fi(zy,...,ar) = [ (xi—a)).

Then
Fi(aq,... ,a7)2 = Ay,

where A is the discriminant of f. The expression [ is fixed by even permutations
and changes sign under odd permutations. Hence its stabilizer in S7 is A7.

The corresponding resolvent is

RFl(f)(X) = (X — Fl(al,...,a7)) (X+F1(a1,...,a7)).

Therefore

Ri(f)(X) = Rp, (f)(X) = X* - Ay,
This recovers the discriminant test:
Ry(f) splitsover @ <= Ay € (Q*)? = Gy C A7

If R1(f) is irreducible, then G ¢ € A7. This conclusion does not determine Gy by
itself. In that case the group may still be S7, C7 x Cg, or D7, and the higher

resolvents are needed.
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7.4.2 The degree-30 resolvent

The second resolvent is attached to the exceptional subgroup
PSL(3,2) =2 PSL(2,7) C S7.

Let
Fo(x1,. .., 07) = 232124 + T4T0T5 + T5T3T6 + TeT4TT

+ T7r5x] + T1TET2 + T2T7L3.

The stabilizer of Fy in S7 is isomorphic to PSL(3,2). Thus

Rp, (f)(X) = 1T (X = Ff(a1,...,07)).
0657/ PSL(3,2)
Since
5040
[S7: PSL(3,2)] = 163 — 30,

we have deg R = 30, and we write

Ra(f) := Ry, (f).

The factorization of Ra(f) refines the discriminant test. For the large

nonsolvable groups one obtains the following patterns:
Gp=2957 = Ry(f) is irreducible,
Gp=A7 = Ro(f) has factor degrees 15, 15,

and

Gp=PSL(3,2) == Ro(f) has factor degrees 1,7,8, 14.

Thus Ra(f) separates the S7, A7, and PSL(3,2) cases, and it also helps separate the

branches leading to the solvable groups.
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7.4.3 The degree-120 resolvent

The third resolvent is attached to the Frobenius group
Fypo = C7 % Cg.
Let
F3(x1, ..., 27) = 2371 (v4 + 27) + v225(04 + 23) + T576(73 + 77)
+ x476(v7 + 13) + T501 (07 + T6)
+ w129(26 + 74) + T277(23 + 26).

The stabilizer of F3 in S7 is isomorphic to C'7 x Cg. Hence

RFg(f)(X): H (X_Fg(alw'wa?))'
0€57/(C7xCg)
Since
2040
[S7:C7 x Cg) = o 120,

we have deg R Py = 120, and we write

Rs(f) := Rpy(f).

The role of R3(f) is to separate the solvable transitive groups which are not

distinguished by the first two tests. In particular,
Cr, Dy, Crx(3, CrxGe

have different factorization patterns for R3(f). The Galois group Galg(f) is

determined from the factorization patterns of the three resolvents

Rl(f)? RQ(f)? R3<f)

Here the factorization pattern means the degrees of the irreducible factors over Q.
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Theorem 7.1. Let f € Q[x] be irreducible of degree 7, and let

G = Galg(f) C S7.

Then Gy is uniquely determined among the seven transitive subgroups of Sy by the

factorization patterns of the three resolvents

More precisely:

1.

2.

Gy =Sy if Ri(f) and Ra(f) are both irreducible.
Gy = A7 if Ri(f) factors as (1,1) and Ro(f) factors as (15,15).

Gy =PSL(3,2) if Ri(f) factors as (1,1) and Ra(f) factors as (1,7,8,14).

. Gy =C7 % Cg if Ri(f) is irreducible, Ro(f) factors as (2,14,14), and R3(f)

factors as (1,7,14,14,14,21,21,42).

Gy = C7 x C3 if R(f) factors as (1,1), Rao(f) factors as (1,1,7,7,7,7), and
R3(f) factors as
1,7,7,7,7,7,21,21,21,21.

Gy = Dy if Ry(f) is irreducible, Ra(f) factors as (2,14,14), and R3(f)
factors as

1,77,145.

G = C7 if Ri(f) factors as (1,1), Ra(f) factors as (1,7,7,7,7), and R3(f)
factors as

1,717,
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Proof. By the resolvent principle, the degrees of the irreducible factors of a
resolvent Rp(f) over Q are the orbit lengths of G ¢ acting on the corresponding
coset space S7/H. Moreover, a linear factor indicates that G  1s contained in a
conjugate of the stabilizer subgroup H; see [12, 21].

For the three resolvents used here, the stabilizers are
A7, PSL(3,2), C7 X 06-

Thus Ry(f) detects whether Gy C A7, while Ry(f) separates the cases S7, A7, and
PSL(3,2) and also separates the branches leading to the solvable subgroups. The
remaining ambiguity among the solvable transitive subgroups is resolved by Rs(f).
The orbit partitions for the seven transitive subgroups of S7 give exactly the
factorization patterns listed in the statement. Since these patterns are distinct, the

three resolvents determine G ; uniquely. ]

The three resolvents Ry(f), Ro(f), R3(f), taken together, determine the
Galois group of an irreducible septic. This suggests a natural question: can one find
a single resolvent whose factorization still contains enough information to
distinguish the possible septic Galois groups?

For degree seven there is a particularly simple construction. Instead of
looking at the roots one at a time, we let S7 act on triples of roots. The 3-element

subsets of {1,...,7} form a set of size

([-=

This action gives a resolvent of degree 35. Its factorization records the orbit
decomposition of Gy on triples of roots and separates several of the transitive

groups directly.
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7.4.4 The degree-35 triplet-sum resolvent

The degree-35 resolvent comes from the action of S7 on the 3-element subsets
of {1,...,7}. It is an application of the resolvent construction recalled in
Section 2.3; see also Soicher-McKay [25]. For numerical issues in computing
resolvents, including the use of Tschirnhausen transformations when a resolvent is
not squarefree, see Cohen [9].

Let

F35(x1,...,27) = 1 + 2 + 73
The stabilizer of F35 in S7 is

Has = Sp.2.3) X Sase7y = 53 % 54

Therefore

7! 7
oot - (7)o

The associated resolvent is
RF35(f)(X): H (X—F?()j5(041,,,,’a7)).
oeS7/Hzs

Equivalently,

RF35(f)<X):1 Hk 7(X_(04i+04j+0‘k:>)-
<i<j<k<

For brevity we write

Ris(f) = Ry ().

The subscript 35 refers to the degree of this resolvent.
The coeflicients of Rs5(f) are symmetric functions of the roots and therefore

may be expressed in terms of the coefficients of f. In our symbolic computation we
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use the power sums

pm= Y, (vitaj+ap)™,
1<i<j<k<T

and then recover the elementary symmetric functions in the triplet sums by

Newton’s identities. Thus, if

then the coefficients e; are obtained from the p;,. For example, if s; denotes the i-th

elementary symmetric polynomial in the roots of f, then
p1 = 15s1 = —1bag

and

pa = 15(s3 — 2s9) + 10s9 = 1543 — 20as.

The remaining power sums are obtained in the same way. These power sums are

expressed in terms of the s;, and Newton’s identities give the coefficients e;.

e1 = —15ag,

eg = 105a2 + 10as,

e3 = —455@% — 140a5a6 — 2a4,

e4 = 1365ag + 910aza2 + 32a4a6 + 4502 — 8ag,

e5 = —3003a8 — 3640asag — 234aga? — 585a2ag
+ 102agag — 18a4as + 10as,

eg = 5005a8 + 10010azag + 1040a4ag + 3510a2a3
— 600a3a2 + 270a4a5a6 + 12043 — 140aza

— 60agas — 3a3 + 40ay, - - -
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The remaining power sums are obtained in the same way in apendix. The
factor degrees of R35(f) over Q are the orbit lengths of Gy on the 3-element subsets
of {1,...,7}. The relevant partitions, computed from this action, are listed in

Table 7.3.

Table 7.3: Orbit lengths on 3-element subsets for transitive subgroups of S7.

Gy Factor degrees of R3s(f)
Cy 7,7,7,7,7
Dy 7,7,7,14
C7 x (5 7,7,21
C7 x Cg 14,21
PSL(3,2) 7,28
Az 35
S7 35

Thus Rs5(f) separates several groups directly. The partitions
7,7,70,7,7, 7,7,7,14, 7,7,21

distinguish C7, D7, and C7 x C3, respectively. The partition 7,28 detects PSL(3, 2).
The groups A7 and S7 are both transitive on 3-element subsets, so they are not
distinguished by R35(f) alone. This remaining ambiguity is resolved by the

discriminant test discussed above.

Proposition 7.2. Let f € Q[z] be irreducible of degree 7, and assume that the
triplet sums

a; +aj + o, 1<i<yi<k<T,
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are pairwise distinct. Then the factor degrees of Rss(f) are the orbit lengths of Gy

acting on the 3-element subsets of {1,...,7}.

Proof. This is the resolvent principle of Section 2.3 applied to the action of S7 on

the cosets of

Hys = S{1,2,3) X Spa 56,7y = 53 % Sa.

These cosets are naturally identified with the 3-element subsets of {1,...,7}. Under
the distinctness assumption, the roots of R3s5(f) are in one-to-one correspondence
with these subsets. Therefore the irreducible factor degrees of R35(f) are exactly

the orbit lengths of G ¢ on the 3-element subsets. [

If the triplet sums are not distinct, one replaces f by a suitable
Tschirnhausen transform, as in Section 2.3, before applying the same argument.

The resolvents in this section provide the exact algebraic labels used in the
database. In the computations below, the Galois group of each irreducible septic is
assigned from the factorization patterns of Rq(f), Ra(f), and R3(f). The degree-35
resolvent gives an additional check on the smaller groups through their action on
triples of roots. We now turn from the classification method to the distribution of

the resulting labels in the database.

7.5 Analysis of the Septic Database

We now record a short analysis of the septic database constructed in
Chapter 6, using the Galois labels computed in Section 7.4. This section is not
another method for determining the Galois group. The labels used below are the
exact labels obtained from the discriminant and resolvent computations. The
purpose is to record how the labelled polynomials are arranged with respect to
height, discriminant size, and the invariant data attached to the corresponding

binary septic.
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The statistics in this section are descriptive. The database is not treated as a
random sample from all irreducible septic polynomials over Q. It contains
height-bounded examples together with constructed examples in some of the sparse
solvable classes. Thus the conclusions below describe the database used in this

thesis.

7.5.1 Distribution of the non-S7 groups

We focus on the cleaned non-S7 part of the database. One malformed row
was removed before the computations below were carried out. The cleaned non-Sy

database contains 126,396 polynomials.

Distribution of Non-S7 Galois Groups

Galois group
- Ay
o PSL(3,2)
GG
- D;
mm C; %G
- C;

Figure 7.2: Distribution of the non-S7 Galois groups in the septic database.

Figure Fig. 7.2 gives a visual summary of the class imbalance. The two
largest classes are A7 and PSL(3,2). The solvable groups C7, D7, C7 x Cg, and

C7 x Cg are much smaller. The exact counts are given in Table 7.4.
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Table 7.4: Number of polynomials in each non-S7 Galois class.

Galois group Number of polynomials

Ay 56,997
PSL(3,2) 40,977
C7 xCsy 24,457
Dy 2,163
C7 x Cg 1,550
Cy 252

Thus, even after removing the S7 part, the database remains imbalanced.
This will be important in the in Chapter 8. Ordinary accuracy alone is not enough
to evaluate a classifier on this data, because a model can perform well on the large

classes while still missing the rare solvable groups.

7.5.2 Height and discriminant size

We next compare the six non-S7 groups using the height and discriminant

data stored in the database. For a septic polynomial f, write

h(f) =logio(H(f) +1), 6(f) = logro(1 + [A(f)])

Here H(f) is the naive coefficient height. The logarithmic scale is used only to make
the numerical ranges readable.

Table 7.5 shows a clear separation in the numerical ranges represented in the
database. The groups C'7 x ('3 and C7 have much larger median height than A7 and
PSL(3,2). This is not a theorem about all septic polynomials. It reflects the way the
database was built: the rare solvable groups are not well represented by small-height
enumeration alone and were therefore supplemented by explicit constructions.

The discriminant data show the same general pattern. The classes

represented at larger height also tend to have larger discriminant size, as one
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Table 7.5: Height and discriminant size by Galois group in the cleaned non-S7
database.

Galois group Count Median h(f) Mean h(f) Median §(f) Mean §(f)

C7 xCs 24,457 9.902 9.640 22.433 21.581
Cr 252 6.810 6.624 20.306 19.823
Dy 2,163 3.129 3.116 13.063 12.784
C7 % Cq 1,550 2.659 2.746 14.778 15.270
PSL(3,2) 40,977 1.813 1.917 12.076 12.367
A7 56,997 1.633 1.631 12.787 12.964

expects from the fact that the discriminant is a polynomial expression in the
coefficients. The point here is not to prove a new relation between height and
discriminant, but to record the size ranges represented in the database.

Figures 7.3 and 7.4 give the same comparison visually. In each boxplot, the

horizontal line inside the box marks the median.
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Figure 7.3: Boxplot of h(f) = log1o(H(f) + 1) by Galois group.
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Figure 7.4: Boxplot of 6(f) = logio(1 + |A(f)|) by Galois group.

7.5.3 Invariant classes

We now compare coefficient tuples with invariant data. This is the part of
the analysis closest to the invariant-theoretic viewpoint for binary forms. The
database stores canonical primitive coefficient tuples, so scalar multiples have
already been removed. However, this does not mean that every remaining coefficient
tuple represents a different invariant object. Distinct polynomial models may still
have the same invariant values.

For a polynomial f in the cleaned non-S7 database, set

J(F) = (Jo(f), 51(f), d2(f): 33(f), ja(f)).

Two polynomials are placed in the same invariant class if their five invariant values
agree exactly. Thus an invariant class is a set of coefficient tuples with the same
value of J(f).

This is the same kind of reduction used in smaller degrees [12]. Tt is also

consistent with the use of binary-form invariants and weighted heights in the

109



organization of polynomial data [11, 12]. The question here is whether a similar
collapse appears in the septic database.

The Galois label is not defined from J(f). The labels have already been
computed by the exact discriminant and resolvent tests. The question here is
whether the invariant classes are compatible with the exact Galois stratification in

this database.

Table 7.6: Reduction from coefficient tuples to invariant classes in the cleaned non-S7
database.

Galois group Polynomials Invariant classes Reduction Compression ratio

A; 56,997 56,890  0.188% 1.002
PSL(3,2) 40,977 40,866  0.271% 1.003
C7 % Oy 24,457 3,004  87.349% 7.905
D7 2,163 2,142 0.971% 1.010
C7 % Cg 1,550 1,548 0.129% 1.001
Cy 252 159 36.905% 1.585

Table 7.6 compares the number of coefficient tuples with the number of
distinct invariant classes. For Ay, PSL(3,2), D7, and C7 x Cg, almost every
coefficient tuple has its own invariant vector. The behavior is different for C7 x Cg
and C%. The group C7 x C5 contains 24,457 coefficient tuples but only 3,094
invariant classes. The cyclic group C7 contains 252 coefficient tuples but only 159
invariant classes.

Thus the invariant vector reduces redundancy most strongly in the C'7 x Cs
class, and also noticeably in the C7 class. This means that distinct coefficient

representatives can determine the same invariant data.
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Table 7.7: Repeated invariant classes in the cleaned non-S7 database.

Invariant Repeated Largest Polys. in
Galois group classes classes class repeated classes
Ay 56,890 68 4 0.307%
PSL(3,2) 40,866 57 6 0.410%
C7 x (5 3,094 3,011 24 99.661%
Dy 2,142 9 4 1.387%
C7 x Cq 1,548 2 2 0.258%
Cr 159 93 2 73.810%

Table 7.7 records how often an invariant class contains more than one
coefficient tuple. Repetition is concentrated mainly in C'; x C'3 and C%. For
C7 x ('3, almost every polynomial lies in a repeated invariant class, and the largest
class has size 24. For C'7, the largest class has size 2, but a large proportion of the
cyclic examples belong to repeated classes.

No repeated invariant class in the cleaned non-S7 database contains
polynomials from two different Galois groups. Hence, for this dataset, equality of
the five invariant values is compatible with the exact Galois label. We record this as

an observation about the database:

J(f1)=J(f2) = Galg(f1)= Galg(fe)

for all pairs fi, fo lying in the same repeated invariant class of the cleaned non-Sy
data.

This is not claimed as a theorem about all binary septic forms. It says only
that, for the present data, the invariant vector J(f) reduces redundancy without
mixing the exact Galois labels.

Table 7.8 gives one concrete repeated invariant class. The coefficient tuples

are distinct, so these are different polynomial models. They should not be
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Table 7.8: Representative coefficient tuples in one repeated invariant class. The
displayed polynomials have the same invariant vector Ji, the same Galois group
C7 »x C3, and the same discriminant A(f) = 724,754,206,248,150,912.

Class Coefficient tuple (ag,...,ar) H(f)
Ji o (128, —448,—32480, 82320, 2370648, —3638516, —43555498, —16514581) 43,555,498
J o (128,448, —32480, —82320, 2370648, 3638516, —43555498, 16514581) 43,555,498
Ji o (128,—448, —32480, 82320, 2370648, —3638516, —43555498, 61288427) 61,288,427
J1 (128,448, —32480, —82320, 2370648, 3638516, —43555498, —61288427) 61,288,427
Ji o (1,—14,—-4060, 41160, 4741296, —29108128, —1393775936, —2113866368)  2,113,866,368

interpreted as duplicate rows. For example, the first two rows are related by the
change of variable x — —x, which changes the signs of the odd-degree coefficients
and does not change the splitting field. More generally, invariant classes record
agreement of the five invariant values, not equality of coefficient tuples.

In this particular class the discriminant is also the same. This should not be
read as saying that the discriminant determines the invariant vector. The
discriminant is only one invariant quantity, whereas J(f) records five invariant
values. The example shows instead that several different coefficient models can

represent the same invariant data and the same exact Galois group.

7.5.4 Summary

The analysis gives three points used later in the thesis. First, after removing
S7, the database is still imbalanced: A7 and PSL(3,2) form the two largest classes,
while C'7 remains very sparse. Second, in the cleaned non-S7 database, the height
and discriminant data show different numerical ranges for the sparse solvable classes
and the larger nonsolvable classes. Third, invariant classes reduce redundancy,

especially for C'7 x C3 and C7, and the repeated classes do not mix exact Galois

labels.
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The invariants therefore do not replace the resolvent method. They provide a
compact algebraic description of repeated coefficient models and explain why the

invariant data are useful features in the later classification experiments of Chapter 8.

7.6 Polynomial Constructions

The preceding sections assigned Galois labels to the septic polynomials in the
database by exact resolvent computations. The resulting distribution shows that the
generic group S7 dominates, while the solvable groups occur much less frequently.
For this reason, the height-bounded search was supplemented by explicit
constructions of septic polynomials with prescribed Galois group.

The general Galois-theoretic background for such constructions was recalled
in Chapter 2. Here we use it only in a concrete form: the construction produces
candidate polynomials over Q, and each candidate is then checked by the same
irreducibility and resolvent tests used for the rest of the database. Thus the
construction supplies examples, but the final label is still assigned by the exact

classification procedure of Section 7.4.

7.6.1 Constructing C7-septics

We first consider the cyclic group C7. As seen in the height-bounded part of
the database, the cyclic case is rare at small height. The first example with Galois

group C7 occurs at height 28:
flx) =2+ 20 —122° — 70t + 2823 + 1422 — 92 + 1.

This polynomial is obtained from a degree-7 subfield of a cyclotomic field.

Let p=1 (mod 7) be prime. Then

Gal(Q((p)/Q) = (Z/pZ)*
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is cyclic of order p — 1. Since 7 | p — 1, there is a unique subgroup

< @pn*,  |H =Pt
7

The fixed field
L=qQ()!

has degree 7 over Q, and
Gal(L/Q) = Cy.

Thus, if a € L generates L over QQ, then the minimal polynomial of « is an
irreducible septic whose splitting field is L. Hence its Galois group over Q is cyclic
of order 7.
In the computation we used Gaussian periods. After choosing H, we set
o= Z C{} .
heH
This element is fixed by H, hence lies in L = Q(Cp)H . We then compute the
minimal polynomial of o, make it primitive, record its height, and verify its Galois
group by the resolvent tests of Section 7.4.

The construction may be summarized as

p=1 (mod7) = Q@) = L=Qg)" [L:Q=7
= minpolyg(a).
Example 7.3. Take p = 29. Then p — 1 = 28, and (Z/29Z)* is cyclic of order 28.

Its subgroup H of order 4 fixes a degree-7 subfield of Q((29). For the Gaussian

period

heH
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the minimal polynomial over Q is
Flx)=a"+ 2% 1225 — 72% + 2843 + 1422 — 92 + 1.

This polynomial is irreducible over Q. Since it generates the degree-7 subfield of the

cyclic extension Q(C29)/Q, its splitting field is cyclic of degree 7. Therefore

Galg(f) = C7.

The resolvent factorization agrees with the C'y case of Thm. 7.1. Thus this
polynomial is labeled by the same method as the polynomials obtained from the

height-bounded search.

Table 7.9: Representative cyclic septic polynomials obtained from degree-7 subfields
of cyclotomic fields.

No. Coefficients (a7, ..., ap) H(f) P
1, —7,28,14,-9,1) 28 29
2 (1,1,—18 —35,38,104, 7, —49) 104 43
3 (1,1,-30,3,254, —246, —245, 137) 254 71
4 (1,1,-48,37,312,—-12,—49, —1) 312 113
5 (1,1,—54,—-31,558, —32,—1713,1121) 1,713 127
6 (1.1, —84,—217, 1348, 3988, —1433, —1163) 3.988 197

Table 7.9 lists representative examples. In each case the polynomial was
made primitive and its Galois group was verified by the same resolvent factorization
tests used for the height-bounded part of the database. The full list of cyclic

examples is retained in the database.

115



7.6.2 Constructing C7 x (C3-septics

We next consider the Frobenius group C7 x C3. This group is one of the
sparse solvable groups appearing in the septic database. In the height-bounded

search, the smallest example found was
fmin(z) = o —82° — 2z 4+ 1623 + 622 — 62 — 2.

The construction used here is based on the degree-7 Chebyshev family of
Bruen-Jensen—Yui [6].

Let Ty, (z) denote the Chebyshev polynomial of the first kind. For n =7,
Tr(z) = 64z — 1122° + 5625 — Ta.

Set

S = u? + T2

Then
ST2Tu(2/VS) = 642" — 11252° + 56522 — 75°%z.

Only odd powers occur in 7%, so the scaled expression has coefficients in Qu, v].

Adding the constant term —uS? gives the two-parameter family
Gr(z;u,v) = 642" — 112527 + 565223 — 7532 — uS3, S =u? + 702,
Lemma 7.4 (Integral scaling). For any indeterminate S,

ST (V'S € Q[S][x].

Proof. The polynomial 77 (z) contains only the powers 27, 2%, 23, . A term cjmj

contributes ch(7_j)/2xj after the scaling. For j = 7,5,3,1, the exponent (7 — j)/2

is a nonnegative integer. Hence the scaled expression lies in Q[S][z]. O
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Theorem 7.5. Outside a thin exceptional set of specializations, the polynomial
Gr(z;u,v) = 642" — 112527 + 565223 — 7532 — uS3, S = u? + 702,
has Galois closure with group C7 x Cg.

Proof. This is the degree-7 case of the Chebyshev construction of Bruen—Jensen—Yui
[6]. Lemma 7.4 shows that the displayed expression is a septic polynomial over
Q(u,v). The specialization statement then follows from Hilbert irreducibility, as

recalled in Chapter 2. O
For example, when (u,v) = (1,1), one has S = 8, and the family gives
Gr(x;1,1) = 6427 — 89620 + 35843 — 3584 — 512.

Each specialization used in the database was checked separately for irreducibility
over (9, made primitive, and labeled by the resolvent factorization patterns of

Section 7.4.

7.6.3 Contribution to the database

The constructions above were incorporated into the septic database to
enlarge the sparse solvable classes. The height-bounded enumeration of Chapter 6
produces many examples with generic Galois group S7, whereas the smaller solvable
groups occur much less frequently. The cyclic construction supplies examples in the
C7 class, and the Chebyshev family supplies examples in the C7 x C'3 class. This
use of explicit families is consistent with the constructive approach to inverse Galois
theory recalled in Chapter 2; see also [20, 16].

The constructed polynomials were not added to the database merely because
of their method of construction. Each polynomial was first made primitive and

recorded with its height. Irreducibility over Q was then checked. After that, the
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resolvents from Section 7.4 were factored over Q, and the Galois label was assigned
from the resulting factorization pattern. Thus the constructed examples and the
height-bounded examples are labeled by the same exact procedure.

For (7, the cyclotomic construction gives septic fields from the degree-7
subfields of Q((p), where p =1 (mod 7). The examples in Table 7.9 are
representative of this construction. For C7 x ('3, the Chebyshev construction gives a
two-parameter family whose generic Galois group is C7 x C3. After specialization,
the candidates were again checked for irreducibility and then verified by the
resolvent tests.

These constructed examples are used later as part of the enlarged labeled
dataset. In Chapter 8, the same database is used for the machine-learning
classification problem, but the labels themselves remain the exact Galois labels
computed in the present chapter. Thus the role of the constructions is not to
replace the resolvent method, but to supply additional polynomials in rare classes
where the height-bounded search alone is too sparse.

The focus on degree 7 is also practical. Septic polynomials already exhibit
cyclic, solvable, exceptional, alternating, and symmetric Galois groups, while the
exact resolvent computations are still feasible on a large database. General
algorithms for computing Galois groups are not restricted to degree 7 [9], but the
number of transitive subgroups, the size of the resolvents, and the cost of the
computations increase rapidly with the degree. Similarly, the invariant theory
becomes less explicit in higher degree; for binary forms, concrete systems of
invariants are available in small degrees, including the cases up to degree 10 [11].
For this reason, a natural next step is to study selected families in degrees 8, 9, and
10, rather than trying first to build a full analogue of the septic database in much

higher degree.
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CHAPTER EIGHT

Machine Learning for Galois Group Classification

The preceding chapters constructed the septic database and assigned its
Galois labels by exact algebraic methods. The database itself was described in
Chapter 6, and the discriminant and resolvent tests used to compute the Galois
labels were described in Chapter 7. In this chapter the same labelled database is
used as a supervised classification problem.

A row of the database consists of a canonical primitive irreducible septic
f(z) = a7z’ +agab + - +agx +ag € Z[z],

together with its coefficient tuple, discriminant, invariant data, and exact Galois
label. The labels are fixed before training. They are not produced by the
machine-learning model.

The main question in this chapter is the following:
Can a machine-learning model recover the Galois group from the coefficient tuple of
the polynomial?
Equivalently, if

a(f) = (ag,ay,...,a7) € 78,

we ask how much information about

y(f) = Galg(f)

is visible from this vector and from the additional arithmetic features stored in the
database.
This is not meant to replace the resolvent method. The resolvents give the

exact Galois group. The purpose here is to use the labelled database as a testing
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ground and to measure which algebraic features make the Galois label more visible
to a numerical model.

The experiment is organized in stages. First we train using only the
coefficient vector. This gives the baseline. We then add numerical summaries of the
discriminant, and finally the five transvection invariants jg, ..., 4. By comparing
these feature sets, we separate the question of model performance from the more

mathematical question of which algebraic data carry information about the Galois

group.

8.1 The Classification Problem

We use two related datasets. The first is the full septic database, containing
all seven transitive groups listed in Table 7.1. The second is the cleaned non-Sy
database studied in Section 7.5. The full dataset is used for the baseline comparison
between coefficients and discriminant data. The non-S7 dataset is used for the
feature comparison involving the transvection invariants.

The full dataset contains 1,686,353 irreducible septic polynomials. The class

distribution is shown in Table 8.1.

Table 8.1: Galois group distribution in the full dataset used in Chapter 8.

Group Count
Sy 1,559,957
Ar 56,997
PSL(3,2) 40,977
C7 x Csy 24,457
Dy 2,163
C7 x Cq 1,550
Cr 252
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The distribution is highly imbalanced. The generic group S7 accounts for
more than 92% of the full dataset, while the solvable groups occur much less
frequently. For this reason ordinary accuracy is not the main statistic. A classifier
that mostly predicts S7 can have high ordinary accuracy but still perform poorly on
rare groups.

We therefore use balanced accuracy. If the labels are G, ..., Gy, then

_ ! #{f y(f) =G and G(f) = Gi}
BalAcC—T; Z{f: y(f) =G, .

Thus each Galois group contributes equally, independent of its frequency in the

database.

8.2 Feature Sets

The baseline feature is the coeflicient vector

a(f) = (ag,ay, ..., a7) € Z8.

This vector determines the polynomial model, but it gives eight numerical input
coordinates to the classifier.

The discriminant is a single arithmetic quantity, but its raw value can be
very large. Instead of using Ay itself as a numerical feature, we use the two

summaries stored in the database:

sgn(Ay),  logyo(1+|Ag]).

This numerical representation should not be confused with the exact

square-discriminant test from Chapter 7. The exact criterion remains
Galg(f) C A7 <= A€ (Q%)%
Here the discriminant summaries are used only as numerical inputs for the model.
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For the invariant features, we use the five transvection invariants
J05J1,725 935 J4-

These values can be very large, especially j4. We therefore use the signed

logarithmic quantities

Ji(f) = sen(j;(f))logro(1 + [7:(H)]),  0<i<4

This transformation keeps both the sign and the order of magnitude of each
invariant, while placing the coordinates on a scale suitable for numerical training.

The feature sets used in the experiments are

Fo(f) = (a(f),sgn(Ay),logio(1+ [Ag]),
'F3(f> = (a(f>7 JO(f)? Jl(f)? JQ(f)u J3(f)7 ']4(f))7

and

Fu(f) = (alf),sen(Af),logio(1 + |Ay]), Jo(f), J1(f), J2(f), J3(f), Ja(f)).

Their numbers of numerical input features are respectively

8, 10, 13, 15

8.3 Model and Evaluation

For all experiments we use the same histogram-based gradient boosting
classifier. This choice is suitable for the present data because the features are
tabular and numerical, and the relation between the coefficient tuple, the

discriminant, the invariants, and the Galois group is not expected to be linear.
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Table 8.2: Feature sets used in the machine-learning experiments.

Feature set Number of numerical features
Coefficient vector a(f) 8
Coeflicient vector + discriminant summaries 10
Coeflicient vector 4 five invariant summaries 13
Coeflicient vector 4 discriminant summaries + five 15

invariant summaries

We do not compare several learning algorithms in this chapter. The classifier
is fixed, and the feature set is varied. This keeps the experiment focused on the
algebraic data: when balanced accuracy improves, the improvement comes from the
additional features supplied to the same model.

The data are divided into training and test sets using a stratified 60/40 split.
Stratification preserves the Galois group proportions in both parts. On the training
set we use five-fold stratified cross-validation. The final reported value is the
balanced accuracy on the held-out test set.

To reduce the effect of class imbalance, the training uses sample weights. For

a class G, the weight is proportional to

median class size 1/2
#G '

This gives more weight to small classes without applying the full inverse-class

frequency correction.

8.3.1 Full Database Baseline

The first experiment uses the full database. Since the full file does not
contain the five invariant columns, we compare only two feature sets: the coefficient

vector and the coefficient vector together with the two discriminant summaries.
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Table 8.3: Full database baseline using the same gradient-boosting classifier.

CV balanced Test balanced

Feature set No. features accuracy accuracy
Coefficients 8 0.7526 £ 0.0095 0.7726
Coefficients 4 discriminant 10 0.8103 £ 0.0093 0.8236
Using only
(ag,...,a7),

the model reaches test balanced accuracy 0.7726 on the full database. Thus the
coefficient vector alone already contains substantial information about the Galois
label.

Adding the discriminant summaries improves the test balanced accuracy from
0.7726 to 0.8236.

This is consistent with the algebraic role of the discriminant. In the exact
classification of Chapter 7, the discriminant gives the first separation according to
whether the Galois group lies inside A7. The model is not given the exact
square-class test, but it is given numerical information derived from the
discriminant, and this information is useful.

This experiment is only a baseline, since the full dataset is dominated by S7.
We therefore next remove S7 and compare the feature sets on the remaining six

groups.

8.4 The Non-S7 Feature Comparison

We now restrict to the non-S7 database. The remaining labels are

A7, PSL(3,2), C7xC3, D7, CrxCg Cr
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This gives a more sensitive test because the classifier is no longer dominated by the
generic group. The class distribution is shown in Table 8.4; it is the same cleaned

non-S57 dataset analyzed in Chapter 7.

Table 8.4: Galois group distribution in the non-S7 invariant database.

Group Count
A7 56,997
PSL(3,2) 40,977
C7 x(C3 24457

Dy 2,163
C7 x Cq 1,550
Cy 252

In this experiment we compare all four feature sets from Table 8.2. The

results are shown in Table 8.5.

Table 8.5: Feature comparison on the non-S7 dataset using all five transvection
invariants jq, ..., j4-

CV balanced Test balanced

Feature set No. features accuracy accuracy
Coeflicients 8 0.7679 +0.0131 0.7835
Coeflicients + discriminant 10 0.8343 + 0.0121 0.8449
Coefficients + invariants 13 0.7748 = 0.0156 0.7877
Coeflicients + discriminant + invariants 15 0.8387 +0.0120 0.8516
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The coefficient-only model again performs substantially better than random

guessing. On the non-S57 dataset, it reaches test balanced accuracy

0.7835.

Thus even after removing the generic group S7, the coefficient tuple still carries
strong information about the Galois group.

Adding the discriminant summaries gives the largest improvement:

0.7835 —  0.8449.

This agrees with the role of the discriminant in Chapter 7.

The invariant summaries alone give a smaller improvement:

0.7835 — 0.7877.

Thus the invariant vector contains some information about the Galois label, but it
does not replace the discriminant information.

The best result is obtained from the combined feature set:

0.8516.

This improves on the coefficient-discriminant model:

0.8449 — 0.8516.

The five invariants therefore add information, but their contribution is secondary to

the discriminant in this experiment.

8.5 Performance by Galois Group

The class-wise results show where the model still has difficulty. The most

persistent confusion is between A7 and PSL(3,2). This is not surprising: both
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groups are contained in A7, so the discriminant cannot separate them. In the exact
classification, the distinction between these two groups is made by the higher
resolvents described in Chapter 7.

The group C7 x (5 is classified very accurately. This agrees with the
database analysis of Chapter 7, where this group appears separately from the larger
nonsolvable classes in the height, discriminant, and invariant data. The cyclic group
C7 is also recognized well, although its test support is small and the corresponding
scores should be interpreted with care.

The groups D7 and C7 x Cg are more difficult than C7 x (5. Their
performance improves when the discriminant and invariant summaries are used
together, which suggests that these additional features help the model separate

some of the smaller solvable classes.

8.5.1 Interpretation

The experiments support three conclusions. First, the coefficient vector
already contains substantial information about the Galois group. This is expected in

one sense, since the polynomial is determined by its coefficients. However, the map

(ag, - - ., a7) — Galg(f)

is highly nonlinear. The classifier is not computing resolvents explicitly; rather, it
detects patterns in coefficient space that correlate with the exact Galois labels.
Second, the discriminant summaries give the main improvement. This
matches the role of the discriminant in the exact classification, where it gives the
first separation according to whether the Galois group is contained in A7.
Third, the five transvection invariants give a further improvement when used

together with the discriminant. The improvement is smaller, but it shows that the
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invariant vector retains additional information about the arithmetic form of the
polynomial.
For the experiments above, the feature sets are ordered by test balanced

accuracy as

coefficients < coefficients + invariants
< coeflicients + discriminant
< coefficients + discriminant + invariants.

This order is consistent with the algebraic roles of the features. The coefficients
define the polynomial, the discriminant gives a classical Galois-theoretic separation,
and the transvection invariants refine the arithmetic profile of the associated binary
septic form.

The machine-learning model should therefore be interpreted as a feature
study, not as a replacement for the resolvent method. The labels remain the exact
Galois labels computed in Chapter 7. The model measures how much of those labels

is visible from the numerical features stored in the database.

8.6 A Neurosymbolic Network for Galois Group Classification

The previous experiments show that the best performance is obtained when
the coefficient vector is combined with the discriminant and the transvection
invariants. We now use this observation to organize the classifier in a more
structured way. Following the invariant-based and neurosymbolic viewpoint of
[22, 18, 12], we separate the computation into two parts: an algebraic preprocessing
layer and a learned classification layer. The purpose is not to replace the exact
Galois group computation, but to build a fast predictor from arithmetic data

attached to the coefficients.
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At prediction time the model does not compute resolvent polynomials and
does not call a Galois group routine. The resolvents remain the exact method used
to produce the labels in the database; see |14, 9, 18|. Here the input is the
coefficient tuple. From it we compute the discriminant and the invariant values, and

then use these quantities to predict the Galois label.

8.6.1 Symbolic invariant layer

Let

f(@)=az" +agz® +- +ajz+aqg € Z|z|
be an irreducible septic. The input to the model is

a(f) = (ag,a1,...,ay).

From this tuple we compute

Z(f) = (Ay, Jo(f), 31(f), G2 (£), 33(f), Ja(f)) -

This is the symbolic part of the network. It is fixed and contains no learned
parameters. The use of transvection invariants follows the classical
invariant-theoretic approach to binary forms and is consistent with the
coeflicient-based framework used in the construction of the septic database [11, 18|.
Since these values can be large, we do not pass the raw integers directly to

the classifier. For the invariants we use

Ji(f) = sen(j;(f))log1o(1 + [7:(f)]),  0<i<4

For the discriminant we use

sgn(Ay),  logio(l+[Ag]),
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and also the square-discriminant indicator

1ape@?
This last coordinate is included because the square class of the discriminant detects

whether the Galois group is contained in Az.

The full numerical vector used by the classifier is

(I)(f) = (CLO, - ar, H(f)? Ha(f)||27 Sgn(Af)7 logIO(l + ‘Af|)7
1Af€(<@x)2’ JO(f)v‘-'aJZl(f))'

Thus the input has 18 numerical coordinates.

Table 8.6: Input coordinates for the neurosymbolic network.

Block Number of coordinates
Coefficient vector (a, ..., ar) 8
Height and Euclidean coefficient norm 2
Discriminant sign, logarithmic size, and square indicator 3
Signed logarithms of jg, ..., j4 5
Total 18

The network can be summarized as

—

(ag, - ., a7) — I(f) — ®(f) —> Galg(f).

Only the last arrow is learned. The first two arrows are algebraic computations from
the coefficients.
For efficiency, the invariant layer is cached. When a coefficient tuple is given,

the program first checks whether the tuple is already present in the invariant
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database. If it is present, the stored values of

A, Jof)s - ja(f)

are used. If it is not present, the formulas are evaluated once and the new row is
added to the cache. This matters computationally because j4 is much more

expensive to evaluate than the lower invariants.

8.6.2 Training on the non-S57 data

The network in this section is trained on the non-S7 invariant database. This
choice is intentional. In the full database the S7 class is dominant, and a random
irreducible septic is very likely to have Galois group S7. Thus testing only on
random new septics mostly checks whether the generic case is recognized. That is
not the main difficulty here.

The purpose is to test the non-generic classes
A7, PSL(3,2), C7xCq, CrxCs, D7, Cf.

These are the non-S7 transitive subgroups of S7 occurring in the database. For the
classification of transitive subgroups in small degree, see [10, 7]. The network should
therefore be read as a classifier for the non-S7 part of the database, not as a

complete seven-class Galois group algorithm.

8.6.3 Test-set performance

The same histogram-based gradient boosting classifier was used for the
learned layer. We used a stratified 60/40 train-test split and class weights to reduce
the effect of imbalance among the six groups.

The test accuracy was

0.8129,
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Table 8.7: Performance of the neurosymbolic network on the held-out non-S7 test
set.

Group Precision Recall Fi-score Support
Ay 0.78 0.83 0.80 22,799
PSL(3,2) 0.74 0.67 0.70 16,391
C7 x Cg 0.87 0.79 0.83 620
C7 xCsg 1.00 1.00 1.00 9,783
Dy 0.86 0.91 0.89 865
Cr 0.97 0.95 0.96 101

the balanced accuracy was

0.8590,

and the macro Fj-score was

0.8630.

Balanced accuracy is the relevant statistic here because the six classes remain
unevenly represented.

The strongest performance is on the solvable classes. The group C7 x Cjg is
recognized with recall 1.00. The groups D7 and C7 are also recognized well. The
main remaining confusion is between A7 and PSL(3,2). This is consistent with the
algebraic feature set: both groups lie inside A7, so the square-discriminant
coordinate cannot separate them.

Once the invariant vector is available, prediction is fast. The held-out test
set contained 50,559 examples, and the classifier evaluated them in 0.2303 seconds,
about

2.20 x 10°
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predictions per second. This timing does not include the one-time computation of

invariants for a new polynomial.

8.6.4 Checks on constructed non-S7 examples

To test the model beyond the random train-test split, we used additional
non-S7 examples from the constructions of Chapter 7. These polynomials were not
part of the train-test split used for Table 8.7. For each polynomial, the exact Galois
group was checked independently in Sage/GAP before comparison with the network
prediction [27, 2]. The network was then applied using only the coefficient tuple and
the symbolic invariant layer.

Some invariant vectors were already present in the cache, while others were
computed during this test. This affects only the running time; the prediction
procedure is the same in both cases.

The first set consists of C7 x Cs-septics constructed as in Section 7.6.2. Since
the exact label for every polynomial in Table 8.8 is C'y x U3, the table records the
prediction, the probability assigned to each possible non-Sy label, and whether the

prediction is correct.

Table 8.8: Predictions for constructed C7 x C'g septics.

Ex. Polynomial Prediction P(A;7) P(PSL) P(C;xCs) P(C7;xC3) P(D;7) P(C;) Correct

1 6427 —12322°4-67762° — 9317z —  C;xCs  0.0008  0.0023 0.0001 0.9965  0.0001 0.0002  yes
2662

2 27— 28a% 4 224a% — 448z — 192 CyxCs 04098  0.1283 0.0007 0.4568  0.0007 0.0036  yes

3 64x7 — 32482% 4+ 47096z3 — CryxCs;  0.0007  0.0004 0.0001 0.9985  0.0001 0.0002  yes
170723z — 24389

4 64x7 — 25762° 4+ 2962423 — CryxCs  0.0005  0.0006 0.0001 0.9987 0.0001  0.0001 yes
85169z — 48668

5 64x’ — 7504z + 25138423 — Oy xCs  0.0060 0.0037 0.0007 0.9868  0.0007 0.0020  yes
2105341z — 601526

6 64z7 — 5936z° + 157304z — Oy xCz  0.0008  0.0004 0.0001 0.9985  0.0001 0.0001  yes

1042139z — 744385
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All six examples in Table 8.8 were classified correctly. Five of the six
predictions assign probability at least 0.9868 to the correct group. The least decisive

case is the second polynomial,
w’ — 2825 4 22443 — 4482 — 192.

The network still predicts C7 x C3, but with probability 0.4568, while A7 receives
probability 0.4098. This example shows why the probability should be read as a
confidence score, not as a proof of the Galois group.

The second set consists of cyclic septics constructed as in Section 7.6.1. Since
the exact label for every polynomial in Table 8.9 is C'7, the table again records the

full probability vector and whether the prediction is correct.

Table 8.9: Predictions for constructed C7 septics.

Ex. Polynomial Prediction  P(A7) P(PSL) P(C7xCs) P(C7xCs) P(Dr) P(C7) Correct
1 a"++a28-4320° 247244597842 + Cy 0.0001 0.0002 0.0000 0.0014 0.0000 0.9982 yes
1527222 — 26471292 + 374699
2 2742545025 4+424724 — 645023 —  C7 x Cs 0.0333 0.2108 0.0058 0.5366 0.0058 0.2077 no
2277422 + 25691z — 5653
3 2" 4 20 — 4682° + 25432% + Cy 0.000009  0.000017  0.000002 0.000018  0.000002 0.999951  yes

23004z — 16959822 + 130839z +
450131

Two of the three cyclic examples were classified correctly. The first and third
examples were predicted as C7 with probabilities 0.9982 and 0.999951, respectively.
The second example was predicted as C7 x Cs, although its exact label is C7. In
that case the network assigned probability 0.5366 to C7 x C5, 0.2108 to PSL(3, 2),

and 0.2077 to Cf.

134



The error is between closely related groups:
Cr7 C C7 xCs.

Thus the model placed the example in the cyclic/Frobenius part of the subgroup
lattice, but did not separate the two groups correctly in this case. This is consistent
with the small size of the C'7 class in the training data.

These constructed checks are more informative than random tests for the
present model. Random height-bounded irreducible septics are usually S7, while the
network in this section was trained only on the non-S7 invariant database. The
examples above therefore test the part of the problem for which this classifier is

designed: distinguishing among the rare non-generic Galois groups.

8.6.5 Conclusion
The neurosymbolic network gives a fast invariant-based prediction, but it is
not an exact Galois group algorithm. Its role is complementary to the resolvent
method. The algebraic layer computes coefficient-derived invariants, and the learned
layer uses their distribution across the labelled database to predict a Galois label.
The experiments show that this approach is useful for the non-S7 classes,
especially for C'7 x C3 and C7, but exact verification still belongs to the resolvent

method or to trusted Galois group software.
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CHAPTER NINE

Applications to Quantum Error-Correcting Codes

We now apply the geometric and coding-theoretic constructions of
Chapters 3-5 to the septic database of Chapter 6. The geometric input is the
superelliptic curve attached to a septic polynomial after reduction modulo a finite
field, and the coding-theoretic input is the one-point AG/CSS construction recalled
in Chapter 5. The purpose of this chapter is to carry out this construction explicitly
for a large family of curves arising from the database.

Let f(z) € Z[z] be an irreducible septic polynomial from the database. For a

prime ¢ of good reduction, we reduce f modulo ¢ and consider
Xf,5/Fq : 95 = f(x)-

The rational points of X5 are used as evaluation points for one-point AG codes,
and compatible pairs of such codes give CSS quantum codes.

Throughout this chapter we restrict to
m = b, deg f=T1.

Thus ged(5,7) = 1. The corresponding smooth projective model has genus g = 12, a
unique point at infinity, and pole semigroup (5, 7) at that point, as in the
superelliptic theory recalled in Chapter 3. The computations below are carried out

over

11, F31, Fe1,

so that 5| (¢ — 1) and the base field contains the fifth roots of unity.
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9.1 From the database to a quantum code

We describe the construction in four steps.

9.1.1 Reduction
Let

fla) = arz’ + -+ a € Z[a]
be an irreducible septic from the database of Chapter 6. For a prime ¢ satisfying
q 'f a7Af7

the reduced polynomial f(z) € Fy[z] has degree 7 and is separable.
We use

q € {11,31,61}.

All three fields contain a primitive fifth root of unity, since 5| (¢ — 1). This ensures

that the automorphism

(z,y) — (z,C5y)

is defined over [Fy.

9.1.2 The superelliptic curve

We attach to f the superelliptic curve
X/Fy: = f(x)

Since ged(5,7) = 1, the smooth projective model has a unique point P, above

infinity, and by Theorem 3.4 its genus is

G-1)(7-1)
2
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The Weierstrass semigroup at Py is
H(POO) = <57 7>7

with gap set
{1,2,3,4,6,8,9,11,13, 16, 18,23}

and conductor 24.

The cyclic automorphism

o (z,y) — (7, C5y)

has order 5. It partitions the affine rational points into fixed points, which occur

when f(a) = 0, and free orbits of size 5. Hence, if

ry=4#{a€Fq: f(a) =0},
and N denotes the number of affine rational points of X, then

N=ry (mod5).

9.1.3 The weighted model and the monomial basis

We work in the weighted projective plane P(5,7,5), with coordinates
[X 1Y : Z] satisfying

deg X =deg Z =5, degY =T7.

The homogenized equation

YO = Fy(X, Z)

is weighted homogeneous of degree 35. Indeed, the left side has weighted degree
5.7 =35, and each monomial X?Z7~% on the right has weighted degree 5 -7 = 35.

Thus the grading is dictated by the equation.
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By Proposition 4.18, the one-point Riemann—Roch space is
L(rPx) = spang, {xiyj :12>0,0<j<5, 5i+7< T}.
For r > 2g — 2 = 22, the Riemann-Roch theorem gives

UrPsx)=1—g+1=r—11

9.1.4 The evaluation codes and the CSS construction

Let Py, ..., Py be the affine rational points of X, and set
D=P +---+ Py.

For divisor degrees

ry >1r9 > 29 — 2,

we define

C;, = CL(D,TZ'POO), 1=1,2.

Since 19 Pxo < 171 P, one has

Cy C (.
By the AG-code parameter theorem recalled in Chapter 5,
ki=dmC; =r; —g+1, d(CZ’)ZN—TZ'.

The duality theorem for one-point AG codes gives the CSS compatibility

condition

Cy €O

whenever

r1+1r9 < N+ 2g — 2.
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Applying the CSS construction to the pair C’2l C (' gives a quantum code

Q = HN7 kl - kQa dQ]]Q7
with designed distance

dg > min{ N —ry, 1o — (29 — 2) }.

9.2 One-point CSS codes on the saturated line

We now specialize the AG-CSS construction to the one-point divisors used in

the computations. Let

with

ry >rg > 29 — 2.
For these divisors, Riemann-Roch gives
ki=dmC; =r; —g+1,

and the Goppa bound gives
d(Ci) > N — ;.

The CSS construction applied to the pair C’f‘ C (1 gives
kg =Fki — ko =11 —r9,
with designed distance bounded below by
dg > min{N —ry, ro — (29 — 2)}.

These are the one-point AG-code and CSS formulas recalled in Chapter 5.
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We choose r1 and r9 on the line
ry+ro=N+2g—2.
This is the boundary case of the CSS compatibility condition
r1+1r9 < N+ 29— 2.
Writing
rir =N —s, rg =29 —2+s,
the two terms in the designed distance bound become equal:
N —r1 =s, ro — (29 —2) = s.

Therefore

dQ>S.

Moreover,

kg=r1—ro=N-—-29+2-2s.
Thus the divisors on this line give designed CSS parameters
[N, N —=2g+2—2s, > s]q.

The largest possible designed distance on this line is obtained by taking the

largest integer s for which 79 < r1. Since

N —-2g+2
ro <11 = S<T:

this largest integer is

{N—Qg%—lJ
Smax — T .
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For this choice the quantum dimension is very small:

S

kg=N—2g+2—2 € {1,2}.

More precisely, kg = 1 when N is odd, and kg = 2 when N is even.

For the examples in this chapter, we usually do not use this extremal choice.
Although it maximizes the designed distance, it leaves only one or two logical
qudits. Instead, we use a balanced choice of s, chosen so that both k¢ and the

designed distance are nontrivial. Since
deQ > (N —29+2— 28)8,

the product-balanced value is near

N —-2g+2
1 .

In the computations we choose an admissible integer near this value.
Finally, for every admissible s on the line r{ +1r9 = N + 2¢g — 2, the designed
parameters satisfy

kg +2s=N—2g+2.

Equivalently,
(N +2) — (kg +2s) = 2g.

Thus the designed Singleton defect is controlled by the genus of the curve. In the

present chapter g = 12, so this quantity is 24.

9.3 Explicit examples

We illustrate the construction on three curves, one from each of three Galois

classes.
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9.3.1 An Sy curve over Fq;

The database entry has Galois group S7 and
Flz) =27 + 1020 + 825 4 22% 4+ 523 + 822 + 82 + 1 € Fyq[a].

The curve y° = f (7) has genus g = 12 and N = 46 affine rational points. Since f
has one root in F11, we have

N=1 (mod5).
The product-balanced selection gives s = 6, hence
r1 = 40, ro = 28.

By Riemann-Roch,
0(40P5) = 29, 0(28 Px) = 17.

Evaluating the monomial bases at the 46 affine rational points gives
Ch = [46,29,> 6]11, Cy = [46,17,> 18]11.
The CSS construction therefore gives
Q = [46,12, > 6];.

For this example, an exact search in the relevant CSS logical set finds a word of

Hamming weight 6. Hence the designed lower bound is sharp and

Q = II467 12, 6]]11'
The Singleton defect is

A=(46+2) — (12+2-6) = 24 = 2g.
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9.3.2 A C7 curve over Fq;

From the C7 class, take
Flz) = 2"+ 1020 + 2° + 92% + 823 + 102 + 32 + 1 € Fyy[a].

The corresponding curve has N = 35 affine rational points. Here f has no roots in
Fq1, so

N=0 (mod5).

Equivalently, all affine rational points occur in free orbits under the automorphism

o (z,y) = (z,C5y)-
With

s =3, ry = 32, r9 = 25,
the Riemann—Roch dimensions are
0(32P) =21,  £(25Ps) = 14.

Thus
C1 = [35,21, > 3]11, Co = [35,14,> 1011,

and the associated CSS code has designed parameters
Q =[35,7,> 3]11.
The designed Singleton defect is
(354+2) —(7T+2-3) =24 =2g.

Compared to the S7 example above, the smaller point count N = 35 gives a smaller

range of admissible CSS parameters.
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9.3.3 An Sy curve over Fgq

Over Fg1, take

Flz) =27 + 6025 + 602° + 32* + 5323 + 5222 + 562 + 60.

The curve y° = f (z) has N = 145 affine rational points, the largest point count

found in the database for this family. The balanced selection with s = 31 gives
r1 = 114, r9 = 53.

Therefore

((114Px) = 103, 0(53Px) = 42,
and the resulting codes have designed parameters
C1 = [145,103, > 31]g1, Co = [145,42,> 92]¢1.

The CSS code is
Q = [145.61,> 31]g1.

The designed Singleton defect is

(145 +2) — (61 +2-31) = 24 = 2g.

9.4 Computational verification

We now record the computational check used for the examples in this
chapter. The purpose is not to introduce a new construction, but to apply the
one-point AG/CSS construction of Chapter 5 to the septic database of Chapter 6.

For each irreducible septic polynomial in the database, and for each

q € {11,31,61},
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we reduced the polynomial modulo ¢ and considered the superelliptic curve

Xf,S/Fq : y5 = f().

Only rows satisfying the hypotheses of the construction were retained: f had to be
squarefree of degree 7, the weighted model had to be admissible, the evaluation set
had to be nonempty, and the chosen pair of one-point AG codes had to satisfy the
CSS compatibility condition.

The numbers of retained CSS rows were

q | retained CSS rows

11 871,090
31 1,144,311
61 1,168,425

Thus the computation produced

3,183,826

retained CSS rows in total.

For every retained row, the curve is of the fixed type considered throughout
this chapter. Hence g = 12, the point Py, is unique, and the Riemann—Roch bases
used for evaluation are the monomial bases described in Section 9.1.3.

For each retained row, the stored code data consist of
Na Tl? T27 017 027 Q: [[NakQaZdQ]]q

Here N = | X 5(Fg)| is the affine rational point count and hence the length of the

evaluation code. The integers r; and r9 determine the one-point divisors

rlpoo, TQPOO
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The dimensions and designed distances are then obtained from the Riemann-Roch
and Goppa bounds, and the quantum parameters come from the CSS construction.
The main variable in the computation is therefore the rational point count
N. Once N, g =12, rq, and r9 are fixed, the designed code parameters follow from
the formulas in Sections 9.1.4 and 9.2. In this sense, the computation serves as a
consistency check and as a source of explicit examples, not as a replacement for the

theoretical construction.

9.5 The Galois group and the code parameters

We now relate the Galois data of the original polynomial to the code
parameters obtained after reduction modulo g. The Galois group Galg(f) is
attached to the rational polynomial f, while the code parameters are attached to

the reduced curve

Xf,B/Fq : y5 = f(x)

Thus the Galois group does not determine a single code parameter triple. Rather, it
organizes the data into arithmetic Galois classes. Within each class, the main

geometric quantity affecting the code is the rational point count
N = |X5(Fq)|.

Since 5 | (¢ — 1) for ¢ = 11, 31,61, every nonzero element of Fy has either no

fifth root or exactly five fifth roots. Hence the affine point count is
N=r;+5 #{a€Fy: f(a) # 0 and f(a) € (F;)°},

where

ry=#{a € Fy: f(a) =0}
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In particular,

N=ry (mod5).

The value of r¢ is the number of linear factors of f over Fy. Equivalently, it is the
number of fixed points of the corresponding Frobenius element acting on the seven
roots of f. This gives the connection between the Galois-theoretic data of Chapter 7
and the point count used in the code construction.

Table 9.1 records, for each Galois group and each field, the best code found

in the scan. Here “best” means largest value of the designed product

dedeS>

among the retained product-balanced CSS rows, where dg.4 is the designed distance

lower bound.

Table 9.1: Best designed CSS codes by Galois group and field for the m =5, g = 12
family in P(5,7,5), using the product-balanced selection.

Gal(f) | ¢=11 q =31 g =61

Sy [46,12,> 6] [95,37,> 18] [145,61,> 31]
A [45,11,> 6] [80,28,> 15] [131,55,> 27]
PSL(3,2) | [45,11,> 6] [91,35,> 17] [130,54,> 27]
C:xC3 | [31,5,>2] [76,26,>14] [121,49,> 25]
Dy [36,6,>4] [80,28,>15] [111,45,> 22]
C:xCs | [31,5,>2] [66,22,>11] [111,45,> 22]
Cy [35,7,>3] [60,18,> 10] [105,41,> 21]

The table should be read as a summary of the best examples found in the
database, not as a classification theorem. The visible pattern is that the largest

code parameters occur for rows with larger point count N. This is consistent with
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the construction: after g = 12 is fixed, larger N permits larger admissible choices of
r1 and rg2, and hence larger values of kg and dges under the product-balanced
selection. The Galois group enters through the splitting behaviour of f, which

affects the possible values of N inside each class.

9.5.1 The congruence of the point count modulo 5

The congruence

N=r; (mod5), ry=#{a€Fq: f(a) =0},
comes from the cyclic automorphism
o (z,y) — (2,(59)-

The fixed affine points of o are exactly the points with y = 0, and these are counted
by r¢. All other affine rational points occur in orbits of size 5.

Table 9.2 records the distribution of N mod 5 over Fg. The table is included
to show how the Galois classes influence the possible point counts through the

number of linear factors of f.

Table 9.2: Distribution of N mod 5 by Galois group over Fg;.

Gal(f) N=0 N=1 N=2 N=3 N=4 Total
Sz 459,623 382,029 154,478 41,330 7,203 1,044,663
Az 22,043 20,307 10,280 1,718 1,070 55,418
PSL(3,2) 12,761 23,334 103 3,940 0 40,138
C7 xCs 24 24,369 2 0 0 24,395
Dy 968 1,008 88 0 0 2,064
C7 % Cs 92 1,451 1 0 0 1,504
Cy 212 0 31 0 0 243
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The most visible feature is the concentration of the C7 x ('3 class: over Fgq,

almost all retained rows satisfy
N=1 (mod}5).

Equivalently, for most of these reductions, f has exactly one linear factor over Fgy.
This is consistent with the permutation action of C'7 x ('3 on the seven roots, where
elements with one fixed point occur naturally. We use this only as evidence of the
arithmetic organization of the database, not as a classification theorem.

The construction of this chapter connects the septic database of Chapter 6 to
quantum codes through the superelliptic curve theory of Chapter 3, the weighted
projective model of Chapter 4, and the CSS construction of Chapter 5. For each

retained polynomial, the reduction modulo ¢ gives a curve
. S _ F
Xf,5/IFq . Y _f(x)a

and the rational point count N = [ Xy 5(F¢)| determines the length of the evaluation
codes. The one-point divisors 11 Pso and 79 Py then determine the AG and CSS
parameters.

The strongest designed code found in the scan is
[145,61, > 31]61,

arising from an S7-type polynomial over Fg; with N = 145 affine rational points.
The Galois group does not determine the code parameters by itself, but it organizes
the reductions into arithmetic classes. Through the factorization of f(z) over Fy, it
influences the possible values of N, and hence the range of code parameters

obtained from the construction.
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9.6 Open problems

The computations in this thesis suggest several directions for further work.
We state them as concrete problems which remain within the framework developed

above.

1. Higher-degree Galois databases. This thesis focused on irreducible septic
polynomials because degree 7 already contains cyclic, dihedral, Frobenius,
exceptional, alternating, and symmetric Galois groups, while the exact
resolvent computations remain feasible on a large database. A natural next

step is to construct analogous labelled databases in degrees 8, 9, and 10.

The main difficulty is that the number of transitive subgroups and the size of
the relevant resolvents grow quickly with the degree. Thus one should not
begin with a full analogue of the septic database in very high degree. A more
realistic problem is to build selected height-bounded and constructed families
in degrees 8, 9, and 10, compute exact Galois labels using trusted algebraic
methods, and compare the resulting distributions with the degree-7 case. This
would test how much of the septic behaviour is special to degree 7, and how
much persists in nearby degrees. General algorithms for computing Galois

groups are available beyond degree 7, but their cost increases rapidly [9].

2. Invariant features beyond binary septics. In Chapter 8, the feature set
used the transvection invariants jg, ..., j4 of binary septic forms. These
invariants gave a modest but visible improvement when combined with the
discriminant. For higher-degree polynomials, one needs an analogue of this

invariant layer.

The problem is to determine which computable invariant-theoretic quantities

are most useful for Galois classification in each degree. One possibility is to
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use classical invariants of binary forms of degree n, where explicit systems are
known in small degrees [11]. Another possibility is to use degree-independent
arithmetic features, such as discriminant data, factorization statistics modulo
primes, signatures, and selected resolvent factorization patterns. The goal is
not to replace the exact Galois computation, but to build a fast filtering

method which identifies promising rare examples for exact verification.

. Exact minimum distances of the quantum codes. Most code
parameters in Chapter 9 are designed parameters obtained from the Goppa

bound and the CSS construction. For example, a code written as
[[N ) kv > d]]q

has designed distance at least d, but its exact minimum distance may be

larger.

A natural computational problem is to determine the exact minimum
distances for the best codes in Table 9.1. This requires searching the relevant
logical codewords in the CSS construction, not just computing Riemann—Roch
dimensions. The first cases to test are the moderate-length codes over ;1 and
F31, where exact distance computations are more feasible. This would show
which of the designed bounds are sharp and which codes improve beyond the

lower bound.

. Point-count distributions inside Galois classes. The Galois group of
f € Qlz] does not determine the code parameters after reduction modulo ¢,
but it organizes the possible splitting types of f(z). Since the code length is
the affine point count

N = ‘Xf,5(FQ)’7
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understanding the distribution of N inside each Galois class is a natural

arithmetic problem.

For ¢ =1 (mod 5), the congruence
N=r; (mod5)

relates the point count to the number 7 of linear factors of f over Fy.
Equivalently, r ¢ is the number of fixed points of the Frobenius element acting
on the seven roots. A precise problem is to compare the observed point-count
distributions with the fixed-point statistics of conjugacy classes in each
transitive subgroup of S7. This would make the connection between the Galois

data of Chapter 7 and the code parameters of Chapter 9 more explicit.

. Equivalence of weighted models. In Chapter 9, the curves were

represented in the weighted projective model
YO = Fy(X,Z) C P(5,7,5).

This model is adapted to the pole orders of x and y at the point at infinity.
However, the same curve may admit other weighted presentations, for example

models closer to P(5,7,1).

The problem is to determine when two weighted presentations of the same
superelliptic curve give monomially equivalent evaluation codes, and when
they only give codes with the same numerical parameters. This requires
comparing the graded coordinate rings, the chosen evaluation sets, and the
monomial bases of the Riemann—Roch spaces. This question belongs naturally
to the weighted Riemann—Roch and weighted AG-code framework developed

in Chapters 4 and 5.
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6. Other superelliptic exponents. This thesis used the family

y5:f(x), degf:7~

The same database can be used to study curves

y" = f(2), ged(m, 7) = 1.

The first natural comparisons are m = 2 and m = 3, because they give smaller

genus than the m = 5 case. The genus formula gives

g= "= g,

and the pole semigroup at infinity is

H(Ps) = (m, 7).

This would separate two effects which are combined in Chapter 9: the
arithmetic of the septic polynomial f, and the geometry of the cyclic cover
y™ = f(x). Comparing several values of m over the same database would
show how the exponent changes the point counts, the Riemann—Roch bases,

and the resulting CSS parameters.
7. Automorphisms and decoding structure. Every curve
Y’ = f(x)
used in Chapter 9 has the automorphism
(z,y) — (2, (5Y).

This automorphism partitions the affine rational points into fixed points and
orbits of size 5, and it explains the congruence N =ry (mod 5). A further

problem is to use this symmetry more directly in the code construction.
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One direction is to study how the automorphism group of the curve acts on
the evaluation code and on the associated CSS code. This may lead to more
structured generator matrices, faster equivalence testing, or decoding methods
which exploit orbit decompositions. In the best cases, the automorphism

group could provide a way to reduce the cost of exact distance computations.
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APPENDIX A
COEFFICIENT FORMULAS
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The following expressions give the coefficients e, ..., es5 in terms of the

parameters ag, ai, . .., ag-

e1 = —1bag
ea = 105a2 + 10as

e3 = —455ap — 140asa6 — 2a4

eq = 1365ag + 910a5a3 + 32a4a¢ + 4502
— 8as

e5 = — 3003a] — 3640a5a3 — 234a4as — 585aas
+ 102a3ag — 18ay4as + 10as

e = 5005a8 4 10010asag + 1040a4as + 3510a2a’
— 600azaZ + 270asasag + 120a3 — 140aza6
— 60asas — 3a2 + 40a,

er = — 6435a8 — 20020asag — 3146a4ag — 12870a2a
+2156aza3 — 1836a4asaz — 1440a3ag + 904aza?
+ 702azasa6 + 27aZa6 — 72a4a§ — 454a4ag
+ 72a9as5 + 18agaqs — 302ag

es = 6435a8 + 30030a5al + 6864a4ag + 32175a2ag
— 5280azag 4 7524aa5a3 + 7920a3a2 — 3570aza)
— 3759azasag — 84ajai + 1008asaag + 210a3
+ 2370a1a% —951asasag — 237aszaqa6 — 192a3a§
— 24a3a5 + 3624apag + 222a1a5 + 33aza4
+6a3
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eg = — 5005ag — 34320asai — 11154a4al — 57915a2a]
+9306azag — 20790asasag — 26400a3ag + 9636azag
+ 12177a3a5a6 6336a4a5a6 2310a5a6 — 7536a1a6
+ 5739a2a5a6 + 1413@3(14(16 + 2040a3a5a6 + 192a4a5a6
— 168a4a5 20310a0a6 2234a1a5a6 — 307asa4a6
+224asa? — 48a3ag + 120azasas + 8aj
—1534agas — 162a1a4 — 50asas3 (A.9)

e10 = 3003ag’ 4 30030asal 4 13728a4ad 4 77220a2ad
— 12144a3a8 + 40986a4a5ag + 59400a3ag — 18810aza]
— 26565a3azag + 825ajag + 23760asaiad + 11550aa]
+16290a;ag — 20973azasai — 5055aza4a8 — 9816aza2ad
— 480a3asal + 2184a4aiag + 252a3 + 70524a0a3
+10194a;a5a2 4+ 1191aza4a2 — 2796aza2a6 + 135a3a2
— 1452a3aq4as5a6 — 336@3@5 96a4a6 84aia§
+ 17196agasag + 1716a1a4a6 + 480a1a5 + 618aqazag
+ 228aqaq4as5 + 12a3ai — 144aga4 + 192a; a3
—135a3 (A.10)

e11 = — 1365a 20020a5a6 — 12870a4a6 77220a5a6
+ 11880aza — 59400a4a5as — 95040a3ag + 27390aza
+ 41085a3asag — 3069a3ag — 59400a4a5a6 34650a5a6
— 25290a; a + 51825a2a5a6 + 12105a3a4a6 + 28200a3a5a‘2
— 480a2asad — 12600a4a3a2 — 2520a2as — 169632apag
— 27828a1a5a6 2265a2a4a6 + 15738a2a5a6 27a3a6
+ 7866a3a4asag + 3192aza3ag + 504a3a? + 588a3aZag
— 252a4a§ 89934a0a5a6 8292a1a4a6 4064a1a5a6
— 3426a2a3a6 —1912asa4a5a6 + 392a2a5 + 120a3a5a6
— 48a3aia6 + 336a3a4a§ + 56aia5 + 1704apaqag
— 3262a0a5 2292a1a3a6 — 858ajaqas + 1263a2a6
— 230asa3as — 108a2a4 30a3a4 — 282apas
+642a1 a2 (A.11)
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e12 = 455a¢% +10010asai’ + 9152a4ag + 5791502 a8

€13 =

— 8712a3a§ + 64152a4asaf + 110880a3al — 30228aza;

— 46134a3a5a6 + 63360,4(16 +104544a4a3 ag + 69300a5a6
+29028a1ad — 91494asasai — 20466aza4a3 — 53640azazag
+ 6120a3asag + 42840asaial + 11340a3a? + 299118apag
+ 50431ayasag + 1088azasag — 52951 asatal — 885a3ag

— 25239@3@4@5@6 — 13524a3a5a6 1516a4a6 1092a4a5a6
+ 3024a4azag + 210ag + 290729agasal + 24183a;asad
+14992a1a2a2 + 11308azazai + 6503aza4a5a2 — 4648azaag
— 1200a3a5a6 189a3a4a6 3696a3a4a5a6 - 336a3a5

— 616a4a5a6 — 168a4a5 8709a0a4a6 + 34457a0a5a6

+ 12456a1a3a6 + 8011ajaqasag + 456a1a5 5343a2a6

+ 2725a0a3a5a¢6 + 1154a2a4a6 + 680a2a4a5 + 285a3a4a6

— 120a§a§ + 60a3a2a5 + 2aﬁ11 + 1710apasag
—1267apasas — 6078a1asas + 1194a1azas + 219a1a3

— 663a3a; — 185azazas + 60a3 + 2778agas

— 1614a}

—105a¢® — 3640asa8" — 4862a4a8’ — 32175a3ag
+4730aza) — 51678aasas — 95040a3af + 25410a2a5

+ 37818azasaf — 8712a%al — 133056a4a2al — 97020a3ag

— 24960a1af + 118782azasaf + 25074azasal + 70704aza?ag
— 18432a2asad — 95760a4a3ag — 30240a2ai — 398814apal

— 63513a1a5a6 +51 12a2a4a6 + 118809@2(1 a6 + 2943a3a6

+ 53361a3a4a5a6 + 33516a3a5a6 + 2844a4a6 — 2772a4a5a6

— 15876a4a5a6 —1890aSag — 648159a0a5a6 47445a1a4a6

— 30950@1(15&6 24816a2a3a6 9973a2a4a5a6 + 24374a2a5a%
+ 5418a3asad + 1875aza%ag + 17934azasa?al + 2772a3a3a6
+2912a}asa? + 1008a7aias — 252a4a3 + 25095a0a4ay

— 169777a0a5a6 40896a1a3a6 33613a1a4a5a6 2592a1a5a6
+13473a3a3 — 14075a0a3a5a2 — 5474asa3a? — 5084asa4aiag
+ 420agag1 — 1149a§a4a§ + 1416@%@%@6 — 120a3aia5a6

+ 504azaqal + 1Oa4a6 + 168aja? — 2544apaza’
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+ 14017apaqasag — 3930a0a§ + 26316a1a2a§ — 12842a7a3a5a¢
— 2229a1a?1a6 — 1878a1a4a§ + 5517a§a5a6 + 1267asasaq4ag

— 394asasa? — 600aza3as — 570a3as — 90a3asas

— 52a3a4 26610agacag — 424apaszas — 900a0a4

+ 16296a1a6 + 2064aqa2a5 + 348aazaq + 600a2a4

— 50a2a3 2706aga1

e1a = 15ag* +910asa8? + 1872a4a8! + 12870a2ag’

— 1848azai’ + 30690a4asa3 + 59400a3al — 16192a2a

— 22374azasa8 + 8415a3a8 4 123552a4a2al + 97020a3ad

+ 16092a1a6 — 114858a2a5a6 22446@3@4@6 65520a3a5a6
+ 32256a3asad + 148176a4a3a + 52920a5a6 + 408384a0a6
+ 56304a1a5ad — 14778aza4al — 187524aza2ad — 5274a3a8
— 78084@3@4@5@6 53424a3a5a6 3312a4a6 + 18648a4a5a6
+ 48384a,aiad + 7560alak + 1051818apasag + 66036a1a4a
+ 37091a1a2ag + 38220aza3ag — 278asasasag — 75047azaial
—14565a2as5ag — 6396aza3ag — 50631azasatal — 9912azaia’
— 7700a3asai — 1176a3a3a2 + 2772a4aa6 + 120a]

— 43716apasag + 515287aga2ag + 90681aiazag + 83517a asasad
4 3960a;a3a? — 22446a3ag + 42245aza3asa3 + 15168aza3a
+ 14859aga4a2a? — 4788azasag + 2469a3aqai — 7404a3atad
— 1653a3aia5a6 4956a3a4a5a6 — 168a3a5 186a4a6

— 1680a3atas — 210a3as — 8277apazay — 66519apasasal

+ 39825agaias — 68949a1 azal + 6253241 azasal 4+ 10182a1a3a2
+ 14931a1a4a5a6 + 48a1a5 20472a2a5a6 3195a2a3a4a§

+ 4629asa3a2ag + 5862aza3asag + 1140aza4a3 + 24750502
+ 645a§a4a5a6 — 384&%&% + 468a3aia6 + 108a3aia52)

+ 12aﬁa5 + 118521a0a2a(23 —2307apasasag + 6192a0aia6

— 3879a0a4a5 76560a1a6 — 16868a;asasa6 — 2121a1azaq4a¢
+2970a;aza? + 1143a1a%as — 5470a3a4a6 — 1369a3a0?

+ 390a2a§a6 — 82baqaszaqas — 28a2a§1 + 300a§a5

+ 30a§ai + 24420agaqag + 8021agasas + 4014apagay

— 468602 a5 — 1485a1azay — 960a;a3 + 415a3a3

+ 3828a3
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€15 =

—ag’ — 140asag® — 494asa8? — 3510a2ag’

+ 492a3a — 13068a4a5a 26400a5a6 + 7700a2a

+ 9240@3@50,6 5775a4a6 83160a4a5a6 69300a5a6

— 7690a; a3 + 82746aza5a8 + 14580aza4a8 4 42192azaaf

- 3744Oa4a5a6 — 162288a4a3af — 63504a2ag — 322614agal

— 34452a1a5af + 21366aga4a8 4 213696aza2al + 6210a3ad

+ 80640azaqasal + 56448aza3al + 2016a3al — 45864a3a2al

— 95256a4asag — 17640aad — 1276968apasal — 66948a1asal

— 20608a1a5a6 42420a2a3a6 + 31276a2a4a5a6 + 151312a2a5a6

+ 25872a3a5a6 + 12684@3(140,6 + 92064a3a4a5a6 + 19824a,3a5a6
+12208a3asag — 6720a3a3ad — 13104a4a2a2 — 960atag

+ 42954a0a4ag — 1070554a0a§aé — 143655a1a3ag — 1361‘3>1a1a4a5a%1
+ 7542a1adal + 25822a3a3 — 82307a2a3a5a6 27090a2a4a6
—17063aza4a2a; + 2339%4asaia? — 2676a3aqag + 22698a3a2ay
+10281azatasad +21042aza4a3a? + 1092aza2ag + 874ajal

+ 7056a3a2a2 + 1050aia§a6 — 168a4al + 45651a0a3a6

+ 178019apasasag — 187648agasa? + 121841a; azag — 182692a1azasap
—27625a1a3a3 — 51742a1a4a2a2 + 1604a1 azag + 44441a3a5a;

=+ 2039a2a3a4a6 22358a2a3a5a6 24995a2a4a5a6 — 7496a2a4aga6
+ 280asa2 — 6478a3al — 1500a3asa5a2 + 3576a3a3ag

— 1767a3a4a6 + 144a3a4a5a6 + 42Oa3a4a5 + 72a4a5a6

+ 280a4a5 324905a0a2a6 + 36323a0a3a5a6 — 16547a0a4a6

+ 39373a0a4a5a6 — 3282a0a5 + 221718a1a6 + 61712a1a2a5a6
+4001ajazaqal — 28704a;azaZag — 10133a1a3asa6 — 2194a; aqal

+ 22567a2a4a6 + 10018a2a5a6 - 1649a2a3a6 4+ 4709a2a3a40a504

— 270a2a3a5 86a2a4a6 — 1388a2a4a5 2490&%@5@6

— 381a3a4a6 6a3a4a5 24Oa3a4a5 —12a;

— 101790a0a1a6 — 73373agasasa¢ — 33662apagasas + 2104a0a3a§

— 3965a0aia5 + 44832a%a5a6 + 12893aqa2a4a6 + 2358a1a2a§

+ 8378a1a§a6 + 928aqazaqsas — 55a1ai — 2700a%a3a6

+ 2281a2a4a5 — 34Oa2a3a5 + 619a2a3a4 9Oa3a4

— 34452a3ag — T416apa1 a5 + 4624agazay — 3890aga;

—2238atay + 1908ajazas — 122943 (A.15)
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e16 = 10a5aé4 + 80a4a(153 + 585a§a6 — 80a3 a12

+ 3780&4(15@11 + 7920a§a1 — 2650a2a 2475a3a5a10

+ 2772a4a + 39600a4a5a6 +34650a ag + 2650a1a

— 43875aza5a3 — 6705a3a4ag — 18000aza2al + 29880a3asal

+ 126000a4a5a6 +52920a2al + 195548apag + 13392a;asal
—20007azaa8 — 177282a2a5a6 5076a3a8 — 58626a3a4a5ag

— 38808a3a5a6 + 216a4a6 + 67032a4a5a6 + 127008a4a5a6
+26460alag + 1172886apasag +49890a1asal — 8764a1a2al

+ 34224aza3a8 — 66374aza4a5as — 210308aza3al — 31836a3asal

— 16422a3a4a6 112308a3a4a5a6 23520a3a5a6 10976a4a5a6
+30576a3aiag 4 35280a4a3al + 3360ala? — 9774apasal

+ 1599628aga ag + 167553a1a3a6 + 151972a1a4a5a6 4194Oa1a5a6
—20733a3a8 4 109586azazasag + 32270aza5ag — 12820@2a4a5a%1

— 65415a0aiad + 114a3a4a3 — 45378a3a2ag — 28173aza3asag

— 50547azasaiay — 2730aza2a? — 2155a ag — 16044a3atal

— 420a%aia? +1680asadag + 45a8 — 103125apazag

— 292372agasasag + 539340apaiay — 153111a1a0a3 + 3574220, azasag
+ 49602a1a4a6 + 101292a1a4a5a6 — 13500a1a5a6 — 62052a2a5a6

+ 7706a2a3a4aé + 60154a2a3a5a6 + 60987a2a4a5a6 + 18315a2a4a5a6
— 3150aza2ag + 1134Oa3a6 438a3asasay — 14976a3asal

+ 3541azaiay — 5049aza2aa? — 3570aza4asa6 — 1044a]asa’
—2520aja3ag — 168ajal + 611373agazag — 160634agazazal
+16770apa’ag — 168324agasaal 4 32265a0aias — 441771a3ag

— 132644a;aza5a3 + 3402a1azasal + 12460501 aza2a2 + 39711a1a3asa
+ 13899a1a4a5a6 - 300a1a5 55672a2a4a6 321 13a2a5a6

+ 5030a2a3a6 8520a2a3a4a5a6 + 3573a2a3a5a6 + 1721a2a4a6

+ 12318a2a4a5a6 + 117Oa2a4a5 + 9345a3a5a6 + 1899a3a4a6

— 531a2asatas — 5400303 4 1884azaiasas + 60azaia’

+ 96a4a6 + 30a ag + 258960a0a1a6 + 309656a0a2a5a6

+ 126930a0a3a4a6 30807a0a3a5a6 + 22155a0a4a5a6 — 5787a0a4a5
— 198742a1a5a6 50912a1a2a4a6 — 14777a1a2a5a6 — 33426a1a3a6
— 3048a71aszaqas5a6 + 3786a1a3a5 + 805a1a4a6 + 2499a1a4a5

+ 7372a2a3a6 — 18762a2a4a5a6 — 1563a2a5 + 2655a2a3a5a6

— 4902a2a3aia6 — 1401a2a3a4a5 — 156a2a4a5 + 825a3a4a6
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€17 =

+ 540a§a§ + 18Oa§aia5 +12aza} + 142680a(2)a§

+ 63980apaiasag — 36040agasasas + 9953a0a2a§ + 3492Oa0a§a6
+11910agazasas + 2345a0as + 1957203 a4a6 — 5781a%a?

— 18304aiasa3a¢ — 4974a1asa4a5 — 2454a1a§a5 — 117Oa1a3a?1
+ 9828a§a6 + 1158@%@3@5 21a2a4 45a2a3a4

— 15a3 4+ 11600a3as — 5220agaias — 3680agasas

+ 624a2a3 + 2472a1 a3

— 6agag® — 45a2ag’ + 6azag® — 666asasag’

— 1440a3ag" + 624azag® + 357azazag’ — 888ajag!

— 12672a4a5a — 1155Oa5a6 624a1a + 16647a2a5a10
+2073aza4a’ + 4440aza2ag — 16320a3asay — 68040a4a3al
—30240a2al — 89466apai’ — 2256a1a5ag + 12837azasal

+ 106326a2a5a6 +2910a a% + 29214a3a4a5a6 + 15624a3a5a6

— 1584aja§ — 64008a4a5a6 116424a4a5a6 26460aSa]

— 813936a0a5a6 27168a1a4a6 + 27380a1a5a6 — 19938a2a3a6

+ 77626a2a4a5a8 + 205996asa3al + 27636a3asal + 14394aza3al
+92316aza4a2ad + 15288a3a5a6 + 3136a3asal — 61152a3a3ag

— 59976@4(1,5a6 6720a5a6 35934a0a4a6 — 1757868agazal
—145911a;azal — 117124a1a4a5a8 + 83412a1aad + 11363a3a]

— 101766a2a3a5a6 25298a2a4a6 + 72828a2a4a5a6 + 116865a2a5a6
+4074a3a4a8 + 62118a3a2ag + 45675aza3asag + 75117azasasaq

+ 2646azalai + 3213ajad + 20580a3a2ag — 8820a3azay

— 7056a4a8a? — 315a5a6 4 143673apazal + 290532aasasa

- 1044500a0a5a6 +140423a; azal — 494304a; azasal — 62088a1a3ag
— 119636a1a4a5a6 + 46410a1a5a6 + 57358a2a5a6 —23250asa3a4ag
—100960asazaag — 93283aza3asag — 13461asasaial + 14364asa3al
—13914a3ag + 9852a3a4a5ag + 37002a5a3al — 3705a3a3ag
+21987azalaad + 12600aza4a2a? — 168azalas + 4200aasa;

+ 924Oa4a5a6 + 672a4a5a6 — 72a4a5 833831a0a2a6

+ 390892apazasag + 14900agatag + 398668apasaial — 145405a0aia’
+ 639719@%&2 + 184086&1@@5@%1 — 31256(11a3a4a%1 — 321607a1a3a§a%
— 90685a1a3asa — 34957a;asaia? + 3836a1alag + 91394a3a4a;

+ 58691a3aZal — 11452aza2ag — 3288azasaqasal — 16355aza3a3a’
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— 7347a2a4a6 46634a2a4a5a6 665Oa2a4a§a6 + 112a2ag

— 20839a3asai — 5061ajajag +4971a3a4a3ad + 4200a3a3ag

— 5928a3a4a5a6 + 840a3a4a5a6 + 168a3a4a5 300a4a6

+ 210a4a5a6 + 280a4a5 - 447430a0a1a6 - 794886a0a2a5a%

— 282728a0a3a4a% + 167455a0a3a§a§ — 40363a0aia5a§ + 53125a0a4a§’a6
—2302aga3 + 53970202 azai + 120830a1asasay + 36519a;aza2a2

4 80516a1a2ag — 7106a1azasasa2 — 32790a1azasa — 4233a1a3al

— 18905a1a a5a6 — 1490a1a4a5 — 10428a2a3a6 + 69054a2a4a5a6

+ 9979a2a5a6 — 10753a2a3a5a6 + 16674a2a3a4a6 + 6155a2a3a4a5a6
+ 10a2a3a5 340aza3azag — 1720a2a4a5 3471a3a4a6

- 3786a3a5a6 - 1722a3a4a5a6 + 270a3a4a5 228azajag

— 420a3a4a5 60a4a5 — 363460a0a6 250960a0a1a5a6

+ 124954a0a2a4a6 90053a0a2a5a6 — 143586a0a3a6 87316apgasasasag
+ 6576a0a3a5 — 17767a0a4a6 — 6832a0a4a5 — 77812a1a4a6

+ 52881@%@%@6 + 80916a1a2a3a(23 + 37864a1asa4a5a06 + 1124a1a2ag’
+ 19214a1a3a5a6 + 8416a1a3a4a6 + 756a1a3a4a5 420a1a4a5

— 36236@2(16 — 6154a3azasag + 1079a3a3a6 + 3398&2(14@5
+1283asa3aqa6 — 726asa3a? + 2068azaza3as + 192aza]

+ 15a3a6 — 420a3asas + 42a3a; — 83350a3asac

+ 37328apaiasag — 12780a0a1a5 + 30984agasasgag + 17722apasa4as5
— 12198a0a3a5 — 2324a0a3a4 753Oa1a3a6 — 5574a1a4a5

— 19216a1a2a6 + 4156a,a0a3as5 + 642a1a2a4 + 1022a1a3a4

— 2410a5a5 — 1910a3a3a4 4 250aa3 — 15550a2ay

4 16836agaias — 6800aga3 + 102a2ay

e18 = 54a4a5aé3 + 120@%0%,2 — 90a2aé3 — 9a3a5aé2

+171a3ag? 4 2448a4a2as' + 2310a2ai’ + 90a; al?

— 4281a2a5a6 — 387@3@4@6 — 312a3a5a + 5856a4a5aé0
+24360a4aiag + 11340a2ad + 29940a¢ag’ — 634a1asas’

— 5645@2&4&6 — 44984a2a5a6 1149a3a 9336(13@4@5&2

— 2016aza3al + 1456a3ag + 40572a3a2ad + 72576a4a3a

+ 1764Oa5a6 + 420964a0a5a6 + 10560a1a4a6 25630a1a5a6

+ 8186@2@30,6 58652a2a4a5a6 — 142394a2a5a6 16878a3a5a6
— 8520aza3al — 49434azaqaial — 2352azasal + 4648a3asal
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+ 7291243 a3al + 67032a4a3a + 8400alag + 59028agasal

+ 1428056a0a5a6 + 95007a1a3a6 + 60456a1a4a5a6 98532a1a5a6
—3902a3a8 + 65722aza3a5as + 11826asa3al — 117446aza4a2a

— 140091a2a5a6 6438a3a4a6 59346a3a5a6 47355a3a4a5ag

— 70119aza4a3al + 1470aza3ag — 2975a5as — 12348a3a2ad

+ 29400a4a5a6 + 16464a4a5a6 + 945(15@6 — 1355550,0@3@(73

— 137152agasasa8 + 1424216apa3al — 94789a asal + 496454a; azasad
+ 55484ayataf + 79904a1asaial — 91235a1 asag — 34252a3a5ad

+ 32246asaza4a8 + 110530asazaad + 91111aza3asag — 28501azasaiag
— 36085a2a3as + 12182a3a8 — 24576a3asa5a3 — 59475a3a3ag

+ 957azaial — 47385aza3atag — 23625a3a4a5ad + 1176azalal

— 8730ajasag — 17500a}a3ay + 336a%adal + 648asalag

+ 10a5 + 848551a0a2a6 610300apazasag — 684200,0@21@2

— 566912agasaag + 391250apasag — 692814a3al — 16924641 azasal
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— 2266a0a2a3a6 — 2264a0a2a3a4a5a6 — 94a0a2a3a5 + 1718a0a§aia6
+ 232a0a2aia5 648a0a2a§a5a6 + 106a0a2a§aia6 116a0a%a§a4a§
— 450a0a2a3aia5 — 18a0a2a4 + 448a0a2a3a4a6 + 48a0a2a§a§

— 88a0a2a§a4a5 + 141a0a2a3a4 192a0a3a6 + 240a0a3a2

+ 3496a1a2a6 + 2056a1a3a5a6 + 212Oa1a4a6 364a1a4a§a6
27a1a5 1878a1a2a5a6 — 374Oa1a2a3a4a6 — 252a1a2a3a5a6

— 860a1a2a4a5a6 + 18a1a2a4a5 1064a1a3a6 568a§’a§a4a5a6

—208aja3ai — 296a3azaias — 126a3aza’a? — 144a1a4a5

— 74302 a2a4a6 + 179a1a2a5a6 + 862a2a3 a3a6 + 1194a2a3azasasag

+ 136a1a2a3a5 313a1a2a4a6 + 321a2a%aia§ + 112a1a2a§a5a6

+152a%aza3aiag + 23203 azsazasa? + 154atasazaias — 60ataqal

+ 48a1a3a4a6 + 48a1a3a5 64a1a3a?1a5 19a%a§aﬁi

+ 891a1a2a3a6 + 451a1a2a4a5a6 34a1a2a5 104a1a2a3a5a6

— 10a1a§a3aia6 — 206a1aga3a4a5 — 212a1a2a4a5 + 12Oa1a2a§a4a6

— 96a1a3a3a? 4+ 188a1a3a3atas + 8Oa1a2a3a4 64a;asa3ag

— 184a1a2a3a4 + 6a2a6 — 61a2a3a5a6 — 238a2a4a6

+ 25aga4a§ + 43a§a§a4a6 + 27a§a§a§ + 8ajazaias

+13a5a] — 16a2a3a6 24a3a3asas + 18a3ajal

+ 24a3a3al — 8548agasal + 9404a3ar asal + 1116a3aatag

— 4900a0a2a3a6 1508a0a2a4a5a6 — 291a0a2a5 532a0a3a5a6

+4298a3azatag — 22a3azasa? — 1709a3atas + 2448a3atazal

— 1140a2a3asasa6 + 254a3a?ai — 20562a2 a1 a3ai — 1804atayazazasag

— 4622a0a1a2a4a6 + 385a0a1a2a4a5 — 2700a0a1a3a4a6 — 2192a0a1a3a5

+ 1842a%a1a3aia5 + 605a(2)a1a3 + 1439&%@%@5% + 567@%@%@3@4&6

+1157a3a3a3a? + 876a3a3atas + 1672a3asa3as + 1156adaza3asas

+1275aaza3a3 — 96a2a3a5 — 1972aa3a? + 17304apa3 azal

+ 2368a0a1a3a5a6 + 2384a0a1a4a6 — 236a0a1a4a5 — 3176a0a1a§a5a6

— 2272a0a%a2a3a4a6 — 944a0a%a2a3a§ — 1004a0a%a2aia5 + 1216a0a%a§a6

— 304a0a%a§a4a5 — 728a0a%a3a§ + 358a0a1a§a4a6 + 445a0a1a§a§

— 3212a0a1a2a3a6 + 820a0a1a2a3a4a5 — 929a0a1a§a4 384a0a1a2a§a5

+ 460a0a1a2a3a4 64a0a1a3a4 + 1263a0a2a3a6 — 455a0a2a4a5

+ 152agasa3as + 434apasaza; + 96agazaiay — 64apazas

— 2736@‘?@% + 384aila2a5a6 + 624@‘11a3a4a6 + 216ai‘a3a§

+ 192a‘11a421a5 + 820a?a%a4a6 - 118a?a%a§ + 400a?a2a§a6
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— 8a1a2a3a4a5 + 368a1a2a4 + 288a a§a5 + 200@‘;’@3@3

— 600ata3azas — 126a3a3asas — 27203 a3a3as — 438a%a3aza;

— 176a1a2a3a4 64a1a3 99a;a3a6 + 118a1a2a3a5

+ 129a1a2a4 + 88a1a2a3a4 + 128a1a2a3 — 5a2a5

— 35a5a3a4 — 28asa3 + 6640agasas + T76aga?

— 10280aj a1 azag + 884aarasas — 2584aga3as + 1708a3azasas
+ 3318ajasa’ + 680a3a3as + 10200a2a3azas — 1112a3atazas

— 1048@%@%@?1 + Qagalagag) — 4044a(2)ala2a3a4 + 2656a8a1a§

— 705a3a3a, — 2388a2a3a3 — 3168a0a1a6 +192apa3azas

+ 816a0a1a3a4 + 1844(10(1 a2a4 + 1664a0a1a2a3 — 1092a0a1a§’a3
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— 27a%ay — 3280agaz — 2200ajaras + 720a3a}
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— 96a0a1a5a6 — 24a0a1a2a3a(151 + 24a0a1a2a4a5aé0 + 120a0a1a2a§a2

— 4a0a1a§a5aé0 + 26a0a1a3aiaé0 + 248a0a1a3a4a§a2 + 167a0a1a3a§ag

— 16a0a1aia5a6 158aga;aiaial — 44a0a1a4a5a6 + 39a0a1a§a8
— 32a0a§aé1 + 56a0a2a3a5a6 + 16a0a%aiaé — 36a0a2a4a5a2
88a0a2a5a6 + 4a0a2a3a4a6 — 20a0a2a3a5a6 30a0a2a3aia5ag

— 56a0a2a3a4a5a6 + 11a0a2a3a5a6 2a0aga4a6 + 28a0a2aia§ag

+ 62aoa2aia§a6 60a0a2a4aga6 7a0a2a§a6 — 12a0a§aé0

+ 30a0a3a4a5a6 8a0a3aga6 6a0a3aia6 96a0a3aia5ag
— T5aga3asagal — 6aga3alal + 9agazatasal + 96agazaiadal

+84a0a3aia5a6 3a0a3a4a57)a6 6a0a4a§a6 33a0a4a§a2

— 22aga’ a5a6 + 14a1a3a6 — 6a1a4a5a6 + 18a?a§ag

+ 8a%a%aé1 18a%a2a3a5aéo - 6a%a2aiaé0 42a1a2a4a§ag

— 87a1a2a5a6 16a%a3asag’ 65a%a§a§a2 +20a3azaiasag

+ 68a1a3a4a§a6 22a1a3a5a6 +a? a4a6 + Sa%aiagag

+ 15a aiaéa% + 33a1a4a5a6 +4a a5ag + 8a1a2a3a4a60

+ 34aya3azalal — daya3aiazad + 14ara3asadal + 68ara3alal
+ 6a1a2a§a6 10a1a2a§a4a5a6 + 16a1a2a§a§a6 2a1a2a3aiag

+ 16a1a2a3a4a5a6 + 31a1a2a3a4a5a6 + 9a1a2a3a5a6 + a1a2a4a5a(85
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— 20a1a2a‘1’aga6 54a1a2a4aga6 9a1a2a4agag a1a§a5ag
+4arajaiad + 34ara3asaial + 16a1a3a§a6 6aia3alasal

—57a1a3aia§a6 30a1a3a4agag alagaga(; 3a1a3aﬁaga2

+ 14arazaiazal + 11arazatalad + 4ayalaal + Tayatalag

— 24a3a3al — 8azajag’ + 8ajazasazal + 3dajazalal

+10a§’aiagag 38a2a4a5a6 11a agag+10a§a3a5a2
—|—2a2a3a4a6 34a2a3a4a5a6 lﬁagagaéa(; 2a2a3aia5ag

+12a3azaiaial + 15a3azasa2al + adazalal — adajaial

2.3 4 6 2.8
+ 14a3a3aial + 5a3a3adad — 2aza3a4af + Sazajaial

+ 2a2a3a4a5a6 10a2a3a4a§ag a2a§a5a6 + 6a2a3aia§ag

+ 9a2a3aia5a6 + a2a3a4aga6 5a2a3a3aga6 4a2a3aiagag

— agajazag + ajay — 3alasazal — 3aga§ag

+ 6a3a4a5a6 + 5a§aiagag 3a§aia§a2 3a§aiag‘ag

— 544adasal’ — 8aZarasal’ + 672akarakal — 88akasazal’

+ 576a3azasasag — 352akazaial 4+ 508aka3asay + 58aiazaiag

— 1344atazasa?al + 327a0a3a5a6 64aalasal + 1116a%aia§ag

— 202a0a4a5a6 + 47a0a5a6 + 2a0a1a3a6 + 6a0a1a4a5ag

— 144aga1a5a6 + 104a0a1a2a6 — 308aga1a2a3a5a6 7Oa0a1a2a4ag

— 212aparazasaial + 243aparazazal — 20apayajasal — 138aparaiaial
— 198a0a1a3aia5a6 314a0a1a3a4a§a6 214a0a1a3a5a6 + 16a0a1af‘1a§
+ 254a0a1a2a5a6 58a0a1a4a5a6 — 101a0a1a4a5a6 + 20a0a1a§a6

— 344aga2a5a6 104a0a2a3a4a6 + 602a0a2a3a5a6 + 266a0a2a4a5a2

— 2apa3asaial — 25apa3alal + 38apazaiag + 60agaza3asasal

— 246agagaiaial 4 52apazazaial — T0agazazaiaial + 258apasazasazad
+ 71a0a2a3aga6 88aga2a3a5a6 — 108a0a2aia5a6 + 266a0a2a?1agag

— 22apazasalag — 149apasasal — 16a0a3a4a6 +512aga3aqaial

+ 8agazaial + 96apaiaiasal — 273apa3a3aial + 48apa3asadal

— bagaiatag — Yagazalal — 147apazajaal — T4apazalasal

+ 22apazaialag + 12agabasal + 80agaiadal + 53apataiag

— 30aifa2a + 150a1a3a5a6 + 12a1a4a6 72a1a4a§a2
+120a3a2al + 90a3a3asad + 46atasazasag — T6atazazaial
+12atasajasal + 330a3azasadal — 138atazalal + 10a3aia
— 60a3a3asasal — 34a%a§a§ag 22a%azaial — 24a1a3a4a§ag
+ 1Oa1a3a4a5a6 58a1a3a5a6 6a1a4a5a6 94a1aia§ag

— 114a%a%a3ad + 4a?asalag — 8ayadasad + 62a1a3a2al
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— 2a1a§a§ag + 16a1a§a3a4a5a2 — 134a1a%a3a§ag + 6a1a%aiag
— 132aya3a3akal — 209a1a2a4a5a6 + 83aja3alad + 54ayazaiasal
— 224a1a2a§a4a5a6 + 1Oa1a2a§a§a6 42a1a2a3a§a5a6 + 128a1a2a3aiagag

— 8a1a2a3a4agag - a1a2a4a6 + 77a1a2aia5a6 + 148a1a2aia5ag

+6ajazaialag — bajazasal — 50a1a3a5a6 8a1a3a4a5ag

+ 108a1a§a4a5a6 + 14a1a3a5a6 + 6a1a3a4a6 + 105a1a3aiagag

— 12a1a§aia§ag a1a3a4a5a6 + 6a1a3aia5a6 5Oa1a3a4a§ag
— l4ajazaiasag — 12ara5a2al — 23a1ajasag + 16a5a3ag

+40a3a4asas — 58asadal — 118a3a3asal — 12a3aza3al

+ 34a3azasaal + 118a3azasal — 18a3a3asal + 140a3a2adal

- 23a2a4a5a6 5agagaé 6a2a3a4a6 + 124a%agagag

+90a3a3aasal — 158a3a3asadal — 25a3a3alad + 2a3azaiad

— 68a2a3aia§a6 9a2a3aia5a6 + 11a2a3a4a5a6 + 2a2a4a5a2

—49a3ajaial — 10a3a3aiag — 4asalal — 21asaiasasal

— Bagazaial — 2asaiaial + 36azaiaiaial + 13aza3asazag

— 12a2a3aia5a6 13aza2aialal — 9a2a3a4a5a6 + 15aza3a3a2ag
+ 6a2a3a4a5a6 + 4a2a4a5a6 + 14a3a5a6 + 3agaiag

— 27a%a4a2ad + 6a3aiadal — 15a3ata2ad + Tadalaiag
+12a3ajadag + 284adasad + 1936a3azal + 98ajarazag

— 1O5Oa0a1a4a5a6 — 102a0a1a5a6 1728a azag + 382a%a2a3a5a2

+ 560a2asaial — 362a2asasatal + 918a3azaial — 360a2a3asal

— 493@3@%&%@% + 1544a0a3a4a5a6 — 1194a0a3a4a5a6 279a0a3agag
— 78a(2)aiag 1718a3a3a?al + 951a%aia§ag 164aoa4agaf31

+10aalag + 766a9a? azag — 592apalazasal — 176aga’a’al

+ 1170a0a1a4a5a6 + 85a0a1a5a6 + 1192a0a1a§a5a6 476a0a1a2a3a4ag

+ 408a0a1a2a3a5a6 34a0a1a2a4a5a6 — 1322a0a1a2a4a5a6 + 20a0a1a2aga6
— 42a0a1a3a6 + 958a0a1a§a4a5a6 + 562a0a1a§a5a6 + 232a0a1a3aia(75

— 675apaazasaal + 270apa;azasasay — 177apaazalag — 176aparajasal
+ 736a0a1aia§ag + 74a0a1aiagaé — 44a0a1a4agag + 260a0aga4ag

+ 218agas a5a6 + 854a0a2a§a6 2510a0a2a3a4a5a6 — 136a0a2a3a§a2

— 182apa3aial + 814apaiaiaal — 95apaiasaial + 44apaialag

— 366a0a2a§a5a6 320a0a2a3a4a6 + 1154a0a2a3a4a5a6 399a0a2a3a5ag

+ 808apazazaiasal — 1083agazazaiaial + 166apazazasalag — 17agazazatay
+ 52a0a2aia6 — 196a0a2a4a§a6 514a0a2a3a5a6 + 88a0a2aiaga§

+119apa3asal + 6agasaial — 191apaiaiasa — 5Tagaiasaial
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+43agajalag — 15apa3aial + 7192apa3aiatal — 156apa3aiasag
+ 13a0a3a4a5a6 + 2lagazalasal — 178a0a3a3a5a6 62agazaialag

6a0a4a6 54a0a4a5a6 30a0aia§a§ 83a1a6

— 342a1a2a5a6 + 74a1a3a4a6 289a1a3a5a6 + 49a1a4a5ag

—251a3a4a3al + 53a3adal — 62ala3asal — 189ala3aial

— 254a%a2a3a6 + 580a1a2a3a4a5a6 + 165a%a2a3a5a6 + Ga%agaiag

2

— 550atasaiatal + 74603 asasasal — 28a3azalag + 101alaiasal

—10a agaiag +135a3a3asatal + 226aia3asal — 9atazaiasal
+ 3laazaladal + 61laazagalag + 4alazalal + 2a3a5al
+ 158a2aia§ag + 138a%a2a§a§ 30a%aiaga6 30a1a2a3a§

— 198a1a2a4a5a6 + 310a1a a5a6 + 120a1a2a3a5a6 1Oa1a2a3aiag

+432a1a3a3a4aal — 391ayajazazal + 226a1a3aiasal — 32a1a3a5a3ad

— 277a1a2a4a5a6 + 10a1a2a5a6 + 188a1a2a§a4a6 65a1a2a§a§ag
— 8lajazaiaiasal — 47ara0a3asa3al + 21ayazaialag + 19a1 azazaial

— 279a1a2a3aia5a6 + 104a1a2a3a4a5a6 19a1a2a3a4aga6 91a1a2aia5ag

—102a1a0aiaiag + 32a1a2a4a5a6 + 7a1a3a6 41a1a3a4a5a6

—42a1a 1adal 16a1a asal 132a1a aaa? 40a1a a4a as

30506 — 30406 — 3040506 — 3040506
— alagagaﬁ 63a1a3a3a5a6 + 91a1a3aia5a6 + 21a1a3a4agag

— 3ajazalad + 72a1a3a2a5a6 — 13a1a3aiagal + 12a1aasag

+ 26a1a4a5a6 8a3 a6 + 174a%a3a5a(75 — 14a§aiaé

+ 16a2a4a5a6 9a3 a5a6 + 94a2a3a4a6 266a%a§a§ag

- 180a2a3a4a5a6 122a2a3a4a5a6 + 36a2a3a5a6 + SQ%aiag

— 144a3a3a?al + 153a%aia§a6 +6a3asalag — 88a%a§ag
— 48a3a3asasad + 120a3a3adal — 50a3a3aial + 415a3a3a3atad

— 44a3a3agaiag + ada3alal + 92a3azaasal — 83a3azaiadag

—17a3aza3asag — a3abag + Glagaiagaé 2a§af‘la§ag

+ 51a2a3a5a6 + 10a2a3aia6 93a2a3a4a§a2 agaéag‘aé

— 2dagaialasag + 3Taza3aialag + azaiasalad + 6agaialag

— 18agalajaag + 8azaiaiasal — 15azazaSasag + Tazazajaial

— 6a2a1a§a6 13a3a4a6 3a3a ag + 54a3a4a5a6

+ 6a3a4a5a6 39a§aia§aé 3a aiaéa% + 15a3a4a5a6

— 5ajajazal — 18a3aSalal — 498adazal — 5494adasasa

+212aadal + 175843 a1 azal + 1302a3 a1 azasad + 924a2ar agaal

— 1408a0a1a aG + 5918a0a2a5a6 — 1474a0a2a3a4a6 5084a0a2a3a§ag

— 188adazajasal — 680atazasalal + 119a3asalag + 444aka3al
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+1238a2a3asasal + 1230aka3aial — 156a3azajal + 1353akaszataial

+ 555a3azasazag — Tladazalad + 1026a0a4a5a6 1826a3a3adag

+268a2a2alal — 24adagala? — 432apaad — 4204apa3azasal

+ 1048a0a1a3a4a6 + 505a0a1a3a5a6 — 1483a0a1aia5a6 581a0a1a4agag

+ 27agalalag — 112apara3asal — 478aparaja?al — 614agaazaial

+ 2316a0a1a2a3a4a5a6 + 414a0a1a2a3a§a6 — 224a0a1a2a4a6 + 1443a0a1a2aia§a2
+ 104agaiasagaiag + T5aparazalal — 628aparadasal — 842apaiaialal

— 564a0a1a3a4a5a6 + 524a0a1a3a5a6 + 1258a0a1a3aia5a6 + 86a0a1a3a4agaé

+ 368apaiazasaal + 12apayazalal + 80aparajal — 1356apa; ajaiag

+ T6aparaiaial + 24aparatalal — 1982apa3azal — 12apa3asasal

+ 258a0a a5a6 + 856a0a2a3a5a6 + 2394a0a2a3aia6 — 108a0a2a3a4a5ag

- 449a0a2a3a§a6 1190aga3aiasag + 551agazaiaiag — 259apaiasaial

— 7a0a2a5a6 + 772a0a2a§a4a6 + 557a0a2a§a§a6 — 2706a0a2a§aia5a2
+292apasaiagaiag + 154apasaiaia — 63lagazazaiag + 2486agazaszaiatag

— 580a0a2a3a4a5a6 + 12a0a2a3a4a5a6 + 384a0a2aia5a6 + 360a0a2a4agag

—102agazaiaia? — 127aga3al + 249a0a3a4a5a6 — 132a0a§a§agl

—|—259a0a3a4a6 105a0a§aia§a6 101a0a3a4a5a6 3a0a3aga6

— 4Tlaga}ajasag + 371agaiaialay — 3agaiaialad + 30apazalag

+ 234apazaiaial + 69apazajazai — 14agaSaial + 756aiasal

+ 50a3azasad + 26503 azaal 4+ 158a3a2af — 270a3azasa5a8

— 148a3azadal + 27a3a3al + 459a3a3aal — 245a3asaial

—8abalal + 566a1a2a3a6 + 44062 a3asa5a8 — 5T1a3a3a3ad

— 183a%azaiasal — 286atasaza’al — 999a? azazasaial + 8a1a2a3ag‘aé

+131a%asadasag — 1175a3asa3adag + 1972 asasalal + 4atasalal

— 245a1a3a4a6 360a%a§a§ag + 132a1a3aia5a6 230a1a3a4agaé

—48a%a3ala} — 35a3azaial — 63atazaiatag + 39atazaiaial

— 64a1a4a5a6 62a aiaga% + 32a2aiaga% + 26a1a2a(75

— 446ayajazazal + 102a1a3a3al — 622a1a3asa2ad + 333a1a3a5ag

— 710a1a2a3a4a6 + 685a1a§a§a§ag + 424a1a2a3a4a5a6 + 1018a1a2a3a4a§aé
— 32a1a2a3a§a6 — 101a1a2a4a6 + 307a1a§aia§ag + 191a1a§aia§a2

— 33a1a2a4a5a6 + 11a1a2a3a6 + 284a1a2a§a4a5a6 60a1a2a§a§a6

+ 249a1a2a3aia6 331a1a2a3aia5a6 + 13a1a2a3a4a5ag alagagaga%
+ 60a1azazajasag — 186a1asazalaial 4+ 44ayasazaialal + 34a1azasag
— 22a1a2aia§a6 41a1a2aia5a6 + 26a1a3a5a6 + 119a1a3aia2

+180a;a3asatag + 12a1a3aial — T6ara3aiasag — 54araiaialal
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+15a1a3aiag — 9arajaiaial — 29arajaiasal — 50arazalasal

+22ayazajaal — 4aradal — 10a1a4a§a% 66asasal

— 130a%a3a4a2 + 228(12@3(1 ag + 128a2a4a5a6 222a2a4a§ag1
— 14a3a3ad +300a3a3al — 88a3aiasasal — T2a3a3alag
+100a3azaial + 26asazaiatag — 40asazasaral — 2a3azadad

—|—28a2a4a5a6 173a aiagag + lla%aiaga% 89a2a3a5a6

— 44a3a3a2al — 144a3a3asatal — 20a3a3aial — 302a3a3a3asad
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+ 216a0a:1)’a§ag + 844a0a1a2a3a6 + 15O4a0a1aga4a5a6 255a0a1a2a§a6
— 364a0a1a3a5a6 790a0a1a3aia6 — 796a0a1a3a4a§a6 — 113a0a1a3a§a%
— 25aga1aia5a6 163a0a1aia§a6 16a0a1a4aga6 4a0a%aga6
+ 436a0a1a§’a6 848a0a1a2a3a5a6 952a0a1a§a4a6 538a0a1a2a4a5a6
+ 113agaia3azag — 798apaiazaiasag — 165apa1asalatag — 22apayazazalasag
+ 494a0a1a2a3a4a5a6 + 34a0a1a2a3a5a6 + 432a0a1a2a4a6 + 72a0a1a2aia5ag
+ 131a0a1a2aia§ag + 14a0a1a2a4aga6 + 24a0a1a§ag — 144&0&10,%&4&5&%
— 110a0a1a§a§ag + 275a0a1a§aia6 161a0a1a3a4a5a6 49a0a1a3a4a§a6
+ aoalagagaﬁ — 398a0a1a3a3a5a6 + 76a0a1a3aiaga6 2a0a1a3aia5a6
— 20a0a1aga6 54a0a1aia5a6 + 19a0a1a4a5a6 7Oa0a2a5ag
+ 596a0a2a3a4a6 + 251a0a2a3a5a6 — 340a0a2a421a5a%1 — 164aga§a4a§ag
— 15apasaia? — 12apa3a3al + 718a0a2a§a4a5a6 + 68aga3aiaial
— 147a0a2a3a4a6 + 983a0a2a3a4a5a6 73a0a2a3a4a5a6 + 2a0a2a3aga6
— 16aga2aia5a6 131a0a2aia§a6 14a0a2aiaga6 — 213a0a2a3a5a6
+12apagaiaiag — 280apasajasaial — 37apazaiaial — 20apasaialasal
+ 83a0a2a§aia§a6 8a0a2a§a4a5a6 — 122a0a2a3a4a6 + 276a0a2a3af‘1a§a%
+ 6&0&2&3aia5a6 + 88a0a2a2a5a6 — 26a0a2aia5a6 + 54a0a3a4a6
+ 24apadaial + 122apa3aiasal + 24apaiasadal + Yagaiaial
— 20apa3aiaial + 3a0a§aia§a6 — 39apa3alasai + aoagaﬁaga(;
+ 12a0a3a1a% + 21a0a3aga§a6 — aoaia5a6 — 144ai‘a3ag
— 180a1a4a5a6 + 14a1a5a6 98a3a%ag + 252a1a2a3a5ag
+182a}azaial + 413a1a2a4a§a6 9a1a2a5a6 +296ata3asag
+102a a%a%aé + 15Oa1a3aia5a6 + 4a1a3a5a6 65ai’aiaé
- 25@‘1’(12@%@% 27a?aia§a6 4a1a4a5a6 + Glalagag)ag
+43ata3azasal — 280a3asazatag + 255a%a%aia5a6 265a1a3a4a3a3
— 48a1a2a§a6 — 392a1a2a§a4a5a6 84a1a2a§a§a6 — 107alagagaiaé1
— 263a1a2a3aia5a6 14a1a2a3a4a5a6 + 50a1a2a4a5a6 + 12a1a2aia§a%
+12a%azaialag + 24aiazasag — 138ataiatag — 30a3ajasatal
— aladaial +20a3a3adasal — 26a3a3a3adal + atalasalag
+ 42a1a3aia6 45a1a3a3a§a6 12a1a3aia5a6 39a%aga5a%

+ 3atajadas + 48ayajasal — 64arazatag — 144a1a3a3al
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— 156a1a2a3a4a5a6 + 130a1a2a3a§a6 51a1a2a4a6 + 71a1a2a4a§ag

+ 57aya3a4a5a2 — ayasalag + 92a1a2a3a5a6 + 116a1a2a3aiaé

+122a;1a3a3asaiad + 27ara3a3a3a? — 76a1a3a3a3asal 4+ 36a1a3azatalal

+ 5a1a2a3a4a5a6 + 14a1a%aia6 23a1a2aia5a6 4a1a%aia5a6

+5lajagajagag + 32arazajatal — 20arazalasadal + Tajazaiaial

— 43a1a2a§aia§a6 7a1a2a§aia5a6 + 44a1a2a3a4a5a6 + 16a1a2a3aia§a6
+ 3ayagalal — 8ajaSag + 30aiajaial + 12a1a3a3atal

+10a1ajajasad + 4ajaiaiaias — 15a1a3aSal — 11arajaiaiag

— ayazalasag — ajalag — 36a5azal + 20a5a4a5a;

— 13a5a§ag +15a3 a3a5a6 + 62a2a3aia6 39a%a3a4a§a2

— 9ajazasa? +44ajaiasal — bdajaiadal — 38a3a3asag
+2a3a3atal — 32a3a3aiasal + 24a3ajasazal — 22a%a3aiag

+ 59a5aza3a2al — adazatatas — dadalasal — 3adajaiag

+ 21a2a3ad — 2a3a3a4a508 — 4a3a3aial — 44a3a3aiata?

— 32a3a3ajasal + 3ada3alaias — 6a3azaSal + 3a3azaiatag

— 2a3alasas — 20azalaial + 26asa3aiasal + 11asaialad

— 5a2a§aia§a6 — agagagag,% + 2azazaiag — 3a3a4a6

+ 3a3ajasas + ajalag + Tlagad — 436a3arasag

+1600aazasa + 1379a3azaag — 252a8a§ag +1724aazasasag
+155a3azadal — 175adadag + 2755a3a3a2ad + 18ajasazal

— 3a%aga6 156a0a1a4a6 242a2a%a§aé + 192a0a1a2a3a2

+ 542a3a1azasasag — 46a3arazazal — 370akara3asag — 604adarazaiag
—1051a2aazaqsatal — 90a0a1a3a§a6 333a3aiaiasal — 162ata,a3aial
— 3lakayasadag — 5adaral + 606aia3al — 29aka3azasag
+2255a3a3a3ag + 1054adaiasatal 4+ 24a3adazal — 2431a}azaiasag

— 668a0a2a§a§ag 1875a2asa3a3asas + 45a3azazasaial + 11akasazaag
— 812a(2)a2a aG + 1142a%a2a3a§a% + Sa%aga?lagaﬁ + 12a(2)a2a4ag
+120a3a3ag — 30a2a3asasal — T4aka3adal + 785a3a3aial

— 246a3ajaiatal — 49a3ajasazas + a0a3a5 312a0a3aia5a6

— 42a0a3aiaga6 5a0a3a4a5 34a3 a4a6 + 106a0a4a§a6

+ 6adajais — 168apalazal — 700agaiasasag + 24apaiadal

— 948a0a1a2a6 + 188a0a1a2a3a5a6 — 638a0a1a2a4a6 + 682a0a%a2a4a§a%
— 3aga’azasal + 788apataiasag + 392apaia3atal + 1148apatazalasal
+ 264agaiazasaial + Slagalazaias + 58apalaial + 23apataiatal

— 26a0a%aia§a6 — 2a0a%a4ag + 660a0a1a§a5aé + 882a0a1a%a3a4a6
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—409apaq a%a3a5a6 + 203apa; CL%CLZCI,5CL6 237a0a1a2a4aga6 25apay a%agag;
+ 420a0a1a2a3a6 356a0a1a2a§a4a5a6 5Oa0a1a2a3a5a6 + 108a0a1a2a3a2a§
— 971a0a1a2a3aia§a6 132a0a1a2a3a4a§a6 + a0a1a2a3a5 47a0a1a2aﬁa5a%

- 32a0a1a2aiaga6 — a0a1a2a4a5 + 72a0a1a3a5a6 384a0a1a§a?1a2

+ 56apa1ajasazag — 12aparajasag + 272apa1a3aiasad + 3dagarajaiaiag

+ 107a0a1a3a4a6 95a0a1a3aia§a6 — 7a0a1a3a4a5 + 10a0a1a2a5a6
— 9aparajal — 248agasasag + 43apasatal — 332apa3aiag

- 372a0a2a3a4a5a6 + 118a0a2a3a5a6 + 294a0a a4a6 + 311a0a§aia§a%

+ 40a0a2a4a5a6 + agasal — 58apa3azasag — 336apazaiaial

— 82a0a2a3a4a5a6 — 11a0a2a3a5a6 — 586a0a2a3aia5a6 + 99a0a%a3aia§a6

— 5a0a2a3a4a5 46a0a2a4a6 + 106agas aia5a6 + 2a0a2aia§

+ 264agazaiasal + 104agazajata? + 102apasaiaiasal + 64agazaiasaiag

+ 37aga2a§aﬁa6 — 108a0a2a§aia5a6 + 5a0a2a§aia5 86agasasalasag

+ 2a0a2a3a4a5 — 16a0a2a4a6 + 8a0a2aga5 — 16a0a3a%

— 48agaga4a5a% — 60a0a§aia§ — 24a0a§aia§a6 + 23a0a§aﬁa5a6
— 3agaialas — agaiala? — 5a0a3a4a5 + apal

+ 168ajazal + 8atazasag + 104ataiag — 100aiasaial

— 9ataza? — 214a3a3azag — 468atarazasag + 20atazazaial

— 408a3asaiasal 4+ 48atasasaial 4 6a3azaias — 120a3ajag

— 112a1a3a4a5a6 32a1a§a§a% 56a1a3a4a6 + 106a1a3aia§a§
+ 35a1a3a4a5a6 + 96a1a4a5a6 + 16a§’aia§a6 + 3a:{’aiag
—49a2adasag + 117a2a3a2ad + 242a%a3a3ag + 580a3a3azasasay
+ 26a2a3azaia? — 19a%a3aial + 166ata3a3a2al — 25a%a%a4a§a6
— a1a2a5 + 112a1a2a§a5a6 + 316a%a2a3a4a6 + 154a%a2a§a4a§a%
— 2a%a2a§a§a6 — 4a%a2a3aia5a% — 28a%a2a3aiaga6 + a%a2a3a4ag
— 33a%agajal — 33a3azajaiag — 7a%a2aia§ + 72a%a§a4a%
+ 8a%a§aga% 40a1a3aia5a6 8a1a3a4a5a6 25a%a§aﬁia%
+ 42a1a3a2a5a6 — a%a3a4a5 + 20aazalasag + 6a1a3a3ag

+ 12a1a4a6 + 1O8a1a2a3a6 + 15a1a2a4a5a6 40a1a2a§a6

— 148a1a2a5a5a6 140a1a2a3a4a6 216a1a2a3a4a5a6 + 5a1a2a3a§a6
— 66a1a2a§a5a6 8a1a2a4a5a6 + 2a1a2a4a5 178a1a2a§a4ag

— 84aja3aiaial + 66aia3aiaiasal — 28ara3a3asaias + 9layalazaial
— 17aya3aza3atas — 4aja3azaias + 20a1a3aiasas + Saya3alal

— 48a1a2agag + 16a1a2a§a4a5a% — 14a1a2a§aia% + 32a1a2a§aia§a6

+ 10a1a2a3a4a5a6 + 4a1a2a3aia5 17a1a2a3aga6 - 8a1a2a3aia5
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— 16a1a§aia5a6 + 3a1a§aia6 — 2a1a§aia§ + 3a1a§a2a5

+ 7aSag + 9a3azasal — 26a5a3ad + 55a5a4a2a’

+ 73a5a3a4a} + 22a3a3a2a2 + 16a3aza2asa? + 4ajazasaiag

— 2a4aia% + 22a2a4a5a6 a%a4a5 + 4aga§ag

- 18a2a3a4a5a6 - 16a§a§aia6 10a2a3a4a5a6 26@%@3@3@5@6

+ 3a§’a3a4a5 + 2a2a4a6 ag’a4ag + 22a§a§aia%

+ 18aga3aia5a6 + 8a2a3aia6 — 4a%a§a4a5 + 2a2a3a2a5

- 10a2a§a3a6 + 3a2a§aia5 — a2a§az — agag

- 1130a0a5a6 + 92a0a1a4a6 964agaa2ag — 564(10112@3@%1
— 2772a0a2a4a5a6 + 115a0a2agag 60a0a3a5a6 158a0a3aiag

- 870a8a3a4a§a3 + 36a8a3a§a6 - 2123a0a4a5a6 - 78a0a4a§a6

— 15a8asa? + 240a0a1a3a6 +292aatasasal + 194akaiaiad

— 2442a0a1a a6 + 1524a0a1a2a3a5a6 414a0a1a2aia6 223a0a1a2a4a§a%
+ 30a2a1azaiag + 236a2a1a3asal + 184a2arata2al + 1306a3a1azaiasal
+390a3a1azasazag + 62a2ar azal + 283aarajal — 6adaraiaiag

— 19a0a1a4a5 + 11lada3asal + 331a3a3azasay — 545a2a5a3a2a’

— 1646a3a3a3asa? — 42a3a3asa3a6 — 15a2a3a3 + 648a3azadal
+1226a3asa3asasad + 20adazaiadas + 1447a3azazaia? — 388aiazazaiaiag
— 111a2azazasas — 549a3asaasag + 34aiasaial + 40aka3asal

—472a a%aia% + 80a0a3a4a§a6 — 12a0a3a5 + 278a0a3aia5a6

+46a2a3ala3 — 9ladazaias — 7T0adazaia? + 5aiaas

+ 1624a0a1a2a6 112a0a1a3a5a6 + 240a0a1a4a6 212a0a1a4a5a6

— 36a0a?a§a6 — 1064apa’a3asay — 1120apaiasazagay — 112agatasaszaial

+ 216a0a1a2a4a5a6 + 132a0a1a2a4a5a6 + 3a0a1a2a5 24()a0a1a§ag

— 832a0a1a3a4a5a6 216a0a1a§a§a6 — 656a0a1a3a4a6 + 60aga1a3a4a§a6

+ 22a0a1a3a4a5 32a0a1a§a5a6 + 8a0a1aia5 98a0a1a§a4ag

+ 241a0a1a§’a5a6 + 28a0a1a%a3a6 + 1192a0a1a%a3a4a5a6 + 23Oa0a1a%a3a§a6
— 423a0a1a%aia% — 110a0a1a%aﬁa§a6 + 5a0a1a%a4a§ — 88a0a1a2a§a5a§

+ 384a0a1a2a§aiag + 288a0a1a2a§a4a§a6 — 12a0a1a2a:2;,cf5L + 460a0a1a2a3a?1a5a6
+ 26a0a1a2a3aiag + 134a0a1a2aia6 + 19a0a1a2aia§ + 176a0a1a§a4a%

+ 48a0a1a§a§a6 — 104a0a1a§aia5a6 — 4a0a1a§aia6 + 48a0a1a§aia§

+ 28aga1a3aia5 — 12a0a1a4 + 144a0a2a3a6 289a0a2a4a5a6

- 17a0a2a5a6 3dagasaiasai + 312apa3azaia? — 336apaiazasaiag

— Taga3azas — 104agadaiasas — apadatal — 92apasa3asal

- 8a0a2a§a5a6 + 230a0a2a3a4a5a6 + 4ana2a3a4a5 + 67a0aga3aia6
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— 48a0a%a3aia§ — 36a0a§aia5 — 80a0a2aga§ — 128a0a2a§a4a5a6
— 40a0a2a§aia6 — 40a0a2a§aiag + 27a0a2a§a3a5 + 19a0a2a3a2
+ 48a0agaia6 2a0a3a4 208a3 aﬁ + 224a1a2a5a%

+ 256a411a3a4ag + 72a1a3a5a% - 16a1a4a5a6 + 196a1a§a4ag

— 98ai’a§a§a§ 32a1a2a3a6 112a1a2a3a4a5a6 48a“;’a2a3a§’a6

+ 168a1a2a§a6 36a1a2aia§a6 — 9a1a2a4a5 64a1a3a5a§

— 8ai’a§aia% 88a1a3a4a5a6 — 64a3azadasag — 24a1a3aiag
— 48a3alag — 192a3a3azal — 14003 adasasai + 8ata3adag

— 104a}a3a3asai — 258a3a3azaial +102a% a3azasatas + 11aiadazas

+ 20a1a2aia5a6 + 24a1aga?1a§ 136a1a2a§a4a6 + 16a1a2a§a5a6
— 80a%a2a§aia5a6 — 8a1a2a3a4a5 + 16a%a2a3aia6 + 14a%a2a3aiag

— 16a%a3af + 16atajasasag + 24ataialas + 8aiaiaia?

— 24a2alajas — 26a1a5ad + 106a1a5a3a5a2 + 80aia5aial

+ 25a1a3a4a§a6 — 2a1a§a§ + 150a1a§a§a4a% + 48a1a2a3a4a5a6

— 12a1a2a3a4a5 21a1a2a4a6 17a1agaia§ + 96a1a%a§a§
+32a1a3a3asasas — 38ara3aiaiag + 20ara3aiaial 4+ 16a1a3azatas
— 16a1a2a§aia6 — 16a1a2a§aia5 — alagagai + 8a1a§ai

— 10aga5ag — 55aga3a4ag — 3aga3a§a6 — 37agaia5a6

+ 2a3a4a3 — 23a3a3a3 — a§a§a4a5a6 + 25a3azaiag

— a§a3a4a5 + 2a2a4a5 4a§’a§aia6 — 2a§’a§aia5

— 2a5azal + a2a3a4 + 1312a0a4a6 368aéa§a%

— 552a3araza + 2236agarasazad + 328a3araias — 688aja3al

+ 1636a3azazasa2 + 2550a3azaral — 752a3azasa2ag + 36a0a2a§

— 240a0a3a4a6 216a a3a5a6 + 1380a0a3a4a5a6 + 132a0a3a4a§

+ 308a0a4a6 22a0a4a5 + 2136a0a1a2a6 840a0a1a3a5a6

- GOOaga%aiag 224a0a1a4a§a6 - 36a0a1a5 + 326a0a1a2a5a%

— 3372a0a1a2a3a4a6 560a0a1a2a3a5a6 + 876a0a1a2aia5a6 + 126a0a1a2a4a§
+ 240a0a1a§a6 — 1048a0a1a3a4a5a6 256a0a1a3a5 80a0a1a3aia6
+ 32a3arazaiai — 16a3arajas + 307adasasaf — 50ada3aiag

— 396a%a§a§a% + 1690a%a%a3a4a5a6 + 126a%a%a3a§ + 588a3a%a2a6
— 225a3agaia§ 128a(2)a2a§a5a6 — 968a3a2a§aia6 + 288a%a2a§a4a§
+ 146a0a2a3a4a5 + 3a(2)a2ai + 80a3a§a4a6 + 48a3a§a§

— 104a3a3a3as + 92a2a3a] — 608agatad + 48agaazasa’

+ 912a0a1a3a4a6 + 288a0a1a3a5a6 + 32a0a1aia5a6 + 964a0a%a%a4a%

- 40a0a%a§aga6 + 624a0a%a2a§a§ — 624a0a%a2a3a4a5a6 - 24a0a%a2a3ag
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— 304a0a%a2aia6 — 36a0a%a2aia§ + 3O4a0a%a§a5a6 + 208a0a%a§aia6

— 80agpataiasa? — 32apatazaias + 48agatal — 660aparasazal

+ 60a0a1a§a4a5a6 + 1Oa0a1a§a5 520a0a1a%a§a5a6 — 356a0a1a%a3aia6

- 88a0a1a2a3a4a5 + 76a0a1a§a4a5 + 64a0a1a2a§a4a6 + 48a0a1a2a§a5

— 88a0a1aga3a4a5 — 128a0a1a2a3a4 64a0a1a§a6 — 80a0a1a§ai

+ 88aga2a6 + 175a0a2a3a5a6 + 16a0a2aia6 — 21a0a2a4a§

+ 8aoa§a§a4a6 + 8a0a§a§a§ + 154a0a§a3a421a5 + 31a0a§’ai

+ 80a0a§a§a6 — SOaga%a§a4a5 — 60a0a%a§ai + 80a0a2a§ai

- 336a1a2a4a6 144aila§a§ + 64a‘11a§1a6 + 248a3a3azal

+ 64a1a2a4a5a6 + 96a1a2a3a5a6 + 8Oaz{’a2a3a§a6 + 72a?a2a3a4a§
+ 48a1a3a4a6 + 48a1a3a4a5 + 23a1a2a6 32a2a3azasag
+12a}a3a%as — 18a%asasa? — 8ata3a3asas — 40ata3a3a?

— 96a%a%a3aia5 — 32a%a2a§a6 + 16a%a2a§a4a5 + 56a1a2a§a§1

— 16a1a3a4 l4a1a3asas — 4layazazasas + 14a1a2a3a5

+ 21a1a2aia5 — 16a1a2a3a6 + 16a1a2a3a4a5 — 10a1a2a3a2

— 16a1a3a3a3 + 18aSasas — aSa? + 6a5a3as

— Sabazagas — ajai + 5a2a3a4 1104a0a3a6

+ 944a0a4a5a6 + 88a0a5 888a0a1a2a6 1328a8a1a3a5a6

— 1184ajaraiag — 112a3arasa? + 1024aga3asas — 1520a3asazasag
— 392aga2a3a§ + 396a8a2a2a5 + 48Oaga§a6 — 288aga§a4a5

— 296a0a3a4 + 48a0a1a6 192a(2)a%a2a5a6 + 1008a3a%a3a4a6

+288a3ataza? — 16a3a3asas — 872a3a1a5a4a6 — 24a3ara3a?

+ 1728a0a1a2a3a6 — 488aga1a2a3a4a5 — 72a(2)a1a2a2 + 352a§a1a§a5

+ 160a%a1a3a4 928a0a2a3a6 + 322a0a2a4a5 264a0a2a3a5
- 84a0a2a3a4 — 144a0a2a3a4 64a2 a3 + 96a0a1a2a4a6

— 576aga’a3as — 64agaial + 320apata3azas — 64agatasasas
+ 48agatazaias + 208apatasazal + 96agataias + 92apar asas
— 40a0a1a§a3a5 — 84a0a1a%ai + 272a0a1a%a§a4 — 64a0a1a2a§
+ 23a0a2a5 — 106a0a2a3a4 + 16a0a2a3 64a1a2a6

— 144a1a2a5a4 + 72a1a2a3a4 + 48a1a2a3 9aiaay

— 24a1a2a3 + 3a2a3 — 1312a0a2a6 — 32Oa0a3a5

+ 144aéai + 832aga%a6 - 80a3a1a2a5 + 416a8a1a3a4

— 360aga3aq + 992a3a9a3 + 240a3atazas — 576aka%a’

+ 80aaia3as — 132a3a3 + 64apaias — 64agay
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€35 = 16a3a§aég + 8a0a1a5a6 16a2a%aé1 + 16a0a2a3a5a60
+ 8atagatag’ — 8adazasaial — 8alasazal + 8ata3aiay
— 4a0a3aia5a6 12a0a3a4a5a6 + 8a0a3agag a%aiag
+2a2a3atad + 4akaiazal — 6adasalal + alalal
+ 8a0a1a2a6 — 4a0a1a3a5a6 — 2a0a1aia6 — 2a0a%a4a§ag

— 4a0a%a§a6 8apaiazazasag’ — dapaiasazaial + 4aparazalasag

+ dagarasasaial + dagarasalal + 4agaradasasal — 2apaaiaiad
+ 2a0a1a3a4a6 + a0a1a3a4a5a6 + 10a0a1a3a4a5azs — aoalagagag
— apayajasal — 2aparaiaial — 5agaraialal + 2aparasatad

- 8a0a2a5a6 + 8a0a2a§a6 8a0a2a3a4a5a6 + 16a0a2a3a§a§

+ 6aoa2aia5a6 10a0a2a4a5a6 8a0a2a§a5a6 2a0a2a3aiag
+ 14a0a2a3a4a5a6 1ana2a3a5a6 + 2aoa2a3aia5a6 — 15a0a2a3a4agag

+ 10agazazasaial — aoa2a3agag - a0a2aﬁa5a6 + 6a0a2aia§ag
- 3a0a2aiagag - aoaéagag + aoagai%ag + 3a0a§a4a§ag

— 3a0a3a2a5a6 3apasg aia5a6 + 3a0a3a4a5a6 + aoagaiagag

—apajazal — afay! +2a3azasal’ 4+ 3adazaial
- a?ai%ag a§a4a5a6 + a?’agag + 2a%a%a§a2

— 2a%a2a2 (150+2a1a2a3a4a5a6 5a1a2a3aga6 2a1a2aia5a%

+ ajasagazal — 2aiazalal + alaiasag — ajajaiag

2.3 7 2 5.6
— 5ajajasaial + ajazajasal + batazaiasal — atazasaial

2.3 4 2 6 2 7
a1a4a5a6 + a1a4a5a6 + 2a1a2a3a4a5a6 + a1a2a3a5a6

2 2 2 3. .49
— a1a2a4a5a6 + a1a2a4a5a6 + a1a2a5a6 + 2a1a2a3a4a4

2 7 2 5
+ a1a2a§a5a6 3a1a2a3a4a5a6 a1a2a3a4a§a6 + a1a2a3a5ag
3 2 46 6 5 3 5.5
+ a1a2a3a4a5a6 + ajaga3a4a506 — 410203040505 — Q102030504

- a1a3a4a5a6 “I’ 3011@3(1[210150/6 3@1@3&2@5&6 + alagaiaf)ag

— asasal —2a3a3atal + 2a3azasa3al + adazalal

— a§a4agag a%a3a6 + 2a§a§a4a5ag + 2a%a§a§aé

a%a%aiagag 4a%a§a4a§ag + Qa%agai%% + agagag,ag
— 3agasasaial + 3azaiaiaial — asaiaiaial + 32aasasag
+ 72a3a3ad + 16adarazai’ — 8atayazasay — 4aiaraiag

— 12a0a1a4a§a6 16a0a1a5a6 + 80a0a2a5a6 24a0a2a3a4ag

— 84adagazaial — 24adasatasal + 72akazasaial + 12akazalad
— 12a%a3asasa8 — 18aka3adal + 6a0a3a4a6 +45a2azaiatal

— 22a0a3a4a§a6 9a0a3a5a6 + a0a4a5a6 QOa%aiagag
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+33a3ataial — 4adasalag — dagatal’ — 44agaiazasal
+10aga? azasag + 17agai azazal + 13apa? atasad + 23apalaqadal
+ bagatalad + 8apayalasal + 24apa;adatal — dagarasaial

+44a0a1a2a3a4a5a6 6a0a1a2a3a§a6 6a0a1a2aia6 37a0a1a2a4a5a(73

— 24a0a1a2a4a§a6 3a0a1a2a5a6 + 2a0a1a§a5a6 6a0a1a3a4a2

— 16a0a1a§a4a5a6 + 6a0a1a§a§a6 — 10a0a1a3a2a5a6 32a0a1a3aia§ag
— 12a0a1a3a4a5a6 + a0a1a4a6 + 10a0a1a4a5a6 + 25a0a1aia5ag

— 8a0a1aiagaé — 16a0a§a3ag + 24a0aga4a5ag + 16a0a§’a§ag

— 8aga3a3asal + 12apa3azaial — 58a0a2a3a4a§a6 - 19a0a2a3a§ag

— ldaga3aiasal + 38aga3aiadal + 9aga3asalal + 10agasaiasal

+ 21a0a2a§a5a6 26a0a2a3a4a5a6 + 20a0a2a3a4a5a6 + 9a0a2a3agag
— 2a0a2a3a4a6 + 48a0a2a3aia5a6 33a0a2a3a4a5a6 + 4a0a2a3a4agaé
+ 2a0a2a4a5a6 25a0a2a3a5a6 + 12a0a2aia5a6 + aoa§a4a5a(75

— apajaiaf — 6apajaiaial + 6aga3aiasal + 9apaiaiasal

— 9agazajaiag — dagazajazag + 4agaSaiag + 6aiasag

—2a1a2a4a6 Ta3asaZal — 16a3azasasad — 6a1a3a5ag

+adadad + 9a3a2a2al — 3alasaial + 4ata3azal
— 6a1a2a4a5a6 3aia3 a5a6 + 5a1a2a3a5a6 + 17a%a2a3a4a§ag

+12atagazagal + 3atazaiasal — atasaiaial + 9a?azasalal

— a%a%aw% + 14a%a§aia5ag + Ga%agawgag — a%agaiag

—19a%azalaal — 3atazalazal + 4atajadal — 4aiaialag
— 2a1a3a4a3al + 3arajazal — 6arazaiasal + a1a§a3a5ag
+ 2a1a2a3a4a5a6 —12a1a3a3a4a3al — 8araiazalal + 2aya3aiatal

—4ara3aiazag — dayadagalag — 4ajasadagasal — 6arasaiaial

+ 3a1a2a3a4a6 + 2a1a2a3aia5a6 + 3a1a2a3a4a5a6 2a1a2a3aia5ag

+4ayazazaiaiag + 4ayazaiasag + ayaiaial — 6aradaiazad

+9aya3ajaial — 4ayazalaiag + dayazatal 4 2a3asa3ad

+ a2a5a6 + 4a§a§ag 2a2a3a4a5a6 2a2a§agag

— dajazaiaial — ajazasazal + dalatalag — 3a2a3a5ag

—2a agaiag + 2a2a3a4a5a6 + 2a2a3aia5a6 + Qa%agaiagag

— 8a2a3aia5a6 agagawﬁ + 6a2a3a4a5a6 9a2a3aia§ag

+daga3ajaiag — 24adazad — 20ajazazal — 10ajatal

- 258a0a4a5a6 68a%a§ag +2a3atag — 56a2ayazasal

+ 6a0a1a3a4a6 + 61a0a1a3a5a6 + 17a0a1aia5ag + 29a%a1a4agag

+ 3a0a1aga6 136a0a2a4a6 106a3 a2a5a6 + 3Oa0a2a3ag
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+ 218a3a2a3a4a5ag + 63@3@@3@%@8 + 62a(2)a2aiag 127a%a2aiagag

— 93adazasaiad + 3adazalag + 9a0a3a5a6 3a0a§aiag

+ 39a2a3aq0al 4 32a¢a3azal — 69a2azaiasal + 203azatadal

+ 27adazasalag + ajazalal — Tadaial + 35adajaial

— T2a3ajazag + 6adaialal + 16agalasal + 62apatazasal)

+43a0a1a2a§a6 6a0a1a§a6 66a0a1a3a4a5a6 29a0a1a3a§’ag

—17apa3aial — 55apa3aiatal — 24apa? asaial + 24aparalazal

— 88a0a1a2a4a5a6 32a0a1a2aga6 30a0a1a2a3a5a6 68a0a1a2a3a4ag

+ 58a0a1a2a3a4a5a6 + 22a0a1a2a3a5a6 + 82a0a1a2a4a5a6 + 56a0a1a2a4a§ag
+ 18a0a1a2a4a5a6 + 4a0a1a§a4a6 9a0a1a§a5a6 + 61a0a1a3a4a5ag

+ 25a0a1a3a4a§ag — a0a1a3a5a6 + 16a0a1a3a4a6 + 28a0a1a3aia5ag

+ 47a0a1a3a4a5a6 + 2aparazasalal — 1Taparaiasag — 50a0a1aﬁa§aé

+ 12a0a1a§a5a6 + 8a0a2a6 + 8a0a2a3a5a6 — 18aga§aiag

— 60agasasatal — Tagayazag + 26apasajasal + 33apa3ajaiad

+ 53a0a2a3a4a5a6 + 71aoa2a3a4ag’a6 3aga2a3a5a6 + 8aga2a3ag

— 44aga3aiatal — 45a0a2a4a§a6 1Oa0a2a§a6 36agazaiasasal

— 34a0a2a§a5a6 + 6a0a2a3aia6 32a0a2a3aia5a6 23a0a2a3a4a5a6
— aoagagaga(; 47a0a2a3a3a5a6 + 50a0a2a3aiaga6 9a0a2a3aiaga2

— apagalad + 37agazalatag — 18apazajasal — apalasal
+ aoa§a4a6 + 3a0a3a4a§a6 — 3a0a§aia‘ga6 3a0a3aia6
— 6agajaiaiag + agajaiasal + 9apazalasag + Sagazaiaial

—6a0a4a5a6 8ajasal — 4a1a5a6 4alazazal

+ 24a1a2a4a5a6 +10atazadal + 10a1a3a5a6 + 18ai’a3aiag

+ 19a1a3a4a5a6 + a1a3a5a6 17a1a4a5a2 a?aiagag

- 2a%a§ag 5a1a2a3a5a6 + 3a%a%aia£ + 16a1a2a4a5ag

—Sa%agaéag 5a1a2a3a4a6 23atasajaal — 29atazazajazad

—47a1a2a3a4a§a6 2a1a2a3a5aé a%agaﬁiaﬁ 3a1a2aia§a2

- 13a1a2aia5a6 + a%aéag 12a1a3a4a5a6 12a1a§aiag

—4a?diaiatal — aladasazag + 26a1a3a4a5a6 +18aiazalazag
+a?azalalal — 6ataiaiag + 6aiajazal + 6ayasazasal

— 9a1a2a3a5a6 + a1a§a4a5a6 3a1a2a4a5a6 + 3a1a2aga6
—dayazaial + 14ara3a3asasal + 22a1a3a3a3al — darasazaiad
+ 28aja3azaalal + 27ara3azasasag + ajasazalal — aja3atasal
+3a1adaiaiag + 6ara3aialal + 8ajazajazal + 8ayazaiaial

+ 8a1a2a§a4agag + alagagaéaﬁ 8a1a2a3aia5a6 18a1a2a3aiaga6
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— a1a2a3a4a5a6 + alagadaiaﬁ 4a1a2a3aia5a6 7a1a2a3aia§ag
— 6ajagalazal —aja3asal + 3a1a3a4a5a6 + 3aja3ajad
— 3a1a§aia§aé — 9a1a3aia5a6 + a1a§a3a5a6 + 6a1a3aga§ag

—2aga§ag 6a2a3a6 2a2a3a4a5a6 2a2a3a§ag

— ajajaiad — 7a2a4a5a6 + 2a3a3asa + 4aja3aial
— 4a2a3a4a5a6 + a3 a3a5a6 + 2a2a3aia5a6 + 3a2a3aiagaé

— a%a3a4a5a6 6as a4a5a6 + a2a3a4a6 + 2a2a§a§ag

— 6a3aiaiasal — dasajasaiag — a3aiaiad — ba3aiaiatag
+2a3a3a3adal + 12a3azaiadal + azaSal — 3asalasasal
— 3a2a3a4a6 + 3a2a3aia5a6 + 9a2a3a4a5a6 - agagaiagag

— 6a2a§aia2ag + 12aga1ag + 100a8a2a5ag + 14a8a3a4ag

+ 143a8a3a5a6 +283ada3azad + 309a3asaial — adalag

—12a3 a1a5a6 + 122a0a1a2a4a6 + 31a0a1a2a§a6 12a0a1a§ag

— 116agaiazasasal — 48akayazaiad — 29akaraial + 9atarataial

—3a}arasasag — 2adaradal + 52aka3azal + 334aazasazad

+5ladaiaial — 171akasa3asal — 208a3azazaial — 195a2asaszasatal

— 2a0a2a3a5a6 + 13a0a2aia5a6 + 260a0a2aia§a§ 13a0a2a4agag

+ a%agagaﬁ 3a0a3a4a6 33a0a a5ag + 9a0a3a2a5ag

— 89aka3asadag — 9adatadal + 51a0a3a4a6 +42akazaiatag

— 18a2azalaial — 3a3azasalal —19a3alasag + 78akajadal

—4akaiadal — 28apalasal — 14aga3atal — 56agaiasazal

— 114a0a1a2a4a5a6 + 15a0a1aga5a6 + 44a0a1a3a5a6 + 84a0a%a3aiag

+102aga3azasaial + Tapaiazasag + 63apa’aiasag + 53aga?aiadag

— 4a0a1a4aga6 20a0a1a2a6 + 70a0a1a2a3a5a6 + 94a0a1a%a4a2-

+ 90a0a1a2a4a5a6 6a0a1aga5a6 + 56a0a1a2a3a4a6 — 13a0a1a2a3a5ag

— 112a0a1a2a3a4a5a6 — 136a0a1a2a3a4a5a6 2a0a1aga3aga6 56a0a1a2a3a2

— 76a0a1a2aia§a6 31a0a1a2aia5a6 + 2a0a1a2a4a5a6 + 2a0a1a§ag

— 2dapayaiasasal + 6agaraiaiag — 63apaiaiaiag — 9Taparaiaiatag

— 13a0a1a3a4a§a6 56a0a1a3aia§’a6 6a0a1a3a4a5a6 + 9a0a1agaé
52a0a1a4a§a6 8a0a1a3a5a6 + 8a0a2a5a6 50a0a2a3a4ag

— 9apasazatal + 84apasaiasal + 46agasasaiag — dagaiadal

— 86agaszaiasasag — bapazaiazag + apazazaial — 95agazazaiaiag

+ 26apa3azasasag — apaiazalal + 10agadaiasag + 8lagasaiaday

— 3agajaialal + 35apasaiasal + 28agasaialal + 88agasaiasaiag

+ 9a0a2a§a§ag + 46a0a2a§aia5aé + 19a0a2a§aiagag + 3a0a2a§a4aga%
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+ 14a0aQCLgaiaé1 — 48a0a2a3aﬁa§ag + 14a0a2a3aia§a2 — 23a0a2a2a5ag
+ 1lagagalazad — 3a0a3a4a5a6 + 3a0a3a4a6 + 6agazaiaiay

—3a0a3aia5a6 3a0a3aﬁia§a6 3a0a3a1a% aoagagaga%

+ 4a0a4a5a6 + 8a1a3a6 + 12a1a4a5a6 2a1agag

+4a1a2a6 20a1a2a3a5a6 22a1a2aia6 37a1a2a4a5ag

+ 5a1a2a5a6 24a1a3a4a6 Ga%agagag 18a1a3aia5a6
+ 9a3a4a6 + 15a?aia§aé Qai{’aiaéaé a%agawg
+ 5a1a2a3a4a6 + 26a1a2a3a5a6 17a2a§aia5a6 + 23@1a2a4a:5)’a%1

—4a3adalad + 8adazalal + 68alasadasasal + 10a3azalaiag

+ 23a1a2a3a4a6 + 57a1a2a3aia5a6 + 8a1a2a3a4a5a6 + 2a1a2a4a5a§

+ 8a%a2aia§ag + a%agaiagag +18a agaiag + 6a1a3a4a5a6
- 14a1a3aia5a6 4ata3aiaial — 12a1a3aia6 28a1a3aia5a%

— 3a1a3aia5a6 + 4a1a4a5a6 4a%aiagag 2a1a§a4ag
+ Tayagaial + 12aya3a2al — 4ayadazasasal — 18ara3azaiag

+ araiaial — 9ayaiaiatag — daradasaial + araiadal

— 24aya3a3asal — 30aya3a3arag — 48a1a2a§a4a§a6 7a1a%a§a§ag
—10a;a3aza3asag — 38ara3azaiaial — daradaszasaal 4 3ara3aialal

f5a1a§aia§ag 13a1a2a3a4a6 6a1a2a3a5a6+4a1a2a§a4a5a6

+darazaiagadal + Tarazaiaiag + 29arazaiaialal + 3aazaiaiagal

+ 4ayagazalasal + 8ajasazajaial 4 4ajasalaial — 3ayajadag

+ 6arasajasag + 3ara3alal — 3aya3alalal — 4ajazalasal

+4ajazad + 2a3asa5ag + 2a3a3ag + 2a5a3a5ag

— 2a§a3aiag + 14a‘21(1,3a4a§agl + 2a2a3a5a6 + 13a3aia§a§

— ajagalal + 6a3aiasal + 2a3aiaiasag — dajaiasaial

- 9a§a3aia§ag + 5aga3aiaéag + 4agaia§a§ 2a§agag

+ adajasasag + 2a3aialag + 8a3aiatalal — aja3ajasal

— 7a%a§aia§a6 8a2a3aia5a6 + 3a2a3aia6 6a2a§aia5a2

- 3a2a a4a6 + 3a2a3aﬁa5a6 + 4a2a3aga5a6 — 9a0a6

— 48a3ayazal — 182adazasal — 139ajazaial + 2a3a3al
—330a0a3a4a5a6 73a0a3a5a6 75a8aiag 545agaia§ag

—+ 8a0a4a5a6 2a3 a5a6 + 12a0a1a4a6 + 24a%a%a§ag

— 20a0a1a2a3a6 — 156a0a1a2a4a5a6 40a0a1a2a5a6 + 90a0a1a3a5a2
+ 66a3aiazatal + 117adarazasaag + 28a2arazaiay — 19a2a1ajasag
— 28a0a1aiaga6 3a0a1a4a5a6 + aoalag% - 5Oa0a2ag

29a0a2a3a5a6 259&%@%%21@2 212a0a2a4a5a6+14a3a%a§ag
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+ 285a3a2a§a4a2 + 100@3@@%@%@% + 277a%a2a3aia5aé — 51a3a2a3a4a§ag
— 5adagazaial + 85adazaag — 326a2asalatal + 32a0a2a4a§a6

— 2a0a2a4a5a6 + 54a0a3a4a5a6 + 24a%a§a§ag 63a8a§aiaé

+ Tdadaiaiatal + 24adaiasatal — 56adazaiasal — 20aiazalaial

+ 3atazataZas — 6adalal — 40adaiaial + adajazas

+ 16a0a:1)’a3a2 + 36a0a1a4a5a6 — 16a0a3a§aé + 54a0a%a%ag

— 28a0a1a2a3a5a6 + 58a0a1a2a4a6 8a0a1a2a4a5a6 + 19a0a1a2a5a%

— 84a0a1a3a4a6 36a0a1a3a5a6 132a0a1a3a4a5a6 + 12a0a1a3a4ag’ag

— apatazalag — 32a0a1a3a6 TTagataialag + 7a0a1a4a§ag

+ 2a0a1a4aga6 — 74a0a1a§’a5a6 68a0a1a2a3a4a6 + 65a0a1a2a3a5a6

— 89a0a1a%aia5a6 25a0a1a2a4a§a6 5aga1a§aga6 36a0a1a2a§ag

+ 108a0a1a2a3a4a5a6 2a0a1a2a3a5a6 + 46a0a1a2a3a4a6 + 245a0a1a2a3a4a5a%
+ 4a0a1a2a3a4a§a% — a0a1a2a3a5a6 + 73a0a1a2a3a5a6 + 24a0a1a2aia§a%

— Tapayazajalag — 8apaiajasag + 68apayajaiag + 24aparajasaial

+ 92a0a1a§aia5ag + 36aoa1a§aiag’a3 + 3aga1a3aiag + 23a0a1a3aia§ag

+ 7a0a1a3aia§a6 — 32apayalasad + aparaiazag + 14a0a§a4ag

— dapajadag + 32apasa3al + dagasazasasag — 30apasazaial

— 46a0a2aiaé 89a0agaia§ag + llaoa%a4a§ag — 2a0a%a§a5aé
+46agadaiaiag + 14agadaiasaial + Tagaialaiad + 60agaiazaiasal
— 55a0a2a3aia5a6 + 2a0a2a3a4a5a6 + 6a0a2a4a6 64a0a2aia§a%

+ 6agaiaiasag — Sdapasaiasag — 24apasasatal — 94apasalaiasal

— 2dapazaiasaial — 3lagazaiaial — 2apasaiaiatal — 3a0a2a3a4a§a6
+ 30a0a2a3aia5a6 — 12a0a2a3a3a5a6 + 5a0a2a1a6 — aoagaga?)aﬁ

— 3a0a§a3a5ag + 3a0a§aga% + 3a0a§aia§a6 — 2a0a3a1a5a6

— apajag — 8a1a2a6 + 8a1a3a5a6 8a‘11a421ag

+ 4a1a4a5a6 + a%aéa% +18a3a3asal + 36a}azazasal

— 20a1a2a3a5a6 + 40a1a2aia5a6 — 16a1a2a4a§a6 2a1a2aga%
+ 8a3 a3a6 + 8a1a3a4a6 + 6a1a3aia5ag a?a3a4a5a6
—20a3ajasal + 6a3aiaial 4+ ataiaias + alayasal

— 15a%a§a§aé 26a%a%a§ag 48a1a2a3a4a5a6 + 2Oa%a%a3a§a2
+ a%a%aiaé 12a a%aiagag + 13a1a2a4a5a6 + ala%ag%

— 8atasaiasag — 52atasaiaiag — 34a3azalasaial + alagaiaial
—28a%asazaiasay — 18atasazataial — atasazasaiag + aazalag
— 6a1a2a4a§a§ 3a%a2aia§a6 — 8a%a§a4aé + 9a%a§aiag

+ 12a2a§aia§a§ + 22a1a3aia5a6 + 4a1a3aiaga6 a%aia%
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+ a%agagaﬁ 12a1a2a3a6 5a1a2a4a5a6 + 2a1a2agag

+ 24aya3atasad + 28a1a2a3a4a6 + 32a1a3a3a402al — 5ara3azaia’
+ 8ayasalasay — dajadaiada? — 3a1a3asaiag + 38ara3adasa]

+ 16a1a2a§a5a6 + 26a1a2a3aia5a6 + 20a1a2a3a4a§a6 — 7a1a%a3aﬁa%
+ 35a1a3azaia2al + Taja3azaiasas — 4ajaialasal + 3a1a§aia§a6

—+ 8a1a2a3a6 2a1a2a§aia6 12a1a2a§aia§a6 26a1a2a§aia5a%

— 4&1&2&3&2@%&6 — alagagagaﬁ — 6&1&2&3&2&5(16 - a1a2a1a5a6

— 3a1a§aia§ + 3a1a§a2a5a6 + alagaiaﬁ — agag

- 3a2a3a5a6 9ajasaiag + a2a5a6 14(12(,13@4@%1

— 4a3a3a2al — 10a5a3a3asas — 4ajazasaia? — 9ajaialal

+ 2a2a4a5a6 - a§a3a6 + 2a2a3a4a5a6 + 4a§a§aia%

+2a3a2a3atal + 8ajazajasal — 7a§a3af’1a§‘a6 — a3alaag

— 4a%a§aiag 2a2a3aia5a6 + a2a3a a6 + Sa%agaﬁagaﬁ

+ 2a2a3aga5a6 + 3a2a3a3a6 — 3a2a§aia5a6 - a2a3a1a6

+ 38agasag + 92a3arasal + 226a3ara2ag + 80ajazazag
+390adasasasag — 93adasaial + 72a3a3asag + 144a3azaiag

—+ 266a0a3a4a5a6 + 22a0a3a a6 + 429a0a4a5a6 28agaiag’a§

— a8a4a5a6 + a0a5 24a0a1a3a6 36a0a1a4a5a6

— 34aka?a3al + 240akara3ad — 220akarazazasag + 4adarasaiag

+ 229a0a1a2a4a5a6 + 22a0a1a2a§a6 — 108a0a1a§a4a6 88a0a1a§a§a2
— 58a0a1a3a4a5a6 18a0a1a3a4a§a6 12a0a1a3aga6 — 11a0a1aﬁa%
+58a2araiatad + 15a2a1a3azas + adayasal — 33a2adasag

+ 15a0a2a3a4a6 + 147aa3azatal + 342a2d3a3asal — 94ata3a4a3a’
+ 2a0a2aga6 — 88a0a2a§a6 250a0a2a3a4a5a6 14a0a2a3ag’a6

— 237a3a2a3a2ag + 124a%a2a3a421a5a6 + 17a0a2a3a4a5a6 — aoagagag
+17ladasatasal — 34adasaiadas — 2akaza’al — 16a3ajasal
+16a2a3alal — 48a2a3asatal — 12a2a3a3asa2 — 24aka3aiadag

+ 51a0a3a4a6 + 35a0a3a3a5a6 + 4a0a4a5a6 — aoaiag

— 136a0a£{’a2a2 + 48a0a:fa3a5aé + 60aoa‘;’a4a§ag + 6aoai’a§a§

+ 152a0a1a§a5a6 + 104a0a1a2a3a4a6 72a0a1a2a3a5a6 — 120a0a1a2aia5a8
— 64a0a1a2a4a§a6 — 5a0a1a2a5a6 + 32a0a1a3a6 + 16a0a1a3a4a5ag

+ 8a0a1a3a5a6 + 72a0a1a5aia6 4Oa0a1a3aia5a6 20@0@%@3@4@%@6

+ T6agatatasa? + 4agalaiadas — apalatal 4+ 40aparadasag

— llaoalag’a%aﬁ 32a0a1a%a§a6 — 136a0a1a%a3a4a5a6 + lanala%agagag

+ 65a0a1a%a4a6 + 104a0a1a%aia5a6 + 25a0a1a2a4a5a6 + a0a1a2ag
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+ 40a0a1a2a§a5a6 80a0a1a2a3a4a6 32a0a1a2a3a4a5a6 + 12a0a1a2a3a5a6
— 196aga1azazaiasad + 14apayazazaiaias — 42aparasalal — 17a0a1a2a3a5a6
+ dagarasaias — 16agaiasasa — 48aparadatasa? — Sdaparaiaja’
— 4Oa0a1a§aia§a6 + 12a0a1a3aia5a6 — 2a0a1a3a4a5 + 10a0a1a1a6
+ aoalaiaf) 12a0a2a3a6 + 37a0a2a4a5a6 IOaOa%ag%
+ 14a0a2a§a5a6 24a0a2a3a4a6 + 80a0a2a3a4a§a§ - aoa%agaéa(j
+ 62a0a2aia5a6 — 29a0a2a4a§a6 — a0a§a4a5 + 24a0a2a§a4ag
— 8aga3ajaial — 32apa3aiaiasal — 16aga3aiasaias — 3apa3azajal
+ 5dagadazaiaiag + apa3azaias + 18aga3aiasas — 3apazaial
16 5,3 148 4 21 60 3,302 494 3.2 2
+ 16agpasazag + 43agasasasasag + 60agazazayag + 24apazazayasae
— 9aoa2a§aia5a6 — 9a0a2a3a2a6 + 4a0a2a3aia§ — CL[)CLQCLZCLg)
— a0a3a4a5 + a0a3a4 + 16a1a6 32a1a2a5aé
— 32a1a3a4a6 8a1a3a a6 + 16a1a4a5a6 20a1a2a4a§
+18a} a2a5a6 + 16a1a2a3a6 + 48a1a2a3a4a5a6 + 16a1a2a3a§a6

—16a3agalal + 12a}azaia?al + 3alasasasas + 8ata3aial

+ 8ata3asatal — 24a3azalasal — 8ajazaialag + 8a3ajal

— 4a1a4a5a6 — a:{’a4a5 + 24alagagagl + 16a%a§a4a5ag

- 6a%agaga§ 16a1a2a3a5a6 + 18a1a2a3aia6 62a1a2a3a4a5a6
- 10a1a2a3a§a6 - 2a1a2aia5a6 - 8a1a2a4a§a6 - a%a%mag

+ 8atagaiasal — 8alagalatal 4 56a3azaiaiasal + 8aiazaiasaiag
+ 12a1a2a3a4a6 + 22a1a2a3aia5a6 + a1a2a3a4a5 + 4a1a2aia5a6

+ 2a1a2a4a5 16a1a3a4a5a6 8atazalag — 2a%a3aia§

+ 4a1a2a6 8a1a2a3a5a6 7a1a§aiag + 8a1a§a4a§a§

+ 3a1a2a5a6 — 26a1a2a3a4a6 + 4a1a§a§a§a% — 20a1a§a3aia5a%

+ 12a1a§a3a4a§a6 + alagaiag + 3a1a§aia§a6 + 2a1a§aia§
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— 2a%a3aia5 — a%az + 64a0a‘1iaé — 16a0a§’a2a5a§
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+16a1a%a§aia5 2a1a2a3a4 8a1a2a§a4 3a2a4a6

6, 2 5
+2aSatag — aja3ag + ajazasasas — aaiag

+ 3a5a3a? — daja3alas — 6asazaias + 3a3aial

+ 32agazai — 360agasasai — 12agaiag + 104ajar agal

+ 352agarazasaf + 320a3aatad + 80ajarasatas + 8adaya;

— 316a8a§a5a§ + 416a8a2a3a4a6 + 56a0a2a3a§a6 — 196a0a2aia5a6
— 36a3agasal + 80adaiasasas + 48ajaial 4 64adazaiag

— 56agazara? +4adaias + 16a3aial + 96a2a? azasal

— 240adaiazasal — 96aiatazaias + 48aiaiaiasas + 192a3ara3asad
+ 8a0a1a2a5a6 - 336a0a1a2a3a6 + 312a0a1a2a3a4a5a6 + 16a0a1a2a3a§
+ 96a(2)a1a2aia6 + 24a3a1a2aia§ — 64a(2)a1a§a5a6 + 48a(2)a1a§aia6
+48a3aia3jasat + 8ajarazaias + 8ajaial + 144aa3azal

— 170a3a3asasa6 — 6aia3al + 80a2a3aiasag + 20aka3azaiag

— 32a3a%a3a4a§ — 22a0a2aia5 — 80a0a2a§a4a6 — 48a0a2a§a5

— 8a%a2a§aia5 + QOagagagai + 96a0a:{’a§a% + 32a0a:{’aia6

— 48a0a%a§a3a§ + 32a0a%a§a4a5a6 — SOaOa%agag%aﬁ — 176a0a%a2a3aia6
— 48a0a%a2a3a4a§ — 64a0a%a§a4a6 — 16a0a%a§aia5 + 16a0a%a3ai
— 18a0a1a%ag + 56a0a1a%a3a5a6 + 68a0a1a§aia6 + 16a0a1a§’a4a§
+ 16a0a1a§a§a4a6 + 48a0a1a§a§a§ + 72a0a1a§a3aia5 — 4a0a1a§ai
+ 64a0a1a2a§a6 — 32a0a1a2a§a2 — 17aoaga5a6 + 24a0a%a3a4a6

— 8aoa%a3a§ — 21a0a§laia5 — 16aga§a§a6 — 16a0a§a§a4a5
+12agajazal + 16aga3aiai + 16a3asad + 48a3asa3asac

— 16a3a3al — 40a2a3azasa6 — S8ala3azal — 32a3a3a3ag

— 16a1a2a3a4a5 + 8a2alazal + 16a1a2a3a4 + Tayadasag

+ 2a1aga§ + 16a1a§a§a6 + 16a1a§a3a4a5 — alagai

- 16a1a%a§ai —2aSazag — 3aSasas + 3a3aza3

+ 304agazal + 288agazasag + 48agaiag + 48agasal

— 160a0a1a6 16aga1a2a5a6 — 256a%a1a3a4a6 — 64aga1a3a§

— 16a3aiaias + 200a3a3asa6 + 32aja3a? — 352a3azaias

+ 144a0a2a3a4a5 — 24a0a2a4 64a0a5a5 + 64a0a§ai

— 144a2a3azasa6 + 192a3a3a3a6 — 16ada3as — 16a3aia5a4as5

— 32a3a1a2a§a5 — 80a3a1a2a3a4 — 64a0a1a3a4 + 52a0a2a6
+24aka3azas + 16a3asal + 16aka3a3ay + 64adasa)

— 32a0a%a§’a6 + 96a0a%a2a§a4 — 64a0a1a§a3a4 — 64a0a1a%a§

+ 1Oa0aga4 + 16a0a§a§ + 16a%aga§ - 8a1aga3
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+ a; — 64aéa1a6 — 32aéa2a5 — 192a3a3a4
+ 96aga1aga4 + 128a8a1a§ — 128a3a§a3 + 16a3a1a§

+ 1284 (A.35)
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