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ABSTRACT

DAMAGE DETECTION OF LOCALIZED DEFECTS IN SPUR GEAR PAIRS AND
GEARED TRANSMISSIONS USING DAMAGE-INDUCED DYNAMIC RESPONSE

by

SUHAS GUPTA THUNUGUNTLA

Adviser: Christopher Cooley, Ph.D.

Geared transmissions are important systems, especially in the aerospace and rotorcraft

industry. Loss of power from gearbox failure due to damaged tooth poses reliability and

safety issues. Health and Usage Monitoring Systems (HUMS) are used in rotorcraft vehicles

to monitor the performance of their transmissions and other critical components. Condition

monitoring systems use measured vibrations from geared transmissions to detect damage

to the gears and other components inside them. A major challenge for damage detection

systems is identifying damage from otherwise normal changes in vibrations that may occur.

In this dissertation, the analysis of the damage-induced dynamic response of geared

transmission is carried out by understanding the dynamic response on the spur gear pair

and applying it to the geared transmission accelerations. For the accurate damage-induced

dynamic response of the spur gear pair, accurate tooth mesh interface parameters are derived

utilizing the finite element/contact mechanics (FE/CM) method. Tooth mesh characterization

involves determining the static transmission error and the mesh stiffnesses when the teeth

have either root cracks or surface pitting damage. The damage cases considered include tooth

root cracks or surface pits localized to a single gear tooth. The FE/CM method accurately

predicts the tooth mesh stiffnesses of the unity-ratio gear pair when it is healthy without

damage, and when the teeth have root cracks and surface pitting. The static transmission error

v



increases and the tooth mesh stiffness decreases with increasing size of pits and increasing

lengths of cracks. The distinct differences in duration observed between tooth surface pit

and root cracks may permit their detection from static transmission error measurements.

Dynamic transmission error is calculated using the lumped-parameter model and

shown to compare well with dynamic response calculations from the FE/CM gear pair

model. Larger damage on the gear pair generally causes higher vibrations to result.

Quasi-static responses are observed at speeds less than one-third of the natural frequency,

while above that, the damage-induced dynamic response shows impulse-like behavior. The

damage-induced dynamic response of high-speed spur gear pairs with localized defects

shows that the response is oscillatory with decaying amplitudes, a linear oscillator, and based

on these, a phenomenon-based model is proposed for approximating the damage-induced

dynamic response which is determined solely by an amplitude (dependent on damage

severity), damping ratio, and natural frequency (properties of gear pair). The simplicity

of the phenomenon-based model permits analytical closed-form expressions of several

condition indicators used in damage detection and the ability to predict condition indicators

for varying gear pair properties.

Geared transmission vibrations are determined using the FE/CM model to detect

damage. When damage (i.e., tooth root cracks or tooth surface pits) occurs on the individual

gears of the planetary stage, additional transient vibrations occur that meaningfully alter

the resulting vibrations and their spectrum. The ability to calculate condition indicators

(CI) for detecting damage is explored and it appears to be sensitive to the input vibration

signal used in the CI calculation. Tooth root cracks with lengths less than 50 percent

through the tooth thickness generally do not lead to substantial increases in the individual

CIs. Calculating the damage-induced dynamic response or the exact difference signal

effectively detects even smaller crack length damages in the space-fixed or rotating gears
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of the planetary stage, utilizing the calculation of CIs. These will enable reliable damage

detection techniques for geared transmissions, improving safety, reliability, vehicle readiness,

and vehicle performance.
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CHAPTER ONE

INTRODUCTION

1.1 Background and Motivation

Geared transmission is a mechanical system that utilizes the meshing of gear teeth

to transmit power from a source to other components while adjusting speed, torque, and

direction of rotation as needed. The primary function of a geared transmission is to match

the specific requirements of the driven components, ensuring optimal performance and

efficiency. Some of the primary applications of geared transmissions include automobiles,

aerospace (rotorcraft and fixed-wing aircraft), industrial machinery, wind turbines, and many

others. In rotorcraft, geared transmissions convert the high-speed rotational energy of the

engine into the lower rotational speeds required to drive the main and tail rotors. These

transmissions are designed to handle significant torque loads. The main rotor transmission

reduces engine speed to the lower speed necessary for rotor operation, while the tail rotor

transmission is responsible for adjusting the power sent to the tail rotor, which controls the

aircraft’s yaw. The design of rotorcraft transmissions typically incorporates various types of

gears, such as planetary, bevel, and helical gears, to achieve the required reduction ratios and

power distribution. These systems must operate reliably under extreme conditions, such as

high power demands during takeoff and low-speed operation during hover while maintaining

smooth and responsive control. The key components of the geared transmissions are gears,

bearings, shafts, housing, and lubrication. Gears are the central components that transmit

power and torque between shafts. Different types of gears are Spur gears, helical gears, bevel

gears, and planetary gears. Figure 1.1 shows the OH-58 (Bell 206) rotorcraft transmission

and the rotating spur gears (sun and planet gears) used in the planetary stage of the rotorcraft

transmission.
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(a)

(b) (c)

Figure 1.1: (a) The OH-58 rotorcraft transmission, which contains gears, shafts, bearings,
and housing is shown in the image. A portion of the transmission housing has been removed
to provide a detailed view of the internal components. This image is sourced from Ref. [2].
The rotating spur gears in the planetary stage of the OH-58 rotorcraft transmission: (b) sun
and (c) planet gears. These images are taken from Ref. [3].

Gears are critical components in geared transmissions, as power is transmitted

between components through the interlocking of gear teeth. Gears can exhibit different

types of damage as a result of the stresses they encounter during operation. The two most

common types of damage to the gear tooth are tooth root crack and tooth surface pitting
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damage. Figure 1.2 shows the tooth root crack and tooth surface pitting damage to the gear

tooth. The tooth root crack damage typically occurs due to excessive bending stresses at the

root of the tooth. This crack can initiate from surface imperfections or fatigue, overload,

misalignment, or improper lubrication. The tooth root crack damage leads to tooth breakage

or failure of the gear. Tooth surface pitting damage is a fatigue failure that generally occurs

after many load and unload cycles of the teeth. Pitting is caused by fluctuating tooth forces

generating alternating surface stresses on the teeth. Although pitting occurs in precisely

manufactured and accurate gears after many cycles, it can occur in much fewer cycles when

manufacturing or assembly errors (e.g., misalignment) cause the gear tooth surfaces not to

mate properly. Lubrication failures can contribute to pitting damage when sufficient film

thicknesses do not develop, and metal-to-metal contact occurs between mating gear teeth.

Tooth root cracks and surface pitting are significant contributors to gear failure, requiring

careful monitoring and maintenance to ensure the reliable performance of geared systems.

(a) (b)

Figure 1.2: (a) Tooth root crack damage on the ring (space-fixed) gear tooth and (b)
tooth surface pitting damage on the rotating planet gear tooth in the planetary stage of the
transmission. These images are taken from Ref. [4]. The root crack and surface pitting
damages were produced as part of seeded fault experiments in Ref. [4].
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Tooth root cracks and surface pitting damage on the gear teeth of rotorcraft transmiss-//ions

can lead to catastrophic failures affecting flight safety. These failures, which compromise

the integrity of the gear teeth responsible for transmitting power to the rotors, can result in

mechanical breakdowns that cause loss of control, power loss, and potentially total failure

of the transmission system. For rotorcrafts, gearbox failures are particularly dangerous, as

they can lead to an immediate loss of rotor speed or torque, disrupting flight stability and

control. Figure 1.3 shows the history of accidents and accidents with fatalities involved

according to the U.S Helicopter Safety Team (USHST) from the year 2000 to 2024. A

notable example of gearbox failure due to tooth root crack damage occurred in 2011 when a

gear tooth breakage in a rotorcraft gearbox resulted in a catastrophic failure that led to the

deaths of 16 individuals. This tragic incident highlights the extreme consequences of gear

tooth failures, underscoring the importance of rigorous maintenance, monitoring, and the

use of technologies to detect and mitigate such issues before they result in a total failure

of the rotorcraft transmission system. The ability to maintain the integrity of the gearbox,

through early detection of cracks or pitting, is therefore critical not only for the efficient

operation of rotorcraft but for ensuring the safety of both the aircraft and its occupants.

Health and Usage Monitoring Systems (HUMS) are used in rotorcraft vehicles to

monitor the performance of the rotorcraft transmissions and other critical components [5, 6].

Operations of HUMS include data acquisition, data manipulation, condition monitoring,

and health assessment. Data acquisition is used to acquire the sensor signals placed across

the rotorcraft. Figure 1.4 shows the OH-58 or Bell 206 rotorcraft, which is equipped

with gearbox condition monitoring sensors as part of the HUMS installed throughout the

aircraft. Vibration measurements are one input used by these systems to detect damage.

The data manipulation and condition monitoring of HUMS modifies the raw signals like

averaging techniques and calculates the condition indicator values to assess the health of
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Figure 1.3: History of US rotorcraft accidents 2000 to 2024, based on the reports available in
USHST database. The solid (blue) line with square markers represents rotorcraft accidents,
while the solid (red) line with circle markers represents accidents involving fatalities. The
asterisk (*) next to the year 2024 indicates that data is based on reports available up to the
present.

transmission. Further analyzing the characteristics of the vibration signatures generated

by damage and quantifying their impact on detection could improve the performance of

HUMS and improve rotorcraft vehicle readiness, reliability, and safety. The detection of

damage from the measured vibrations of transmissions has been a long-standing challenge

for condition monitoring systems. Periodic maintenance based on the HUMS enables

failures to be identified in advance to make flight operations safe and reliable. This research

advances the development of HUMS for early damage detection.

Statistical condition indicators are the measure of the statistical features of the

vibration signals acquired from different sensors. The condition indicators are calculated

using raw accelerations, time-synchronous averaging (TSA) accelerations, difference signal

accelerations, and residual signal accelerations. Raw accelerations are directly acquired

from the sensors without any data manipulation. TSA accelerations are the raw accelerations

with the time-synchronous averaging technique applied, which helps to filter out unwanted
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Figure 1.4: OH-58 or Bell 206 rotorcraft with gear condition monitoring sensors (red circle
markers) placed across rotorcraft. This drawing is sourced from Ref. [7].

noise and asynchronous vibrations from the signal. Difference signal accelerations are

obtained by modifying the spectral content of the TSA-averaged accelerations; specifically,

the mesh frequency component and first-order sideband amplitudes at all harmonics are

removed, and the inverse Fourier transform of the resulting spectrum gives the difference

signal accelerations. For residual signal accelerations, only the mesh frequency amplitudes

at all harmonics are removed. These accelerations are computed from the vibrations of

a single transmission. The condition indicators evaluated in this work include root mean

square (RMS), crest factor, energy operator, and kurtosis, with raw or TSA accelerations as

their input. Additionally, RMS difference, FM4, M8A, and energy ratio are evaluated using

difference signal accelerations as their input. These condition indicators are explained in

detail in Appendix. A.

Transmission error is the main source of noise and vibration in the geared transmiss-

ion. The unsteady forces are raised due to the transmission error, which is the difference

between the actual position of the gear pair and the position it would if everything is ideal.

This error is the linear motion error observed along the line of action, at the tooth mesh

interface which corresponds to the rotational vibration of the gears. There are three types of

transmission errors. No-load transmission error is the error that is calculated at vanishing

torque. This error is zero for gear pairs without modifications and nonzero for gear pairs

with tooth modifications. Static transmission error is the error that is calculated at the
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nominal torque of the gear pair. The speed at which the gear pair rotates while calculating

this error is very low. Dynamic transmission error is the error calculated when the gears

are dynamically rotating at high speeds. The local slope tooth mesh stiffness of the gear pair

is evaluated using static transmission error and forces calculated at torques greater and lower

than nominal torque. The average slope mesh stiffness of the gear pair is evaluated from the

force generated at the mesh to the static transmission error. The tooth mesh stiffnesses and

static transmission error are used in the calculation of gear pair dynamic response.

1.2 Literature Review

The research work in this dissertation is carried out in different steps to detect

damage in the geared transmissions. The different steps are tooth mesh characterization of

spur gear pairs with localized defects, analysis of the dynamic response of the spur gear

pairs with localized defects, and damage detection in geared transmission with defects on

space-fixed/rotating gears. This section presents a review of the literature on spur gear

pairs with localized defects, their dynamic response, and damage detection in transmission

systems, highlighting how the existing research differs from the focus of this study.

Gears vibrate because of static transmission error excitation and fluctuations in

tooth mesh stiffness [8–10]. Near resonance, these vibrations can become so large that

tooth contact loss occurs [11–15]. Tooth contact loss has been confirmed experimentally

in Refs. [16, 17]. Accurate representations of the tooth mesh (e.g., the static transmission

errors and mesh stiffness fluctuations) are important parameters for gear dynamic models.

This has motivated a number of methods for calculating the static transmission errors and

tooth mesh stiffnesses of individual gear pairs. These methods primarily center on analytical

models [18–29], conventional finite element formulations [30–32], experiments [33–40],

and combined finite element/contact mechanics formulations [14, 17, 41]. Damage to the
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gear teeth alter the usual fluctuations in static transmission error and tooth mesh stiffness,

which can lead to increased vibrations and dynamic response. The mesh stiffness of gear

pairs with tooth surface pitting damage was analyzed in Refs. [1, 42–57] used the potential

energy method, approximated the shape of the pitting damage using regular geometrical

shapes, performed experiments to capture the accurate pitting damage shape, evaluated

with multiple pits in the gear pair, evaluated for micro-sized pits distributed on the tooth

surface, and evaluated using shape independent approach. The mesh stiffness of the gear

pairs with tooth root crack damage are analyzed in Refs. [44–46, 53, 58–71] which used

the strain energy formulation, the potential energy method, evaluated for gears with thin

webbed blanks, evaluated for carburized gears, and evaluated for spatial crack lengths. In

this research work, the FE/CM model is validated with the results published in the literature

and it is used to systematically analyze the effects of tooth root crack and tooth surface

pitting damage on the characteristics of spur gear tooth mesh interfaces through various

parametric studies for varying damage severity.

The damage detection in spur gear pair requires accurate calculation of the condition

indicators which depends on accurate evaluation of damaged dynamic response. The

dynamic response of gear systems has been extensively studied to understand how different

types of damage affect the overall vibration characteristics. Several models exist for deriving

the dynamic response of a gear pair with consideration for tooth root crack and tooth

surface pitting damage. The dynamics are derived utilizing a lumped-parameter model with

different numbers of degrees of freedom, experiments, finite elements, and hybrid methods

in Refs. [1, 8–13, 42, 43, 45, 47, 50, 62, 64, 66, 68, 69, 71–85]. Many studies used unity-ratio

gear pair, in this dissertation, we are calculcating the dynamic response for nonunity-ratio

spur gear pair with varying lengths of tooth root crack damage and varying amounts of tooth

surface pitting damage using the lumped-parameter model and the FE/CM model. Several
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analyses of the dynamic responses of the gear pair with localized defects are performed and

the dependence of gear pair dynamic properties and damage severity on condition indicator

values is shown.

The damage in geared transmissions alters the vibrations and identifying or isolating

the vibrations due to damage from the normal meshing vibrations is the main component

in detecting damage. The vibrations are evaluated using the statistical condition indicators

to determine the presence of damage in the transmission. A number of other methods

for detecting damage to geared transmissions have been proposed, which can be found

in the bibliographies of the review articles in Refs. [5, 6, 59, 86–96]. The techniques

used in the detection of the damage on the gearbox are analyzed in the Refs. [4, 97–125,

125, 126, 126–129] used the amplitude, phase demodulation, incorporated and analyzed

time-frequency methods, used path independent modulation like vibration separation, and

develpoed new diagnostic method like Constrianed Adaptive Lifting (CAL) algorithm,

wavelet neural network, synchro-squeezing transform and systematic scheme to explore the

motion periods. The majority of these works assess condition indicators using measured

vibrations from experiments. We analyze the vibrations of transmission using a finite

element/contact mechanics (FE/CM) model that accurately captures the gear tooth mesh

excitations accounting for the kinematic motion of the planets, changing contact conditions

at the gear teeth, tooth bending and rim deformation, vibration, and damage and determine

the condition indicators that positively identify the presence of damage by isolating its

content from the normal meshing vibrations.

1.3 Scope

This work investigates the effects of damage on the gear mesh characteristics and

dynamic response of spur gear pairs and rotorcraft transmissions using a finite element/contact
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mechanics (FE/CM) approach. Initially, the study examines tooth surface pitting damage in

a unity-ratio spur gear pair, considering three locations for the pitting: at the pitch, in the

approach, and in the recess. Parametric studies assess static transmission error, tooth contact

forces, and tooth pair stiffness for various pit sizes and locations, comparing these results

with healthy gears to quantify the impact of pitting. The FE/CM method is then applied

to analyze both unity-ratio and nonunity-ratio gear pairs, with tooth surface pitting and

tooth root crack damage. Static transmission errors and tooth mesh stiffnesses are compared

with studies in the literature to validate the methodology. The analysis explores the effects

of damage on the magnitude, location, and duration of transmission error and tooth mesh

stiffness, comparing the impacts of surface pitting and root cracks.

The tooth mesh interface parameters are incorporated into a lumped-parameter

gear model to calculate the dynamic response under different damage conditions. The

lumped-parameter model is further used to analyze the dynamic response of a nonunity-ratio

gear pair at various speeds, investigating nonlinear dynamic behavior and the transition

from quasi-static to impulse-like dynamics with damage. A simplified phenomenon-based

model that captures the damage-induced dynamic behavior of gear pairs with localized tooth

root crack and surface pitting damage is derived to investigate the relationship between the

condition indicators, damage severity, and gear dynamic proprieties.

The FE/CM model of a rotorcraft transmission, including input spiral bevel and

output planetary stages with associated mechanical coupling (shafts, bearings, carrier, and

housing), is used to quantify the effects of damage on vibrations generated in the housing.

Vibrations from healthy transmissions and those with a localized tooth root crack in the

space-fixed (ring) gear are compared, and various difference signal calculation methods

are explored to isolate damage-induced vibrations. This study also examines the sensitivity

of the FM4 condition indicator to damage severity, sensor location, and damaged tooth

10



location, providing insights into the performance of condition monitoring techniques. The

FE/CM transmission model is used to study tooth root crack damage in the rotating (sun)

gear of the planetary stage, comparing vibrations and frequency spectra between damaged

and undamaged transmissions. The FM4 condition indicator is calculated for different

damage scenarios, and the best methodologies for detecting damage in rotating gears are

identified based on varying sensor locations and damage lengths. This work contributes

to the development of HUMS condition monitoring systems to detect damage in the early

stage of failure.
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CHAPTER TWO

TOOTH MESH CHARACTERIZATION OF UNITY-RATIO SPUR GEAR PAIRS WITH
SURFACE PITTING DAMAGE

2.1 Introduction

Damaged gear teeth impact the noise, vibration, and durability of transmission

systems. Tooth surface pitting damage is a fatigue failure that generally occurs after many

load and unload cycles of the teeth. Pitting is caused by fluctuating tooth forces generating

alternating surface stresses on the teeth. Although pitting occurs in precisely manufactured

and accurate gears after many cycles, it can occur in much fewer cycles when manufacturing

or assembly errors (e.g., misalignment) cause the gear tooth surfaces not to mate properly.

Lubrication failures can contribute to pitting damage when sufficient film thicknesses do not

develop, and metal-to-metal contact occurs between mating gear teeth.

Tooth surface pitting, as well as other types of damage, cause changes to the contact

pressure distribution on the gear teeth that alters the deformations resulting from meshing.

Tooth pitting damage causes portions of the gear surface to lose contact and not carry load.

Near damage, the contact pressures on the gear teeth increase with sharp changes. The

static transmission error, tooth contact forces, and tooth pair stiffnesses change with pitting

damage on the teeth. The pitting damage results in additional excitation that drives larger

dynamic response compared to cases when undamaged, healthy teeth are in mesh. Because

teeth with surface pits have more dynamics, they often generate more noise, cause damage

to progress on already-damaged teeth, and drive damage to spread to additional teeth or

other components. Therefore, the ability to predict when damage has occurred to gears has

become important for applications.
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Gears vibrate because of static transmission error excitation and fluctuations in

tooth mesh stiffness [8–10]. Near resonance, these vibrations can become so large that

tooth contact loss occurs [11–15]. Tooth contact loss has been confirmed experimentally

in Refs. [16, 17]. The tooth mesh characteristics, which include the loaded and unloaded

transmission errors and tooth mesh stiffnesses, are used as inputs to dynamic models used to

predict dynamic response.

A number of methods have been proposed for the calculation of tooth meshing

stiffnesses. Kasuba and Evans [18] determined the mesh stiffnesses of gear pairs and

used them to calculate the resulting dynamic response. Chang et al. [31] determined

mesh stiffnesses using finite element methods and local contact analyses of elastic bodies.

Cooley et al. [41] compared mesh stiffness calculations using two common formulations.

They found the different calculations give meaningfully different mesh stiffnesses when

the gear teeth have modifications. Less prominent differences occurred for unmodified

gears. Liang et al. [23] proposed three models for accurate mesh stiffness calculations.

Comparisons were made to finite element results. Sun et al. [22] developed a method to

calculate mesh stiffnesses for spur gear pairs with tooth modifications. Raghuwanshi and

Parey experimentally determined gear mesh stiffness using digital image correlation in

Ref. [36] and laser displacement sensors in Ref. [37]. They compared their results to finite

element and analytical methods. Xiong et al. [25] studied the effect of backlash on mesh

stiffness using a potential energy method. Miguel et al. [26] presented an analytical model

for calculating tooth characteristics for spur gears with modifications and non-nominal load

conditions. Dai et al. [27] compared an analytical mesh stiffness model to experiments.

Further studies related to gear mesh stiffness calculations can be found in the review article

by Marafona et al. [130]. These analyses focused on the fluctuating mesh stiffnesses of
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healthy gears without damage. The stiffness fluctuations resulting from gears with pitting

damage on the teeth are a focus of this research work.

The impact of tooth surface pit damage on the gear tooth mesh interface of mating

gears has been studied by a number of investigators. Choy et al. [42] determined the mesh

stiffnesses of gear pairs with surface pitting wear and partial tooth fracture. Chaari et al. [43]

determined the time-varying mesh stiffness of spur gear pairs with rectangular-shaped pitting

damage. Rincon et al. [46] modeled elliptical pitting damage and determined the resulting

mesh stiffnesses using finite element and analytical formulations. Ma and Chen [45]

investigated the effect of surface pits and root crack failures on mesh stiffness. The dynamic

response was determined using numerical simulations. Jiang et al. [47] studied rectangular

tooth spalling on helical gear pairs. Liang et al. [49] studied the pitting damage on external

spur gears with different severity levels and its influence on mesh stiffness. Saxena et al. [48]

compared the mesh stiffnesses of gear teeth with rectangular-, circular-, and V-shaped

pits. Liang et al. [50] investigated pitting damage distributed over multiple teeth. Lei

et al. [51] investigated the mesh stiffness of spur gears with micro-sized pitting damage

distributed across the tooth surface. Luo et al. [52] evaluated the effects of pitting damage

on tooth mesh stiffness including accurate pit depth geometry. Luo et al. [54] discussed a

shape-independent approach to modeling pits in gear pairs. Huangfu et al. [1] studied the

meshing characteristics and dynamics of the pit by accurately capturing the pit geometry

on the gear tooth. Yousfi et al. [55] used double discretization tooth surface to identify

pit depth variation in width and height directions, and used the potential energy method

to determine mesh stiffnesses. We analyze the effects of tooth surface pit damage using a

finite element/contact mechanics model that has been demonstrated to accurately predict

the dynamics of healthy teeth without damage. Because the contact on mating gear teeth

is calculated at each gear configuration accounting for elastic deformations of the gears

14



and damage to the tooth surfaces, we are able to investigate a wide range of damage not

previously considered. This includes cases where the pitting damage covers a majority of

the active tooth surface.

Tooth root cracks are another type of damage that alters the deflections and mesh

stiffnesses of the gear tooth mesh interface [44, 61, 63, 67]. Whereas tooth root cracks affect

gear tooth contact through local compliance changes to the gear tooth and blank, tooth

surface pits directly change how contact is distributed on the gear teeth. The mesh stiffnesses

may differ meaningfully for different damage types.

This research work analyzes the effects of tooth surface pitting damage on the

gear tooth mesh characteristics of a unity ratio spur gear pair from the literature using a

finite element/contact mechanics (FE/CM) approach. Three cases of pitting damage are

considered: (i) pits centered at pitch, (ii) pits centered in the approach, and (iii) pits centered

in the recess. The static transmission error, tooth contact forces, and tooth pair stiffnesses are

determined using parametric studies for a wide range of pit sizes. The results are compared

to those for healthy teeth to quantify the effect of tooth pitting on the gear tooth mesh

interface.

2.2 Tooth Mesh Characterization of Healthy Spur Gear Pair

A combined finite element/contact mechanics (FE/CM) approach is used in this

work. The details of the elastic contact formulation and how it couples to the finite element

approach are given by Vijayakar [131]. Parker et al. [14] described the formulation for

the dynamics of two-dimensional gear pairs. It was extended by Cooley et al. [132] for

three-dimensional gears, as part of an efficient frequency-domain approach for dynamics

calculations. The FE/CM method has been shown to accurately predict the nonlinear

dynamic response of spur gear pairs compared to experiments when the teeth are unmodified
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[14] and have tooth profile modifications [17]. The FE/CM was shown to accurately predict

tooth root stresses in planetary gears [133] and spur gear pairs [134]. The method leverages

the small size of the contact zone (i.e., the location where two mating gear teeth interface)

compared to the overall dimensions of the gear teeth. It is assumed that beyond a certain

distance from contact, the deformations of gear teeth are accurately predicted using the finite

element approach. At locations near the contact zone, relative deflections are accurately

captured using an analytical formula derived using elastic half-space approximations. When

these two solutions are paired, it is possible to obtain accurate full-field approximations

of the total displacements anywhere on the tooth surface, including those in the vicinity

of the contact zone. The FE/CM formulation uses high-precision finite elements along

the involute tooth surfaces, which are captured using specialized finite elements that have

high nodal resolution along the tooth profile and continuous shape functions so that local

curvatures are accurately captured. Not needed are highly refined finite element meshes

interior to the tooth surface. When the contact problem is approached with conventional

finite element approaches, excessively refined finite element meshes interior to the tooth

surface are generally needed for convergence. Computational efficiency is sacrificed. The

FE/CM approach avoids this issue. The FE/CM approach permits the calculation of the

elastic contact pressure distribution and elastic deformations accounting for changing contact

conditions due to gear positioning within the mesh cycle, elastic deformations throughout

the gear, and damage.

The unity-ratio spur gear pair analyzed in this research work is from Ref. [1]. The

finite element model of the gear pair is shown in Figure 2.1. The gears have 25 teeth, 6 mm

module, and 20 degrees pressure angle. Their pitch, root, and outer diameters are 150, 135,

and 162 mm, respectively. The gear facewidths are 16 mm. A 200 N-m torque is applied to

the inner diameter of the output gear. The theoretical contact ratio is 1.61 for this gear pair.
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T

C

Figure 2.1: Finite element/contact mechanics model of the spur gear pair analyzed in this
study. A torque is applied to the output gear inner diameter "T". The input pinion inner
diameter is constrained to have no deformation ("C").

The (loaded) static transmission error is calculated from δ0 = rbiθi + rboθo − ε

, where rbi and rbo are base radii of the input and output gears. θi and θo are the

rotational deflections of the input and output gears calculated from the rigid body rotational

degrees-of-freedom of the FE/CM model. The no-load transmission error ε is generally

calculated by analyzing the gear pair at a sufficiently low nominal load that the elastic

deformations are much smaller than the deformations resulting from tooth surface modificati-

ons. The no-load transmission error ε → 0 in this research work on unmodified gear teeth.

The static transmission error for the unity-ratio spur gear pair with all teeth healthy is shown

in Figure 2.2 for three mesh cycles. The static transmission error is larger when only a
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single pair of teeth are in contact. For these instances in the mesh cycle, all load is applied

to a single tooth, which results in it experiencing large bending deformations. The static

transmission error decreases when two pairs of teeth are in contact and the load is shared.

These are well-known and expected results.

Figure 2.2: FE/CM calculation of static transmission error for the healthy spur gear pair at
200 N-m torque.

Figure 2.3(a) shows the tooth contact forces for the gear pair over three mesh cycles.

A complete load and un-load cycle is shown for tooth i (solid line). The tooth that comes

into contact immediately before is shown by a dashed line. The dash-dotted line shows the

loads on the next tooth that comes into contact. The loads on other teeth are not shown for

brevity. The load on tooth i (solid line) vanishes until it enters mesh near 0.88 mesh cycle.

After 0.88 mesh cycle, the gear pair has two different pairs of teeth in contact simultaneously

with the load on tooth i increasing and the load on tooth i−1 decreasing with increasing

mesh cycle. At mesh cycle 1.62, tooth i−1 leaves mesh and only tooth i carries the load.

Tooth i carries the maximum load in this region. At 1.88 mesh cycle, tooth i+1 comes into
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contact causing the load on tooth i to decrease. This is the expected loading and unloading

cycle for healthy spur gear pairs. Tooth pitting damage will be shown to alter this behavior.

The stiffness of tooth i with its mating tooth on the output gear is calculated from

ki =Fi/δ0, where Fi =
∫

Si
pidSi is the total load on tooth i at a given instant in the mesh cycle,

pi is the contact pressure distribution on the tooth surface Si, and δ0 is the corresponding

static transmission error of the gear pair. The tooth pair stiffness calculation uses an average

slope approach where the total tooth load is divided by the total mesh deflection. Because

the gear teeth are un-modified with perfect involutes, the resulting calculations do not differ

substantially from those of the local slope method, where the tooth stiffnesses are determined

by finding the slope of the force-deflection curve for the gear teeth at a given nominal load.

The calculated tooth pair stiffnesses for the unity-ratio gear pair (Figure 2.1) are

shown in Figure 2.3(b). The tooth pair stiffnesses have similar load and un-load behavior as

shown for the tooth contact forces in Figure 2.3(a). The tooth mesh stiffness is determined

by summing the stiffnesses of the individual tooth pairs in contact km = ∑ki. For instances

in the mesh cycle when only a single pair of teeth are in contact the tooth pair stiffnesses

are identical to the tooth mesh stiffnesses. When multiple pairs of teeth are in contact,

the mesh stiffness is larger than when only one pair of teeth are in mesh. The tooth mesh

stiffness obtained from the individual tooth pair stiffnesses is identical to that which would

be obtained by calculating the mesh stiffness directly. We use tooth pair stiffnesses in this

research work because pitting damage results in local changes at the mesh that are generally

confined to a single tooth pair. With these tooth pair stiffnesses, the overall effects caused

by damage can be easily determined.

The static transmission errors (Figure 2.2) and tooth pair stiffnesses (Figure 2.3)

are used as excitations to dynamic models. The dynamic mesh force for a pair of gears in

contact is given by fm (δ , t) = ∑i ki (t)(δ −δ0), where δ is the dynamic mesh deflection
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that depends on the kinematic variables of the dynamic model used and the sum is over

all pairs of teeth in contact. The dynamic response in gears results from two sources:

parametric excitation arising from fluctuating changes to the tooth pair stiffnesses ki (t)

and direct forcing ∑i ki (t)δ0 (t) from static transmission error excitation. For many gear

pairs ∑i ki (t)δ0 (t)≈ k0δ0 (t), where k0 is the average tooth mesh stiffness calculated over

one complete tooth mesh cycle. Because of their importance to dynamic modeling and the

dynamic response predicted from models, we investigate the static transmission error and

tooth pair stiffnesses of spur gears with pitting damage.
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Figure 2.3: FE/CM calculation of (a) tooth contact force and (b) tooth pair stiffness for the
healthy spur gear pair at 200 Nm torque. The dashed, solid, and dotted lines denote three
successive teeth in contact.
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2.3 Tooth Mesh Characterization with Surface Pitting Damage

Tooth surface pitting damage is incorporated into the FE/CM model by introducing

an initial separation into each cell in the contact grid where damage is prescribed. In this

research work, pits with elliptical shapes are considered (Figure 2.4). The pit is defined by

its center location along the facewidth tc and profile sc of the tooth. Their sizes are defined

by a width (along the tooth face) and a height (along the tooth profile). Higher contact grid

resolution is necessary for damaged teeth to accurately capture the sharp changes in contact

pressures. Because certain user-defined cells do not carry the load within a prespecified

damaged region of the tooth surface, the contact pressure distribution on the teeth changes,

causing the deflections of the teeth to differ from healthy. Pitting damage can be applied to

teeth on the input or output gears. Multiple pits can be applied on a single gear tooth. This

research work evaluates pitting damage on only the input gear teeth, and we apply just one

pit on the tooth surface.
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Figure 2.4: Schematic of a spur gear tooth with pit damage having an elliptical shape. The
pit center is located at tc along the facewidth and sc along the profile.
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The effect of pitting damage on the tooth mesh characterization is determined

numerically through parametric studies on the gear pair shown in Figure 2.1. The parametric

study simultaneously varies the size of the pit (i.e., both the width and height) so that the

effects can be seen as the damaged area grows. Three different center locations along the

profile are considered. Small damage that covers relatively little of the facewidth and large

damage that covers nearly the entire tooth flank are analyzed. The following sections show

the results of these parametric studies.

2.3.1 Pits Centered at the Pitch

Figure 2.5(a) shows pits of varying sizes that are centered at the midface of the tooth

(tc = 0) at the pitch point (sc = 28.38). The pit is applied to the input gear of the gear pair,

although, because the gears are identical, the results that follow would be the same if it were

applied to the output gear. The depth is 0.01 mm for all pits considered. The pit widths are

4 mm, 8 mm, 12 mm, and 16 mm, respectively. Their heights are 1.43 mm, 4.75 mm, 8.08

mm, and 14.72 mm, respectively. The percentages of the pit damage area to the total active

area of the tooth surface are 2% (blue), 13% (red), 33% (green), and 79% (orange). The

pits analyzed here have dimensions much larger than those in Refs. [43, 46]. Our focus is

damage on a single tooth.

The static transmission errors corresponding to the pits in Figure 2.5(a) are shown in

Figure 2.5(b). The static transmission error increases in amplitude as the pit damage area

increases and fewer cells on the tooth surface carry the load. The duration of the mesh cycle

where the static transmission error deviates from healthy depends on the height of the pit

(measured along the tooth profile). When the damaged area is just 2% (blue curve), the static

transmission error only deviates from healthy when a single pair of teeth are in contact. For

larger pits like those for 13% and 33% damaged area, the static transmission error deviates
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from healthy for a much wider range of mesh cycle, including locations where two pairs of

teeth are in contact. When the damage covers 79% of the tooth surface area, the range of

mesh cycles where the static transmission error differs is nearly equal to the contact ratio of

the gear pair (1.61). These increases in static transmission error are expected to increase the

gear’s dynamic response. Because the damage is on a single tooth the duration that the STE

in Figure 2.5(b) is affected is less than two mesh cycles. Damage on multiple consecutive

teeth leads to extended regions of the mesh cycle being affected [1].

0 2 4 6 8 10 12 14 16

Facewidth [mm]

-10

0

10

P
ro

fi
le

 [
m

m
]

SAP

LPSTC

Pitch

HPSTC

EAP

(a)

(b)

Figure 2.5: (a) Schematic of the gear tooth surface with pitting damage centered midway
through the gear face at the pitch point. (b) FE/CM calculation of static transmission error
for varying mesh cycle. The black line is for healthy teeth without damage. The blue, red,
green, and orange lines correspond to pits that cover 2%, 13%, 33%, and 79% of the tooth
surface, respectively. In (a) SAP, LPSTC (HPSTC), and EAP denote the start of active
profile, lowest (highest) point of single tooth contact, and end of active profile, respectively.
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Table 2.1 provides percentage differences between damaged and healthy calculations

of static transmission error at three different instants of the mesh cycle. The first instant is

selected at 1.4 mesh cycle when two pairs of teeth are in contact. The second instant occurs

for single pair of teeth in contact at 1.74 mesh cycle. The third instant occurs when two

pairs of teeth are in contact at 2.08 mesh cycle. The percentage difference for the smallest

pit area (i.e., 2%) vanishes whenever two pairs of teeth are in contact because the pit height

is so small that it is only active in the region of single tooth pair contact. The other size

pits affect the static transmission errors at all three instants. All pit damages analyzed have

largest deviations from healthy when only a single pair of teeth are in contact. Interestingly,

the results in Table 2.1 and Figure 2.5(b) show that the effect of the pit damage is slightly

asymmetric about the pitch point.

Table 2.1: Percentage difference of damaged gear pair static transmission error compared
to when the teeth are healthy at different instants in mesh cycle. The pit damage is shown
schematically in Figure 2.5 STC (DTC) denotes single (double) tooth contact.

Pitting Mesh cycle Mesh cycle Mesh cycle
Damage Area 1.4 (DTC) 1.74 (STC) 2.08 (DTC)

2% 0 6.56% 0
13% 3.03% 22.36% 0.11%
33% 13.89% 37.32% 12.27%
79% 33.97% 49.27% 34.49%

Tooth contact forces for the pitting damage shown in Figure 2.5(a) are shown in

Figure 2.6(a). When the damage is just 2% of the total surface area of the tooth, the tooth

loads are nearly identical to those for healthy, undamaged teeth. This is because this small

pit damage only impacts the tooth contact distribution when a single pair of teeth are in

contact. In this case, the contact pressure distribution changes, but the total contact force

remains the same for the gears to maintain equilibrium. Even at larger damaged areas, the

total contact force on the tooth with the region of single tooth contact does not change. For
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all pits, the maximum tooth contact force is 2.8 kN at 1.78 mesh cycle, which occurs when

only a single pair of teeth are in contact. For damage areas 13% and higher meaningful

differences between the contact loads for damaged teeth and healthy teeth occur, but only

when multiple pairs of teeth carry the load. As seen in Figure 2.6(a), the load generally

increases on healthy teeth and decreases on the damaged tooth. The large pit that covers

79% of the tooth surface area has local maxima of 0.7 kN at 1.1 mesh cycle and 0.98 kN at

2.4 mesh cycle.

The tooth pair stiffnesses for the gear pair with pits centered at the pitch are shown

in Figure 2.6(b). Although the gear tooth loads do not change for small damage like 2%

(Figure 2.6(a)), the tooth pair stiffness decreases noticeably due to the pit. The pit with 13%

area decreases further when only a single pair of teeth are in contact. For pit areas of 2%

and 13%, the tooth pair stiffnesses with damage have local minima at the pitch point where

only a single pair of teeth are in contact. The duration of the mesh cycle where differences

are seen also increases with increasing damaged area. Whereas the pit with 2% area had

differences confined to the single contact region, pits of larger areas have differences that

extend into the regions of double tooth contact both below and above the pitch. The decrease

in mesh stiffness of the damaged tooth is substantial. The amount that the mesh stiffness

increases for the other healthy pair of teeth in contact is much less. For the pits with 33%

and 79% area, the stiffnesses are nearly constant in the single tooth contact region. For

the pit that covers 79% of the tooth surface, the tooth pair stiffness has a local maximum

on the healthy pair of teeth in contact. This occurs only for this large amount of damage.

Like the tooth contact forces in Figure 2.6(a), the tooth pair stiffnesses in Figure 2.6(b) are

asymmetrical about the pitch point even though the pit is placed symmetrically along the

profile (see Figure 2.5(a)). Because damage creates additional fluctuations in the tooth pair
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stiffnesses the gear pair is expected to have more vibrations than it would if all gear teeth

were healthy.
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Figure 2.6: FE/CM calculation of (a) tooth contact force and (b) tooth pair stiffnesses of the
spur gear pair with varying sizes of pit damage located at the pitch. The black line is for
healthy teeth without damage. The blue, red, green, and orange lines are for pit damage that
covers 2%, 13%, 33%, and 79% of the tooth surface, respectively. The tooth with damage is
shown by solid lines. The tooth that engages immediately before (after) is shown by dashed
(dash-dotted) lines.

2.3.2 Pits Centered in the Approach

This section analyzes pits that are centered within the approach of the gear pair.

Figure 2.7(a) shows pits of varying sizes that are centered at the midface of the tooth and the

midpoint of the approach length. The depth is fixed at 0.01 mm for all pits. The pit widths

are 4 mm, 8 mm, 12 mm, and 16 mm. Their heights are 0.71 mm, 2.32 mm, 3.93 mm, and
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7.14 mm respectively. The percentages of the pit damage area to the total active area of the

tooth surface are 1% (blue), 6% (red), 16% (green), and 39% (orange). These pits have

smaller areas than those considered at the pitch.

The static transmission errors for the pits in Figure 2.7(a) are shown in Figure 2.7(b).

The effect of pit damage occurs earlier in the mesh cycle because of the location of the

pit. As for the case when the pit center was at the pitch, the static transmission error

increases with increasing amount of damage. Pits with 1% and 6% area only affect the static

transmission error within the region of double tooth contact. The largest static transmission

error occurs near the location of the pit (i.e., 1.38 mesh cycle) when two pairs of teeth are

in contact. Pits with 16% and 39% area have local maxima near the pit location at 1.38

mesh cycle. These pits impact the deformations in both the double and single tooth contact

regions. The largest differences in static transmission error for these large pits occur near

the LPSTC, which is where the number of tooth pairs in contact change from two to one.

The pit with 39% area damaged is so large that the static transmission error deviates from

that of the healthy teeth for the entire region of single tooth contact.

Table 2.2 provides percentage differences between damaged and healthy calculations

of static transmission error at two instants of the mesh cycle. The first instant is selected

when two pairs of teeth are in contact at 1.36 mesh cycle, and the second instant is in the

transition region where the number of teeth in contact changes at 1.62 mesh cycle. The

percentage difference for 1% pit and 6% pit vanishes when single pair of teeth are in contact

because their dimensions are small and only impact the results for a narrow range of mesh

cycles. The other two pits affected the static transmission error at both instants. The highest

amplitude differences are observed to occur at 1.62 mesh cycle when contact occurs near

the LPSTC.
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Figure 2.7: (a) Schematic of the gear tooth surface with pitting damage centered in the
approach at the midface of the gear. (b) FE/CM calculation of static transmission error for
varying mesh cycle. The black line is for healthy teeth without damage. The blue, red, green,
and orange lines correspond to pits that cover 1%, 6%, 16%, and 39% of the tooth surface,
respectively. In (a) SAP, LPSTC (HPSTC), and EAP denote the start of active profile, lowest
(highest) point of single tooth contact, and end of active profile, respectively.

Table 2.2: Percentage difference of damaged gear pair static transmission error compared
to when the teeth are healthy at different instants in mesh cycle. The pit damage is shown
schematically in Figure 2.7 STC (DTC) denotes single (double) tooth contact.

Pitting Damage Mesh cycle 1.36 Mesh cycle 1.62
Area (DTC) (DTC-STC)
1% 2.57% 0
6% 9.30% 0

16% 19.00% 19.76%
39% 39.56% 43.67%

The tooth contact forces are shown in Figure 2.8(a). For increasing pit area, the force

on the damaged tooth decreases and that on the healthy tooth increases, but only within
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the region where two pairs of teeth are in contact. The load on the damaged tooth does not

change when only the damaged tooth is in contact, similar to that found for pits centered at

the pitch. The tooth loads on the next tooth i+1 are not affected by the pit.

The tooth pair stiffnesses for the pits in Figure 2.7(a) are shown in Figure 2.8(b).

Differences in mesh stiffness due to pitting damage are largest within the range of mesh

cycles where two pairs of teeth are in contact. For small pit areas of 1% and 6%, the mesh

stiffnesses only change within the region of double tooth contact. The pits with larger areas

have differences that extend into the region of single tooth contact. The tooth pair stiffnesses

for the healthy teeth immediately after damage are not affected. They are identical to those

for healthy teeth.

2.3.3 Pits Centered in the Recess

The recess region occurs when the input gear has contact between pitch and the end

of the active profile. Figure 2.9(a) shows the pits considered in this section; all pits are

centered at the midface of the tooth and the midpoint of the recess length. The pits have the

same dimensions as those analyzed in the approach.

Figure 2.9(b) shows the static transmission error for the pits in Figure 2.9(a). Pits

with 16% damaged areas and below have increases in static transmission error near 2.2

mesh cycle when two pairs of teeth are in contact. Even though the pit with 16% damage

area begins at the highest point of single tooth contact (Figure 2.9(a)), its effect on static

transmission error is observed to occur in a region where two pairs of teeth are in contact.

The pit with 39% damaged area impacts the static transmission error for a wider range

of mesh cycles including those when only a single pair of teeth are in contact. The static

transmission error is largest for this large pit near the HPSTC. The effect of the pit is seen to

occur for nearly the entire range of mesh cycles when the damaged tooth is in contact.
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Figure 2.8: FE/CM calculation of (a) tooth contact force and (b) tooth pair stiffnesses of the
pit damaged spur gear pair with varying sizes of pit damage located in the approach. The
pit is shown schematically in Figure 2.7 The black line is for healthy teeth without damage.
The blue, red, green, and orange lines are for pit damage that covers 1%, 6%, 16%, and 39%
of the tooth surface, respectively. The tooth with damage is shown by solid lines. The tooth
that engages immediately before (after) is shown by dashed (dash-dotted) lines.

Table 2.3 provides percentage differences between damaged and healthy calculations

of static transmission error at 1.88 (near the HPSTC) and 2.14 (region of double tooth

contact) mesh cycle. The percentage differences vanish for pits with 1%, 6%, and 16%

damaged area at 1.88 mesh cycle because the effects of damage do not extend to this

region (see Figure 2.9(b)). When the damaged area increases to 39%, the percentage

difference increases dramatically. At mesh cycle 2.14, the percentage difference increases

monotonically with increasing damage area.

Figure 2.10(a) shows the tooth contact forces for the pits centered within the recess.

Damage only affects the tooth loads when two pairs of teeth are in contact. Like the prior
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Figure 2.9: (a) Schematic of the gear tooth surface with pitting damage centered in the
recess at the midface of the gear. (b) FE/CM calculation of static transmission error for
varying mesh cycle. The black line is for healthy teeth without damage. The blue, red, green,
and orange lines are for pit damage that covers 1%, 6%, 16%, and 39% of the tooth surface,
respectively. In (a) SAP, LPSTC (HPSTC), and EAP denote the start of active profile, lowest
(highest) point of single tooth contact, and end of active profile, respectively.

Table 2.3: Percentage difference of damaged gear pair static transmission error compared
to when the teeth are healthy at different instants in mesh cycle. The pit damage is shown
schematically in Figure 2.9 STC (DTC) denotes single (double) tooth contact.

Pitting Damage Mesh cycle 1.88 Mesh cycle 2.14
Area (STC-DTC) (DTC)
1% 0 2.37%
6% 0 9.46%

16% 0 19.15%
39% 38.59% 39.72%

cases when the pits were located at the pitch and approach, the damaged tooth carries less

load, and the next healthy tooth carries more load. Interestingly, the tooth loads shown
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in Figure 2.10(a) differ from those shown in Figure 2.8(a) even though the amount and

geometry of damage are identical.

Figure 2.10(b) shows the tooth pair stiffnesses corresponding to the pitting damage

shown in Figure 2.9(a). The pits with damaged areas equal to 1%, 6%, and 16% only affect

the tooth pair stiffness when two pairs of teeth are in contact. The pit with 39% damaged

area meaningfully alters the stiffnesses in both single and double tooth contact regions.

Similar to the tooth loads, the tooth pair stiffnesses for pits in the recess (Figure 2.10(b))

differ from those in the approach (Figure 2.8(b)), even though the damage has the same size.
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Figure 2.10: FE/CM calculation of (a) tooth contact force and (b) tooth pair stiffnesses of
the spur gear pair with varying sizes of pit damage located in the recess. The black line is for
healthy teeth without damage. The blue, red, green, and orange lines are for pit damage that
covers 1%, 6%, 16%, and 39% of the tooth surface, respectively. The tooth with damage is
shown by solid lines. The tooth that engages immediately before (after) is shown by dashed
(dash-dotted) lines.
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2.4 Damage Case Comparison

Figure 2.11 shows the peak-to-peak static transmission error (PPSTE) for varying

percentage of damaged area (i.e., the ratio of the pit area to the total active surface area).

The PPSTE increases monotonically for increasing damage area when the pit is centered

at the pitch (solid (black) line). For pits centered in the approach (dashed (blue) line), the

PPSTE does not change with damage area for percentages less than 9.2%. For these small

pits, the damage causes differences only in the region where two pairs of teeth are in contact

(see the 1% and 6% damage areas in Figure 2.7(b)). The PPSTE, therefore, is unaffected by

the damage. For areas larger than 9.2%, the PPSTE increases with increasing damage. The

PPSTE for the pit centered in the recess (dotted (red) line) is insensitive to damage areas

below 16%. Beyond 16% damage area, the PPSTE increases with increasing damage.

Figure 2.11: Peak-to-peak static transmission error for varying percent of pit damaged area.
The results for pits centered at the pitch, approach, and recess are shown by solid (black),
dashed (blue), and dotted (red) lines, respectively.

2.5 Conclusions

A finite element/contact mechanics (FE/CM) approach is used to characterize the

gear tooth mesh interface for spur gear pairs with pitting damage. Pits with elliptical
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geometry were considered. A wide range of pit sizes analyzed for cases when the damage

originates at the pitch, in the approach, and the recess of the meshing gear teeth.

Tooth surface pits lead to increases in static transmission error. A local maximum

generally occurs near the pit. When the pitting damage is large and originates in the approach

or recess, the maximum static transmission error occurs for single tooth contact near the

location where the number of tooth pairs in contact changes from one to two. Pitting damage

causes the tooth pair stiffnesses to decrease. Larger pits result in larger decreases in stiffness

and wider ranges of mesh cycle where differences occur. The tooth pair stiffnesses for

healthy teeth without damage increase because these teeth carry more load to compensate

for the damage. The amount that tooth stiffness decreases is largest near damage for all pit

sizes and locations where the pit originates.
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CHAPTER THREE

TOOTH MESH CHARACTERIZATION OF SPUR GEAR PAIRS WITH LOCALIZED
DEFECTS: TOOTH ROOT CRACK AND SURFACE PITTING

3.1 Introduction

There are two primary excitation sources in gears: static transmission error excitation

and tooth mesh stiffness fluctuations. Accurate calculations of these quantities are important

for reliable dynamic response predictions from gear analytical models. The importance of

these calculations may be even greater when damage (e.g., tooth root cracks or tooth surface

pitting) occurs on the teeth. This is because damage to gear teeth alters the load distribution

among the teeth in mesh and causes changes to the pressure distribution on the surfaces in

contact. These, in turn, affect the overall deformations of the gears that manifest in localized

changes to the static transmission errors and tooth mesh stiffnesses. This work is primarily

motivated by methods intended to monitor for damage to gears from the transmission errors

produced. However, predicting the transmission errors in geared systems due to damage is

important for design, noise emissions, and understanding root causes of failure.

Rotorcraft are an example application where vibrations are measured from the

transmission for the purpose of monitoring for damage to the gears, as well as other

components, it contains. A review of vibration-based techniques for rotorcraft transmission

diagnostics is given in Ref. [5]. Additional diagnostic techniques used in rotorcraft were

discussed by Dempsey et al. [6]. Detecting damage in geared systems is not limited to

rotorcraft; it is of broad interest in power transmission. Lei et al. [135] summarized condition

monitoring methods for both fixed-axis and planetary gears. Among many techniques used

for planetary gear damage-detection is the vibration separation method [4,120]. This method

strategically isolates the vibrations generated by each individual mesh in the planetary gear.
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In this way, the detection of damage from a planetary gear, which contains several meshes,

can be evaluated using techniques intended for a single pair of gears. Even with advances

in sensor technology, expanded ability to acquire and store measured data, and more

sophisticated algorithms, diagnostic methods continue to produce false negatives (where

damage has occurred but was not detected) and false positives (where damage is predicted

but has not occurred).

Gears vibrate as a result of changing contact conditions on the teeth causing dynamic

forces at the mesh [8–14, 41]. Accurate representations of the tooth mesh (e.g., the static

transmission errors and mesh stiffness fluctuations) are important parameters for gear

dynamic models. This has motivated a number of methods for calculating the static

transmission errors and tooth mesh stiffnesses of individual gear pairs. These methods

primarily center on analytical models [18–29], conventional finite element formulations [30–

32, 53], experiments [33–40], and combined finite element/contact mechanics formulations

[14, 17, 41]. Several other models for mesh stiffness calculations can be found in the

bibliography of Ref. [130]. Damage to the gear teeth alter the usual fluctuations in static

transmission error and tooth mesh stiffness, which can lead to increased vibrations and

dynamic response.

The impact of tooth surface pit damage, a common failure mode, on the gear tooth

mesh interface of mating gears has been studied by a number of investigators. The mesh

stiffness of gear pairs with surface pitting wear and partial tooth fracture was analyzed by

Choy et al. [42]. The mesh stiffness of gear pairs with pitting damage that is assumed to

have regular geometry was analyzed in Refs. [43, 46–48, 136]. The dynamic response of

gear pairs with surface pits was numerically investigated in Ref. [45]. External spur gears

with different pitting damage severity levels was discussed by Liang et al. [49]. Pitting

damage distributed over multiple teeth was investigated by Liang et al. [50]. Lei et al. [51]
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studied the mesh stiffness of spur gears with micro-sized pitting damage distributed across

the tooth surface. The effect of pitting damage on tooth mesh stiffness including accurate

pit depths was evaluated by Luo et al. [52]. Luo et al. [54] discussed a shape-independent

approach to modeling pits in gear pairs. Accurate geometrical representation of pit geometry

was analyzed by Huangfu et al. [1]. Yousfi et al. [55] used a potential energy method

combined with a discretized tooth surface for contact to determine the tooth mesh stiffness

of gears with pits and spalls. Meng et al. [56] analyzed the impact of pit growth on tooth

mesh stiffnesses. Pits with irregular shapes were analyzed using a matrix equation with the

potential energy method by Meng et al. [57]. Parametric studies of pitting damage on a

unity-ratio gear pair was investigated using a FE/CM model in Ref. [137]. This paper uses a

FE/CM model to systematically analyze the effects of tooth surface pitting damage on the

characteristics of spur gear tooth mesh interfaces.

Tooth root cracks are another common failure mode of gears. Daniewicz et al. [58]

used a strain energy formulation to calculate the mesh stiffnesses of gear pairs with cracks.

The effect of gear rim thickness and the initial crack location on the propagation of cracks

through the gear tooth was studied by Lewicki et al. [59]. The mesh stiffnesses of gear

pairs with root cracks was determined analytically by Chaari et al. [44]. Ma et al. [45]

numerically investigated the effect of failures on mesh stiffness and dynamics. The effect

of tooth root crack length on loaded transmission error and mesh stiffness was studied

by Rincon et al. [46]. The effect of varying torque was investigated. Pandya et al. [60]

calculated percentage reductions in mesh stiffness between two successive crack levels for

varying gear pair parameters like backup ratio, pressure angle, and fillet radius and found

that these percentage reductions are not affected for varying gear parameters. Ma et al. [62]

reviewed the dynamics of gear with tooth root cracks. Various methods for calculating mesh

stiffness for damaged gear pairs were investigated in Liang et al. [64]. Wang et al. [65]
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calculated the time-varying mesh stiffness for gear teeth with root cracks connected to

blanks with complicated geometry. Chen et al. [53] investigated tooth root crack damage

on the gear mesh stiffness of gear pairs with thin-webbed blanks. Yang et al. [66] included

the opening state of the crack under the action of mesh force in the analytical model for the

calculation of mesh stiffness and compared the results with finite element analysis. Cooley

et al. [67] showed the effect of crack initiation, and crack path on mesh stiffness. Wang et

al. [68] studied the effect of tooth root cracks on the dynamics. Kumar et al. [69] determined

the gear mesh stiffness of un-carburized and carburized gears using the potential energy

approach for different crack depths. Chen et al. [138] developed a method for modeling

three-dimensional crack paths and their propagation. Han et al. [70] analyzed the tooth mesh

stiffnesses of spur gears with broken tooth faults, and analyzed their impact on dynamic

response. Yang et al. [71] proposed the time-varying mesh stiffness calculation method

of the gear pair considering different spatial crack shapes which are different shapes of

cracks in the direction of the facewidth of the tooth. Liu et al. [83] investigated the effects

of gearbox flexibility on the vibration generated by tooth root crack damage. This paper

examines the force-deflection behavior of spur gear pairs with tooth root crack damage using

a FE/CM model previously shown to accurately predict elastic contact in healthy gears.

This work uses a FE/CM method to characterize the gear tooth mesh interface

for spur gear pairs with either tooth surface pitting or tooth root crack damage. We

analyze a unity-ratio gear pair from the literature and a nonunity-ratio gear pair from

a rotorcraft application. The calculated static transmission errors and tooth mesh stiffnesses

of the unity-ratio gear pair are compared to results previously published in the literature to

demonstrate the accuracy of the methodology. The impact of damage on the magnitude,

location, and duration of the static transmission error and tooth mesh stiffnesses are analyzed.

The effects caused by tooth surface pits are compared to those caused by tooth root cracks.
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The calculated tooth mesh parameters are used as inputs to a lumped-parameter gear pair

model. The dynamic response generated by damaged gear teeth is calculated numerically

for varying types and severity of damage.

3.2 Tooth mesh characterization

3.2.1 Calyx Finite Element/Contact Mechanics (FE/CM) Formulation

This work uses the finite element/contact mechanics (FE/CM) formulation developed

by Vijayakar and co-workers [131, 139, 140]. In brief, purely finite element approaches

are difficult for gear contact analyses because they require extensively fine finite element

meshes in the vicinity of contact. This includes high nodal density to accurately describe the

involute surfaces of the gear teeth and high element density to capture high strain gradients

interior to the tooth surrounding the location of contact. Furthermore, the location of contact

is not fixed in gear applications; it continuously moves along the tooth profile as the gears

kinematically rotate. The entire tooth surface must then have high element density. This

increases computation time and may prevent the model from being used in dynamic analyses.

To overcome difficulties associated with a purely finite element approach, the FE/CM

method pairs an analytical method for elastic contact with the finite element method for tooth,

blank, and other structural deformations of the gears [131]. Because local deformations due

to contact are not calculated directly by the finite elements, the FE/CM method eliminates

the need for highly refined finite element meshes interior to the tooth surface. The finite

element mesh used for the gears is shown in Figure 3.1(a). High nodal density is only needed

to precisely define the involute surfaces where contact occurs. Specialized finite elements

developed for this purpose are described in [140]. The displacement at any material point

r within the tooth due to a normal load pi j at position ri j on the tooth surface is u(ri j,r).

The inward normal deformation on the tooth surface is u(ri j,r) =−u(ri j,r) ·n, where n
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is the outward normal vector to the tooth surface at the load location. The deformation

u(ri j,r) consists of contributions due to local deformations of the tooth surface and global

deformations due to tooth bending and blank deformations. The magnitude of the local

deformations diminishes as the material point varies from a location on the tooth surface to

one interior on the tooth. The points where the local deformations are negligible compared

to the total overall deformations define a matching interface q. The deformations of the

tooth can be written as u(ri j,r) =
[
u(ri j,r)−u(ri j,q)

]
+ u(ri j,q). Noting that the first

term is the local, relative deformation due to contact, it is approximated using a surface

integral form u(si). The second term u(ri j,q)≈ u( f e) is calculated with sufficient accuracy

from the finite element method. With these the contact problem is formulated as follows. At

each point ri j, the separation di j between mating surfaces is either a positive value (when

the two teeth are not in contact) or vanishes (when the two teeth are in contact). If the

separation di j is positive, the corresponding contact load pi j vanishes. If the separation di j

vanishes the contact load pi j is positive. For gear applications, where the body has small

deformations relative to their prescribed kinematic motion, the separation has contributions

from (i) an initial separation from geometry, (ii) elastic deformations from u(ri j,r), and

(iii) overall motions associated with unconstrained degrees of freedom on the gears. These

conditions along with the dynamic equilibrium equations are solved using a modified

Simplex algorithm [131].

The accuracy of the FE/CM method has been thoroughly tested in the literature

for gears without damage. The FE/CM method has been shown to accurately predict the

frequency response of meshing gear pairs, including strongly nonlinear characteristics due

to contact loss [14, 17, 141]. It has been shown to accurately predict the tooth root strains in

gear pairs [134] and tooth root and ring hoop strains in planetary gears [133]. The FE/CM

method has also been used as a benchmark for lumped-parameter gear models [14,142,143].
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The features of the FE/CM framework are retained with the incorporation of gear damage to

preserve computational efficiency and permit dynamic analyses with high accuracy.

Figure 3.1(a) shows the finite element mesh of the nonunity-ratio gear pair analyzed

in this work. This gear pair comes from the sun-planet pair of the planetary stage in a

rotorcraft transmission. The parameters of the gear pair are given in Table 3.1. Both gears

are steel with 200 GPa elastic modulus, 0.3 Poisson’s ratio, and 7800 kg/m3 density. Nodes

that are located on the inner diameter of the pinion are constrained (denoted as “C” in Figure

3.1(a)). The nodes located on the inner diameter of the gear have applied loads that result in

a specified, net torque (denoted as “T” in Figure 3.1(a)). Higher element density is used for

the pinion teeth because tooth root crack damage is applied there.

Tooth surface pitting is a contact fatigue failure where small amounts of material

from the tooth surface are lost. This failure may also be referred to as spalling. To model

tooth surface pitting, specified cells within the contact grid are constrained to carry no load

(i.e., pi j → 0 for i, j that fall within a specified damage area). This leads to alterations of

the contact pressure distributions on the tooth surface. A representative contact pressure

distribution with tooth surface pitting damage is shown in Figure 3.1(e). Because the

material removed from the surface typically has depths on the order of tens to hundreds of

micro-meters, the overall compliance of the tooth is largely unaffected by the damage. The

local compliance of the tooth surface near the damage is affected by the loss of material,

however. The decrease in deformation due to having retained the material lost to damage is

generally negligible compared to the increase in deformation due to the increases in load at

the damage boundary (see Figure 3.1(e)). Therefore, pitting is modeled solely by modifying

the contact in the FE/CM model without altering the tooth surface geometry to include the

removal of material. The accuracy of these assumptions will be analyzed by comparisons to

models from the literature that account for the removal of material on the tooth surface.
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Tooth root cracks are failures where material in the root fractures due to excessive

or cycled stresses. Tooth root cracks have irregular geometry that follow complex paths

through the tooth root [59, 144]. Tooth root cracks in the FE/CM method are modeled by

altering the connectivity of elements in the root of the tooth’s finite element mesh. This

modeling approach does not account for the exact geometry of the crack path. It does,

however, accurately capture the remaining amount of healthy material within the tooth.

This amount of material that remains and carries load, not the geometry of the damage

that carries no load, is a main contributor of compliance in the gear tooth and blank. A

representative tooth root crack is shown in Figure 3.1(c) on the finite element mesh of a

tooth with exaggerated deformations. The crack extends through the enitre facewidth of

the tooth. Root crack damage leads to considerably more bending deformation of the tooth

(Figure 3.1(c)) as compared to when the tooth is healthy and without a root crack (Figure

3.1(b)). The method for incorporating root crack damage into the FE/CM model will be

shown to accurately predict tooth mesh stiffness of damaged gear pairs compared to a model

that does accurately model the crack path.

Table 3.1: Geometrical parameters for the nonunity-ratio spur gear pair

Gear Pinion
Number of teeth 35 27
Module (mm) 2.87

Outer diameter (mm) 104.98 84.05
Root diameter (mm) 91.54 70.76

Tooth thickness (mm) 4.18 4.52
Facewidth (mm) 31.75 34.925

Center distance (mm) 88.9
Pressure angle (deg) 24.6
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Figure 3.1: (a) Finite element mesh of the nonunity-ratio gear pair analyzed in this work.
(b,c) Finite element calculations of deformations for a healthy gear tooth and a gear tooth
with root crack damage modeled by releasing the connectivity of elements along a specified
path. The undeformed shape of the gear tooth is shown by the grayed regions. Instantaneous
contact pressure distribution on (d) a healthy gear tooth and (e) a gear tooth with tooth
surface pitting damage.

3.2.2 Force-deflection behavior and mesh stiffness calculations

In this section, the nonunity-ratio gear pair with modified surfaces is analyzed, and

its force-deflection (i.e., torque-transmission error) behavior is examined. All pinion and

gear teeth have 13.9 µm of linear tip relief that starts at 30 degrees roll angle and ends

at the tooth tip. All teeth also have 27.8 µm of symmetric lead crown. To fully capture

the overall force-deflection behavior of the gear pair, a number of static simulations are

analyzed over a complete mesh cycle for a specified load. We analyzed a total of 100 applied

loads ranging from 0.424 N ·m (0.1% of the nominal torque) to a maximum torque of 424

N ·m (nominal torque). The force-deflection behavior for the modified nonunity-ratio gear

pair with no damage is shown in Figure 3.2(a). The presence of nonvanishing transmission

error at nearly vanishing applied load from nearly 0 to 0.4 mesh cycle is due to the tooth

surface modifications. For perfectly involute teeth without modifications, the transmission
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error vanishes for vanishing load at all points within the mesh cycle [41]. As seen in Figure

3.2(a), the transmission error increases with increasing applied load, as expected, for all

instances within the mesh cycle. These increases are notably nonlinear with hardening

features, particularly between 0 and 0.4 mesh cycle where the tooth surface modifications

are active. Hardening nonlinearity is expected in gears because increases in mesh force

increase the contact area between the meshing gear teeth. The region of the mesh cycle

where one and two pairs of teeth are in contact changes as the load applied increases. At

424 N ·m, the gear pair has two pairs of teeth in contact (called double tooth contact) from

nearly 0.02 to 0.66 mesh cycle. A single pair of teeth (called single tooth contact) is in

contact for the remaining portion of the mesh cycle. Using these results, the involute contact

ratio of the gear pair is 1.64, which is larger than the theoretical involute contact ratio of

1.45 because the profile modifications are not large enough to completely remove premature

corner tooth contact.

Figure 3.2(b) shows the force-deflection behavior for the modified nonunity-ratio

gear pair with a root crack on a single pinion tooth. The root crack extends through one-half

of the tooth thickness (Figure 3.1(c)). The transmission error for nearly vanishing load

when the tooth has a root crack is nearly identical to that when all teeth are healthy (Figure

3.2(a)), as expected. Increasing the applied load increases the transmission error, with larger

transmission errors occurring due to the increase in tooth bending deformation from the

root crack damage (as seen by comparing Figs. 3.1(b) and (c)). The transmission error of

the gear pair with tooth root crack damage at 424 N ·m is 3.74% larger at 0.4 mesh cycle

(within the double tooth contact region) and 17.89% larger at 0.78 mesh cycle (within the

single tooth contact region) when compared to the gear pair without damage.

Figure 3.2(c) shows the force-deflection behavior for the modified nonunity-ratio

gear pair with tooth surface pitting damage on a single pinion tooth. The tooth surface pit,
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which is shown in Figure 3.1(e), has elliptical geometry with 12.7 mm width and 2.76 mm

height. Pitting damage generates high contact pressure gradients near the damaged location.

This increases transmission error. The transmission error increases even for nearly vanishing

applied load due to the removal of material from the tooth surface from lead modifications

and pitting damage. At 424 N ·m, the transmission error of the gear pair with pitting damage

is maximum at 0.72 mesh cycle (in a region of single tooth contact) with an increase of

43.55% compared to the gear pair without damage.

Figure 3.2(d) compares the force-deflection behavior at 0.72 mesh cycle, which is

within a region of single tooth contact for this gear pair. These results are representative of

other instances in the mesh cycle, although the differences between tooth root crack and

pitting damage are less pronounced from 0 to 0.3 mesh cycle (see Figs. 3.2(b) and (c)).

The dashed (blue) line is for the case that a tooth has a root crack. The case that a tooth

has a surface pit is shown by the dash-dotted (red) line. The solid (black) line corresponds

to the case that all teeth are healthy and none have damage. The additional compliance

due to the tooth root crack is evident from the monotonic increases in transmission error

for increasing mesh force compared to the case of healthy teeth. The transmission error

increases further for the case when the tooth has a surface pit. Notably, the transmission

errors increase even near vanishing applied loads due to the modifications impacting the

location on the tooth surface where contact occurs. For unmodified teeth, these additional

increases in transmission error do not occur and the no-load transmission errors for teeth

with pitting damage are nearly identical to those for healthy teeth (not shown).

The mesh stiffnesses of the gear pair are calculated from the force-deflection curves

either using the average or local slope calculation approaches [41]. The average slope

approach calculates the mesh stiffness by dividing the mesh force by the corresponding
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mesh deflection at that load as

ka =
Fm
δm

, (3.1)

where Fm is the mesh force and δm = rpθp + rgθg − ε is mesh deflection. The base radius

of the pinion and gear are rp and rg, respectively. Their rotational deflections are θp and θg,

respectively. These are direct outputs from the FE/CM model. The no-load transmission

error is ε . It is calculated from the FE/CM model at a sufficiently small nominal torque that

the elastic deflections are negligible compared to the deflections caused by the removal of

material from the tooth surface. Specifically, the no-load transmission error is calculated

from ε = rpθp0 + rgθg0, where the rotational deflections θp0 and θg0 obtained from the

FE/CM model analyzed at small applied torque. In this work 0.1% of the nominal torque

was used to simulate no-load conditions. The average slope calculation of mesh stiffness is

illustrated for the force-deflection curve with pitting damage in Figure 3.2(d). Calculations

of average slope stiffness require two analyses: one at low load to calculate the no-load

transmission error (ε), and the other at the nominal, operating torque to obtain the static

transmission error (rpθp + rgθg).

The mesh stiffnesses of the modified nonunity-ratio gear pair without damage, with

tooth root crack damage, and with tooth surface pitting damage calculated using average

slope approach are shown in Figure 3.2(e). The average slope mesh stiffnesses do not

have the characteristic high stiffness values corresponding to regions where two pairs of

teeth are in contact due to the presence of tooth surface modifications. Instead, the tooth

surface modifications result in constantly changing values from 0.02 to 0.66 mesh cycle

within the region where two pairs of teeth are in contact. When a tooth has a root crack

the mesh stiffnesses decrease, as expected, due to the increased compliance of the tooth.

These decreases are not uniform over the mesh cycle, however. The largest decrease in

mesh stiffness occurs near unity mesh cycle, where the value decreases from 291.53 N/µm
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to 232.97 N/µm. The region where the mesh stiffness is affected by the tooth root crack

damage extends beyond one mesh cycle. The mesh stiffnesses for the case of pitting

damage (dash-dotted (red) line) both increase and decrease from values associated with the

undamaged, healthy teeth. The increase in mesh stiffness occurs from 0.3 to 0.64 and from

0.96 to 1.06 mesh cycle. Decreases in mesh stiffness occur from 0.64 to 0.96 mesh cycle.

For this damage type, the maximum decrease in mesh stiffness occurs near 0.72 mesh cycle

where the stiffness decreases from 291.90 N/µm to 246.53 N/µm. The range of mesh cycle

where the mesh stiffness is affected is smaller for tooth surface pitting damage (i.e., between

0.3 and 1.1 mesh cycle) than for tooth root crack damage (i.e., between 0.3 and 1.7 mesh

cycle).

The local slope mesh stiffness is calculated from the slope of the force-deflection

curve at a nominal mesh deflection according to

kl =
Fm(δm +∆δm)−Fm(δm −∆δm)

2∆δm
, (3.2)

where Fm(δm +∆δm) is the mesh force at a deflection above nominal, and Fm(δm −∆δm) is

the mesh force at a deflection below nominal. ∆δm is the change in the mesh deflection about

the nominal value. Like calculations of mesh stiffness using the average slope approach,

calculations that use the local slope approach also require two simulations: one at a deflection

above the nominal value and the other at a deflection below nominal value.

Figure 3.2(f) shows the mesh stiffnesses calculated using the local slope approach

in Eq. (3.2). For the case of healthy teeth (solid (black) line), the mesh stiffnesses have

lower values when a single pair of teeth are in contact, and they have higher values when

two pairs of teeth are in contact. Sharp changes in stiffness occur near 0 and 0.68 mesh

cycle when the number of teeth in contact changes. These are expected features for spur

gear pairs. The mesh stiffness for the case that a tooth has root crack damage is shown in
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the dashed (blue) line in Figure 3.2(f). The mesh stiffnesses decrease from nearly 0.04 mesh

cycle to 1.68 mesh cycle. Outside of this range the mesh stiffnesses are nearly identical to

those when the gear teeth are healthy. The mesh stiffnesses for the case of tooth surface

pitting damage is shown in the dash-dotted (red) line. The local slope approach, like the

average slope approach, shows both increases and decreases in mesh stiffness due to tooth

surface pitting damage. The increases are less substantial for the average slope approach

(Figure 3.2(e)) than the local slope approach (Figure 3.2(f)), however.

Compared to the stiffness values calculated using the average slope approach in

Figure 3.2(e), the stiffness values obtained using the local slope approach in Figure 3.2(f)

are meaningfully higher for healthy, undamage teeth and for cases when the teeth have root

crack or surface pit damage. This difference is evident from the force-deflection behavior

shown in Figure 3.2(d). The differences between the local and average slope approaches for

un-modified and modified gear pairs are discussed in detail by Cooley et al. [41].

The average slope approach is used to compare the mesh stiffnesses calculated in

this work to those from the literature because they also use the average slope approach.

Mesh stiffnesses calculated using the local slope approach are used in parametric studies on

important gear damage parameters because of their excellent ability to capture damage-induced

dynamics response shown later.

3.2.3 Comparison of healthy gear pair stiffnesses

This section compares mesh stiffnesses calculated using the FE/CM model to those

from Refs. [1, 53] for healthy, undamaged gears. The system analyzed in this section is a

unity-ratio gear pair. Each gear has 25 teeth, 20 degree pressure angle, 16 mm facewidth,

and 6 mm module. Their pitch and outer diameters are 150 mm and 162 mm, respectively.

These diameters, along with the 150 mm center distance, gives the (theoretical) contact ratio
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Figure 3.2: FE/CM calculation of force-deflection behavior over one mesh cycle for modified
nonunity-ratio gear pair (a) without damage, (b) with tooth root crack damage on a pinion
tooth, and (c) with tooth surface pitting damage on a pinion tooth. (d) Mesh force for
varying transmission error at 0.72 mesh cycle when the gear pair has a single pair of teeth
in contact. (e) Average slope calculation of mesh stiffness over one mesh cycle. (f) Local
slope calculation of mesh stiffness over one mesh cycle. In (d)-(f), the solid (black), dashed
(blue), and dash-dotted (red) lines are the results for healthy teeth without damage, tooth
root crack damage, and tooth surface pitting damage, respectively.

as 1.61. The gears are made of steel with 212 GPa elastic modulus and 7800 kg/m3 density.

All gear teeth have involute geometry without tooth surface modifications. A 200 N ·m

torque is applied to the inner diameter of the output gear, and the inner diameter of the input

gear is constrained to have no rotation. Figure 3.3 shows the comparison of the gear pair

mesh stiffnesses calculated from the FE/CM model compared to those from Ref. [1]. These

stiffnesses are calculated using the average slope approach to be consistent with Ref. [1].

Both stiffnesses show the expected fluctuations for low-contact ratio spur gears. Large

stiffnesses occur for more than 80 percent of the mesh cycle in Figure 3.3, even though the

gear pair has a (theoretical) contact ratio of 1.61. The increase in duration of high stiffness

values is due to premature contact of a second pair of teeth because of elastic deformations

49



(i.e., corner tooth contact). The FE/CM calculation of mesh stiffness compares well to the

results in Ref. [1], as expected. The difference between the two calculations is within two

percent. Results demonstrating agreement for cases of tooth root crack and surface pitting

damage will be shown later.

Figure 3.3: FE/CM calculation of tooth mesh stiffness for varying mesh cycle of a unity-ratio
gear pair from Ref. [1] at 200 N ·m torque. The dashed line are mesh stiffness calculations
from Ref. [1].

3.2.4 Tooth surface pitting damage

3.2.4.1 Unity-ratio gear pair The mesh stiffness of the unity-ratio gear pair from Section

3.2.3 with irregular tooth surface pitting damage is analyzed in this section. The pitting

damage is applied to the tooth surface of the input gear. Figure 3.4(a) shows the irregular

geometry of the pitting damage using the solid (black) line, which is a particular damage

case analyzed in Ref. [1]. In addition to having irregular geometry, this damage occurs

asymmetrically about the midface of the tooth surface. The pit is located in the recess

portion of the mesh cycle. The irregular pit geometry is approximated in the FE/CM model

using multiple ellipses with varying geometry. The ellipses are shown in the dashed (red)
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lines of Figure 3.4(a). A total of five ellipses were used. Further refinement with more

ellipses was also analyzed, however, the results changed only modestly from those using the

five ellipses shown.

Figure 3.4(b) shows the comparison of mesh stiffnesses between Ref. [1] and the

FE/CM model. To be consistent with the stiffnesses from Ref. [1], the average slope method

was used. The FE/CM model accurately predicts the initial location in the mesh cycle where

the stiffness is affected, the range of mesh cycle where the pit is active, and the overall

reductions in mesh stiffness due to damage. The percentage difference between the FE/CM

model and Ref. [1] in the region where pitting damage is active (i.e., between 1 and 1.3

mesh cycle) is within two percent. The results from Ref. [1] include the removal of material

from the tooth surface, which is not included in the present FE/CM approach. The impact of

this small amount of material appears to be minor for this particular case. The finite element

model used in Ref. [1] had a dense finite element mesh near the damage. We note that by

not modeling the removal of material due to pitting, fewer finite elements are needed on

and near the tooth surface in the current FE/CM model. This reduces computational effort

without significantly impacting the solution accuracy.

3.2.4.2 Damage parametric studies This section presents parametric studies that vary the

pit length (along the tooth profile direction) at specified locations along the tooth profile.

The system analyzed is the nonunity-ratio gear pair with parameters in Table 3.1. Unless

otherwise indicated these gears are loaded with a 424 N ·m torque on the gear.

Figure 3.5 shows the active tooth surface of the pinion. Indicated on the surface are

the start of the active profile (SAP), lowest point of single tooth contact (LPSTC), pitch,

highest point of single tooth contact (HPSTC), and end of the active profile (EAP). These

were determined using theoretical formulas for perfectly rigid gears. Two pairs of teeth

51



Figure 3.4: (a) Irregular pit geometry from Ref. [1] (solid (black) line) shown on a tooth
surface from the unity-ratio gear pair. The FE/CM model appromximation of the pit
geometry using multiple ellipses is shown in the dashed (red) lines. (b) Calculations of
mesh stiffness for varying mesh cycle. The dashed (red) line is from Ref. [1]. The FE/CM
model calculation is shown by the solid (red) line. The applied torque is 200 N ·m. HPSTC
and EAP are the highest point of single tooth contact and the end of the active profile,
respectively.

are in contact between the SAP and LPSTC and between the HPSTC and EAP. Between

the LPSTC and HPSTC only one pair of teeth are in contact. Pitting damage can occur at

any location on the tooth surface, although it is most likely to occur near the pitch of the

input gear (i.e., the pinion). We investigate the effects of pitting damage on the gear mesh

for cases when there are one and two pairs of teeth in contact. For the case that two pairs

of teeth are in contact, damage in the approach and recess areas are analyzed separately.

All cases are shown schematically in Figure 3.5, where the dashed and solid lines denote

the smallest and largest pit analyzed. The amount of damage is varied by changing the

semi-major and semi-minor distances of the ellipse.

3.2.4.2.1 Damage in the single tooth contact region Pitting damage is applied to the

center of the single tooth contact region (grayed region) at the mid-face of the tooth, as

shown in Figure 3.5. The pit has fixed widths of 9.525 mm and depths of 0.254 mm. The
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Figure 3.5: Tooth surface of the pinion from the nonunity-ratio gear pair with parameters in
Table 3.1. The horizontal lines denote the start of the active profile (SAP), lowest point of
single tooth in contact (LPSTC), pitch, highest point of single tooth in contact (HPSTC),
and end of the active profile (EAP). The solid (dashed) ellipse is the maximum (minimum)
pit size analyzed in each region.

total length of the single tooth contact region between the LPSTC and HPSTC is 4.488 mm.

To fully capture the effects of pitting damage, a number of pit lengths (along the tooth profile

direction) are analyzed. The smallest pit (dashed line in Figure 3.5) has length 0.4488 mm,

which is 10 percent of the total single tooth contact length. The largest pit (solid line in

Figure 3.5) completely covers the region of single tooth contact between the LPSTC and

HPSTC.

The static transmission error and the local slope approach calculation of mesh

stiffness for varying pit lengths in the single tooth contact region are shown in Figure 3.6.

Increasing the pit length increases the maximum static transmission error for lengths up to 70

percent (see the yellow-orange line in Figure 3.6(b)). Pit lengths larger than 70 percent result

in nearly identical maximum static transmission error. For these larger pit lengths, increasing

the damage mostly increases the duration of the mesh cycle where the static transmission

error of the damaged gear pair differs from that of the healthy pair. The minimum mesh

stiffness in Figure 3.6(c) decreases monotonically with increasing pit length for lengths

below 70 percent. Beyond 70 percent pit length, the minimum mesh stiffness is nearly

unchanged for increasing length, although the duration of the mesh cycle where the mesh
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stiffness differs from healthy continues to increase. The percentage difference between the

gear pair without damage and the gear pair with 70 percent pit length (yellow-orange line)

in Figure 3.6(a,b) for static transmission error is 15.92%. This difference is similar for the

mesh stiffness in Figure 3.6(c,d); for the 70 percent pit length the difference between the

damaged and healthy mesh stiffness is 15.35%.

(a)

(c)

(b)

(d)

Figure 3.6: FE/CM calculation of (a,b) static transmission error and (c,d) mesh stiffness for
varying mesh cycle when a tooth has a surface pit with varying length (along the profile
direction). The black lines are for the case that all teeth are healthy and without damage.
The remaining lines are for varying pit lengths from 10 to 100 percent of the length of single
tooth contact (Figure 3.5). (b) and (d) are the regions shown in the dotted, red box in (a) and
(c), respectively. The gear pair has nonunity ratio with parameters in Table 3.1.

3.2.4.2.2 Damage in the regions of double tooth contact There are two regions of

double tooth contact, and the effect of pitting damage is considered separately for each

region in this section. The first case considered is in the approach when contact occurs
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between the SAP and LPSTC (see Figure 3.5). The second case considered, which is also

shown in Figure 3.5, is within the recess when contact occurs between the HPSTC and EAP.

The pitting damage is placed at the center of these regions and at the mid-face of the tooth.

Both regions have 3.702 mm length. The pit length (along the tooth profile direction) is

varied from ten to 100 percent of the total length (i.e., between 0.3702 mm and 3.702 mm)

in increments of ten percent for both cases. The remaining pit parameters are held fixed so

that the facewidth is 9.525 mm and depth is 0.254 mm.

Figure 3.7 shows the static transmission error and the tooth mesh stiffness (local

slope calculation) for varying pit lengths in the double tooth contact region of the approach

(i.e., between the SAP and LPSTC in Figure 3.5). The effect of pitting damage is localized

to approximately 0.1 to 0.6 mesh cycle. Damage causes a local maximum (minimum) in

static transmission error (tooth mesh stiffness) near 0.35 mesh cycle. The local maximum

(minimum) of static transmission error (tooth mesh stiffness) increases (decreases) monotoni-

cally with increasing damage for pit lengths up to 60 percent (the purple line). The duration

of the mesh cycle where the results are impacted also increases monotonically with damage

in this range. For pit lengths greater than 60 percent, however, the static transmission

errors and mesh stiffnesses near 0.35 mesh cycle do not change meaningfully with further

increases in the length. For these pit lengths, only the duration of the mesh cycle increases

with increasing pit length.

Figure 3.8 shows the impact of increasing pit length on the static transmission error

and tooth mesh stiffness (local slope calculation) when the damage is located in the double

tooth contact region of the recess (i.e., between the HPSTC and EAP in Figure 3.5). Because

the pit is within the recess, the range of mesh cycle where the static transmission error and

tooth mesh stiffness are affected is between approximately 1.1 and 1.6 mesh cycle. Many

of the features for pits in the region of double tooth contact in the recess (Figure 3.8) are
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Figure 3.7: FE/CM calculation of (a,b) static transmission error and (c,d) mesh stiffness for
varying mesh cycle when a tooth has a surface pit with varying length (along the profile
direction). The black lines are for the case that all teeth are healthy and without damage.
The remaining lines are for varying pit lengths from 10 to 100 percent of the double tooth
contact region in the approach (between SAP and LPSTC in Figure 3.5). (b) and (d) are the
regions shown in the dotted (red) box in (a) and (c), respectively. The gear pair has nonunity
ratio with parameters in Table 3.1.

similar to those observed in the approach (Figure 3.7). Monotonic changes occur in the local

extremums of static transmission error and tooth mesh stiffness near 1.34 mesh cycle with

increasing pit length for pit lengths below 60%. The extrema are nearly identical for pits

with lengths 60% and larger. Monotonic increases in the duration of mesh cycle affected

occur with increasing pit length for all pit lengths shown. The differences between the

damaged and healthy results at a given mesh cycle are nearly identical for both double tooth

contact regions.
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Figure 3.8: FE/CM calculation of (a,b) static transmission error and (c,d) mesh stiffness for
varying mesh cycle when a tooth has a surface pit with varying length (along the profile
direction). The black lines are for the case that all teeth are healthy and without damage.
The remaining lines are for varying pit lengths from 10 to 100 percent of the double tooth
contact region in the recess (between the HPSTC and EAP in Figure 3.5). (b) and (d) are the
regions shown in the dotted (red) box in (a) and (c), respectively. The gear pair has nonunity
ratio with parameters in Table 3.1.

3.2.4.2.3 Damage at pitch line This section analyzes the impact of pitting damage

centered at the pitch line and at the mid-face of the gear. We consider pits that simultaneously

vary in width (along the face) and length (along the tooth profile). The pit geometries are

shown in Figure 3.9(a). The widths (lengths) of the damage in terms of increasing pit area

are 6.35 mm (1.38 mm), 12.7 mm (2.76 mm), 16.51 mm (3.35 mm), 20.32 mm (3.94 mm),

22.86 mm (4.29 mm), and 25.4 mm (4.63 mm), respectively. The depth of all pits is kept

fixed at 0.254 mm. The static transmission errors and tooth mesh stiffnesses for the pit

geometries in Figure 3.9(a) are shown in Figs. 3.9(b) and (c), respectively. For the smallest
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pit (red line) the static transmission errors and tooth mesh stiffnesses have changes primarily

in the region of single tooth contact. For this pit size the changes are modest. The maximum

static transmission error is 18.2583 µm when healthy and 19.6505 µm when damaged.

Similar differences occur for the mesh stiffness. As the pit area increases, wider regions of

the mesh cycle are affected by damage and the differences between the healthy and damaged

results increase. For larger pit sizes (e.g., those shown in the blue, green, orange, and purple

lines) the pitting damage affects the results in the lower region double tooth contact, the

region of single tooth contact, and the upper region of double tooth contact. At each point in

the mesh cycle where the pit is active, the static transmission error increases (Figure 3.9(b))

and the mesh stiffness decreases. The maximum (minimum) static transmission error (tooth

mesh stiffness) occurs immediately above the LPSTC for all pit sizes shown. This is likely

due to the damage being larger when the contact is near the LPSTC than when it is near the

HPSTC (see Figure 3.9(a)).

Pitting damage that occurs on the driven gear of the nonunity-ratio gear pair is

identical to that shown when the damage is applied to the pinion. This is because pitting

damage alters the contact pressure distribution on both teeth in mesh identically. We have

confirmed this numerically by applying the pitting damage shown in Figure 3.9(a) to the

driven gear of the FE/CM model. The static transmission errors and tooth mesh stiffnesses

obtained were identical to those shown in Figs. 3.9(b) and (c) and are not shown.

3.2.4.2.4 Damage at pitch line on one edge of the tooth A case of practical interest is

when pitting damage occurs at one edge of the tooth but still centered at the pitch [4, 121].

This pitting damage is schematically shown on the pinion tooth surface in Figure 3.10(a).

In increasing area the pits shown in Figure 3.10(a) have widths (along the face) of 3.5 mm,

7.0 mm, 10.5 mm, 14.0 mm, 17.5 mm, 21.0 mm, and 24.5 mm, respectively. Their lengths
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Figure 3.9: (a) Pinion tooth surface showing the pits centered at the pitch line with
simultaneously-varying width (along the face) and length (along the profile). FE/CM
calculation of (a) static transmission error and (b) mesh stiffness for varying mesh cycle
with pitting damage centered at the pitch. The healthy results are shown in black lines. The
remaining lines are for varying pit sizes.The gear pair has nonunity ratio with parameters in
Table 3.1.

(along the profile) are 0.6 mm, 1.2 mm, 1.8 mm, 2.4 mm, 3.0 mm, 3.3 mm, and 3.5 mm,

respectively. All pits have 0.254 mm depth. The static transmission error and tooth mesh

stiffnesses (local slope calculation) for the pitting damage in Figure 3.10(a) are shown in

Figs. 3.10(b) and (c), respectively. Like for pits centered at the gear midface (Figure 3.9),

the results for pits centered at one edge (Figure 3.10) have largest differences between

the damaged and healthy cases near the LPSTC. As seen in Figs. 3.10(b) and (c) for pits

centered at the edge, the damage most significantly impacts the static transmission error

and tooth mesh stiffness in the regions of single tooth contact and double tooth contact in
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the approach. Only small differences occur within the region of double tooth contact in the

recess.
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Figure 3.10: (a) Pinion tooth surface showing pitting damage at one edge of the tooth that
is centered at the pitch line with simultaneously-varying width (along the face) and length
(along the profile). FE/CM calculation of (a) static transmission error and (b) mesh stiffness
for varying mesh cycle for the pits shown in (a). The results for healthy teeth are shown in
black lines. The remaining lines are for varying pit sizes. The nonunity-ratio gear pair has
parameters in Table 3.1.

3.2.5 Tooth root crack damage

3.2.5.1 Unity-ratio gear pair Before analyzing the effect of tooth root crack damage on

the nonunity-ratio gear pair, we first demonstrate the accuracy of the FE/CM approach

by comparing its results to those from Ref. [53]. We compare the mesh stiffness of the

unity-ratio gear pair from Section 3.2.3 for the case that a single tooth on the input gear
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has a root crack of varying length that extends through the entire facewidth. In Ref. [53],

accurate geometrical representations of the tooth root crack are included. In order to preserve

computational efficiency, the current FE/CM model does not precisely model this geometry.

As will be shown, accurate crack geometry is not necessary for accurate static transmission

error and tooth mesh stiffness calculations.

The tooth root cracks analyzed are shown in the inset figure of Figure 3.11. The

actual crack path, which was determined computationally in Ref. [53], is shown by the curve

a-b-c-d. To accurately capture the complex geometry of this path, a dense finite element

mesh interior to the tooth surfaces was used in Ref. [53]. In the FE/CM model used in this

work, high nodal density is used only to represent the involute tooth surfaces with high

precision. Within the tooth, the finite element mesh is purposely less dense to improve

computational efficiency. We retain this specialized finite element mesh for teeth with root

crack damage. To model the crack, additional nodes are added so that the connectivity

between select finite elements along a specified path are broken. This allows portions of

the tooth root to separate during deformation. We only consider cases when the root crack

is on the drive side of the gears so that the crack always opens during deformation. We do

not consider cases when the crack closes during deformation, which would occur when the

damage occurs on the coast side of the gears.

Figure 3.11 shows the tooth mesh stiffness for the unity-ratio gear pair with a tooth

root crack on the input gear. The applied torque is 100 N ·m. The case that all teeth are

healthy and without damage is included for comparison. The results from the FE/CM

method are shown using solid lines; the dashed lines are results from Ref. [53]. The mesh

stiffnesses for healthy teeth without damage calculated using the FE/CM method (solid

(black) line) are noticeably lower than those from Ref. [53] (dashed (black) line) for the

entire range of mesh cycle shown. The reason for the observed difference is not known. It is

61



particularly surprising considering the close agreement shown in Figure 3.3 was calculated

from the same gear pair but at larger applied torque.

As seen in Figure 3.11, tooth root crack damage decreases mesh stiffness, as expected.

The decrease in mesh stiffness increases with increasing crack length. For all crack lengths,

the FE/CM model calculations (solid lines) qualitatively agree with those from Ref. [53]

(dashed lines). In all cases the FE/CM method predictions are lower than those from

Ref. [53]. The percent difference in stiffness for crack a-b (red lines) is nearly 8.3 percent at

0.5 mesh cycle. For crack a-c (green lines) the percent differences increase slightly to nearly

18 percent at 0.8 mesh cycle. These percentage differences with damage are comparable

to that for the case of healthy teeth without damage. The percent differences between

the FE/CM model and Ref. [53] are more substantial for the largest crack a-b-c-d. The

maximum percent difference for this case is approximately 45 percent.

Tooth root crack damage alters the load sharing between teeth, which affects the

width (in the profile direction) of the contact zone on all teeth. The FE/CM calculation of

contact width for the gear pair without damage is 0.22 mm at 1.2 mesh cycle. The contact

width decreases to 0.15 mm on the damaged tooth for crack a-b-c. The contact width further

decreases to 0.09 mm for crack a-b-c-d. As the contact width decreases on the damaged

tooth, the contact width increases on the next adjacent, healthy tooth in contact as the load

shifts from the damaged to healthy tooth. These changes in the contact width may be

partially responsible for the increased differences in mesh stiffness observed between the

FE/CM model and Ref. [53].

3.2.5.2 Nonunity-ratio gear pair In this section, the effect of tooth root crack damage on the

static transmission errors and tooth mesh stiffnesses are investigated for the nonunity-ratio

gear pair with parameters in Table 3.1. Figures 3.12(a,b) show the results for the case that
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Figure 3.11: FE/CM calculation of tooth mesh stiffness for varying mesh cycle for a
unity-ratio gear pair at 100 N ·m torque. The inset figure shows the tooth root crack path
from Ref. [53] and the approximate crack geometry used in the FE/CM model. The solid
lines are from the FE/CM model. The dashed lines are from Ref. [53]. The healthy, crack a-b,
crack a-b-c, and crack a-b-c-d are shown by black, red, green, and purple lines, respectively.

the tooth root crack damage is applied to the input pinion. Three crack lengths are shown,

which correspond to nearly 20% (blue lines), 50% (red lines), and 80% (green lines) through

the tooth thickness (see the inset figure of Figure 3.12(a)). All cracks extend completely

through the tooth’s facewidth. The static transmission error (tooth mesh stiffness) in Figure

3.12(a) (Figure 3.12(b)) increases (decreases) with increasing crack length. The portion of

the mesh cycle where the results deviate from that of healthy teeth begins near 0.05 and

ends near 1.7 mesh cycle, regardless of the length of the crack. When the tooth has root

crack damage, the largest static transmission error (smallest tooth mesh stiffness) occurs

slightly below unity mesh cycle. This point in the mesh cycle is near the HPSTC, where
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the the load on the cracked tooth is located further along the profile and generates a larger

bending moment.

Figures 3.12(c) and (d) show the static transmission error and tooth mesh stiffness

for the case that tooth root crack damage occurs on the driven gear of the nonunity-ratio

pair. The usual increases (decreases) in static transmission error (tooth mesh stiffness) occur.

In this case, however, the largest static transmission errors (smallest tooth mesh stiffnesses)

occur earlier in the mesh cycle because the damage is on the output gear. This corresponds to

locations where the load is further along the profile of the output gear. Indeed, the maximum

static transmission error (minimum tooth mesh stiffness) occurs near the LPSTC at 0.7

mesh cycle, which is different from the case when the crack is on the input pinion (see Figs.

3.12(a) and (b)). The maximum static transmission error (minimum tooth mesh stiffness)

are larger (smaller) when the damage occurs on the output gear of this unity-ratio pair. The

results for the nearly 80% tooth root crack (dash-dotted (green) lines) have noticeably larger

region of double tooth contact due to the added tooth compliance from damage causing a

second pair of teeth to come into mesh.

3.3 Differentiating Damage Type and Evaluating its Severity

It is of practical interest in condition monitoring and damage detection systems to

use measured transmission errors, or tooth mesh stiffnesses calculated from the transmission

errors, to identify the presence, severity, and type of damage on the gear teeth. In this

section, we discuss features of the static transmission errors that may permit damage

detection. Similar findings apply if the mesh stiffnesses are used instead.

The amplitudes of the static transmission error are useful metrics for identifying

the presence of damage. Clear increases in static transmission error occur when the teeth

are damaged compared to when they are healthy, which can be seen in Figure 3.9 for tooth
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(a) (b)

(c) (d)

Figure 3.12: FE/CM calculation of (a,c) static transmission error and (b,d) tooth mesh
stiffness for varying mesh cycle when a tooth has root crack damage. In (a,b) the root crack
is on the input gear. The root crack is on the output gear in (c,d). The inset figures in (a,c)
show the tooth root crack path on the finite element mesh of the tooth. The healthy teeth
without damage results are shown in the solid (black) lines. The dashed (blue), dotted (red),
and dash-dotted (green) lines are for cracks with nearly 20%, 50%, and 80% length through
the thickness, respectively. The nonunity-ratio gear pair has parameters in Table 3.1.

surface pitting and Figure 3.12 for tooth root cracks, for example. The differences in the

static transmission errors between damaged and healthy teeth increase with increasing

severity of tooth surface pitting (Figure 3.9) and tooth root crack (Figure 3.12) damage.

Figure 3.13(a) shows the maximum static transmission error for varying amount of damage.

For pitting damage, the percentage damage is calculated as the ratio of the area of the

elliptical pit to the total active area of the tooth surface. The percentage for tooth root crack

damage is calculated as the ratio of the crack length to the total length of the path in the
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root. As seen in the figure, the maximum static transmission error for the case of pitting

is generally larger than that of tooth root cracks for the same percentage of damage. For

example, the maximum static transmission error for a pit with 20.9288% damage is 28.1620

µm. The maximum static transmission error is just 19.7924 µm for a slightly larger tooth

root crack with 24.2942% damage.

The maximum static transmission errors alone are not effective indicators of the type

of damage, however. As seen in Figure 3.13(a), and by comparing the waveforms in Figure

3.9 for tooth surface pits and Figure 3.12 for tooth root cracks, the overall increases in static

transmission error are comparable for both types of damage. Indeed, the maximum static

transmission error for the largest-sized tooth surface pit in Figure 3.13(a) is 47.2424 µm

(see the purple line in Figure 3.9). For the case of tooth root cracks, the maximum static

transmission error is 48.522 µm (see the dash-dotted (green) line in Figure 3.12(a)). Hence,

a maximum static transmission error measurement of 48 µm would not clearly differentiate

a pit with nearly 45% damage from a root crack with nearly 81% damage.

It may be possible to detect damage type from the duration of the mesh cycle where

the static transmission error from the damaged gear pair deviates from that of the healthy

gear pair. Figure 3.13(b) shows the duration of the mesh cycle where damage affects the

static transmission error for varying amounts of damage. Each marker is determined from

the range of mesh cycle where the static transmission error exceeds the values for the case

of undamaged, healthy teeth by more than 1%. The range of mesh cycle affected by tooth

root crack damage remains near the gear pair involute contact ratio (1.45) for all amounts

of damage shown. This small variation can also be seen from the static transmission error

waveforms in Figs. 3.12(a). Pitting damage generally affects the static transmission error

for smaller portions of the mesh cycle than tooth root crack damage. Smaller-sized pits

increase the static transmission error in a relatively narrow range of mesh cycle. As pitting
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damage increases, the portion of the mesh cycle where the static transmission error is

affected increases. Larger pits affect a smaller region of the mesh cycle than root cracks.

For example, the pit corresponding to the purple curve in Figure 3.9, which corresponds to

nearly 44.49% damage, affects the mesh cycle for a range of nearly 1.2. For comparison the

tooth root crack damage shows differences between damaged and healthy for nearly 1.62

mesh cycle. Only when pitting damage covers the entire profile of the tooth will the static

transmission error deviate for such large regions of the mesh cycle.
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Figure 3.13: FE/CM calculation of (a) maximum static transmission error and (b) region of
the mesh cycle affected for varying amounts of damage. The circle (square) markers are for
tooth surface pitting (tooth root crack) damage.

3.4 Dynamic response

This section demonstrates the use of the calculated static transmission errors and

tooth mesh stiffnesses for damaged gear teeth in a typical lumped-parameter gear pair

model from the literature. Comparisons are made to the FE/CM model to demonstrate the

accuracy of the lumped-parameter model when accurate gear mesh parameters are obtained
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from characterization. We analyze the nonunity-ratio gear pair as an example, which has

geometrical parameters in Table 3.1.

3.4.1 FE/CM formulation

The same FE/CM model of the gear pair used for mesh characterization can be

dynamically analyzed to find the response at operating speed. For dynamic analyses, the

FE/CM method is discretized in time using the Newmark method [14, 145]. Importantly,

the elastic contact at the tooth mesh interface is calculated at every time step accounting for

the elastic deformations of the tooth and blank and the vibration of the gears. Because the

contact is calculated at each time instant, the FE/CM formulation can predict tooth contact

loss at higher amplitude vibrations, if it occurs.

The FE/CM model of the gear pair is analyzed at a specified operating speed. A

sufficient number of time steps are analyzed so that all transient response diminishes before

the steady-state dynamic response is obtained. All analyses used 50 time steps over a

mesh cycle. This permits accurate dynamic response calculations without overly high

computational burden.

3.4.2 Lumped-parameter model

Lumped-parameter dynamic models can provide accurate response calculations with

significantly reduced computation time. A lumped-parameter model of a gear pair is shown

in Figure 3.14. Each gear is modeled as a rigid disk with radius rh, mass mh, and mass

moment of inertia Jh (h = p,g). The gears are supported by a combination of discrete

stiffness (kh) and damping (ch) elements that represent the elastic and dissipative behavior

of the shafts, bearings, and housing. The gears are loaded with applied torques Th. Each

gear has two degrees-of-freedom representing the translation along the line-of-action yh
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and the rotational vibration θh. Neglecting friction between meshing gear teeth and other

off-line-of-action effects, the translation perpendicular to the line-of-action is omitted. We

use the local slope approach for calculation of the mesh force, which has been shown to

accurately predict the dynamic response in gear pairs without damage [41, 143]. Using this

model the mesh force is fm = kl(t) [δ −δ0(t)], where kl(t) is the local slope calculation

of mesh stiffness, δ = yp − yg + rpθp + rgθg is the mesh deflection, and δ0(t) is the static

transmission error. In the lumped-parameter model, the gear mesh interface is represented

as a discrete mesh stiffness kl in series with a prescribed displacement excitation δ0(t).

Dissipative behavior of the gear mesh is captured using the discrete damping element cm.

The parameters used in the lumped-parameter model are given in Table 3.2. The static

transmission errors and tooth mesh stiffnesses are taken from the FE/CM results presented

in Section 2.

Table 3.2: Lumped-parameter gear pair model parameters for the nonunity-ratio gear pair.
The gear geometrical parameters are given in Table 3.1.

Gear Pinion
Base radius, rg,p (mm) 45.63 35.20

Mass, mp,g (kg) 0.8537 0.7294
Torque, Tp,g (N ·m) 424 327

Moment of inertia, Jp,g (kg ·m2) 0.0050 0.0008
Support stiffness, kp,g (N/m) 1×1012 1×1012

Support damping, cg,p (N · s/m) 800 800
Mesh damping, cm (N · s/m) 3660

The equations of motion when the gear teeth remain in contact are

mpÿp +(cp + cm)ẏp − cmẏg + cmẋ+(kp + kl)yp − klyg + klx = klδ 0 − f0, (3.3a)

mgÿg − cmẏp +(cg + cm)ẏg − cmẋ− klyp +(kg + kl)yg − klx = f0 − klδ 0, (3.3b)

meẍ+ cmẏp − cmẏg + cmẋ+ klyp − klyg + klx = klδ 0, (3.3c)
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Figure 3.14: Schematic of the lumped-parameter model of the gear pair.

me =
JpJg

rp2Jg + rg2Jp
, f0 =

rpJgTp + rgJpTg

rp2Jg + rg2Jp
, (3.3d)

where x = rpθp + rgθg is the dynamic transmission error of the gear pair. There are two

excitation sources in Eq. (3.3): parametric excitation from mesh stiffness fluctuations and

direct forcing excitation from the product of static transmission error and local slope mesh

stiffness. When the mesh deflection δ vanishes or becomes negative the gear teeth separate

and the mesh force fm vanishes. The equations that govern the gears when contact between

mating gear teeth is lost are obtained from Eq. (3.3) with kl → 0 and δ0 → 0. The equations

of motion in Eq. (3.3) are converted to first-order form and numerically integrated using

standard subroutines. Because the equations differ when there is contact compared to when
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there is not contact, the instant that contact is lost or regained must be detected and equations

that are solved changed.

3.4.3 Accuracy of the lumped-parameter model

Before analyzing the dynamic response initiated by damage, we first demonstrate

the accuracy of the lumped-parameter model for the case that all teeth are healthy and none

have damage. The gear pair parameters are given in Table 3.2. The static transmission error

and mesh stiffness for healthy gear teeth are given in the solid (black) lines in Figure 3.6.

Like for the FE/CM model, a region of transient response must first be calculated from the

lumped-parameter model before steady-state response can be obtained. Figure 3.15(a) shows

the steady-state dynamic transmission error calculated from the lumped-parameter model

(solid (black) line) compared to that obtained from dynamic analysis of the the FE/CM

model (circle (blue) markers). As seen in the figure, the lumped-parameter model accurately

predicts the dynamic transmission error compared to the FE/CM model over the entire range

of mesh cycle. This includes accurate prediction of the maximum dynamic transmission

error over the mesh cycle and the response due to higher harmonics of excitation.

Figure 3.15(b) compares the dynamic transmission error calculated by the lumped-

parameter and FE/CM models for the case that a pinion tooth has a tooth surface pit. The

pit has elliptical geometry with 12.7 mm width (along the face) and 2.76 mm height (along

the profile). It is shown in the yellow curve in Figure 3.9(a). The lumped-parameter model

accurately predicts the dynamic response compared to the FE/CM model for the entire range

of mesh cycles shown. This includes the substantial increases in dynamic transmission error

that occur due to the tooth surface pitting damage.
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The accuracy of the lumped-parameter model remains for the case that the pinion

has a tooth root crack, as seen in Figure 3.15(c). For this case with a tooth root crack, the

maximum dynamic transmission error is below that observed for the tooth surface pit.

The computational time needed to analyze the lumped-parameter model was

approximately one minute, which includes the calculation of the transient response prior to

predictions of steady-state response. The simulation of the FE/CM model took approximately

three to four hours to complete. The close agreement combined with the significantly reduced

computational cost makes the lumped-parameter model attractive for analyzing the dynamic

response induced by damage.

3.4.4 Damaged gear pair response

This section analyzes the dynamic response of the nonunity-ratio gear pair with

tooth surface pitting and tooth root crack damage using the lumped-parameter model. The

gear pair is analyzed at 2000 rpm input speed at the pinion. This corresponds to 900 Hz

mesh frequency. The static transmission errors and tooth mesh stiffnesses are determined

over a complete rotation of the pinion, which corresponds to 27 mesh cycles. Damage is

applied to a tooth midway along the gear so that the damaged tooth engages in mesh at 14

mesh cycle. This allows the normal vibrations due to meshing of healthy teeth to be clearly

visible before the damaged tooth engages, and allows for a sufficient number of mesh cycles

after the damaged tooth engages so the effects that damage have on the dynamic response

can be fully captured.

Figure 3.16 shows the dynamic response of the nonunity-ratio gear pair with varying

amounts of tooth surface pitting damage on a single pinion tooth. The tooth surface pit

geometries are shown by the yellow, green, and purple lines in Figure 3.9(a). The dynamic

transmission error calculated over a full rotation of the pinion is shown in Figure 3.16(a).
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As seen in the figure, the response is at steady-state prior to the tooth with pitting damage

engaging at 14 mesh cycle. After the damaged tooth engages a region of transient response

occurs, where the dynamic transmission error generally increases from that for healthy

teeth. The transient response due to damage decays with increasing mesh cycle and the

response reaches steady-state again after approximately 20 mesh cycles. Figure 3.16(b)

shows the region of damage-induced dynamic response denoted by the dashed (red) box in

Figure 3.16(a). After the damage tooth engages, the maximum dynamic transmission error

increases monotonically with the increasing pit size, as expected. For small-to-moderate pit

sizes, the dynamic transmission error largely follows that of the healthy case except with

variations in amplitude. For the largest sized pit (dash-dotted (green) line), the dynamic

transmission error has substantial differences with that of healthy gears. The maximum

dynamic transmission error for the large pit is 75.1 µm at 14.88 mesh cycle. For instances

where the dynamic transmission error falls below zero, tooth contact loss occurs. As seen in

the figure, there are several regions of contact loss where the dynamic transmission error

remains below the dotted (purple) line. The minimum dynamic transmission error is -25.2

µm, which occurs at 15.16 mesh cycle.

Figure 3.17 shows the calculated dynamic response from the lumped-parameter

model for cases when a single pinion tooth has root crack damage. The static transmission

errors and tooth mesh stiffnesses used as inputs are shown in Figs. 3.12(a,b). When the

tooth with root crack damage engages, the dynamic transmission error locally increases in

amplitude for several mesh cycles following damaged tooth engagement. The maximum

dynamic transmission error increases with increasing tooth root crack length. For root cracks

that extend 20% (dashed (blue) line) and 50% (dotted (red) line) through the tooth thickness

only modest changes to the dynamic transmission error are observed. The 80% tooth root

crack length generates sufficiently-large enough transient response that tooth contact loss
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occurs between 15.13 to 15.22 mesh cycle. The minimum dynamic transmission error is

-4.99 µm at 15.18 mesh cycle.

3.5 Conclusions

A finite element/contact mechanics (FE/CM) method is used to analyze the impact

of tooth surface pit and tooth root crack damage on the force-deflection behavior of the

tooth mesh interface in spur gear pairs. Tooth surface pitting is modeled by eliminating

select cells within the contact grid that fall within a prescribed area defining the damage

on the tooth surface. Tooth root cracks are modeled by removing the connectivity of select

finite elements within the gear tooth finite element mesh. Modeling damage in this way

preserves the established contact model between gear teeth and provides the computational

efficiency needed for dynamic analyses. The mesh stiffnesses determined from the FE/CM

are compared to results from the literature to demonstrate the effectiveness of the damage

models.

The damage from tooth surface pits and root cracks impact the gear mesh differently.

Tooth surface pits cause changes to the contact pressure distribution on the gear teeth, which

locally alter the static transmission errors and tooth mesh stiffnesses of the gear pair. When

the pitting damage is contained entirely within a region of single or double tooth contact, the

static transmission error increases (tooth mesh stiffness decreases) locally with increasing

pit size up to a certain threshold. Beyond this threshold, further increases in the pit size do

not further change their extremum values. Instead, the duration of mesh cycle where the

static transmission errors and tooth mesh stiffnesses are altered because of damage increases.

For cases where the pit extends into regions of both single and double tooth contact, both

the maximum static transmission error (minimum mesh stiffness) and the region of mesh

cycle where it is effected increase with increasing pit area. The largest increases in static
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transmission error (decreases in tooth mesh stiffness) occur near the lowest point of single

tooth contact. Tooth root cracks increase the overall compliance of the gear. This damage

type leads to increases in static transmission error (decreases in tooth mesh stiffness) for

a range of mesh cycles that is largely independent of the crack length but related to the

involute contact ratio of the gear pair.

The distinct features of the static transmission errors, or alternatively the tooth mesh

stiffnesses, of damaged gear teeth could be used to identify the presence, type, and severity

of damage. Increases in static transmission error or decreases in tooth mesh stiffnesses

indicate damage is present. The type of damage could be determined from the range of

mesh cycle that is affected. Tooth root cracks impact the static transmission errors and tooth

mesh stiffnesses for a range of mesh cycle that is related to the involute contact ratio. The

range of mesh cycle where pitting damage affects the static transmission error and tooth

mesh stiffness is meaningfully smaller than the involute contact ratio. Once the damage type

is determined, the severity could be estimated from the difference in the results compared to

that for healthy gears.

The calculated static transmission errors and tooth mesh stiffnesses were used as

inputs to a lumped-parameter gear pair dynamic model. The lumped-parameter model

accurately predicts dynamic transmission error compared to full dynamic solutions of the

FE/CM model for tooth surface pit and tooth root crack damage with substantially reduced

computational time. The computational efficiency of the lumped-parameter model permits

parametric studies on the damage severity. Increasing the amount of damage increases

the maximum dynamic transmission error of the gear pair. Contact loss nonlinearity was

observed for large amounts of damage.
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(a)

(b)

(c)

Figure 3.15: Steady-state dynamic transmission error of the nonunity-ratio gear pair at 900
Hz mesh frequency when (a) all teeth are healthy and without damage, (b) a single pinion
tooth has a tooth surface pit, and (c) a single pinion tooth has a root crack on a single pinion
tooth. The lumped-parameter results are shown by solid (black) lines. The circle (blue)
markers are calculated from the FE/CM model. In (b) the tooth surface pit is shown by the
yellow line in Figure 3.9(a). In (c) the tooth root crack is shown by the blue line in the inset
figure of Figure 3.12(a).
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(a)

(b)

Figure 3.16: Dynamic transmission error of the nonunity-ratio gear pair with tooth surface
pitting damage on pinion of the gear pair. The tooth surface pitting damage is shown in
Figure 3.9(a) in yellow, green, and purple lines. The healthy gear pair results are shown in
black (solid) and the dynamics of the gear pair with tooth surface pitting damage on the
pinion are shown in other colors.
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(a)

(b)

Figure 3.17: Dynamic transmission error of the nonunity-ratio gear pair with tooth root
crack damage on pinion of the gear pair. The tooth root crack damage is shown in the inset
of Figure 3.12(a). The healthy gear pair results are shown in black (solid) and the dynamics
of the gear pair with tooth root crack damage on the pinion are shown in other colors.
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CHAPTER FOUR

DAMAGE-INDUCED DYNAMIC RESPONSE IN SPUR GEAR PAIRS WITH
LOCALIZED DEFECTS

4.1 Introduction

Localized defects, such as root crack damage and surface pitting damage, can

significantly affect the vibration patterns generated by geared transmissions. Changes in

these vibration patterns often make damage detection difficult, as the vibrations caused by

such defects can be quite small compared to the normal vibrations of healthy gears. As a

result, distinguishing between the vibrations of healthy gears and damaged gears requires

several signal processing techniques and evaluation of condition indicators.

Condition indicators that provide a statistical measure of the geared transmission

vibrations are used to evaluate the vibrations and have shown ability to detect damage in

the gear tooth [5, 6, 59, 86–96]. The ability of these condition indicators to detect damage

from vibration signatures is a significant area of research. This study aims to explore the

performance of various condition indicators and enhance our ability to detect localized

defects through measured vibrations, contributing to more effective maintenance practices

and increased reliability of geared systems.

The accuracy of the calculation of condition indicators depends on the accurate

evaluation of damaged dynamic response. The dynamic response of gear systems has been

extensively studied to understand how different types of damage affect the overall vibration

characteristics. For tooth root cracks several dynamic models have been proposed. Howard

et al. [72] derived the dynamic response of the gear pair with tooth crack including the

friction in the modeling. The dynamical characteristics of the gear pair with crack and

spall damage were compared by evaluating dynamic response with a 26-DOF model in
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Ref. [73]. Chen et al. [74] determined the dynamic response of spur gear pair with tooth

root crack propagating along both tooth width and crack depth utilizing a 6-DOF model

and assessed statistical indicators for varying damage severity. The failure characteristics of

the dynamic response of gear pair with root crack damage and surface pitting damage were

established in Ref. [45] and showed the dynamic response to have good agreement with

experiments. Ma et al. [62] has reviewed the dynamic models of gear systems with tooth

root crack and its bibliography contains dynamic response evaluation models for spur gear

pairs utilizing analytical, finite element or hybrid modeling methods. The dynamic response

of gear with crack using different DOF models were compared in Ref. [75] and calculated

the vibration-based condition indicators to determine the presence of damage. Mohammed

et al. [76] determined the dynamic response using 6-DOF model and proposed a short-time

Fourier Transform method for crack detection and size estimation. Gear pair with symmetric

and asymmetric tooth profiles and with tooth root crack damage dynamic response was

determined in Ref. [79] utilizing 6-DOF model. The dynamic response of the gear pairs with

the crack considering the open state of the crack in meshing was investigated and calculated

the condition indicators for fault diagnosis in Ref. [66]. Wang et al. [68] determined the

dynamic response of gear pair for varying crack lengths utilizing the finite element/contact

mechanics model. The dynamic response of carburized spur gear pair with tooth root crack

was determined utilizing a 8-DOF model in Ref. [69]. Yang et al. [71] determined nonlinear

dynamic response of the spur gear for two different crack types: root crack and crack in the

middle of the tooth surface. Kalay et al. [81] developed a one-dimensional convolutional

neural network to detect the presence of tooth root crack damage using the dynamic response

of the gear pair with symmetric and asymmetric profiles. The dynamic characteristics of the

gear pair with tooth crack that has the flexibility of the gearbox included was determined

in Ref. [83]. Zhou et al. [84] proposed an improved dynamic model to derive the response
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that considers the delay in the meshing due to tooth root crack. The dynamic response of

the gear pair with coupled faults: crack and wear was derived in Ref. [85]. We investigated

the dynamic response of nonunity-ratio spur gear pair with varying lengths of tooth root

crack damage using a finite element/contact mechanics model and calculated the condition

indicators showing the dependence of gear pair dynamic properties and damage severity on

condition indicator values.

Several models exist for deriving the dynamic response of a gear pair with considera-

tion for surface pitting damage. Choy et al. [42] numerically simulated the dynamic response

of gear pair with surface pitting damage by changing different parameters like phase and

amplitude of gear mesh stiffness, and number of damaged teeth. The spectrum of the

dynamic response of the gear pair with spall and broken tooth was analyzed along with the

appearance of sidebands due to gear tooth faults in Ref. [43]. Jiang et al. [47] studied the

dynamic characteristics of gear pairs with pitting damage considering the varying sliding

friction. The dynamic response of the gear pair with tooth surface pitting damage utilizing

8-DOF model for varying damage amounts was analyzed in Ref. [50] and ranked the

statistical condition indicators based on the Pearson correlation coefficient for different

amounts of pitting damage. Yu et al. [77] determined the dynamic response of gear pairs

with small depth spalls and deep depth spalls by considering the nonlinear elliptical contact

pattern. Different dynamic response derivation models of gear pairs with several gear faults

are reviewed in Ref. [64]. Luo et al. [78] proposed a dynamic model considering the changes

due to tooth surface roughness and geometric deviations from spalling and pitting and

validated with experimental results. The pitting damage is accurately captured from the

fatigue experiment and the simulated dynamic response of the gear pair is compared with

experimental results in Ref. [1]. Cheng et al. [80] determined dynamic response of the gear

pair with localized spalling and validated with experiments. The gear pair with localized
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spalling showed chaotic characteristics and rich bifurcation. The dynamic response of spur

gear pair with weight reduction structure and spalling damage was determined in Ref. [82]

and validated the results with the finite element method. We analyzed the dynamic response

of the non-unity-ratio spur gear pair with varying amounts of tooth surface pitting damage.

The damage was considered to be centered at the pitch and midface of the gear tooth, and

condition indicators were calculated.

A focus of most analyses has been the impact of damage on the condition indicators.

The gear pair dynamic properties are not considered in the majority of the analyses. This

work reveals the importance of the gear’s dynamics on typical condition indicators used for

damage detection in rotorcraft.

In this work, a finite element/contact mechanics (FE/CM) approach is used to

calculate the dynamic response of gear pairs with localized tooth root crack and surface pit

damage. The dynamic responses are characterized in terms of damage type, severity, and the

dynamic behavior of the gear pair. A simplified phenomenon-based model is proposed that

captures the essential features of the dynamic behavior caused by damage. Several condition

indicators are calculated, and closed-form expressions are derived for these indicators using

the proposed phenomenon-based model. The dependence of the condition indicators to

damage severity and gear dynamic behavior is examined.

4.2 Gear dynamic model - Finite element/contact Mechanics

We determine the gear dynamic response using a combined finite element/contact

mechanics (FE/CM) approach developed by Vijayakar and co-workers [131, 139, 140]. In

this approach, the finite element method for calculating the overall deformation due to gear

blank and tooth bending deformations is combined with an analytical solution for the local

deformations near the tooth surface due to elastic contact. The geometry of involute gear
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tooth profiles is captured by specialized finite elements that have high resolution along

the profile. These finite elements use shape functions with continuous slopes so that the

local curvatures of the deformed surfaces are accurately captured. The contact pressure

distribution on the individual gear teeth is calculated at each time instant. Because of the

finite element method, the deformations of gear teeth are accurately captured without the

need for making modeling assumptions between gear teeth, root, and blank. Accurate

modeling of small micro-sized modifications of the gear teeth is possible with this FE/CM

approach. The method is computationally efficient, permitting the calculation of dynamic

responses. It has been used to accurately calculate the dynamic response of gear pairs

Refs. [14, 17, 141]. The load distribution and deformations of the gear pair are used in the

equations of motion of the gear pair to calculate the dynamics of the gear pair.

Tooth root crack and tooth surface pitting damage are incorporated into the established

FE/CM model so that accuracy and computational efficiency are maintained. Tooth root

cracks are modeled by releasing the connectivity of the select elements along a specified

crack path. This method accurately represents the remaining healthy portion of the gear

tooth, which is an important parameter affecting the tooth mesh and gear pair dynamic

response. The FE/CM models the surface pitting damage by approximating them as ellipses.

The FE/CM model requires the width of the pit along the facewidth, the height of the pit

along the profile direction, and the center of the ellipse on the tooth surface geometry for

modeling pitting damage. The FE/CM removes the contact between the mating surfaces in

the specified region of the tooth surface. The cells on the edge of the pitting damage have

high gradients in the contact pressure distribution of the gear pair.
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4.3 Gear dynamic response

The gear pair considered in this work is the sun-planet pair from the output planetary

stage of a rotorcraft transmission [112]. It is a nonunity-ratio spur gear pair with geometrical

parameters in Table 4.1. The finite element model of the gear pair is shown in Figure 4.1.

The speed of the pinion is 4000 rpm, which corresponds to 1800 Hz mesh frequency. The

torque applied to the gear is 424 N ·m.

Table 4.1: Geometrical parameters for the nonunity-ratio spur gear pair

Gear Pinion
Number of teeth 35 27
Module (mm) 2.87

Outer diameter (mm) 104.98 84.05
Root diameter (mm) 91.54 70.76

Tooth thickness (mm) 4.18 4.52
Facewidth (mm) 31.75 34.925

Center distance (mm) 88.9
Pressure angle (deg) 24.6

The gear pair in Figure 4.1 is dynamically analyzed to determine its baseline vibration

in the case without damage. The steady-state dynamic response of the gear pair is calculated

for one complete rotation of the pinion, which consists of 27 total mesh cycles, to fully

capture the effects of damage. Prior to reaching steady-state, a region of transient response is

calculated and discarded. To fully capture all important features of the spectra, we calculate

the dynamic response for 50 steps per mesh cycle. The total solution time for one analysis is

approximately three to four hours on a conventional computer. The rotational deformations

of the gear (θg) and pinion (θp) calculated from the FE/CM model are used to determine

the dynamic transmission error x(t) = rbpθp + rbgθg, where the base radii of the gear and

pinion are rbg and rbg, respectively.
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Figure 4.1: Finite element model of the nonunity-ratio gear pair with parameters in Table
4.1.

The natural frequency and damping ratio of the gear pair in Figure 4.1 are determined

using numerical impulse tests [14,16,33,34,41], where the transient response in the gear pair

without damage is initiated by an impulsive torque about the nominal torque of 424 N ·m.

These impulse tests are analyzed for the case that the gears are rotating so slowly that they are

approximately stationary. The effective stiffness from elastic contact varies as the gears roll

and the contact conditions on the gear teeth change. The most dramatic changes in spur gears

occur when the number of tooth pairs in contact changes from one to two (for low-contact

ratio gears). To estimate the overall vibration of the gear pair, we select two configurations for

numerical impulse tests. One configuration is when only one pair of teeth is in contact. The

other is when two pairs of teeth are in contact. Numerical impulse tests at each configuration

gives transient response that is then used to determine the configuration-dependent natural

frequency fni and damping ratio ζni for i = 1,2. We determine the natural frequency

and damping ratio from the vibration spectra with the half-power formula, but they can

also be determined directly from the time history with the formula for the logarithmic
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decrement. The overall natural frequency fn = (ICR−1) fn2 +(2− ICR) fn1 and damping

ratio ζ = (ICR−1)ζ2+(2− ICR)ζ1 are calculated as an average over the mesh cycle using

the involute contact ratio ICR. For the case that one pair of teeth are in contact the natural

frequency fn1 = 2370.73 Hz and damping ratio ζ1 = 0.048. When two pairs of teeth are

in contact, fn2 = 2916.63 Hz and ζ2 = 0.039. Because the gear teeth are unmodified and

corner tooth contact occurs, the range of mesh cycle when the gear pair has two teeth in

contact is meaningfully extended. This results in the actual contact ratio 1.64 being larger

than the theoretical contact ratio 1.45 determined solely from the gear geometry. Averaging

over the mesh cycle using the actual involute contact ratio ICR = 1.64, gives the resulting

gear pair natural frequency fn = 2720.11 Hz and damping ratio ζ = 0.042.

The steady-state response of the gear pair without damage is shown in Figure 4.2(a).

The response is periodic because all gear teeth without damage are identical. Indeed, the

dynamic transmission error is identical for the remaining 24 mesh cycles that correspond to

a pinion rotation (not shown). The spectrum of the dynamic response is shown in Figure

4.2(b). The spectrum only contains amplitudes at the mesh frequency and its harmonics (i.e.,

at 1800 Hz, 3600 Hz, and 5400 Hz). This is the expected behavior when all gear teeth are

undamaged [8–14, 18].

We consider tooth root crack damage that occurs on a single pinion tooth. Three

different crack lengths are considered, which are shown on the tooth’s finite element mesh

in Figure 4.3(d). All root cracks start at the same location in the root; they all extend

through the entire facewidth of the tooth. The steady-state dynamic transmission error for

one complete rotation of the pinon with tooth root crack damage is shown in Figure 4.3(a).

Deviations from the response of the gear pair without damage occur when the damaged

tooth comes into contact at 14.02 mesh cycle. These differences are largest shortly after the

damaged tooth engages but diminish with each subsequent oscillation cycle. The differences
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(a) (b)

Figure 4.2: FE/CM calculation of (a) dynamic response and (b) frequency spectrum for the
nonunity-ratio spur gear pair without damage.

from healthy increase with increasing amount of damage. The spectrum of the response

in Figure 4.3(a) is shown in Figure 4.3(b). The amplitudes at the mesh frequency and its

harmonics have modest changes with damage. For example, the component at the mesh

frequency increases from 6.52 µm when healthy to 6.68 µm when a pinion tooth has a

crack 50% through the thickness of the tooth. This corresponds to an increase of just 2.45%.

When the crack is 80% through the thickness, the amplitude increases to 7.63 µm, which

corresponds to an 17.02% increase from healthy. Modest sensitivity in the normal meshing

components due to damage, like that seen in Figure 4.3(b), makes them unsuitable for

damage detection. The changes in the spectrum from 0 to 1700 Hz caused by tooth crack

damage result from slight variations in the dynamic response of the gear pair before the

engagement of a damaged tooth. More prominent differences in the spectrum occur near

2733.33 Hz, which is near the natural frequency of the gear pair. These components are

noticeably smaller than the regular meshing harmonics. They are much more sensitive to

damage severity, however. There is no contact loss nonlinearity for 50% and 20% root crack

lengths. For the tooth root crack with 80% length (dash-dotted (green) line), the spectrum

has broadband amplitudes from zero to near the gear pair’s natural frequency. The spectrum
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near resonance is unlike that seen for the smaller crack lengths, likely due to the presence of

nonlinear tooth contact loss between 15.32 and 15.62, 16.14 and 16.46, and 18.29 and 18.38

mesh cycle in Figure 4.3(a), where the dynamic transmission error is negative.

(a) (b)

(d)(c)

Figure 4.3: FE/CM calculation of (a) dynamic response and (b) frequency spectrum for the
nonunity-ratio spur gear pair with tooth root crack damage on a single tooth of the pinion.
The plot of dynamic response in (c) is a zoomed-in view of the region highlighted by the
dashed (magenta) box on the left plot in (a). The inset figure in (b) shows a zoomed-in
view of the frequency range from 2000 to 3500 Hz. (d) A finite element mesh of pinion
tooth showing three different tooth root crack lengths. The solid (black) line is the dynamic
response of the gear pair without damage. Dashed (blue), dotted (red), and dash-dotted
(green) lines represent the dynamic response of gear pair with 20%, 50%, and 80% tooth
root crack lengths respectively.

The tooth surface pitting damage on a single tooth of pinion is investigated. All

pits have elliptical geometry that is centered at the middle of the facewidth and at the pitch
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along the profile. The pit geometries are shown on the active area of the tooth surface in

Figure 4.4(d). The pit shown in the dashed (blue) line has a width of 6.35 mm (dimension

along the facewidth) and a height of 1.38 mm (dimension along the tooth profile). The

pit shown in the dotted (red) line has a 12.7 mm width and 2.76 mm height. The largest

pit shown in the dash-dotted (green) line has a 20.32 mm width and 3.94 mm height. The

pitting damage areas are 3.32%, 13.28%, and 30.28% of the total active surface of the pinion

tooth. The dynamic response of the gear pair with tooth surface pitting damage is shown

in Figure 4.4(a). The dynamic response of the gear pair with tooth surface pitting damage

is the same as that for the gear pair without damage prior to the damaged tooth coming

into contact. When the damaged tooth engages at 14.02 mesh cycle, the dynamic response

locally increases, like it did for the case of tooth root cracks in Figure 4.3(a) because the

pitting damage is applied to the same tooth as the root crack damage. The maximum

dynamic transmission error seen in Figure 4.4(a) increases with increasing size of the pit.

The dynamic response in Figure 4.4(a) with tooth surface pitting damage is larger than that

for tooth root crack damage in Figure 4.3(a). The spectrum of the response for tooth surface

pitting damage is shown in Figure 4.4(b). It shows similar behavior as the spectrum of

the tooth root crack damage in Figure 4.3(b). The regular meshing components at mesh

frequency harmonics change modestly with damage, even for large pit areas. Local maxima

occur in the spectrum near 2733.33 Hz. The spectrum for the largest pit (dash-dotted (green)

line) has more broadband frequency content in the spectrum. The time history in Figure

4.4(a) shows two regions of tooth contact loss. Despite the presence of tooth contact loss

within two distinct regions of the mesh cycle being consistent for root crack and surface pit

damages, meaningful differences occur in the resulting vibration spectra.

The additional vibrations caused by tooth root cracks in Figure 4.3 and tooth surface

pits in Figure 4.4 have similarities that will be leveraged for damage detection. Notably,
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both damage types generate transient dynamic response that more closely relates to the gear

pair dynamic properties than the specific type of damage. In Section 4.4, we characterize the

additional vibrations caused by damage in the absence of the normal meshing components

observed when the gears are healthy.

4.4 Damage-induced dynamic response

Motivated by the small changes observed in the normal meshing vibrations in the

presence of damage, most condition indicators seek to first remove the normal meshing

components from the vibration signal prior to its analysis. The vibration due to damage

alone is called the difference signal. The difference signal is commonly constructed solely

from the measured vibration from the gear pair. Because the normal meshing components

are generally insensitive to damage, these components are removed from the signal, then the

corresponding time-domain signal is reconstructed using an inverse Fourier transform. In

practical applications, upper and lower sidebands may also be removed if they are thought

to be associated with manufacturing errors of the individual gears or assembly errors from

the pair. Also associated with practical construction of the difference signal is time-domain

averaging for the removal of noise. Time-domain averaging is not needed for the FE/CM

model because the gears and teeth have perfect geometry without variations that occur

from manufacturing or assembly errors. To isolate the vibrations created by damage from

the normal meshing vibrations of the gear pair we calculate the difference signal exactly

from y(t) = xd(t)− xh(t), where xd(t) is the dynamic transmission error of the gear pair

with damage and xh(t) is the dynamic transmission error of gear pair without damage. The

characteristics of this difference signal, including the similarities in it with damage type and

its relation to the gear pair dynamic properties, will be analyzed subsequently. Then, the
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difference signal will be used as an input to example condition indicators to examine the

ability to detect damage from it.

The damage-induced dynamic response, or exact difference signal, is defined

similarly to the difference signal. The difference signal is the disparity between the measured

vibration signal and the signal containing only meshing components. However, with the

exact difference signal, the vibration signal containing only meshing components is derived

from the gear pair without damage (Figure 4.2(a)), while the measured signal is from the

damaged gear pair (Figure 4.3(a) or 4.4(a)). The expected differences between the difference

signal and the exact difference signal are that the frequency spectrum of the difference

signal has amplitudes equal to 0 at mesh frequencies and its harmonics. However, in the

exact difference signal, these amplitudes are not equal to 0. The damage-induced dynamic

response of the gear pair without damage provides a signal with zero vibrations (not shown).

Figures 4.5(a,b) show the difference signal and spectrum for the case that a tooth

has root crack damage. Each difference signal is calculated by the subtraction of the normal

meshing vibrations in Figure 4.2 from the damaged vibrations in Figure 4.3. The difference

signal nearly vanishes until the damaged tooth comes into contact near 14.02 mesh cycle.

Noticeable increases in the difference signal from zero occur for a few mesh cycles before

damaged tooth engagement. The difference signal has oscillatory response that decays in

amplitude with every oscillation cycle. Immediately after the engagement of the damaged

tooth at 14.02 mesh cycle, the difference signal has meaningful local increases. For all crack

lengths, the maximum in the difference signal occurs near 15 mesh cycle, which is nearly

one mesh cycle after the damaged tooth engages in mesh. The period of the oscillation

for each crack length is nearly 0.66 mesh cycle. After accounting for the 1800 Hz mesh

frequency, this corresponds to a frequency of 1800/0.66= 2727.3 Hz. This is closely related

to the gear pair natural frequency. We have determined that the instant the difference signal
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is maximum corresponds to a configuration of the gears where contact is solely carried by

the damaged tooth and is furtherest up the tooth’s profile. This corresponds to a instant when

the largest bending occurs on the tooth (not shown). The spectrum shows the difference

signal largely contains response at 2733 Hz.

Figures 4.5(c,d) shows the difference signal and spectrum for the case that the tooth

has surface pitting damage. The characteristics of the difference signal and spectrum with

surface pitting damage are similar to the difference signal of the gear pair with tooth root

crack damage. Regardless of the type and extent of damage, the difference signal oscillates

at a frequency close to the natural frequency of the gear pair. In the case of pitting damage,

the maximum is observed at around 14.9 mesh cycle, where the mating teeth are at the pitch

which is the maximum dimension of the pitting damage located.

The presence of damage in the gear pair is determined by evaluating select condition

indicators calculated from the damaged-induced dynamic response from the gear pair. We

consider the condition indicators RMS, FM4, and M8A in this work because of their use in

rotorcraft systems. Each of these indicators provide a statistical measure of the vibration

response. The deviation of condition indicator values from the threshold values indicates

the presence of damage.

The RMS is the root mean square of the vibration response calculated from [146]

RMS =

√√√√ 1
N

N

∑
i=1

yi2 (4.1)

where N is the number of data points, and yi = y(ti) is the difference signal at time ti. The

RMS provides an overall measure of energy in the vibration [88]. The RMS of the exact

difference signals obtained from the FE/CM model with tooth root cracks (Figure 4.5(a))

and tooth surface pits (Figure 4.5(c)) are given in Table 4.2. The RMS values for tooth

root crack damage are comparable to those for tooth surface pits. The RMS increases with
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increasing amount of damage, which is an ideal behavior for a condition indicator. The

presence of damage is determined from the values of the RMS. Typically values that exceed

a certain threshold are classified as damaged. We use noise with a Gaussian distribution of

mean µn and variance σn as the threshold for the current discussion. The RMS of Gaussian

noise is
√

µ2
n +σ2

n . Because of the RMS dependence on the parameters of the noise, the

ability to detect damage depends on the specific features of the noise.

The FM4 indicator is calculated by dividing the fourth moment of the vibration

signal by the square of its variance [97]

FM4 =
N ∑

N
i=1(yi − ȳ)4

[∑N
i=1(yi − ȳ)2]2

(4.2)

where ȳ is the average of the difference signal. FM4, because it uses the fourth moment

of the vibration signal, generally responds to damage isolated to a limited number of teeth.

The values of FM4 obtained from the FE/CM calculations of the difference signal in Figure

4.5 are given in Table 4.2. The FM4 values are substantially larger than those for the RMS,

illustrating a generally higher sensitivity to damage. The increases in FM4 wtih increasing

damage amount are not as large for FM4 as they were for RMS, however. Indeed, the FM4

increases by just 15.43% as the root crack length increases from 20% to 80%. For the tooth

surface pit, an increase of just 5.73% occurs when the pitting area increases from 3.32% to

30.28%. For Gaussian noise the FM4 has a value of three, regardless of the specific mean

and variance of the noise. Because the values shown in Table 4.2 are substantially larger

than this threshold, it is expected that all amounts of damage are detectable.

The M8A indicator is calculated by dividing the eight moment of the vibration

response by the fourth power of the variance [147]

M8A =
N3

∑
N
i=1(yi − ȳ)8

[∑N
i=1(yi − ȳ)2]4

(4.3)
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The M8A calculations of the exact difference signals obtained from FE/CM models in

Figure 4.5 are given in Table 4.2. The large values of M8A compared to those for FM4 and

RMS demonstrate this indicator’s expected increased responsiveness to damage [147]. For

Gaussian noise, the M8A has a value of 105. Because all values in Table 4.2 are substantially

larger than 105, it is expected that all amounts of damage would be identified by the M8A

indicator. The severity of pitting damage would be difficult to detect from the M8A indicator.

The M8A values interestingly decrease with increasing pitting damage area.

A number of additional condition indicators have been proposed for detecting

damage from vibration signals. We concentrate on the RMS, FM4, and M8A because

of their use in rotorcraft diagnostics systems [5]. Additionally, these indicators in many

instances are the foundation of more advanced metrics. For example, the Crest Factor

indicator uses RMS in its calculation [148]. FM4 has its foundation from the kurtosis, which

is also used for NA4* [86, 149, 150]. M8A is calculated from a higher moment of the signal

than FM4. Other moments of the vibration include Sr [151], Sα [152], and M6A [147].

Table 4.2: Calculation of condition indicators using the exact difference signals obtained
from the FE/CM model.

Crack length RMS FM4 M8A
20% 0.45 15.04 8911
50% 1.58 16.11 11702
80% 5.38 17.36 13992

Pitting area RMS FM4 M8A
3.32% 0.31 14.83 8899

13.28% 1.48 15.05 8890
30.28% 4.57 15.68 8097
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4.5 Phenomenon-based model for damage-induced dynamic response

4.5.1 Underdamped oscillator model

The difference signal for the gear pair with tooth root crack or surface pit damage in

Figure 4.5 resembles the free underdamped response of a linear oscillator. The results from

the FE/CM model show that the frequency of vibrations and the rates that they decay are

nearly uniform for varying amounts of damage. Based on these observations, we propose to

approximate the difference signal as

y(t) = Ae−ζ ωn(t−td) sin[ωd(t − td)]u(t − td), (4.4)

where ωn and ζ are the natural frequency and damping ratio of the nonunity-ratio gear

pair. u(t) is the unit step function, which vanishes when the argument is negative and

is equal to unity when the argument is positive or zero. The damped natural frequency

depends on the natural frequency and damping ratio through ωd = ωn
√

1−ζ 2 . The natural

frequency (ωn), damping ratio (ζ ), and damped natural frequency (ωd) are the properties

of the gear pair and do not depend on the damage or its severity. A is an amplitude that

depends on the damage type and severity. td is a delay time; it also depends on the damage.

The inclusion of the delay time ensures the maximum of the proposed model occurs near

the same time instant as that in the FE/CM model. The time at which maximum occurs

is tmax = td + 1
ωd

tan−1 (ωd/ζ ωn). The maximum amplitude of the proposed model is

ymax = y(tmax) = A
√

1−ζ 2 exp

[
− ζ√

1−ζ 2
tan−1

(√
1−ζ 2

ζ

)]
. The decay of the proposed

model follows the logarithmic decrement δ = 2πζ/
√

1−ζ 2 . We label the local maxima

A1, A3, A5, . . .. The minima are labeled A2, A4, A6, . . .. The first maximum A1 = ymax. The

ratio of successive maxima or minima amplitudes is given by Ai+2/Ai = e−δ . The ratio

between successive extrema is Ai+1/Ai = −e(δ/2). Therefore, the minimum amplitude,

95



which occurs at tmax +Td/2, is A2 =−exp(−δ/2). We will refer to the model in Eq. (4.4)

as the phenomenon-based model.

The phenomenon-based model has just four parameters. The natural frequency

ωn and damping ratio ζ , along with the damped natural frequency ωd calculated from

them, are parameters specific to the gear pair being analyzed. These can be determined

from analytical models, computational models, or experiments. For the nonunity-ratio gear

pair analyzed in this work, the natural frequency and damping ratio were determined from

the FE/CM model to be ωn/2π = 2733.33 and ζ = 0.03992. The amplitude A and delay

time td were determined by using a least square fit to the difference signal calculated from

the FE/CM model shown in Figure 4.5(a,c). The amplitude and delay time for the 20%

tooth root crack damage were determined to be A = 2.798 µm and td = 0.000475303 sec.

A comparison of the results from the phenomenon-based model in Eq. (4.4) using these

parameters with those from the FE/CM model are shown in Figs. 4.6(a,b). As seen in

the time history in Figure 4.6(a), the phenomenon-based model accurately captures the

maximum amplitude, the frequency of oscillations, and the overall decay of the vibration.

The corresponding spectrum in Figure 4.6(b) is also accurately captured across a wide

range of frequencies. The maximum amplitude of the phenomenon-based model is 9.15%

larger than that of the FE/CM model. Notable differences occur at low frequencies, where

the phenomenon-based model does not capture the increases in amplitudes below 1,000

Hz. These components may be due to the non-vanishing amplitudes prior to 0.5 mesh

cycle in Figure 4.6(a) when the damaged tooth comes into contact. Figures 4.6(b,c) show

comparisons of the phenomenon-based model with the FE/CM model for the 50% tooth root

crack. The least-square fit determined amplitude A = 10 µm and delay time td = 0.0004985

sec. The overall agreement shown for the 20% tooth root crack length persists for this

meaningfully larger crack length where substantial increases in the difference signal occur.
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Agreement between the phenomenon-based model and the FE/CM model deteriorates for

large amounts of damage like that shown in Figure 4.6(e,f) for 80% tooth root crack length.

For this large tooth root crack, the substantially-large amplitudes are less accurately captured

over the entire range of mesh cycles. The FE/CM model also shows noticeable changes

in the oscillation cycle that are not captured by the phenomenon-based model. These

differences result in meaningfully different predictions of the spectrum in Figure 4.6(f).

These differences are an expected result for the simplified phenomenon-based model in

Eq. (4.4). This model does not capture nonlinear effects that become meaningful for larger

amounts of damage when the difference signal has large amplitudes.

The values for amplitude A and delay time td in Eq. (4.4) for the 20% crack are close

to the values that would be obtained by tuning the delay time td so that the peak amplitude

of the difference signal occurs at the same time instant as that for the FE/CM model, then

tuning A to match the maximum that for the FE/CM model. This method to determine A and

td becomes difficult for larger amounts of damage when increased prominence of nonlinear

effects occur in the resulting vibration. For larger tooth root crack lengths, determining

A and td using a least square curve fit provides the best overall agreement between the

phenomenon-based model and FE/CM model. The use of a least-squares approach to

determine the peak amplitude in the frequency spectrum of the exact difference signal

provided meaningfully worse agreement between the phenomenon-based model and FE/CM

model in the time domain. Because the condition indicators considered are evaluated from

the time-domain signals, we decided to select the amplitude A and delay time td using the

least-square method in the time domain.

The amplitude and delay time of the phenomenon-based model for varying amounts

of tooth root crack lengths are shown in Figs. 4.7(a) and (b), respectively. The amplitude

A increases monotonically with increasing crack length (Figure 4.7(a)). The increases are
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larger for higher crack lengths than for lower crack lengths. The delay time increases

monotonically with increasing crack length for crack lengths less than 70%. A substantial

decrease occurs for 80% crack length. This is due to nonlinear effects when the difference

signal amplitudes become large.

4.5.2 Confirmation of condition indicator accuracy

The accuracy of the phenomenon-based model is demonstrated by comparing the

condition indicators calculated from it compared to those calculated from the FE/CM model.

Figure 4.8 shows calculations of RMS, FM4, and M8A for varying crack length using

the FE/CM model (circle (blue) markers) and the phenomenon-based model (square (red)

markers). The RMS calculated from the phenomenon-based model agrees with that from

the FE/CM model for the entire range of crack lengths shown in Figure 4.8(a). For the

20% tooth root crack length, the RMS calculated from the phenomenon-based model is

0.435736 µm, which is only 2.2% different when compared to the RMS calculated from

the FE/CM model. When the crack length increases to 80%, the percentage difference is

0.0024%, even though noticeable differences occur in the difference signals shown in Figure

4.6(e). Excellent agreement between the FM4 calculated from the phenomenon-based and

FE/CM models occurs for crack lengths of 30% and below. For example, the percentage

difference in the two calculations is just 1.84% for the 20% crack length. For crack lengths

above 30% meaningful differences in the FM4 calculations occur. The deviation in FM4

calculations increases with increasing crack length from 30% to 70% crack length. The

difference decreases from 70% to 80% crack length, although noticeable deviation occurs

between the two models (Figure 4.6(e,f)). The calculations of M8A have similar behavior

as those for the FM4. The phenomenon-based model calculation of M8A is just 2.56%

different from the FE/CM model for 20% crack length. Similar agreement occurs for other
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crack lengths of 30% and below. The deviations between the two models for crack lengths

above 30% are more substantial, however.

The RMS increases monotonically with the increasing amount of damage, a feature

captured in both the phenomenon-based and FE/CM models. Calculations of FM4 and M8A

using the response from the FE/CM model are insensitive to damage for crack lengths up to

30%. Further increases in crack length from 30% result in increases in the indicators. This

is not captured by the phenomenon-based model. The FM4 and M8A calculations from the

phenomenon-based model are largely insensitive to the amount of damage.

4.6 Condition indicator derivations

4.6.1 Closed-form expressions

The simplicity of the phenomenon-based model permits the calculation of closed-form

expressions for the condition indicators. The closed-form expressions can provide considerab-

le insight into the sensitivity of the indicator to damage, but also provide fundamental

understanding of the dependence of gear pair dynamic properties on the condition indicators.

Substitution of the phenomenon-based model in Eq. (4.4) into the time-domain formulas for

the condition indicators in any of Eqs. (4.1), (4.2), or (4.3), which are commonly used to

evaluate the dynamic responses, do not yield sufficiently simple expressions for our purpose.

Therefore, the use of amplitude-domain formulas for the calculation of condition indicators

are explored.

4.6.1.1 Analysis in the amplitude domain An alternate method of calculation is needed to

determine closed-form solutions for condition indicators of interest using the simplified

form of the difference signal in Eq. (4.4). We found this alternate method from elementary

statistics. A key element of this analysis is the probability density function f (y). This

function provides the probability that a given amplitude of the difference signal y will be
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found. Once the probability density function f (y) is known, calculation of the statistical

features of the difference signal in Eq. (4.4) can be readily determined through basic

integration. For example, the mean and variance of the difference signal are determined

from [153]

Mean = µ =
∫

y f (y)dy (4.5)

Variance = σ
2 =

∫
(y−µ)2 f (y)dy (4.6)

The integrations are understood to cover the entire range of amplitudes possible in the

difference signal y(t). The probability density function corresponding to Eq. (4.4), and

shown in Figure 4.6, has been previously determined in the literature. We will present

an approximate form of the probability density function, sufficiently accurate for the

damage-induced dynamic response of gears, in Section 4.6.1.2.

The indicators of focus in this work have corresponding amplitude-domain integral

forms that were determined from their corresponding definitions. The RMS is calculated

from

RMS =

√∫
y2 f (y)dy (4.7)

Because FM4 is the fourth moment divided by the square of the variance, its amplitude-domain

form is

FM4 =

∫
(y−µ)4 f (y)dy

σ4 (4.8)

M8A, which is the eighth moment divided by the fourth power of variance, is given as

M8A =

∫
(y−µ)8 f (y)dy

σ8 (4.9)

We have not found the amplitude-domain expressions given in Eqs. (4.7), (4.8), and (4.9) in

the literature. To build confidence in their accuracy, we evaluated them for the case that the
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input is a Gaussian distribution with mean µ and standard deviation σ . Exact values are

known for this case. The expected values RMS =
√

µ2
n +σ2

n , FM4 = 3, and M8A = 105

were found.

4.6.1.2 Probability density function This section determines a probability density function

corresponding to the phenomenon-based model in Eq. (4.4) suitable for use in the amplitude-

domain integral forms of the condition indicators. The phenomenon-based model described

by Eq. (4.4) is a decaying sinusoid. Its probability density function is not available in the

literature. Therefore, we seek an accurate approximate form. Without loss of generality,

we assume the delay time in Eq. (4.4) vanishes (i.e., td → 0) so that the signal considered

simplifies to y(t) = Ae−ζ ωt sinωdt. This physically corresponds to the case that the damage

tooth engages at time t = 0.

Figure 4.9(a) shows an approximate numerical calculation of the probability density

function corresponding to the difference signal shown in Figure 4.6(a) for the case that

a tooth has a root crack 20% through its thickness without delay time. This function is

determined from a histogram of the amplitudes of y(t). Specifically, we specify 10000

regions between the maximum amplitude 2.63 µm and minimum amplitude -2.32 µm.

Then, the number of data points of y that fall within each region are counted. To provide

an approximate probability density function, the resulting data are normalized so that the

total area of all regions is unity. Accurate representation of the probability density function

depend on the number of data points contained in y(t) and the number of regions specified

over the amplitudes. The approximate calculation of the numerical histogram in Figure

4.9(a) uses one million time steps per mesh cycle and 10000 regions between the extrema.

However, we found that using at least 500 time steps over a mesh cycle for y(t) and using at

least 500 regions in the amplitudes resulted in sufficient accuracy.

101



The approximate probability density function in Figure 4.9(a) has several local

maxima for positive and negative amplitudes. The probability density function decreases

sharply with increasing (decreasing) amplitude from the maxima at negative (positive)

amplitudes. The probability density function has large values near vanishing amplitude.

This makes sense intuitively because the vibrations decay to small values above 10 mesh

cycle.

To better understand the features observed in the probability density function in

Figure 4.9(a), and how to approximate it, we consider the truncated difference signal shown

in Figure 4.9(b). This signal contains only the first three halves of the oscillation cycle. Two

local maxima occur for positive displacements. The first is A1 = 2.63 µm at time t = 0.161

mesh cycle. The other is A3 = 2.05 µm a damped period later at t = 0.820 mesh cycle.

The lone local minimum occurs at amplitude A2 = −2.32 µm at t = 0.490 mesh cycle.

The corresponding approximate probability density function is shown in Figure 4.9(c). For

positive amplitudes, two maxima occur near A1 = 2.63 µm and A3 = 2.05 µm identified in

Figure 4.9(b). Similarly, a maximum occurs near A2 =−2.32 µm.

The results in Figure 4.9(c) suggest that overall behavior of the probability density

function is captured by a sequence of amplitudes obtained over one-half of an oscillation

cycle. Noting again that no formula is available in the literature for decaying sinusoids,

we turn our efforts to non-decaying sinusoids, where results are available. Indeed, the

signal b(t) = Asin(ωt −φ) has the probability density function g(b) = 1/π

√
A2 −b2 for

−A < b < A and vanishes otherwise [154]. The probability function g(b) has large values

as the amplitude approaches A. It decreases sharply with amplitudes locally from A. Less

sharp, monotonic decreases occur with further decreases in amplitude until the probability

density function reaches the value 1/πA at vanishing amplitude. The probability density
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function is symmetric about the amplitude axis so the features for negative amplitudes as

the same as those described for positive amplitudes.

The overall features described mirror those seen in Figure 4.9(c) for negative

amplitudes. Specifically, the probability density function is large near the amplitude

A2 =−2.32 µm, which corresponds to the minimum in Figure 4.9(b). For near vanishing

amplitudes from the negative side, the probability density function is 0.091. The value

calculated from 2/3πA2 = 0.092, which is only 1.1% different from that in Figure 4.9(c).

We approximate the probability density function using 2/3π

√
A2

2 − y2 for −A2 < y < 0.

Approximating the probability density function for the decaying sinusoid like one for

a non-decaying sinusoidal is accurate provided the damping remains low. This is the

case for gear systems, where damping ratios generally vary from three to five percent.

For larger damping values that exceed 10%, the accuracy of the approximate probability

density function diminishes. Numerical experiments have shown that the deviations in the

approximate probability density function are primarily concentrated in the region of lower

amplitudes, however.

The extension of the probability density function to cases where more than one

oscillation cycle occurs is illustrated using the positive amplitudes in Figure 4.9(b). For

amplitudes from A3 = 2.05 µm to A1 = 2.63 µm, the probability density function can

be accurately approximated using 2/3π

√
A2

1 − y2 obtained from a non-decaying sinusoid

of amplitude A1. The accuracy is confirmed in Figure 4.9(c) between A3 = 2.05 µm

to A1 = 2.63 µm. For amplitudes 0 < y < A3, the probability density function must be

modified to include amplitudes corresponding to the second region of positive amplitudes

between t = 0.66 mesh cycle and 0.99 mesh cycle in Figure 4.9(b). These amplitudes can be

accurately captured in the probability density function by the addition of a second sinusoid
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term with appropriate amplitude. For the response in Figure 4.9(b) this function is

f (y) =
2

3π

√
A2

1 − y2
+

2

3π

√
A2

3 − y2
, 0 < y < A3 (4.10)

The first term in Eq. (4.10) captures positive amplitudes below A3 = 2.05 µm from t = 0

to t = 0.33 mesh cycle. The second term captures the additional amplitudes in that range

from t = 0.66 and 0.99 mesh cycle. Figure 4.9(c) shows Eq. (4.10) accurately captures the

probability density function for amplitudes from 0 to A3.

The expressions for the probability density function can be further extended to

difference signals in Eq. (4.4) with an arbitrary number of oscillation cycles. The correspond-

ing number of half-cycles is determined from n = 2tend/Td , where tend is the total time

of the difference signal y(t) and Td = 2π/ωd is the damped period of vibration. Because

the difference signal is practically constructed over a complete rotation of the damaged

gear, tend = ZTm, where Z is the number of teeth on the damaged gear and the mesh period

Tm = 2π/ωm. Use of this result gives n = 2Zωd/ωm. In general, the ratio of the damped

frequency to the mesh frequency ωd/ωm is not an integer and the number of half-cycles

n, too, is not an integer. Restricting our analysis to cases when the difference signal fully

diminishes within a rotation of the damaged gear, we take the floor of 2Zωd/ωm so that n

becomes an integer.

The closed-form expressions of the probability density function for one and two

oscillation cycles are used to extrapolate the probability density function for n half-sine

oscillations. The probability density function is defined separately for odd and even

numbers of half-sine oscillations. In an even number of half-sine oscillations, there are

n/2 positive amplitudes and n/2 negative amplitudes which results in the generalized

probability density function of the phenomenon-based model having (n/2+1) terms for

positive amplitudes and (n/2+1) for negative amplitudes. The probability density function
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of the phenomenon-based model with an even number of half-sine oscillations is given by

f (y) =



0, y < A2

.

.

∑
(i−1)
k=1

2
nπ

√
A2

2k−y2
, A2i−2 < y < A2i ( f or term i = 2,3, ..., n

2)

∑
n/2
k=1

2
nπ

√
A2

2k−y2
, An < y < 0 ( f or term n

2 +1)

0, y > A1

.

.

∑
( j−1)
p=1

2
nπ

√
A2

2p−1−y2
, A2 j−1 < y < A2 j−3 ( f or term j = 2,3, ..., n

2)

∑
n/2
p=1

2
nπ

√
A2

2p−1−y2
, 0 < y < An−1 ( f or term n

2 +1)

(4.11)

There are (n + 1)/2 positive amplitudes and (n − 1)/2 negative amplitudes when the

number of half-sine oscillations is an odd number. The probability density function of
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the phenomenon-based model with an odd number of half-sine oscillations is given by

f (y) =



0, y < A2

.

.

∑
(i−1)
k=1

2
nπ

√
A2

2k−y2
, A2i−2 < y < A2i ( f or term i = 2,3, ..., n−1

2 )

∑
(n−1)/2
k=1

2
nπ

√
A2

2k−y2
, An−1 < y < 0 ( f or term n−1

2 +1)

0, y > A1

.

.

∑
( j−1)
p=1

2
nπ

√
A2

2p−1−y2
, A2 j−1 < y < A2 j−3 ( f or term j = 2,3, ..., n+1

2 )

∑
(n+1)/2
p=1

2
nπ

√
A2

2p−1−y2
, 0 < y < An ( f or term n+1

2 +1)

(4.12)

The probability density function of the phenomenon-based model in Eq. (4.11) and Eq.

(4.12) adheres to all requirements of probability density functions, f (y)> 0 and
∫

f (y)dy= 1

The phenomenon-based model response of the gear pair with 20% crack damage for one

complete rotation of the pinion is shown in Figure 4.9(e) which corresponds to 82 half-sine

oscillation cycles and its numerically calculated probability density function is shown

in Figure 4.9(f). The probability density function for one complete rotation of pinion

behaves similarly to one and two oscillation cycle probability density function, i.e., larger

probabilities are observed at the extremum of the oscillation cycles. The probability density

function is large at low amplitudes due to the signal’s large number of low-amplitude

oscillations.
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4.6.1.3 Condition indicators Analytical expressions for the probability density function

permit the calculation of the closed-form expressions for the condition indicators of the

phenomenon-based model response with n half-sine oscillations. Substitution of the

probability density function into the amplitude-domain formula of the condition indicators

in Eq. (4.5) - (4.9) gives,

µ =
2A1
nπ

n

∑
i=1

(−1)i+1e
−δ

(
i−1

2

)
(4.13a)

σ
2 =

A2
1

2n

n

∑
i=1

e−δ (i−1)−µ
2 (4.13b)

RMS =

√√√√A2
1

2n

n

∑
i=1

e−δ (i−1) (4.13c)

FM4 =
1

σ4

[
3A4

1
8n

(
n

∑
i=1

e−2δ (i−1)

)
+

3µ2A2
1

n

(
n

∑
i=1

e−δ (i−1)

)

−3µ
4 −

16µA3
1

3nπ

(
n

∑
i=1

(−1)i+1e
−3δ

(
i−1

2

))]
(4.13d)

M8A =
1

σ8

[
35A8

1
128n

(
n

∑
i=1

e−4δ (i−1)

)
+

35µ2A6
1

4n

(
n

∑
i=1

e−3δ (i−1)

)

+
105µ4A4

1
4n

(
n

∑
i=1

e−2δ (i−1)

)
+

17µ6A2
1

n

(
n

∑
i=1

e−δ (i−1)

)

−7µ
8 −

224µ5A3
1

3nπ

(
n

∑
i=1

(−1)i+1e
−3δ

(
i−1

2

))

−
896µ3A5

1
15nπ

(
n

∑
i=1

(−1)i+1e
−5δ

(
i−1

2

))
−

256µA7
1

35nπ

(
n

∑
i=1

(−1)i+1e
−7δ

(
i−1

2

))]
(4.13e)

The closed-form expressions of the condition indicators for the phenomenon-based model

are derived in Eq. (4.13). The parameters utilized in the derivation of the phenomenon-based
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model response are used in Eq. (4.13) to evaluate the condition indicators. The RMS, FM4,

and M8A condition indicators for 20% crack phenomenon-based model response evaluated

using the closed-from expressions given in Eq. (4.13) are only 0.03%, 0.04%, and 0.14%

different from the condition indicators evaluated using time-domain formula in Eq. (4.1) -

(4.3). The same excellent agreement can be observed for the other damage cases.

The obtained closed-form expressions in Eq. (4.13) of the condition indicators

contain several terms with multiple summations. These expressions make it difficult

to evaluate the direct dependencies of important system parameters on the condition

indicators. The range of mean (µ) for varying amounts of damage is observed to be

between 0.004 to 0.134 µm which is very small compared to their respective amplitudes in

the phenomenon-based model response. For the simplification purposes of the closed-form

expressions, the mean (µ) is removed from the expressions in Eq. (4.13). Also, the

summations in the expressions are approximated using their representative Taylor series

expression, for example, ∑
n
i=1 e−δ (i−1) = 1+ e−δ + e−2δ + e−3δ + . . . = 1

1−e−δ
. This

assumption of expressing the summation terms with their Taylor series expression might

be less effective for responses with a limited number of half-sine oscillation (n) cycles

because the Taylor series expressions are generally for summation with infinite terms. The

closed-from expressions of the condition indicators with these assumptions included are

given by,

σ
2 =

A2
1

2n

[
1

1− e−δ

]
(4.14a)

RMS =
A1√
2n

√
1

1− e−δ
= A1

√
π fm

2Zpωd(1− e−δ )
(4.14b)

FM4 =
3n
2

[
(1− e−δ )2

1− e−2δ

]
=

3Zpωd
2π fm

[
(1− e−δ )2

1− e−2δ

]
(4.14c)
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M8A =
35n3

8

[
(1− e−δ )4

1− e−4δ

]
=

35Z3
pω3

d
8π3 f 3

m

[
(1− e−δ )4

1− e−4δ

]
(4.14d)

The closed-form expressions of the condition indicators in Eq. (4.14) directly link gear

pair dynamic and damage parameters to the condition indicators. The RMS increases with

increase in the damage amount and it is clearly captured in its closed form expression.

Interestingly, the condition indicators FM4 and M8A showed no dependence on the amount

of damage which is similar to the condition indicators for phenomenon-based model response

as shown in Figure 4.8 which are evaluated using the time-domain formula in Eq. (4.1) -

(4.3).

The condition indicators of the phenomenon-based model response evaluated using

the closed-form expressions (dash-dotted (green) line with cross markers) in Eq. (4.14) are

compared to the condition indicators of exact difference signal (solid (blue) line with circle

markers) and the phenomenon-based model response evaluated with time-domain formula

(dashed (red) line with square markers) are shown in Figure 4.8. Good agreement is observed

between the numerically calculated condition indicators and analytically calculated from

closed-form expressions condition indicators for varying amounts of damage. It is clear that

the RMS condition indicator is dependent on the amplitude of the phenomenon-based signal

whereas the FM4 and M8A are not. The simplified closed form expressions of condition

indicators showed direct relation between the gear pair dynamic properties and damage

parameters.

4.6.2 CI’s sensitivity due to gear pair properties

The closed-form expressions of condition indicators for phenomenon-based model

allows to understand how the condition indicators react for different varying gear pair

parameters like damping ratio, natural frequency, number of oscillations. RMS, FM4, and
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M8A condition indicators are calculated for varying gear pair properties for a fixed amount

of damage, i.e., 20% crack and shown in Figure 4.10. The dashed (red) vertical line in

Figure 4.10 represents the nonunity-ratio gear pair dynamic parameters. The sensitivity of

the damping ratio is studied by varying it between 0.01 and 0.2, keeping the other parameters

same as the nonunity-ratio gear pair parameters. The RMS condition indicator showed

decrease with increase in the damping ratio whereas the FM4 and M8A increases as shown

in Figure 4.10(a). The sensitivity of natural frequency of the gear pair and the number

of oscillations cycles are also studied and shown in Figure 4.10(b) and (c). The results

are observed to be similar to varying damping ratio, i.e., RMS decreases and FM4, M8A

increases with increasing parameter value. The natural frequency is varied between 1000

and 5000 Hz and the number of half-sine oscillations are varied between 20 and 160 cycles.

From the closed-form expressions it is clearly evident that the condition indicators have

dependence on the number of half-sine oscillation cycles n and damping ratio ζ . The

dependence of natural frequency comes in calculating the number of half-sine oscillation

cycles.

4.7 Conclusions

The dynamic response of the nonunity-ratio spur gear pair which is the sun-planet

pair in the planetary stage of two-stage rotorcraft transmission is derived the finite element/con-

tact mechanics (FE/CM) model. The dynamic response is a periodic response with amplitudes

present only at the mesh frequency and its harmonics in the spectrum. The localized defects

analyzed are tooth root crack and tooth surface pitting damage. The damage is considered

on single tooth of the pinion of the gear pair. The dynamic response of the nonunity-ratio

spur gear pair with localized defects exhibits increased and transients in nature vibrations.

These transients and amplitudes of the dynamic response are increased as the damage
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amount increases. The spectrum of the dynamic response with localized defects, not only

has amplitudes at regular meshing frequencies but also displays resonance amplitudes at

the natural frequency of the gear pair. The larger damage amounts showed prominent

nonlinearity behavior both in the dynamic response and its spectrum.

The damage-induced dynamic response or the exact difference signal response is

derived from the FE/CM model results of gear pair without damage and gear pair with

localized defects. The RMS, FM4, and M8A condition indicators are evaluated using the

damage-induced dynamic response. Higher values than typical thresholds were obtained,

which clearly indicated the presence of damage in the gear pair. The damage-induced

dynamic response has oscillating behavior with decaying amplitudes. A phenomenon-based

model based on the underdamped, free vibration of a linear oscillator was proposed. This

model was shown to accurately capture the damage-induced dynamic response compared

to the FE/CM model. Good agreement was observed for the RMS values determined

from the damage-induced dynamic response obtained from the FE/CM model and the

phenomenon-based model. FM4 values tend to deviate for higher crack lengths due to the

increase in the nonlinear nature of the damage-induced dynamic response.

The simplicity of the phenomenon-based model permitted to derive the closed-form

expressions for condition indicators by exploring the amplitude-domain formula. The

expression for probability density function of the phenomenon-based model response is

determined and used to evaluate the closed-form expressions of the condition indicators.

The condition indicators evaluated for varying amounts of damage using closed-form

expression showed very good agreement with the numerically calculated condition indicators

and also the dependency of damage parameters and gear pair dynamic properties were

clearly observed with the closed-form expressions of the condition indicators. The RMS

condition indicator is observed to be dependent on the amplitude of the phenomenon-based
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model and increases with increasing amount of damage. However, FM4 and M8A show

constant condition indicator values due to the independence of amplitude in the closed-form

expressions. The condition indicator sensitivity for varying gear pair parameters like

damping ratio, natural frequency and number of oscillation cycles of the gear pair is studied

utilizing these closed-form expressions. The RMS is observed to decrease with the increase

in the damping ratio or natural frequency or number of oscillation cycles and the FM4, M8A

values show increasing behavior. This research could improve the ability to detect damage

from the measured vibrations of geared systems.
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Figure 4.4: FE/CM calculation of (a) dynamic response and (b) frequency spectrum for
the nonunity-ratio spur gear pair with tooth surface pitting damage on a single tooth of the
pinion. The plot of dynamic response in (c) is a zoomed-in view of the region highlighted by
the dashed (magenta) box on the left plot in (a). The inset figure in (b) shows a zoomed-in
view of the frequency range from 2000 to 3500 Hz. (d) Active tooth surface profile of the
pinion showing the location and amounts of the pitting damage analyzed. Solid (black) line
is the dynamic response of the gear pair without damage. The dynamic response of gear pair
with tooth surface pitting damage, as shown in (d), is represented by dashed (blue), dotted
(red), and dash-dotted (green) lines. In (d) the horizontal lines represent the start of active
profile (SAP), the lowest point of single tooth in contact (LPSTC), pitch, the highest point
of single tooth in contact (HPSTC), and end of the active profile (EAP) of the pinion tooth
profile.
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(a) (b)

(d)(c)

Figure 4.5: (a) Damage-induced dynamic response or exact difference signal and (b) its
frequency spectrum of 20%, 50%, and 80% crack in the inset of Figure 4.3(b) shown in
dashed (blue), dotted (red), and dash-dotted (green) lines. (c) Damage-induced dynamic
response or exact difference signal and (d) frequency spectrum of pitting damage in Figure
4.4(b) shown in dashed (blue), dotted (red), and dash-dotted (green) lines.
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(a) (b)

(c) (d)

(f)(e)

Figure 4.6: Comparison of the exact (solid (black) line) and approximate (dashed (red) line)
difference signals over a pinion rotation. The tooth root crack lengths are (a,b) 20%, (c,d)
50%, and (e,f) 80%.
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(a) (b)

5% - 80% Cracks

Figure 4.7: (a) Amplitudes and (b) time delay in the phenomenon-based model for the
increasing amount of tooth root crack damage. The 5% to 80% tooth root crack lengths are
shown in the inset figure of (a).
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Figure 4.8: Calculation of condition indicators (a) RMS, (b) FM4, and (c) M8A for varying
crack lengths shown in (d). The circle (blue) markers are from the FE/CM model. The
square (red) markers are from the phenomenon-based model. The dot (green) markers are
closed-form expressions for tooth crack lengths 5% to 80%.
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(a)

Figure 4.9: Damped sinusoidal signal with (a,b) two and (c,d) four half-sine oscillations
and comparison of numerically determined probability density function (black bins) and
analytically determined probability density functions (others). (e,f) Phenomenon-based
model response of 20% crack and their probability density function.
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Figure 4.10: Condition indicators RMS, FM4, and M8A calculated for 20% crack length
phenomenon-based model using the closed-form expressions in Eq. (4.14) for varying (a)
damping ratio, (b) natural frequency and (c) number of half-sine oscillation cycles of the
gear pair.
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CHAPTER FIVE

DAMAGE-INDUCED DYNAMIC RESPONSE IN GEARED TRANSMISSIONS WITH
APPLICATION TO SPACE-FIXED (RING) GEAR TOOTH DAMAGE DETECTION

5.1 Introduction

Geared transmissions are an important system in rotorcraft because they convert

and direct all the engine’s power to the rotors for lift, stability, and maneuver. Loss of

power during flight poses mobility issues for rotorcraft vehicles and safety concerns for their

occupants. Health and Usage Monitoring Systems (HUMS) are used in rotorcraft vehicles

to monitor the performance of their transmissions and other critical components [5, 6].

Vibration measurements are one input used by these systems to detect damage. Further

analyzing the characteristics of the vibration signatures generated by damage and quantifying

their impact on detection could improve the performance of HUMS and improve rotorcraft

vehicle readiness, reliability, and safety.

The detection of damage from the measured vibrations of transmissions has been a

long-standing challenge for condition monitoring systems. Early work in gearbox diagnostic

techniques is summarized by Stewart [97]. Randall [98] showed that changes in the vibration

signatures of gearboxes could be used to detect faults. An early detection method for

localized defects like gear tooth root cracks used amplitude and phase demodulation [99,100].

Since that work, a number of damage detection methods have appeared, including those that

separate the vibrations in harmonic and residual errors [101], analyze features of the vibration

in the frequency domain [102, 103] and incorporate time-frequency methods [104–109]. A

number of other methods for detecting damage to gearboxes have been proposed, which can

be found in the bibliographies of the review articles in Refs. [91, 92, 155–157].
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Planetary gears are common elements in rotorcraft transmissions because they have

high power capacity with small overall packaging. Because the planets kinematically rotate

during operation, the location where the gear teeth come into contact, thus the path followed

by the power transferred, varies in location. This gives rise to modulation-like vibrations

measured by space-fixed sensors with unique spectral properties [110–116]. Seeking to

eliminate path-dependent effects that cause modulation, McFadden [117, 118] constructed

tooth meshing vibrations of the individual planets using a time domain averaging technique.

Samuel and Pines [119] extended the synchronous averaging technique to use multiple

sensors. This technique was further developed into the Vibration Separation Method for use

in rotorcraft transmission diagnostics [4, 120, 121].

Like for transmissions with fixed-axis gears, a number of different damage detection

techniques have been developed for planetary gear transmissions. Samuel and Pines [122]

developed a diagnostic method based on the Constrained Adaptive Lifting (CAL) algorithm.

Bartelmus and Zimroz [123, 124] developed a new diagnostic feature by calculating the

linear dependence between spectral conditions and the operating condition for monitoring

the gearbox health under varying external loads. Feng and Zuo [125] tracked spectral peaks

at the faulty gear characteristic frequency in the Fourier spectrum enabling detection and

locating damage in the planetary gearbox using a vibration signal considering both amplitude

and frequency modulation. In addition to these, other fault detection techniques used for

planetary gearboxes include wavelet neural network [126], those that use piezoelectric strain

sensors [158], and torsional vibrational signal analysis [127]. A review of the fault detection

techniques specific to rotorcraft transmissions can be found in Ref [5].

Several condition indicators have been developed to predict the occurrence of damage

from the vibrations of gears. The performance of several condition indicators used in

rotorcraft applications can be found in Refs. [59, 86, 87, 149], for example. Other relevant
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references for the analysis of condition indicators include [88–96]. The majority of these

works evaluate the condition indicators using measured vibrations from experiments, where

faults have been purposely placed on select components. We analyze the vibrations of

a transmission using a finite element/contact mechanics (FE/CM) model that accurately

captures the gear tooth mesh excitations accounting for the kinematic motion of the planets,

changing contact conditions at the gear teeth, tooth bending and rim deformation, vibration,

and damage.

In this research work, a FE/CM model of a rotorcraft transmission that contains an

input spiral bevel stage, and output planetary stage, and their mechanical coupling (i.e.,

shafts, lumped-stiffness bearings, the carrier, and housing) is used to quantify the effects of

damage on the vibrations generated on the housing. The experimental results of housing

vibrations, when all gear teeth are healthy in the transmission, are used to validate the results

of the FE/CM model used in this study. The characteristics of the resulting vibrations are

identified for healthy transmissions without damage and the case of a localized tooth root

crack on the ring. Different calculations of difference signals are explored to isolate the

damaged vibrations from normal meshing vibrations of the planetary stage. The effect of

tooth root crack size on condition indicator performance is examined for the FM4 condition

indicator which is typically used in rotorcraft applications to detect the presence of damage.

5.2 Finite Element/Contact Mechanics (FE/CM) Model of Geared Transmission

This work uses the finite element/contact mechanics formulation developed by

Vijayakar and co-workers [131, 139, 140]. This formulation takes advantage of the relatively

small size of the contact region between mating gear teeth relative to the overall tooth’s

dimensions. Because of this, the displacement at any point within the gear tooth can be

approximated as the superposition of a relative displacement near the gear tooth surface
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and an absolute displacement away from it. The relative displacements, which are due to

the local deformations of the tooth surface due to contact, can be accurately approximated

using classical solutions from elasticity theory for concentrated loads acting on an elastic

half-space. The absolute displacements, which are due to tooth bending and structural

deformations, are calculated using the finite element solution. These two solutions are paired

at a matching interface that is sufficiently far from the tooth surface that the local contact

deformations are negligible. By combining these two solutions, accurate displacements due

to loading are obtained throughout the tooth, including near the tooth surface. The FE/CM

method avoids the need for excessively refined finite element meshes immediately interior to

the tooth surface. This saves computational effort and permits full finite element modeling

of all gear teeth, blanks, shafts, and other elastic components. Importantly, this formulation

allows time-domain dynamic response calculations, where the elastic contact between teeth

is determined at each time step, without a priori assumptions of the nature of that contact,

accounting for kinematic motion of the gears, tooth bending, structural deformations, and

vibration. Further details of the methodology applied to gear dynamics studies can be

found in Refs. [14, 132, 145]. The FE/CM method has been shown to accurately predict the

experimentally-measured nonlinear dynamic response of unmodified [14] and modified [17]

gear pairs using two-dimensional finite element models. The accuracy was shown to persist

for three-dimensional models [132]. The FE/CM formulation was shown to accurately

predict dynamic tooth root strains compared to experiments, even when large amplitude

vibrations caused tooth contact loss [134]. The FE/CM method has also been shown to

accurately predict ring tooth root stresses compared to experiments [133].

The FE/CM model of the rotorcraft transmission is shown in Figure 5.1(a). The

transmission has two stages, which consist of an input spiral bevel stage that is connected

to an output planetary stage. This two-stage reduction configuration is used to convert the
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high-speed and low-torque engine power to low-speed and high-torque power for driving

the vehicle’s main rotor. The transmission is analyzed at 219 kW, which corresponds to

the typical power level that occurs at cruise conditions. The spiral bevel stage consists of a

single mesh. The input pinion has 19 teeth and operates at 6060 rpm. The output gear has 71

teeth. The gears have 30 degree spiral angle. The shaft angle is 95 degrees. The transverse

chordal tooth thickness of the pinion and gear are 6.24 mm and 3.36 mm, respectively. The

pinon has a 30.48 mm facewidth with a 15.27 degree pitch angle. The gear has the same

facewidth as the pinion and has a pitch angle of 79.73 degrees. The power from the spiral

bevel gear is transferred to the sun of the planetary stage, which is shown in Figure 5.1(b).

The ring, because it is attached to the housing, is stationary and does not rotate. The carrier

is the output. The sun, planets, and ring are spur gears with 27, 35, and 99 teeth, respectively.

Additional parameters for the planetary gear are shown in Table 5.1.

Table 5.1: Geometric parameters for the planetary gear stage of the rotorcraft transmission
system.

Gear parameters Sun Planet Ring
Number of teeth 27 35 99
Module (mm) 2.87

Outer diameter (mm) 84.05 104.98 296.55
Inner diameter (mm) 62.23 77.9 271.75
Center distance (mm) 88.9
Pressure angle (deg) 24.6 24.6 20.19

Facewidth (mm) 34.93 31.75 25.4

The FE/CM model includes accurate geometry of the housing, carrier, carrier shaft,

spiral bevel gear shaft, and spiral bevel pinion shaft whose finite element meshes were

developed from solid models of these components. The gear teeth of all the input and

output stage gears of the rotorcraft transmission system were generated using standard

finite element mesh templates using the actual gear geometry. The contact grid parameters
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Figure 5.1: (a) Finite element/contact mechanics model of the rotorcraft transmission
system with two stages: an input spiral-bevel stage and an output planetary stage and the
housing of rotorcraft transmission shown in transparent to show the inner components of
the transmission system. (b) The top view of the system shows the ring gear tooth (square
marker) where the damage has been considered and the accelerometers (black and purple
circle markers) locations measuring vibrations in the radial direction.

were selected at the sun-planet, planet-ring, and spiral bevel pairs so that the contact

pressure distribution has the typical Hertzian form with sufficiently high resolution that the

dynamic response is accurate but the resulting computational times are manageable. For

computational efficiency, the spline between the ring gear and housing is not modeled. All

bearing connections (i.e., the bearings between the housing and carrier shaft, spiral bevel

pinion shaft and housing, spiral bevel gear/sun gear shaft and housing, and planets) are
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modeled using stiffness matrices with lumped-parameter elements. The vibrations generated

at specific nodal locations on the housing near the planetary gear stage were analyzed. The

nodal locations are shown in Figure 5.1(b). The nodal location shown in the purple circle

marker is the same location used in experiments in Ref. [3]. This location is observed to be

near the input stage of the geared transmission. The FE/CM model housing accelerations are

validated against the experimental results at this location. The other nodal location shown

in the black circle marker on the housing is considered near the damaged ring gear tooth.

These locations represent the locations where accelerometers would be placed in HUMS.

This work focuses on tooth root crack damage on the ring. We assume the damage is

localized to a single tooth. Figure 5.1(b) shows the location of the damaged tooth on the ring

where the damage is applied. The tooth root crack is modeled by releasing the connectivity

of select finite elements along a pre-selected crack path. The effect of crack initiation and

crack path on the mesh stiffness of the gear pair is discussed in Ref. [67]. The effect of tooth

surface pitting damage on mesh stiffness of gear pair in [137]. Wang et al. [68] and Cooley

et al. [159] studied the effect of tooth root cracks on the dynamics of spur gear pair using

FE/CM models.

Before analyzing the dynamic response of the transmission, we briefly present a

kinematic analysis so that important components in the resulting vibration spectra can be

identified. The input speed of the spiral bevel pinion is 6060 rpm. The speed of the spiral

bevel gear is Ωg = ZpΩp/Zg = 1621.7 rpm. The corresponding input spiral bevel stage

mesh frequency is fsb = 1919 Hz. The sun speed is the same as the spiral bevel gear because

their corresponding shafts are connected by a spline. The sun frequency is 27 Hz. The ring

is fixed and does not rotate so its speed is Ωr = 0 rpm. From planetary gear kinematics,

the carrier rotates at Ωc = ZrΩs/(Zr +Zs) = 347.5 rpm (5.8 Hz). Using this result, the
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planet-pass speed is Ωpp = NΩc = 1,042.5 rpm (17.375 Hz). The planetary gear mesh

frequency is 573.4 Hz.

The FE/CM model is analyzed dynamically at operating torque and speed. The input

spiral bevel pinion speed is specified to be 6060 rpm. The output carrier torque is 6106 N-m.

Because our focus is primarily on damage to the ring and the planetary gear response that

results, we chose to numerically calculate 50 steps over a planetary gear mesh period. This

ensures accurate spectra calculations below 10 kHz. Based solely on kinematics, the system

requires 105 rotations of the carrier to return to the configuration where the same tooth pairs

are in contact. However, the given sun gear tooth will align with the given ring gear tooth

for every three carrier rotations [121]. Because all teeth are identical, it was only necessary

to dynamically analyze the system for three carrier rotations to obtain periodic vibrations

from the housing. For the dynamic simulation, a region of transient response occurs prior to

reaching the system’s steady state. We found that running the system for one planet-pass

cycle (i.e., one-third of a carrier rotation) was sufficient for all transients to diminish. The

FE/CM model was analyzed for a total of ten planet-pass periods, which corresponded to

16,500 numerical time steps. The total simulation time was 129 hours using a conventional

workstation computer with 64 GB RAM, 3.50 GHz processor, and SSD hard disk.

5.3 Dynamic Response

5.3.1 Healthy Transmissions without Damage

The FE/CM model of the transmission is dynamically analyzed at steady state to

determine the housing accelerations when all gear teeth are healthy. The accelerations that

are shown are normalized by gravity. The housing accelerations of the transmissions with

all gears healthy and without damage are shown in Figure 5.2(a), which are taken from

the purple accelerometer on the outer surface of the housing as shown in Figure 5.1(b).
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The accelerations contain vibrations from both stages of the transmission, which results

in noticeable non-periodicity over the carrier cycle period. It is not until three carrier

cycles have occurred that the accelerations repeat (Figure 5.2(a). We have validated the

periodicity of the vibrations shown in Figure 5.2(a) numerically by analyzing four carrier

cycles (not shown). A planet passes the location where vibrations are measured at carrier

cycle 0.092 and every one-third of a carrier cycle after that. The accelerations in Figure

5.2(a) show the characteristic variations in amplitude as the planets move kinematically

relative to the location where vibrations are measured. Hood [3] conducted experiments on

the geared transmission shown in Figure 5.1. The healthy transmission housing accelerations

determined from the experiments at the accelerometer (purple circle marker in Figure 5.1(b))

in Ref. [3] are shown in Figure 5.2(b). The accelerations predicted by the FE/CM model

have features similar to those seen in the experiments. Comparing the experimental results

and the FE/CM model results, differences are observed in the amplitudes are observed. The

mean square error calculated between the two results is 139.

The spectrum of the baseline accelerations in Figure 5.2(a) are shown in Figure

5.3(a). The spectrum has clusters of frequency content near planetary gear mesh frequency

and spiral bevel gear mesh frequency harmonics. Each cluster near planetary gear harmonics

contains upper and lower sideband components (solid (purple) line in Figure 5.3(c,d)). The

sidebands near planetary gear harmonics occur at multiples of the planet-pass frequency

fpp = 17.375 Hz. The sideband amplitudes are noticeably asymmetric. The clusters near

higher planetary gear mesh frequency harmonics are similar to that shown in Figure 5.3(c,d).

The spectrum (not shown) near the harmonic of the spiral bevel gear frequency fsb = 1919

Hz have sideband frequencies occurring at the planet-pass frequency, similar to those near

the planetary gear mesh frequency. The amplitudes of the clusters of planetary gear mesh

frequency and spiral bevel mesh frequency are meaningful even at high frequencies near
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Figure 5.2: Housing accelerations of transmission without damage determined (a) using
FE/CM calculation and (b) experimentally at accelerometer (purple circle marker) shown in
Figure 5.1(b).

10 kHz. The maximum amplitude seen in the spectrum is 3.56 g, which occurs at 1884

Hz near the first harmonic of spiral bevel mesh frequency. The frequency spectrum of

the housing accelerations of healthy transmission determined from experiments in Figure

5.2(b) is shown in Figure 5.3(b). The FE/CM model (solid (purple) line) shows higher

amplitudes at the first harmonic of mesh frequency in the first harmonic planetary stage mesh

frequency cluster when compared to the experimental results (solid (yellow) line) which can

be seen in Figure 5.3(c). The experimental results show sidebands at the carrier frequency,

which the FE/CM model does not predict. However, the amplitudes of sidebands occurring

at planet-pass are accurately captured by the FE/CM model. Similar characteristics are

observed at the planetary stage mesh frequency second harmonic cluster shown in Figure

5.3 (d). The FE/CM model predicted a lower amplitude of the spiral-bevel stage mesh

frequency component when compared to the experimental results. The difference between

129



the FE/CM model and the experiments is expected due to differences in some cast parts

with intricate geometry, lubrication, estimation of bearing stiffnesses and damping in the

geared transmission. However, the FE/CM model captures the overall characteristics of

the acceleration signals when compared to the experimental results. The FE/CM model is

used to determine the healthy transmission and damaged transmission housing accelerations

at the accelerometer (black circle marker) shown in Figure 5.1(b) and the performance of

condition indicators to detect the presence of damage in the geared transmission is analyzed.
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Figure 5.3: (a,b) Frequency spectrum of housing accelerations in Figure 5.2. The comparison
of frequency spectrum clusters at (c) first and (d) second harmonics of the planetary gear
mesh frequency.
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The healthy transmission housing accelerations and their frequency spectrum are

shown in Figure 5.4 which are measured from an accelerometer (black circle marker in

Figure 5.1(b)) placed near the damaged ring tooth on the outer surface of the housing. The

accelerations and frequency spectrum at the measured location near to damaged ring tooth

are observed to follow the same characteristics as results at the location near the input port.

However, the maximum amplitude in the spectrum is observed to be 4.7 g at 3838 Hz, which

is near the second harmonic of the spiral-bevel stage mesh frequency.
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Figure 5.4: (a) FE/CM calculation of housing accelerations for three carrier rotations of
geared transmission without damage. (b) The frequency spectrum of healthy transmission
housing accelerations.

5.3.2 Damaged Transmissions

The tooth root crack damage on a single tooth of space-fixed or stationary or ring

gear is introduced into the FE/CM model of the geared transmissions at the location shown

in Figure 5.1(b). Three different tooth root crack lengths are analyzed to quantify the effects
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of varying severity of damage. Crack lengths are 20 percent, 50 percent, and 80 percent of

the ring tooth thickness. The finite element meshes of the ring tooth with different crack

lengths are shown in Figure 5.5(e). The housing accelerations of geared transmission with

ring crack damage are shown in Figure 5.5(a). The planets engage with the damaged ring

tooth once during a planet-pass cycle. This engagement is characterized by a localized

increase in the housing accelerations immediately above 0.1 carrier cycle (Figure 5.5(b, c,

and d)). Following a planet’s engagement with the damaged ring tooth, a region of transient

response occurs that diminishes prior to the engagement of the next planet. A total of nine

engagements of a planet with the damaged ring tooth are observed in three carrier rotations

of the transmission. The transient, damage-induced vibrations for tooth root cracks less than

50 percent of the tooth thickness are not substantially larger than the baseline vibrations of

the transmission without damage (Figure 5.5(b,c).

The acceleration spectrum for transmissions with ring tooth root crack damage

(not shown) generally has increased amplitudes, although the amount that the components

increase may not be substantial. The changes in the spectrum due to tooth root crack damage

are not significant. The changes in amplitude of the first five harmonics of planetary gear

mesh frequency in the spectrum for varying tooth root crack lengths are observed to be

almost constant, even for the larger crack lengths (Ref. [160]). The significance of damage

on the amplitudes of the sidebands of the planetary stage mesh frequency clusters is also

expected to remain constant. Because of the relatively small changes, it would be difficult

to detect damage in the transmission based on changes to the amplitudes of planetary gear

mesh frequency alone.

The vibration waveforms from other locations on the housing, but still located near

the mid-face of the planetary stage, differ meaningfully in shape and peak amplitude from

those shown in Figure 5.4(a) (not shown). This is likely due to the non-axisymmetric features
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Figure 5.5: (a) FE/CM calculation of housing accelerations for three carrier rotations of
damaged transmission compared to the healthy accelerations. The first engagement of the
damaged ring tooth in the first planet-pass period is shown using the dashed (magenta)
box. The damaged transmission accelerations near the first damaged tooth engagement with
(b) 20 percent, (c) 50 percent, and (d) 80 percent root crack lengths on the ring tooth are
compared to the healthy accelerations. The healthy vibrations without damage are shown
by a black line. The vibrations when the ring tooth has a root crack with 20, 50, and 80
percent of the tooth thickness are shown by blue, red, and green lines, respectively. (d) Finite
element meshes of the ring tooth with root crack damage. The tooth root crack lengths are
20 percent (blue), 50 percent (red), and 80 percent (green) of the ring tooth thickness.

of the housing, including the location of the two supports, the input port, and internal rib

features used for stiffening (see Figure 5.1). The spectral characteristics of these vibration

waveforms are similar to those shown in Figure 5.4(b), however.
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5.4 Damage Detection

Health and Usage Monitoring Systems (HUMS) for geared transmissions monitor

the condition of gears using values of condition indicators calculated from the vibration

signals [5]. Condition indicators are generally based on statistical features of vibration

signals, which are assumed to change in the presence of damage. In this work, the vibrations

are evaluated using the FM4 condition indicator to detect the presence of damage in the

geared transmission. The performance of other condition indicators that are typically used

for geared transmissions is discussed in detail in Appendix A. The evaluation of the FM4

condition indicator requires difference signal accelerations as its input. The processing of

the difference signal requires a time synchronous averaged (TSA) signal. Time synchronous

averaging (TSA) is a technique used to separate a known vibration signal from noise

and other nonsynchronous components [161, 162]. TSA is used to isolate the vibrations

generated by the planetary from those generated by the input spiral-bevel stage. Analyzing

the vibrations of the planetary stage alone, it is expected that damage will be better detected

than if additional vibration components from the input stage are included. TSA is possible

from any one of the three fundamental periods in the planetary stage: the mesh period,

the planet-pass period, and the carrier period. TSA using the planetary gear mesh period

inherently removes the majority of effects that damage has on the resulting vibration (not

shown). Its use is not recommended. In this work, the TSA over planet-pass period

accelerations is analyzed (Appendix A shows the condition indicators calculated using either

of the TSA signals results in very similar values). The housing accelerations in Figure

5.5 are partitioned into nine blocks and averaged to derive the TSA over planet-pass cycle

accelerations (not shown). The difference signals for evaluating the FM4 condition indicator

are calculated using exact and approximate methods.
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5.4.1 Difference Signal - Exact Calculation

The exact difference signal also known as the damage-induced dynamic response

of the geared transmission is defined as the signal that contains accelerations purely due

to damage. The exact difference signal (d(t) = xd(t)− x(t)) is calculated by removing

the healthy accelerations (x(t)) from damaged accelerations (xd(t)). The exact difference

signal for TSA over the planet-pass period is calculated by determining the difference

between damaged transmission and healthy transmission TSA over planet-pass accelerations.

Figure 5.6(a) shows the exact difference signal or the damage-induced dynamic response

accelerations of the damaged transmission with varying amounts of damage. The exact

difference signal is dependent on the healthy transmission accelerations. There is no exact

difference signal for healthy transmission, as the difference will lead to zero accelerations.

The exact difference signal amplitudes tends to increase with the increase in the damage

severity. The accelerations in the exact difference signal are observed to be almost zero for

the 0 to 0.096 carrier cycle (the time till the planet comes into contact with the damaged

tooth on the ring) and 0.158 to 0.333 carrier cycle (the time after the transients due to

damaged tooth are reduced). The transient vibrations begin at 0.096 of a carrier cycle. Since

one complete carrier cycle corresponds to a 360 degree angle, the angle for 0.096 of a carrier

cycle is approximately 34.56 degrees. The angle of the center of the damaged ring tooth

shown in Figure 5.1(b) is 35.6 degrees. It is observed that the calculated angle of 34.56

degrees provides an estimate of the damaged tooth location. However, this transmission

has a planetary system with three planets and at the same time of 0.096 carrier cycle, the

damaged tooth can be in-mesh with either of the three planets. Based on this, the damaged

tooth location can be estimated to be 34.56, 154.56, or 274.56 degrees.

The frequency spectrum of the exact difference signal or damaged-induced dynamic

response is shown in Figure 5.6(b). The amplitudes in the frequency spectrum are observed
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to increase with the increase in the crack lengths. It is observed that the spectrum of the

exact difference signal of the spur gear pair with localized defects contains amplitudes at

the natural frequency of the gear pair. Based on this, the frequency spectrum of the exact

difference signal of the damaged geared transmission is expected to contain different natural

frequencies of the different components of the geared transmission. According to Lin and

Parker [163], the planetary stage of the geared transmission in Figure 5.1 has four rotational

modes and four translational modes, with natural frequencies that range below 5000 Hz.

Other than the modes of the planetary stage, the housing of the geared transmission is also

expected to have natural frequencies in the range of interest. For the 80 percent crack length

(solid (green) line), the peaks can be observed to be for the broader range of frequencies

which is the result of prominent nonlinearity. It is observed the amplitudes at the natural

frequencies are sensitive to the amount of damage in the geared transmission. For the 80

percent crack length (solid (green) line), the peaks can be observed to be for the broader

range of frequencies which is the result of prominent nonlinearity. The exact difference

signal spectrum shows content at all harmonics of the planetary stage mesh frequency and

their sidebands, in contrast to the approximate difference signal spectrum discussed in the

next section.

5.4.2 Difference Signal - Approximate Calculation

The mesh frequency components and their sidebands in the housing accelerations

are largely insensitive to damage (Ref. [160]), it has been proposed to create a modified

acceleration signal with these components removed [97]. The amplitudes of planetary stage

mesh frequency and its first-order upper and lower sidebands at all harmonics in the spectrum

of the TSA over planet-pass signal are removed to generate the difference signal spectrum.

The time-domain signal, which is the approximate difference signal is derived from the
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Figure 5.6: (a) Damage-induced dynamic response or the exact difference signal of TSA
over planet-pass accelerations for the geared transmission and (b) their frequency spectrum.
The vibrations when the ring tooth has a root crack with 20, 50, and 80 percent of the tooth
thickness are shown by blue, red, and green lines, respectively.

inverse Fourier transform of the spectrum with the components removed. The approximate

difference signal, denoted as d(1)(t), would contain predominantly the vibrations caused

by damage without the usual vibrations generated by the normal meshing of the gears. The

approximate difference signal of the geared transmission, when all gear teeth are healthy and

with varying amounts of ring crack damage at the measured location, is shown in Figure 5.7.

The approximate difference signals are derived using one measurement/simulation, without

the dependence of other transmission accelerations. The engagement of damaged tooth

location in the planet-pass period is shown using the dashed (magenta) box in Figure 5.7(a)

and the healthy approximate difference signal is compared to the damaged approximate

difference signal with varying amounts are shown in Figure 5.7(b, c, and d) The approximate

difference signals for crack lengths less than 50 percent do not show significant differences

when compared to healthy transmission (Figure 5.7(b,c)). It has been observed that removing
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content from the frequency spectrum plot and calculating the approximate difference signal

accelerations using the inverse Fourier transform generates new steady-state vibrations. As

a result, it is challenging to isolate the vibrations caused by the damage from the normal

meshing vibrations in the approximate difference signal, at the engagement of the damaged

tooth especially for lower amounts of damage.

5.4.3 Condition Indicators - FM4

The FM4 condition indicator is evaluated to analyze the performance of the different

difference signal calculations. The Figure of Merit (FM4) is calculated from [97]

FM4 =
N ∑

N
i=1(di − d̄)4

[∑N
i=1(di − d̄)2]2

(5.1)

where di = d(ti), i = 1,2, . . . ,N is the exact difference signal at time ti and d̄ is the mean

of the exact difference signal. The FM4 of the approximate difference signal is evaluated

using the same equation Eq. (5.1). The nominal value of FM4 for Gaussian noise is three.

We consider cases where the damage causes the FM4 values to exceed three as detectable.

Conversely, damage that results in FM4 values below three would not be detectable. FM4 has

been shown to work well for identifying localized damage to a small number of teeth [97].

The FM4 condition indicator values for exact difference and approximate difference signals

are calculated for healthy and damaged transmissions and tabulated in Table 5.2.

Table 5.2: Calculation of FM4 condition indicator for approximate and exact difference
signals.

Cases Approximate Exact
Healthy 2.97

20% 3.00 46.25
50% 2.94 74.06
80% 5.98 60.58
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The FM4 values of approximate difference signal change modestly for tooth root

crack lengths less than 50 percent of the tooth thickness. Detection of these damages would

likely be difficult. A substantial increase in FM4 values of approximate difference signal

occurs at 80 percent crack length, where the value of the indicator is nearly six and this

damage level is meaningfully above the threshold of three and would likely be detectable.

FM4 values calculated using exact difference signal are an order of magnitude higher than

the FM4 value of 3 and truly detect the presence of damage in the transmission, even for the

smaller crack lengths less than 50 percent of the ring tooth thickness.

The approximate difference signal is constructed by removing only the planetary gear

mesh frequency components and their first-order sidebands. Normal vibrations produced by

the planetary gear have multiple sideband orders. The higher-order sideband amplitudes

are observed to show no significance to their amplitudes due to damage. It is expected that

the removal of higher sideband orders will further differentiate the vibrations associated

with damage from the normal meshing vibrations present in healthy transmissions without

damage. The approximate difference signal with k sideband orders removed is denoted by

d(k)(t). The FM4 condition indicator is calculated using the approximate difference signals

d(0)(t) to d(5)(t) as its input for healthy transmission and ring crack damaged transmission.

Figure 5.8(c) shows the FM4 values for different numbers of sidebands removed from the

approximate difference signal. As the number of sidebands that are removed increases

toward the fourth order, the FM4 value increases for all crack lengths shown, which suggests

an improved ability to detect damage. For three and higher-order sidebands removed from

the difference signal, noticeable differences in FM4 occur for the 50 percent crack length.

The reason for this is that approximate difference signal, corresponding to 50 percent crack

length, can be distinguished from those of a healthy condition. This observation is illustrated

in Figure 5.8(a,b), which displays the approximate difference signals d(3)(t) and d(5)(t).
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The 80 percent crack length shows substantial increases when higher-order sidebands are

removed. We note the increases associated with the 20 percent crack length are modest. This

small crack length may still be difficult to detect, even with the changes to the construction

of the approximate difference signal.

5.5 Parametric Studies

5.5.1 Sensitivity to Measurement Location

The sensitivity of the FM4 condition indicator for varying the damage severity and

using different difference signal calculations are analyzed at an accelerometer placed very

next to the damaged tooth location as shown in Figure 5.1(b), which is an ideal case. To

evaluate the performance of the FM4 condition indicator for damage detection at various

locations on the housing of the geared transmission, an accelerometer has been added

on the housing for each tooth of the ring gear, except in the areas near the supports. A

total of 85 accelerometers are placed on the housing circumference at the planetary stage

level and measure the housing radial vibrations when the geared transmission model is

dynamically analyzed for steady-state response in the FE/CM. Radial accelerations in

housing are determined for healthy transmission and for transmissions with 20, 50, and 80

percent ring crack damage. TSA over planet-pass accelerations are generated and used to

derive both approximate and exact difference signals at all accelerometer locations. The

natural logarithmic values of the FM4 condition indicator are evaluated for both approximate

and exact difference signals and overlaid onto the housing using a polar plot. The polar plots

overlaid on the housing for varying amounts of damage are shown in Figure 5.9.

The FM4 condition indicator calculated using the approximate difference signal can

be seen to be very near the threshold value. However, the FM4 values calculated using

the exact difference signal exhibit considerable deviation from the threshold value, even
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for smaller crack lengths. The FM4 values using different difference signals do not show

monotonic increase with the increase in the damage amount at most of the accelerometer

locations. The minimum FM4 values calculated using the exact difference signal for 20,

50, and 80 percent ring crack damaged transmission are 14.03, 10.89, and 14.85 observed

at 344.7, 93.8, and 344.7 degrees of the housing respectively. This indicates that at all

accelerometer locations, the FM4 condition indicator values of the exact difference signal

are above the threshold value of 3 and the damage can be detected, even for the smaller

crack lengths. The calculation of the FM4 condition indicator using the exact difference

signal accelerations successfully detected damage, even for smaller crack lengths, across all

accelerometer locations. This indicates that placing one accelerometer on the housing of

the planetary stage is the optimum option. However, accelerometers are not only used for

damage detection of the tooth, they are also used for condition monitoring of the gear tooth,

so having more than one accelerometer is recommended.

5.5.2 Sensitivity to Damage Tooth Location

The results for varying damage severity and varying accelerometer locations for

constant damage location are analyzed in the previous sections. In this section, the sensitivity

of ring crack damaged tooth location is studied. In the FE/CM model of the geared

transmission, the angle of the center of the damaged tooth is provided to generate the

model with the cracked tooth at the specified location. Figure 5.10(a) and (b) shows the

comparison of natural logarithmic values of FM4 polar plots using exact difference signal,

calculated at accelerometers placed around the housing for 20 percent and 50 percent crack

lengths, considering damage individually at 35.6 degrees, 155.6 degrees, and 275.6 degrees

and overlaid on the housing. The analyzed damaged tooth locations are spaced 120 degrees

apart, corresponding to the planet separation angle in the geared transmission. In Figure
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5.10(a), the FM4 polar plots for a 20 percent crack length show a minimum FM4 value of

10.80, which exceeds the threshold and provides clear indication of damage in the geared

transmission. The damage at the 35.6 degree location demonstrates a clear increase in the

FM4 values near the affected tooth. Conversely, while the FM4 values for the damaged

teeth at 155.6 degrees and 275.6 degrees also increased, they did not rise to the same level

as those at 35.6 degrees. The FM4 polar plots comparison for 50 percent crack length

showed increases in their FM4 values in the vicinity of the damaged tooth location. The

exact difference signal accelerations are not the same for the cracks considered at distinct

locations around the housing.

5.6 Conclusions

The vibrations of a geared transmission are analyzed using a finite element/contact

mechanics (FE/CM) approach that includes accurate representation of the changing contact

forces on the gear teeth, multiple reduction stages with different gear types, mechanical

coupling between stages, and damage. Accelerations from the housing are calculated for

cases where the transmission is healthy and without damage and when a single ring tooth

has a root crack. The effect of increasing damage severity is analyzed using root cracks of

varying lengths. Tooth root cracks with 20 percent, 50 percent, and 80 percent length of the

ring tooth thickness are considered.

The housing accelerations contain dynamics from both the spiral-bevel stage and

the planetary stage. The accelerations exhibit distinct variations in amplitude as the

planets move relative to the measurement location. The acceleration spectrum contains

frequency content that appears in clusters near the planetary gear mesh frequency and

spiral-bevel mesh frequency harmonics. Planetary gear mesh frequency clusters feature

upper and lower sidebands that occur at multiples of the planet-pass frequency. The housing
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accelerations when all gear teeth are healthy and without damage from the FE/CM model of

the geared transmission are validated with results from the experiments measured at the same

location on the housing. Differences in amplitudes are observed in the accelerations and

frequency spectrum, however, the overall characteristics of the housing vibrations for geared

transmission are captured. Planet engages the damaged ring tooth once in the planet-pass

period and the accelerations exhibit transient behavior with the engagement. Changes to the

acceleration do not clearly indicate damage to the transmission. The frequency components

near planetary gear mesh frequency harmonics and sidebands are not sensitive to damage,

even when the damage is large. Detecting damage from changes in the amplitudes of these

components would be difficult.

The condition indicator FM4 is used to assess the presence of damage in the geared

transmission. The characteristics of the exact and approximate difference signal accelerations

and frequency spectrum are determined. The accelerations and amplitudes in the spectrum

are increased with the increase in the damage amount and the exact difference signal

spectrum contains several natural frequencies of the geared transmission. The removal of

mesh frequency and its first-order sidebands from the frequency content of the approximate

difference signal generated steady-state vibrations, making it difficult to isolate damaged

vibrations from healthy ones. The FM4 condition indicator calculated using the approximate

difference was able to detect 80 percent crack length, a higher crack length. However, the

FM4 values for crack lengths less than 50 percent are very similar to the FM4 value of

transmission without damage. FM4 calculated using the exact difference signal showed

significantly higher values compared to the FM4 values calculated using the approximate

difference signal, indicating the presence of damage even for the smaller crack lengths.

Removal of the higher number of sidebands in the derivation of the approximate difference
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signal improved the 50 percent crack FM4 values but not to the extent of the 80 percent

crack FM4 values.

The sensitivity of the FM4 calculated with the exact difference signal accelerations

detected the smaller crack lengths damage in the geared transmission when the accelerometers

are placed around the housing circumference at the planetary stage. The sensitivity of

damaged tooth location is analyzed by evaluating FM4 for various damage tooth locations

on the ring gear. It was observed that the exact difference signal accelerations are different

for different damage tooth locations and results in different FM4 values. The presence of

damage is detected for all the damaged tooth locations analyzed in this study. This research

work is carried out to further the development of damage detection in Health and Usage

Monitoring Systems (HUMS) and be able to detect damage in its early stage.
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Figure 5.7: (a) The approximate calculation of the difference signal obtained from the
elimination of the mesh frequency components and their first upper and lower sidebands of
the TSA over the planet-pass spectrum. The approximate difference signal accelerations
for (b) 20 percent, (c) 50 percent, and (d) 80 percent tooth root crack lengths of the ring
tooth, compared to a healthy transmission, during the engagement of the damaged ring tooth
in the planet-pass period. Healthy vibrations without damage are shown by a black line.
The vibrations when the ring tooth has a root crack with 20, 50, and 80 percent of the tooth
thickness are shown by blue, red, and green lines, respectively.
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Figure 5.8: The approximate difference signal calculation with (a) three and (b) five
upper/lower sideband amplitudes removed along with the mesh frequency components
at all harmonics for transmission without damage and transmission with root crack damage
on ring tooth. (c)The FM4 condition indicator values of the approximate difference signal
with varying number of sidebands removed from the difference signal are calculated. The
condition indicators of the system without damage is in the black (square marker) line, and
blue (circle marker), red (cross marker), and green (diamond marker) represent the condition
indicators of the system with ring gear tooth root crack damage of lengths 20 percent, 50
percent, and 80 percent of tooth thickness respectively.
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Figure 5.9: The polar plots of the natural logarithmic values of the FM4 for damaged
transmission with (a) 20 percent, (b) 50 percent, and (c) 80 percent crack lengths. The
values calculated using the exact and approximate difference signals are shown in solid (red)
and solid (blue) lines. The polar plots are overlaid onto the top view of the housing. The
dashed (magenta) line represents the natural logarithmic value of FM4 threshold value of 3.
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Figure 5.10: The polar plots of the natural logarithmic values of the FM4 calculated using
the exact difference signal for damaged transmission with (a) 20 percent and (b) 50 percent
crack lengths at accelerometers around housing and with damaged tooth location being
at 35.6 (blue), 155.6 (red), and 275.6 (green) degrees of the housing. The polar plots are
overlaid onto the top view of the housing. The dashed (magenta) line represents the natural
logarithmic value of FM4 threshold value of 3.
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CHAPTER SIX

DAMAGE-INDUCED DYNAMIC RESPONSE IN GEARED TRANSMISSIONS WITH
APPLICATION TO ROTATING (SUN) GEAR TOOTH DAMAGE DETECTION

6.1 Introduction

Health and Usage Monitoring Systems (HUMS) are employed in the geared transmiss-

ions to track the performance of transmissions and other critical components [5, 6]. These

systems rely on vibration measurements to detect potential damage and these measurements

are one input used by these systems to detect damage. Further analysis of the vibration

signatures associated with damage and a better understanding of their impact on detection

could enhance the effectiveness of HUMS, ultimately improving the reliability, and safety

of the geared transmissions, especially in rotorcraft applications.

The geared transmission considered in this work is a rotorcraft transmission used in

the experiments by Lewicki and Coy [112]. The accelerometer signals were analyzed using

different techniques for different input speeds and torques. The condition indicator values

are the qualitative and quantitative representation of the vibration signal. The condition

indicator value of the system without damage is compared to the condition indicator value

of the system with damage for gear fault detection in the system [59, 86, 87, 100, 149]. The

review of condition indicators used for fault detection in the gears was provided by many

researchers in Refs. [5, 88–92, 135, 164]. Dempsey et al. [6, 93–95] performed various

studies on the rotorcraft transmission on test rigs and in-flight to come up with threshold

values for various condition indicators. Rotorcraft transmissions experience false alarms

more commonly and this can be avoided by studying the effect of damage on the vibration

signals [96].
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Identification of damage on sun gear teeth of the planetary stage is still a challenge

for researchers because the kinematic motion of the gear masks its dynamics in the

modulation-like behavior with respect to the stationary measurement location on the housing

of the rotorcraft transmission system. The vibrations from the measurement location due to

the damaged sun gear teeth were observed to be not consistent throughout the carrier rotation.

The vibrations were larger when the engagement of the damaged tooth with the neighboring

planet tooth happened near the measurement location and vibrations were smaller when the

engagement happened elsewhere. This resulted in asynchronous vibration and as a result

the loss of content affected by damage in the Time Synchronous Averaging (TSA) signal

was observed. McFadden proposed a vibration separation method of planet and sun gears

by time-domain averaging [117,118]. Samuel and Pines [119] extended the synchronous

averaging technique to use multiple sensors. Lewicki et al. [4] used vibration separation

techniques for the identification of damage in the planet and sun gears by performing seeded

fault tests on all the components. The planet gear tooth root crack, surface pitting damage,

and sun gear tooth surface pitting damage were all detectable. Hood et al. [120, 121]

also conducted the sun gear fault-seeded experiments and proposed a vibration separation

technique to isolate the dynamics of sun gear from other components of the planetary gearbox

but only the pitting damage was detectable. The fault detection techniques like understanding

the spectral structure of planetary gear system [125], synchro-squeezing transform [128],

wavelet neural network [126] use techniques other than condition indicators. Zhang et

al. [129] proposed a systematic scheme to explore the motion period of the sun gear fault

meshing positions and evaluated the statistical condition indicators to detect the damage.

The effect of TSA on the FM4 condition indicator performance for tooth root crack damage

on the sun gear of geared transmission is the focus of this study.
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In this work, the housing accelerations are determined by dynamically analyzing

the finite element/contact mechanics (FE/CM) model and validated using the results from

experiments. The accelerations of the transmission with varying tooth root crack lengths on

single tooth of rotating (sun) gear are determined using the FE/CM model. The condition

indicator FM4 is calculated using approximate and exact difference signals to understand

its performance for damage detection. The sensitivity of measurement location around the

housing circumference of the geared transmission is studied using the evaluation of the FM4

condition indicator.

6.2 Finite Element/Contact Mechanics (FE/CM) Model of Geared Transmission

This work uses the same finite element/contact mechanics (FE/CM) formulation

and geared transmission model discussed in the Chapter. 4.7 to determine the housing

accelerations. Completed details of the methodology applied to gear dynamics studies

can be found in Refs. [14, 132, 145]. The FE/CM method has been shown to accurately

predict the experimentally-measured nonlinear dynamic response of unmodified [14] and

modified [17] gear pairs using two-dimensional finite element models. The accuracy was

shown to persist for three-dimensional models [132]. The FE/CM formulation was shown to

accurately predict dynamic tooth root strains compared to experiments, even when large

amplitude vibrations caused tooth contact loss [134]. The FE/CM method has also been

shown to accurately predict ring tooth root stresses compared to experiments [133]. A

brief overview of the formulation and the geared transmission model are provided here.

This formulation utilizes the small contact area between mating gear teeth to approximate

tooth deformation as a combination of relative displacement near the surface (resulting

from local contact deformations) and absolute displacement further away from the surface

(caused by tooth bending and gear blank deformations). Relative displacements are modeled
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using elasticity theory for concentrated loads on an elastic half-space, while absolute

displacements are calculated using finite element analysis. These two solutions are paired at

a matching interface that is sufficiently far from the tooth surface that the local deformations

are negligible. This approach reduces the need for highly refined meshing near the tooth

surface, thereby conserving computational resources and enabling comprehensive finite

element modeling of all gear components. It also allows for time-domain dynamic response

calculations that account for kinematic motions, tooth bending, structural deformations, and

vibrations without making assumptions about the contact between the gears.

The geared transmission in Figure 6.1(a) consists of two stages: input spiral-bevel

stage and output planetary stage. The torque on the input spiral-bevel pinion shaft is

transferred to the gear of the transmission. The shaft of the spiral-bevel gear is splined

together with the sun gear shaft of the planetary stage. This torque is transferred to the carrier

and to the output using three equally spaced planets around the sun gear and stationary ring

gear in the planetary stage. The top view of the geared transmission with input spiral-bevel

shaft, carrier, stationary ring gear, three equally placed planets, and housing is shown in

Figure 6.1(a). The accelerometer measuring the radial vibrations of the housing is considered

near the input port of the geared transmission. The accelerometer is placed to be at the

midline of the planetary stage of the transmission. This accelerometer location is the same

as in the experiments (A2 accelerometer of OH-58A transmission) in Ref. [3]. The FE/CM

model includes accurate geometry of the housing, carrier, carrier shaft, spiral bevel gear

shaft, and spiral bevel pinion shaft whose finite element meshes were developed from solid

models of these components. In this work, the presence of damage on the rotating (sun) gear

tooth is analyzed and Figure 6.1(b) shows the finite element mesh of the gear and the initial

location of the damage before the geared transmission begins to kinematically rotate. The

input speed of the spiral bevel pinion is 6060 rpm. The planetary gear mesh frequency ( fm)
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is 573.4 Hz and the spiral-bevel gear mesh frequency ( fsb) is 1919 Hz. The FE/CM model is

analyzed dynamically at operating torque and speed. The input spiral bevel pinion speed is

specified to be 6060 rpm. The output carrier torque is 6106 N-m. 50 steps over a planetary

gear mesh period is used and this provides accurate spectra calculations below 10 kHz.

Steady-state accelerations of the geared transmission are determined for three complete

carrier rotations after a region transient response is removed. For the dynamic simulation, a

region of transient response occurs prior to reaching the system’s steady state.

(a)

(b)

Figure 6.1: (a) The top view of the geared transmission shows the input shaft, housing,
carrier, ring gear, and planet gears. The accelerometer (black circle marker) on the housing
measures vibrations in the radial direction. (b) The finite element mesh of the rotating (sun)
gear in the geared transmissions shows the initial location of the damaged tooth.
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6.3 Dynamic Response

6.3.1 Healthy Transmissions without Damage

The FE/CM model of the transmission is dynamically analyzed at steady state to

determine the housing accelerations in baseline conditions when all gear teeth are healthy.

The accelerations that are shown are normalized by gravity. The housing accelerations of

the geared transmission with all gears healthy and without damage are shown in Figure

6.2(a) in blue line. The accelerations contain vibrations from both stages of the transmission.

Variation in the housing accelerations is noticed for planet-pass and carrier cycle periodicity

as the planets kinematically rotate relative to the accelerometer location. Figure 6.2(b) and

(c) show the baseline vibrations in the first planet-pass period (0 to 0.333 carrier cycle) and

in the first carrier cycle period.

The spectrum of the baseline accelerations determined from the FE/CM model in

the Figure 6.2(a) are shown in Figure 6.3 with a blue line. The spectrum has clusters of

frequency content near planetary gear mesh frequency and spiral bevel gear mesh frequency

harmonics. Each cluster near planetary gear harmonics contains prominent upper and lower

sideband components. Figure 6.3, lower left, lower center shows the clusters of frequency

content at the first and second harmonics of planetary gear mesh frequency. The sidebands

near planetary gear harmonics occur at multiples of the planet-pass frequency fpp = 17.375

Hz. The sideband amplitudes are asymmetric for the second harmonics planetary stage mesh

frequency cluster. The spectrum near the first harmonic of the spiral bevel gear frequency

fsb = 1919 Hz is shown in the lower right plot in Figure 6.3. The sideband frequencies near

the spiral bevel mesh frequency occur at the planet-pass frequency, similar to those near

the planetary gear mesh frequency. The amplitudes of the clusters of planetary gear mesh

frequency and spiral bevel mesh frequency are meaningful even at high frequencies near
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Figure 6.2: (a) Comparison of the FE/CM calculation and experimental results of housing
accelerations for three carrier rotations of geared transmission without damage. The
comparison zoomed to (b) the first planet-pass period and (c) the first carrier cycle of
the accelerations. The experimental and FE/CM calculation results are shown in solid
(black) and solid (blue) lines.

10 kHz. The maximum amplitude seen in the spectrum is 3.6 g, which occurs near the first

harmonic of spiral bevel mesh frequency.

6.3.1.1 Validation with Experiments Hood [3] conducted experiments on the geared transmi-

ssion shown in Figure 6.1(a). The housing accelerations of the geared transmission when

all gear teeth are healthy at the measurement location shown in Figure 6.1(a) determined

from the experiments are shown in Figure 6.2 with a black line. The accelerations predicted

by the FE/CM model have similar features as those seen in the experiments. Comparing

the experimental results and the FE/CM model results, differences are observed in the

amplitudes. The mean square error calculated between the two results is 139. The frequency

spectrum is shown in Figure 6.3. The amplitude differences between the experimental and
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Figure 6.3: The frequency spectrum comparison of the healthy transmission housing
accelerations calculated from the FE/CM model and experiments (upper). The frequency
spectrum is zoomed (lower) to the first and second planetary stage mesh frequencies and the
first spiral-bevel stage mesh frequency. The experimental and FE/CM calculation results are
shown in solid (black) and solid (blue) lines.

FE/CM model results are seen in the first planet-pass and first carrier cycle plots shown in

Figure 6.2(b) and (c). The FE/CM model shows higher amplitudes at the first harmonic

of mesh frequency in the first harmonic planetary stage mesh frequency cluster which can

be seen in Figure 6.3, lower left plot. The experimental results show sidebands at the

carrier frequency, which the FE/CM model does not predict. However, the amplitudes of

sidebands occurring at planet-pass are accurately captured by the FE/CM model. Similar

characteristics are observed at the second harmonics of mesh frequency cluster shown

in Figure 6.3, lower center plot. The FE/CM model predicted a lower amplitude of the

spiral-bevel stage mesh frequency component shown in Figure 6.3, lower right plot, however,

the sideband amplitudes are comparable to the experimental results. The difference between

the FE/CM model and the experiments is expected due to differences in some cast parts

with intricate geometry, lubrication, estimation of bearing stiffnesses, and damping in the
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geared transmission. However, the FE/CM model captures the overall characteristics of the

acceleration signals and is used for determining the damaged transmission accelerations

and the performance of condition indicators to detect the presence of damage in the geared

transmission.

6.3.2 Damaged Transmissions

This work focuses on tooth root crack damage on the rotating (sun) gear. We assume

the damage is localized to a single tooth. The tooth root crack is modeled by releasing the

connectivity of select finite elements along a pre-selected crack path. Three different sun

root crack lengths are analyzed to quantify the effects of varying severity of damage. The

crack lengths are 20 percent, 50 percent, and 80 percent of the sun tooth thickness. The

finite element meshes of the sun teeth with the different tooth root cracks are shown in

Figure 6.4(c). The damaged sun tooth with its initial location before geared transmission

kinematically rotates shown in Figure 6.1(b) comes into contact with the planets at 0.023,

0.114, etc., carrier cycles. The total number of engagements of the damaged sun tooth with

the planet tooth is observed to be 11 in one carrier cycle rotation. In three carrier cycles,

the damaged sun tooth engages into healthy teeth of the planets 33 times. The damaged

transmission accelerations compared to healthy housing accelerations are shown in Figure

6.4(a). The crack lengths less than 50 percent (red and green lines) of the tooth thickness

of the sun are not significantly different compared to the healthy accelerations (blue line).

Figure 6.4(b) shows one of the engagements in the first planet-pass period of the carrier

cycle. This engagement is characterized by a localized increase in the housing accelerations

immediately above the 0.21 carrier cycle. Following a planet’s engagement with the damaged

sun tooth, a region of transient response occurs that diminishes prior to the engagement of

the next planet. The ring tooth damage is space-fixed or stationary in the planetary stage
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and produces nearly constant amplitudes and transients for different engagements in the

measured acceleration. On the other hand the kinematic motion of the sun gear and the

relative differences between the engagement location and the measured location result in

varying amplitudes of damaged transmission accelerations at different engagements. At 80

percent crack length, damaged accelerations show significant differences in the amplitudes

compared to healthy for all the engagements. The frequency spectrum of the sun root crack

damaged transmission accelerations were observed to have constant amplitudes for planetary

stage mesh frequency and its sidebands at all harmonics, even for larger crack lengths (not

shown). The changes in accelerations and frequency spectrum caused by sun tooth root

crack damage complicate damage detection.

6.4 Difference Signal Calculations

In this study, vibrations are analyzed using the FM4 condition indicator to detect

damage in the geared transmission. Calculations of additional condition indicators for geared

transmission can be found in Appendix B. The FM4 indicator requires difference signal

accelerations as input, which are processed from the time synchronous averaged (TSA)

signal. TSA is a method that isolates vibration signals from noise and other nonsynchronous

components [161, 162], allowing separation of vibrations from the planetary stage and the

input spiral-bevel stage. Analyzing the vibrations of the planetary stage alone as the damaged

tooth is located in the planetary stage, it is expected that damage will be better detected

than if additional vibration components from the input stage are included. The transfer path

of the sun gear vibrations to the accelerometer on the housing is through the sun-planet,

planet-ring, and ring-housing engagements. Isolating the damaged accelerations from the

normal meshing vibration is more challenging in cases of sun tooth damage compared to the

ring tooth damage. TSA can be performed using any of the three fundamental periods in the
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Figure 6.4: (a) FE/CM calculation of housing accelerations for three carrier rotations of
damaged transmission and (b) one of the engagements of damaged sun tooth in the first
planet-pass period. The FE/CM calculation of healthy vibrations without damage is shown
by a blue line. The vibrations when the sun tooth has a root crack with 20, 50, and 80
percent of the tooth thickness are shown by red, green, and purple lines, respectively. (c)
Finite element meshes of the sun tooth with root crack damage. The tooth root crack lengths
are 20 percent (red), 50 percent (green), and 80 percent (purple) of the ring tooth thickness.

planetary stage: the mesh period, the planet-pass period, and the carrier period. However,

using the mesh period for TSA removes most of the damage-related vibration effects and

is therefore not recommended. The housing accelerations in Figure 6.4, are divided into
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nine blocks for the planet-pass period and three blocks for the carrier period and averaged

to calculate the TSA over the planet-pass and TSA over the carrier period (not shown).

Due to differences between the sun damaged tooth engagements and the location of the

accelerometer, the TSA over the planet-pass period is observed to lose the dynamics of the

damaged tooth engagement. Difference signals for the FM4 condition indicator are then

computed using both exact and approximate methods.

6.4.1 Approximate Difference Signal

The mesh frequency components and their sidebands in the housing accelerations

are observed to be largely insensitive to damage as a result it has been proposed to

create a modified acceleration signal with these components removed [97]. To generate

the approximate difference signal spectrum, the amplitudes of the planetary stage mesh

frequency and its first-order upper and lower sidebands at all harmonics in the TSA signal

spectrum are eliminated. The approximate difference signal, denoted as d(1)(t), is obtained

by performing an inverse Fourier transform on the modified spectrum. The difference signal

primarily captures vibrations caused by damage, excluding the typical vibrations from

normal gear meshing. The approximate difference signal of the geared transmission, when

all gear teeth are healthy and with varying amounts of sun crack damage at the measured

location for TSA over the planet-pass and the carrier period, is shown in Figure 6.5(a)

and (b). The 80 percent crack length is significantly different compared to the healthy

approximate difference signal and the engagements of sun damaged tooth can be clearly

observed in the approximate difference signal of the TSA over the carrier period. The

approximate difference signal accelerations of the crack lengths less than 50 percent (red

and green lines) cannot be distinguished from the healthy accelerations.
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Figure 6.5: The approximate difference signal of (a) TSA over the planet-pass period and
(b) TSA over the carrier period accelerations for the geared transmission. The vibrations
when the sun tooth has a root crack with 20, 50, and 80 percent of the tooth thickness are
shown by red, green, and purple lines, respectively.

6.4.2 Exact Difference Signal

The exact difference signal also referred to as the damage-induced dynamic response

of the geared transmission, is defined as the signal that reflects accelerations solely caused

by damage. It is calculated by subtracting the healthy accelerations (x(t)) from the damaged

accelerations (xd(t)), resulting in the exact difference signal (d(t) = xd(t)−x(t)). The exact

difference signal accelerations for TSA over the planet-pass period and TSA over the carrier
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period for 20, 50, and 80 percent crack lengths of sun gear is shown in Figure 6.6(a) and

(b). The exact difference signal of the TSA over the carrier period shows engagement and

disengagement of the damaged sun gear tooth. However, the exact difference signal, derived

from the unaltered accelerations (or without TSA processed) shown in Figure 6.6(c), has

amplitudes ranging from -41 g to 38 g. In contrast, the amplitudes in the TSA over the

carrier period range from -22 g to 24 g which suggests that the damage content is being

averaged out in the TSA processing. The engagement and disengagement of the damaged

sun gear tooth can be observed for all different crack lengths.

6.5 Condition Indicator - FM4

Health and Usage Monitoring Systems (HUMS) for geared transmissions assess gear

condition by calculating condition indicators from vibration signals [5]. These indicators are

typically based on statistical features of the vibration signals, which are expected to change

in the presence of damage. The FM4 condition indicator is used to evaluate the performance

of different difference signal calculations. The Figure of Merit (FM4) is calculated from [97]

FM4 =
N ∑

N
i=1(di − d̄)4

[∑N
i=1(di − d̄)2]2

(6.1)

where di = d(ti), i = 1,2, . . . ,N is the exact difference signal at time ti and d̄ is the mean

of the exact difference signal. The FM4 value for the approximate difference signal is

calculated using the same Eq. (6.1). The nominal FM4 value for Gaussian noise is three,

and values exceeding three are considered to detect the presence of damage. FM4 has been

shown to effectively identify localized damage in a small number of teeth [97]. Figure 6.7(a)

and (b) shows the FM4 condition indicator values evaluated using the approximate and exact

difference signal accelerations. The FM4 values of TSA over planet-pass (magenta star

markers) and TSA over carrier period (yellow diamond markers) approximate difference
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signals are observed to be very near to the threshold value of three and this complicates the

damage detection of sun tooth root crack at the measured location. The same is observed

with the exact difference signal of TSA over the planet-pass period (green square markers).

The FM4 values are observed to be greater than six for the unaltered (blue circle markers)

and TSA over the carrier period (red cross markers) exact difference signals, more than

100 percent of the threshold value. The damage detection of the sun tooth root crack at the

measured location is possible even for the smaller crack lengths when the FM4 condition

indicator is evaluated using the unaltered or TSA over the carrier period exact difference

signals.

6.5.1 Sensitivity to Measurement Location

The sensitivity of the FM4 condition indicator for the unaltered and TSA over the

carrier period exact difference signals is studied for accelerometers considered around

the housing circumference. One accelerometer on the housing for every ring gear tooth,

except near the housing supports are added to the simulation. The housing accelerations

are determined and processed to derive the unaltered and TSA over the carrier period exact

difference signals at all accelerometer locations. The FM4 polar plots for varying crack

lengths of the sun tooth root crack using different signals are shown in Figure 6.8. The polar

plots are overlaid on the top view of the housing. The FM4 threshold value of three is added

to the polar plots (dashed magenta line). The FM4 values are observed to be above five, more

than 66.7 percent from the threshold value, for different crack lengths and different exact

difference signal accelerations. The accelerations from different accelerometer locations are

not the same and result in different FM4 values around the housing. The FM4 values do not

increase with the increase in the damage severity.
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6.6 Conclusions

The finite element/contact mechanics (FE/CM) approach is used to dynamically

analyze the geared transmission to determine housing accelerations. The FE/CM approach

includes the accurate representation of the changing contact forces on the gear teeth,

multiple reduction stages with different gear types, mechanical coupling between stages,

and damage. The housing accelerations contain dynamics from both the spiral-bevel stage

and the planetary stage. The accelerations exhibit distinct variations in amplitude as the

planets move relative to the measurement location. The frequency spectrum of the healthy

transmission has content in the form of clusters at the spiral-bevel and planetary stage mesh

frequencies and their harmonics. Sidebands are observed at planet-pass frequencies at both

stages. The housing accelerations when all gear teeth are healthy and without damage from

the FE/CM model of the geared transmission are validated with results from the experiments

measured at the same location on the housing. Differences in amplitudes are observed in the

accelerations and frequency spectrum, however, the overall characteristics of the housing

vibrations for geared transmission are captured.

The housing accelerations of the tooth root crack damage on the rotating (sun) gear

tooth for geared transmission are determined using the FE/CM model. The damaged tooth

on the sun gear engages into healthy planet teeth 11 times in a carrier cycle. The engagement

exhibits increased amplitudes with transient behavior in the housing accelerations. The

dynamics of the sun gear are masked by several other component vibrations and isolating

the damage from normal meshing vibrations is challenging. The housing accelerations

of tooth root crack lengths less than 50 percent are not significantly different than the

healthy transmission accelerations. The frequency spectrum of the damaged transmission

did not affect the amplitudes of the harmonics of the planetary stage mesh frequency and
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its sidebands. Damage detection from damaged transmission acceleration and frequency

spectrum has proven to be difficult.

The condition indicator FM4 is used to assess the presence of damage in the geared

transmission. The difference signals are calculated using the approximate and exact methods

for TSA over the planet-pass, TSA over the carrier period, and unaltered (without TSA)

accelerations. The signature of the damage engagement and disengagement is completely

lost in the calculation of TSA over the planet-pass period. The damage content is averaged

out in the processing of TSA over the carrier period. The FM4 values calculated for unaltered

and TSA over carrier period exact difference signals show a prominent indication of damage

at the measured location, even for the smaller crack lengths in the geared transmission

compared to the other input signals. The sensitivity of the measurement location on the

FM4 condition indicator performance is studied for the unaltered and TSA over the carrier

period exact difference signals. The FM4 condition indicator is able to detect damage at all

measurement locations around the housing circumference. This work suggests unaltered

(no TSA) or TSA over the carrier period accelerations and the calculation of their exact

difference signals for detecting damage on the rotating (sun) gear tooth of the geared

transmission.
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Figure 6.6: Damage-induced dynamic response or the exact difference signal of (a) TSA
over the planet-pass period, (b) TSA over the carrier period, and (c) unaltered accelerations
for the geared transmission. The vibrations when the sun tooth has a root crack with 20, 50,
and 80 percent of the tooth thickness are shown by red, green, and purple lines, respectively.
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Figure 6.7: The FM4 condition indicator evaluated using (a) approximate difference signals
and (b) exact difference signals for healthy transmission (H) and sun root crack damaged
transmission. In (a) the FM4 calculated using TSA over planet-pass and TSA over carrier
period approximate difference signals are shown by magenta line with star markers and
yellow line with diamond markers. In (b) the FM4 calculated using unaltered, TSA over
planet-pass and TSA over carrier period exact difference signals are shown by blue line with
circle markers, green line with square markers, and red line with cross markers.
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Figure 6.8: The polar plots of the FM4 evaluated using (a) unaltered exact difference signal
vibrations and (b) TSA over the carrier period exact difference signal vibrations for damaged
transmission with 20, 50, and 80 percent crack lengths. The polar plots are overlaid onto the
top view of the housing. The FM4 values when the sun tooth has a root crack with 20, 50,
and 80 percent of the tooth thickness are shown by red, green, and purple lines, respectively.
The dashed (magenta) line represents the FM4 threshold value of 3.
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CHAPTER SEVEN

NONLINEAR DYNAMIC RESPONSE AND DAMAGE-INDUCED DYNAMIC
RESPONSE FOR VARYING SPEED IN SPUR GEAR PAIRS WITH LOCALIZED

DEFECTS

7.1 Introduction

Gears vibration is transmitted to the surrounding structure through shafts, bearings,

and other connected components, often resulting in unwanted noise and vibrations that

can affect the overall system performance. At specific rotational speeds, particularly near

resonant frequencies, dynamic tooth loads can lead to excessive stresses on both the gear

teeth and bearings. Gears operating under complex loading conditions, lead to increased

dynamic responses and result in nonlinearity such as tooth contact loss. The effect of

tooth root crack or tooth surface pitting damage on the dynamic response can influence the

nonlinearity of the gear pair. Understanding the nonlinear behavior is crucial for damage

detection, as it affects the dynamic responses used to evaluate the condition indicators. This

work studies the effect of localized defects on the nonlinear response of the gear pair.

The accuracy of the dynamic response of the spur gear pair depends on the accuracy

of the tooth mesh interface parameters. The analytical lumped-parameter model uses the

static transmission error and tooth mesh stiffness of the gear pair as their excitation sources.

Many researchers have proposed methods to determine the time-varying mesh stiffness and

static transmission error of the gear pair. These methods primarily center on analytical

models [18–29], conventional finite element formulations [30–32, 53], experiments [33–40],

and combined finite element/contact mechanics formulations [14, 17, 41]. Several other

models for mesh stiffness calculations can be found in the bibliography of Ref. [130].

Damage to the gear teeth alter the usual fluctuations in static transmission error and tooth
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mesh stiffness, which can lead to increased vibrations and dynamic response. Ma et al. [62]

reviewed the tooth root crack damaged gear pair mesh stiffness evaluated to determine the

damaged dynamic response. Different dynamic response derivation models of gear pairs with

several gear faults are reviewed in Ref. [64]. Wang et al. [65] calculated the time-varying

mesh stiffness for gear teeth with root cracks connected to blanks with complicated geometry.

Chen et al. [53] investigated tooth root crack damage on the gear mesh stiffness of gear pairs

with thin-webbed blanks. Yang et al. [66] included the opening state of the crack under

the action of mesh force in the analytical model for the calculation of mesh stiffness and

compared the results with finite element analysis. Cooley et al. [67] showed the effect of

crack initiation, and crack path on mesh stiffness. Wang et al. [68] studied the effect of

tooth root cracks on the dynamics. Kumar et al. [69] determined the gear mesh stiffness

of un-carburized and carburized gears using the potential energy approach for different

crack depths. Han et al. [70] analyzed the tooth mesh stiffnesses of spur gears with broken

tooth faults, and analyzed their impact on dynamic response. Yang et al. [71] proposed the

time-varying mesh stiffness calculation method of the gear pair considering different spatial

crack shapes which are different shapes of cracks in the direction of the facewidth of the

tooth. We analyzed the static transmission error and mesh stiffness of the nonunity-ratio

spur gear pair using a finite element/contact mechanics model for tooth root cracks starting

in the root and extending into the tooth thickness.

Kahraman and Blankenship [12, 13, 16] have experimentally measured the RMS of

the oscillating component dynamic response of the gear pair for various operating torques,

speeds, and contact ratio. Parker et al. [14] showed excellent agreement with experimental

results when calculated using the FE/CM formulation. Cooley et al. [132] extended the

FE/CM formulation for three-dimensional gears, as part of an efficient frequency-domain

approach for dynamics calculations and showed good agreement with experimental results.
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The work carried out is for the unity-ratio spur gear pair and when all gear teeth are healthy.

We investigated the nonlinear dynamic response of the nonunity-ratio spur gear pair when

all gear teeth are healthy and when a single tooth of pinon has tooth root crack damage.

Lumped-parameter model is used to derive the dynamic response of the nonunity-ratio

gear pair without damage and with tooth root crack damage on a single pinion tooth. The

peak-to-peak dynamic transmission error is determined for varying speeds of the gear

pair to characterize the nonlinear dynamic response with tooth root crack damage. The

dynamic responses and frequency spectrum at speed with multiple steady-state responses

are compared for healthy and tooth root crack damaged nonunity-ratio spur gear pair. The

range of speed for the quasi-static and impulse-like damage-induced dynamic responses of

the gear pair for varying tooth root crack lengths is identified.

7.2 Dynamic Response - Analytical Lumped Parameter Model

The gear pair analyzed in this study is the sun-planet pair from the output planetary

stage of a rotorcraft transmission [112]. It is a nonunity-ratio spur gear pair with geometric

parameters listed in Table 7.1. The dynamic response of the gear pair is derived using an

analytical lumped-parameter model, shown in Figure 7.1(b). Each gear is modeled as a

rigid disk with radius rh, mass mh, and mass moment of inertia Jh (h = p,g). The gears are

supported by discrete stiffness (kh) and damping (ch) elements, representing the elastic and

dissipative properties of the shafts, bearings, and housing. Applied torque Th to each gear,

and each gear has two degrees of freedom: translation along the line-of-action yh and the

rotational vibration θh. The translation perpendicular to the line of action is neglected, as is

friction between meshing gear teeth and other off-line-of-action effects. The mesh force is

calculated using the local slope approach, which accurately predicts dynamic responses in

undamaged gear pairs [41, 143]. The mesh force is given by fm = kl(t) [δ −δ0(t)], where
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kl(t) is the local slope calculation of mesh stiffness, δ = yp − yg + rpθp + rgθg is the mesh

deflection, and δ0(t) is the static transmission error. In the lumped-parameter model, the

gear mesh interface is represented as a discrete mesh stiffness kl in series with a prescribed

displacement excitation δ0(t). The dissipative behavior of the gear mesh is modeled with

a discrete damping element cm. The parameters used in the lumped-parameter model are

given in Table 7.2 and the static transmission error and mesh stiffness at the gear pair mesh

interface are determined using the finite element/contact mechanics (FE/CM) model.

The FE/CM model of the gear pair is built and analyzed in Calyx Transmission3D

to determine static transmission error and mesh stiffnesses. Elastic deformations and tooth

load distributions of gear pairs which change due to gear rotation kinematics are precisely

calculated using the FE/CM approach. The geometry of involute gear tooth profiles is

captured by specialized finite elements that have high resolution along the profile. These

finite elements use shape functions with continuous slopes so that the local curvatures

of the deformed surfaces are accurately captured. The contact pressure distribution on

the individual gear teeth at each time instant is calculated. Because of the finite element

method, the deformations of gear teeth are accurately captured without the need to make

modeling assumptions between gear teeth, root, and blank. Accurate modeling of small

micro-sized modifications of the gear teeth is possible with this FE/CM approach. This

method of modeling appears to accurately capture the deformations and have comparable

results when the crack is modeled with a high density of elements. The FE/CM model of

the nonunity-ratio gear pair is statically analyzed at nominal torque (424 N ·m), at torque

slightly (one percent) higher than nominal torque, at torque slightly (one percent) lower than

nominal torque. The mesh force and rotational deformations at nominal torque, at torque

one percent above nominal and at torque one percent below nominal, give static transmission
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error and mesh stiffness. The more detailed calculation of the static transmission error and

mesh stiffness of the gear pair is studied in Chapter 2.5.

The equations of motion when the gear teeth remain in contact are

mpÿp +(cp + cm)ẏp − cmẏg + cmẋ+(kp + kl)yp − klyg + klx = klδ 0 − f0, (7.1a)

mgÿg − cmẏp +(cg + cm)ẏg − cmẋ− klyp +(kg + kl)yg − klx = f0 − klδ 0, (7.1b)

meẍ+ cmẏp − cmẏg + cmẋ+ klyp − klyg + klx = klδ 0, (7.1c)

me =
JpJg

rp2Jg + rg2Jp
, f0 =

rpJgTp + rgJpTg

rp2Jg + rg2Jp
, (7.1d)

The equations of motion when the gear teeth lose contact and the terms kl , δ0 will

be equal to 0. These equations of motion are converted to first-order form and numerically

integrated to determine the dynamic response of the gear pair.

Table 7.1: Nonunity-ratio spur gear pair geometrical parameters

Gear Pinion
Number of teeth 35 27
Module (mm) 2.87

Outer diameter (mm) 104.98 84.05
Root diameter (mm) 91.54 70.76

Tooth thickness (mm) 4.18 4.52
Facewidth (mm) 31.75 34.925

Center distance (mm) 88.9
Pressure angle (deg) 24.6

7.2.1 Healthy Spur Gear Pair Dynamic Response

The static transmission error and mesh stiffness of the nonunity-ratio gear pair

without damage are derived from static analysis using the FE/CM model for one mesh cycle.
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Table 7.2: Parameters for the analytical lumped-parameter model to determine the dynamic
response of the nonunity-ratio spur gear pair in Figure 7.1(a).

Gear Pinion
Base radius, rg,p (mm) 45.63 35.20

Mass, mp,g (kg) 0.8537 0.7294
Torque, Tp,g (N ·m) 424 327

Moment of inertia, Jp,g (kg ·m2) 0.0050 0.0008
Support stiffness, kp,g (N/m) 1×1012 1×1012

Support damping, cg,p (N · s/m) 800 800
Mesh damping, cm (N · s/m) 3660
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(b)
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θg

mp, Jp

mg, Jg

kl(t)
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ygrg

rp

0(t)
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Figure 7.1: (a) The finite element mesh of the nonunity ratio spur gear pair analyzed in this
work to determine the static transmission error and mesh stiffnesses. Torque ’T’ is applied
to the inner diameter of the gear and the inner diameter of the pinon is constrained ’C’. (b)
Schematic of the lumped-parameter model of the gear pair.

As all gear tooth are without damage, the tooth mesh interface parameters are repeated for

one rotation of pinion (27 mesh cycles). Utilizing these tooth mesh interface parameters

and the parameters in Table 7.2, the dynamic response of the gear pair is derived for one

complete rotation of the pinion (27 mesh cycles) at mesh frequency 1800 Hz or speed 4000

rpm. Figure 7.2 shows the dynamic response and the frequency spectrum of the gear pair
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without damage. The dynamic response shows periodic behavior meaning, the response for

the first mesh cycle is the same as response for all other mesh cycles which was expected

behavior. The spectrum of the dynamic response only shows amplitudes at mesh frequency

and its harmonics.

(a)

(b)

Figure 7.2: (a) The dynamic transmission error of the gear pair without damage determined
using the analytical lumped-parameter model. (b) The frequency spectrum of the healthy
gear pair dynamic response.
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7.2.2 Damaged Spur Gear Pair Dynamic Response

Two different tooth root crack lengths, 20 and 50 percent of the tooth thickness

of the gear tooth which starts at root and goes into the tooth thickness are analyzed. The

static transmission error and mesh stiffness of the nonunity-ratio gear pair with root crack

damage on single tooth of pinion are analyzed statically using FE/CM model. The tooth root

crack damage in the FE/CM is modeled by removing the element connectivity in the crack

path. The tooth mesh interface parameters for gear pair without damage and gear pair with

tooth root crack damage are utilized to create the inputs for the analytical lumped-parameter

model. Figure 7.3 shows the dynamic response and frequency spectrum of the gear pair with

tooth root crack damaged, compared to the healthy gear pair results. The dynamic response

resembles that of the undamaged gear pair prior to contact. However, when contact occurs,

the dynamic response exhibits transients and increased amplitudes. This transient behavior

is seen for mesh cycles after the damaged tooth contact leaves the mesh. The dynamic

response amplitudes and transient behavior increase with the increase in the damage amount.

The spectrum of the dynamic response of the gear pair with tooth root crack damage contains

amplitudes at mesh frequency and its harmonics and change in amplitude with respect to

spectrum of gear pair without damage was minimal making the damage detection difficult

from tracking the amplitudes. Apart from the regular meshing components seen in the

spectrum of the dynamic response of the gear pair without damage, the spectrum of the

dynamic response of root crack damage has resonance like amplitude at natural frequency

of the gear pair. This amplitude increases with increase in the damage amount.

7.3 Dynamic Response for Varying Speeds

In the earlier sections, the dynamic response of the gear pair is evaluated at one mesh

frequency of 1800 Hz or speed of 4000 rpm. The analytical lumped-parameter model is used
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(a)

(b)

Figure 7.3: (a) The dynamic transmission error and (b) frequency spectrum of the gear pair
with tooth root crack damage on single tooth of the pinion of the gear pair for one complete
rotation of the pinon. The healthy gear pair results are shown in the black line. The tooth
root crack damaged results of 20 and 50 percent of tooth thickness of pinon are shown in
blue and red lines respectively. The finite element mesh of the pinon tooth with varying
crack lengths is shown in the inset figure in (b).

to evaluate the dynamic responses of the gear pair without damage and the gear pair with

tooth root crack damage for speeds ranging between 200-4000 Hz, the typical operating

speeds. The model is analyzed with increasing speed from 200 to 4000 Hz with 50 Hz

increments and also analyzed with decreasing speed from 4000 to 200 Hz to determine the

nonlinear dynamic response of the gear pair. The nonlinear dynamic response of the gear
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pair without damage is shown in Figure 7.5(a). Softening nonlinearity is observed for the

nonlinear dynamic response of the healthy gear pair. The natural frequency of the spur gear

pair in Figure 7.1(a) is 2733.33 Hz, calculated using the impulse tests in the FE/CM model.

It is observed that the nonlinear dynamic response exhibits a jump phenomenon from the

lower branch to the upper branch at 2300 Hz mesh frequency, near the natural frequency of

the gear pair. This is referred to as the primary resonance of the gear pair. For speeds from

1700 to 2300 Hz, multiple steady-state responses are possible. The secondary resonances,

superharmonic resonances, are also captured in the nonlinear response of the healthy gear

pair. The nonlinear dynamic response of the gear pair with tooth root crack damage is shown

in Figure 7.4(b). The increase in the amount of damage severity increased the peak-to-peak

transmission error for varying speeds. The nonlinear dynamic response of the gear pair with

tooth root crack damage exhibits similar characteristics as the healthy gear pair.

The dynamic transmission error and frequency spectrum of a healthy gear pair and a

tooth root crack-damaged gear pair are compared at a speed of 1750 Hz, where multiple

steady-state responses are present and are shown in Figure 7.5. Dynamic responses are

shown between 13 and 23 mesh cycles where the damaged tooth engages and transients end.

The dynamic response of the gear pair in the lower branch exhibits the same characteristics

as the dynamic response discussed in the Section 7.2. For the upper branch results, the

amplitudes of both the dynamic transmission error and the frequency spectrum are higher.

The meshing teeth in the gear pair lose contact for large portions of the mesh cycle. The

transients due to the engagement of damaged gear tooth are lower with the upper branch

dynamic response results. The frequency spectrum of the upper branch response does not

have amplitudes at the natural frequency of the gear pair, however, sideband amplitudes

are observed at 129 Hz apart from the mesh frequency harmonics for the tooth root crack

damaged gear pair.
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(a)

(b)

Primary resonance

fn/2
fn/3

Figure 7.4: (a) The peak-to-peak dynamic transmission error of healthy gear pair for varying
speeds of the gear pair. (b) The peak-to-peak dynamic transmission error of 20 percent
(blue) and 50 percent (red) crack damaged pinion tooth compared with healthy gear pair
results.

7.4 Damage-Induced Dynamic Response for Varying Speeds

The damage-induced dynamic response provides the actual vibrations that are purely

due to damage. This can also be referred to as true difference or exact difference signal. The

damage-induced dynamic response is constructed by removing the dynamic response of the
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(a)

(b)

(c)

(d)

Figure 7.5: The dynamic transmission error and frequency spectrum of healthy and crack
damaged gear pairs in the (a,b) lower branch and (c,d) upper branch of the dynamic response
of the gear pair. The healthy gear pair results are shown in the black line. The tooth root
crack damaged results of 20 and 50 percent of tooth thickness of pinon are shown in blue
and red lines respectively.

gear pair without damage from the dynamic response of the gear pair with damage, i.e., the

difference between dynamic response of the gear pair with damage and the dynamic response

of gear pair without damage. Figure 7.6 shows the damage-induced dynamic response and

the frequency spectrum for the gear pair with 20 percent crack length. The damage-induced

dynamic response resembles the response of an underdamped linear oscillator. The frequency

spectrum of the damage-induced dynamic response contains amplitudes at the natural

frequency of the gear pair (2733.33 Hz).
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(a)

(b)

Figure 7.6: (a) The damage-induced dynamic response and (b) frequency spectrum of the
gear pair with 20 percent crack on the pinon tooth.

The damage-induced dynamic response shown in Figure 7.6(a) is calculated at one

mesh frequency of 1800 Hz or speed of 4000 rpm. At this speed, the damage-induced

dynamic response exhibits impulse-like dynamic behavior. The damage-induced dynamic

response can also display quasi-static behavior. To determine the speed range at which

the damage-induced dynamic response transitions between quasi-static and impulse-like

behavior, the exact difference signal is computed for the static case of the gear pair and the

maximum amplitude in the frequency spectrum is observed to be 0.085 µm and 0.298 µm for
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20 percent and 50 percent crack lengths. The damage-induced dynamic response of the gear

pair for varying speeds from 200-4000 Hz is determined and the maximum amplitude in their

frequency spectrum is plotted against the varying speed. Figure 7.7 shows the maximum

amplitude in the frequency spectrum of the damage-induced dynamic response for varying

speeds and varying damage lengths. The maximum amplitudes determined in the static case

are used as threshold values (blue dashed line) above which the damage-induced dynamic

response will exhibit an impulse-like response. It is observed that the gear pair with tooth

root crack damage on a single tooth of the pinion will have an impulse-like damage-induced

dynamic response for speeds greater than a third of the natural frequency ( fn/3). Below the

third of natural frequency, except at the harmonics of the natural frequency, the maximum

amplitudes of the spectrum are less than the threshold value.

7.5 Conclusions

The analytical lumped-parameter model is used to determine the dynamic response

of the gear pair without damage and with tooth root crack damage. The static transmission

error and mesh stiffness, the tooth mesh interface parameters in the lumped-parameter

model are used from the static analysis of the finite element/contact mechanics model of

the gear pair. The dynamic response of the gear pair without damage is observed to be

periodic for every mesh cycle and the frequency spectrum contains only the amplitudes

at the mesh frequency harmonics. The tooth root crack damage on a single tooth of the

pinion of the gear pair has transients due to the engagement of the damaged tooth. The

amplitudes of the dynamic transmission error increased with an increase in the damage

severity. The frequency spectrum of the damaged gear pair has amplitudes at the natural

frequency of the gear pair other than the amplitudes at mesh frequency harmonics. The

lumped-parameter model is used to evaluate for varying speeds to determine the nonlinear
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Figure 7.7: The maximum Fourier amplitude in the spectrum of the damage-induced
dynamic response for varying speeds of the gear pair with (a) 20 percent and (b) 50 percent
tooth root crack damage on the pinion. The blue dashed line represents the maximum
Fourier amplitude analyzed at static speed of 1 Hz.

dynamic response of the gear pair without damage and with tooth root crack damage. The

response has softening nonlinearity with primary and secondary resonances. The damaged

gear pair increased the amplitudes of the nonlinear dynamic response at all speeds. Multiple

steady-state responses are possible for the gear pair at speeds of 1700 to 2300 Hz. The results

from the upper branch of the nonlinear response have higher amplitudes compared to the

lower branch results and more contact loss is observed for the upper branch responses. The
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damage-induced dynamic response or the exact difference signal for the gear pair exhibits

impulse-like dynamic responses for speeds greater than a third of the natural frequency.
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CHAPTER EIGHT

CONCLUSIONS AND FUTURE WORK

8.1 Conclusions

Health and Usage Monitoring Systems (HUMS) are used in the geared transmission

to monitor the condition of the gear teeth, ensuring the reliability and safety of the system.

One of the functions of HUMS is to acquire vibration damage data from sensors on the

geared transmission and evaluate the system’s condition using statistical indications derived

from the vibration signals. The statistical indicator values are used to detect the presence of

damage in the geared transmission. The challenge lies in isolating the vibrations caused by

damage from the normal meshing vibrations, which requires characterizing the accelerations

of the geared transmission both when all gear teeth are healthy without damage and when

damage is present. A thorough understanding of the dynamic response of the gear pair and

the integration of damage is essential for accurately isolating the damage related vibrations

in the geared transmissions.

Accurate dynamic response of the gear pair requires precise tooth mesh interface

parameters, which are determined using a finite element/contact mechanics (FE/CM)

approach. Tooth mesh interface parameters involve evaluating the static transmission

error and mesh stiffness for teeth with damage, such as root cracks or surface pitting. The

characterization of the tooth mesh is assessed for damage occurring on a single tooth. The

FE/CM method effectively predicts the tooth mesh stiffnesses for a healthy unity-ratio gear

pair, as well as for those with root cracks or surface pitting by comparing the results to the

published literature. The root crack damage is observed to affect the global deformations

of the gear while the pitting damage affected the local deformations near the tooth surface.

The contact conditions and load distributions are altered in the presence of damage. Many
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parametric studies of gear pairs with root cracks or surface pitting damage are carried out

for the unity-ratio and nonunity-ratio spur gear pairs to understand the effect of damage

on the tooth mesh interface parameters. As the size of the pitting damage or the length of

the cracks increases, the static transmission error tends to increase, while the tooth mesh

stiffness decreases. The tooth mesh interface parameter with root cracks deviates from the

healthy for the duration equal to the contact ratio of the gear pair regardless of the crack

length, whereas, the pitting damage effects are very local in the mesh cycle. The length of

pitting damage in the profile direction is the factor for the amount of duration that deviates

from healthy. The differences in the duration of these effects, observed between surface

pitting and root crack, could potentially allow for their detection through static transmission

error or mesh stiffness measurements.

The dynamic transmission error of the gear pair is calculated using a lumped-parameter

model, which correlated very well with the dynamic response results from the FE/CM gear

pair model. The lumped-parameter model predicts well for the gear pair with tooth root

cracks and surface pitting damage. The increase in the damage severity increased the

amplitudes of the dynamic response of the gear pair. The frequency spectrum of the

damaged gear pair has amplitudes at the natural frequency of the gear pair other than the

amplitudes at mesh frequency harmonics. The larger damage amounts showed prominent

nonlinearity behavior both in the dynamic response and its spectrum. The dynamic response

evaluated for varying speeds shows softening nonlinearity for the gear pair without damage

and the gear pair with damage. The dynamic transmission error evaluated in the upper

branch has higher amplitudes, and more tooth contact loss compared to the lower branch

nonlinear dynamic response. The damage-induced dynamic response or the exact difference

signal of the gear pair isolates the vibrations that are purely due to damage from the normal

meshing vibrations in the damaged gear pair. The damage-induced dynamic response
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or the exact difference signal for the gear pair exhibits impulse-like dynamic responses

for speeds greater than a third of the natural frequency. The condition indicators RMS,

FM4, and M8A are evaluated using the damage-induced dynamic response and observed

higher values than typical thresholds, which clearly indicate the presence of damage in the

gear pair. The damage-induced dynamic response has oscillating behavior with decaying

amplitudes for high speeds. A phenomenon-based model based on the underdamped, free

vibration of a linear oscillator was proposed. The phenomenon-based model was shown to

accurately capture the damage-induced dynamic response. Good agreement was observed

for the RMS values determined from the damage-induced dynamic response obtained

from the FE/CM model and the phenomenon-based model. FM4 and M8A values tend

to deviate for higher amounts of damage due to the increase in the nonlinear nature of

the damage-induced dynamic response. The simplicity of the phenomenon-based model

permitted to derive the closed-form expressions for condition indicators by exploring the

amplitude-domain formula. The expression for the probability density function of the

phenomenon-based model response is determined and used to evaluate the closed-form

expressions of the condition indicators. The condition indicators evaluated for varying

amounts of damage using closed-form expression showed very good agreement with the

numerically calculated condition indicators and also the dependency of damage parameters

and gear pair dynamic properties were clearly observed with the closed-form expressions

of the condition indicators. The RMS condition indicator was observed to be dependent

on the amplitude of the phenomenon-based model and increases with increasing amount

of damage. However, FM4 and M8A show constant condition indicator values due to the

independence of amplitude in the closed-form expressions. The RMS is observed to decrease

with the increase in the damping ratio or natural frequency or number of oscillation cycles

and the FM4, M8A values show increasing behavior. The complete characterization of the
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dynamic response of the gear pair with localized defects provides a better understanding of

the accelerations in the geared transmission with two stages.

Geared transmission housing vibrations are analyzed using the FE/CM approach

that includes an accurate representation of the changing contact forces on the gear teeth,

multiple reduction stages with different gear types, the mechanical coupling between stages,

and damage. The housing accelerations contain dynamics from both the planetary and

spiral-bevel stages of the geared transmission. The FE/CM model results were observed

to capture the overall characteristics of the geared transmission when validated against

the experimental results at the same measurement location. The frequency spectrum of

the housing accelerations has frequency content that appears in the form of clusters at

the planetary and spiral-bevel stage mesh frequency harmonics. The tooth root crack

damage is analyzed for varying lengths to quantify the effects of damage severity. The ring

damaged housing accelerations were observed to have similar increases in the transients and

amplitudes at all engagements because of the stationary nature of the measurement location

and the ring gear. However, in the sun damaged housing accelerations this is changed

completely due to damage on the rotating gear relative to the measurement location on the

housing. In both cases, the crack lengths less than 50 percent through its tooth thickness

do not show significant differences when compared to the healthy accelerations. Modest

changes to the amplitudes of the planetary stage mesh frequency and sidebands are observed

for both ring damaged and sun damaged accelerations. The time synchronous averaging

(TSA) techniques worked quite well for the ring damaged accelerations, however, for the

sun damaged, the damage content in the acceleration is observed to be averaged out in the

process. The approximate difference signal and exact difference signal or damage-induced

dynamic response calculation methods are used to isolate the damaged accelerations from

the normal meshing vibrations. Their performance is evaluated using the FM4 condition
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indicator values against the threshold value of 3. The ring damaged transmissions have FM4

values very near to the threshold value for crack lengths less than 50 percent when evaluated

using the approximate difference signal while the exact difference signal has FM4 values an

order of magnitude higher than the threshold value. Unlike similar values for TSA over the

planet-pass period and TSA over the carrier period in the ring-damaged transmission, the

sun damaged transmission has different FM4 values for both TSA processes. The presence

of damage on the sun tooth in the geared transmission is determined using the FM4 values

evaluated with TSA over the carrier period exact difference signal and unaltered (no TSA)

exact difference signals. The damage detection of root cracks on the ring or sun gear tooth

in the geared transmission is possible with the FM4 condition indicator using the exact

difference signal at all measurement locations placed at the planetary stage level on the

housing circumference. The exact difference signal contains accelerations purely due to

damage and the other normal meshing vibrations are removed. This research work provides

development to the HUMS to detect the presence of damage in the geared transmission at

an early stage of failure.

8.2 Future Work

• This work focused on the nonlinear dynamic response of the spur gear pairs calculated

for gear pairs with healthy teeth and gear pairs with tooth root crack damage. The

effect of tooth root crack damage on tooth contact forces and tooth contact loss

are to be studied. The analysis of the nonlinear dynamic response of the gear

pair with tooth surface pitting damage is also recommended. The validation of the

finite element/contact mechanics (FE/CM) results of tooth mesh interface parameters,

dynamic responses for nonunity-ratio gear pair with tooth root crack and tooth surface

pitting damage can be validated against the experimental results.
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• The damage-induced dynamic response of the gear pair consists of one natural

frequency of the gear pair. Based on the resemblance of the damage-induced dynamic

response to the underdamped linear oscillator response, a phenomenon-based model

is used and the closed-form expressions for the condition indicators are derived. This

work can be extended to the planetary system which will have multiple frequencies

and will help understand the dependence of planetary system dynamic properties on

the condition indicators and later to complete geared transmission system.

• Geared transmission housing accelerations are determined using the FE/CM model

for transmission with all gear teeth healthy and transmission with tooth root crack

damage on ring or sun gear. It is recommended to characterize the transmission for

tooth surface pitting damage, damage on the planet gear tooth which meshes with both

sun gear and ring gear, and damage in spiral-bevel gears tooth. The characterization

of the transmission accelerations is to be explored for measurement locations not only

on the housing but on other components of the geared transmission.

• In this dissertation, the condition indicator FM4 detects the presence of tooth root

crack damage for sun and ring gear tooth when calculated using the damage-induced

dynamic response or the exact difference signal accelerations. Vibration separation

methods can be used to further the development of damage detection in the geared

transmission.

• Artificial Intelligence and Machine Learning techniques need to be implemented

on the geared transmission for the condition monitoring of the gear tooth in the

transmission. The ability to pinpoint the damaged tooth location needs to be achieved

for more reliable and safe geared transmissions.
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APPENDIX A

ADDITIONAL CONDITION INDICATOR RESULTS FOR RING DAMAGE IN

GEARED TRANSMISSION
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The performance of additional condition indicators for the housing accelerations

of transmission without damage and transmission with varying amounts of damage on

space-fixed or ring gear tooth at location shown in Figure 5.1(b) is evaluated.

A.1 RMS

The root mean squared (RMS) of the vibration signal is calculated from [146]

RMS =

√√√√ 1
N

N

∑
i=1

(ai)2 (A.1)

where ai = a(ti) is the acceleration at time ti and the index i = 2,3, . . . ,N, where N is the

total number of time steps in the vibration signal. The units of the RMS are the same

as those of the input signal. The RMS provides an overall measure of the energy in the

signal [88]. Damage to the gear teeth will result in more vibrations than when all gears are

healthy. These increases in vibration will lead to increases in energy that will be seen in

RMS calculations.

Figure A.1 shows the RMS calculation of the transmission vibrations for the case

that the transmission is healthy and without damage and when one tooth on the ring has a

root crack of varying length. The RMS of the original accelerations are shown by square

markers. The vibrations used in this calculation contain components from the spiral bevel

gear stage, in addition to the planetary gear stage. The accelerations using TSA over the

planet-pass period (circle marker) and the carrier cycle (cross marker) are also shown. The

RMS values for the unaltered accelerations without TSA are larger than those processed with

TSA for all amounts of damage, as expected, because of the added vibration components

from the spiral bevel gear stage. For this transmission, the spiral bevel stage dynamics result

in an increase of approximately 1.5 g in the RMS values. We note the RMS values for TSA

using the planet-pass cycle (circle markers) are nearly identical to those for the carrier cycle
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(cross markers). Either method of using TSA would be acceptable to remove the spiral bevel

gear stage vibrations.

The percentage change in the RMS (with respect to the RMS of the healthy transmission

without damage) is shown in Figure A.1(b). The change in the percentage of RMS calculated

from unaltered accelerations without TSA are similar to those for accelerations processed

using TSA. For the crack lengths below 50 percent of the tooth thickness of the ring, the

RMS percentage change decreases with increasing damage, although the decrease is within

one percent of the healthy RMS value. For an 80 percent crack length meaningful increases

in the vibration occur, however, these vibrations only result in a few percent increases in the

RMS calculation. The ability to detect damage from changes in the RMS values is uncertain.
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Figure A.1: (a) The RMS condition indicator value of the healthy transmission without
damage (H) compared to the cases with tooth root crack damage on a single ring tooth
with varying crack lengths. (b) The percentage change of RMS with respect to the healthy
transmission without damage. The square markers are for unaltered accelerations without
TSA. The circle and cross markers are for the accelerations processed using TSA over the
planet-pass and carrier cycle, respectively.
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A.2 Crest Factor

The Crest Factor (CF) is determined from the ratio of the maximum absolute value

of acceleration to the RMS of the signal [148]

CF =
max(|a|)

RMS
(A.2)

The Crest Factor is generally more sensitive to damage than the RMS because it varies

with changes in the amplitudes of the vibration [5]. Alternate definitions of Crest Factor

have been used. One alternate definition is the ratio of the peak-to-peak of the acceleration

to the RMS. Another is the ratio of maximum acceleration to the RMS of the signal. We

have observed meaningfully different Crest Factor calculations using these three different

formulae. We use Eq. (2) for calculating the Crest Factor in this work.

Figure A.2(a) compares the values of Crest Factor calculated from the accelerations

without TSA (square markers) to those with TSA over the planet-pass period (circle markers)

and the carrier period (cross markers). The Crest Factors for the accelerations without TSA

are larger than those with TSA for the healthy, undamaged transmission and the damaged

transmission with tooth root cracks of length 50 percent and below. Interestingly, the Crest

Factor for the 80 percent tooth root crack length is larger for accelerations processed using

TSA than for those without TSA. The percentage change of Crest Factor values with tooth

root crack damage are shown in Figure A.2(b). The Crest Factor value for 80 percent crack

length increased by almost 100 percent when TSA was used. The percentage change of

Crest Factor values for crack lengths less than 50 percent is less than five percent. This Crest

Factor condition indicator showed a clear indication of damage when the ring tooth crack

length was 80 percent through the thickness of the tooth.
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Figure A.2: (a) The Crest Factor condition indicator value of the healthy transmission
without damage (H) compared to cases with tooth root crack damage on a ring tooth with
varying crack lengths. (b) The percentage change of the Crest Factor with respect to
the system without damage. The square markers are for unaltered accelerations without
TSA. The circle and cross markers are for the accelerations processed with TSA over the
planet-pass and carrier cycle, respectively.

A.3 Kurtosis

The kurtosis of the acceleration provides a measure of the distribution of its amplitudes.

The kurtosis is the fourth moment of the acceleration normalized by the square of its variance,

which is calculated from

Kurtosis =
N ∑

N
i=1(ai − ā)4

[∑N
i=1(ai − ā)2]2

(A.3)

where ā is the mean of the acceleration. The value of kurtosis for an acceleration with

amplitudes that differ according to a normal distribution is equal to three. The kurtosis

values of the accelerations for the healthy transmission without damage and those with a

ring tooth root crack of varying length are shown in Figure A.3(a). The percentage changes

are shown in Figure A.3(b). The kurtosis values of the accelerations without TSA (square

markers) are not offset from those calculated from accelerations with TSA (circle and cross

markers). This differs with that for RMS (Figure A.1) and Crest Factor (Figure A.2), where
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the vibrations generated by the input spiral bevel stage led to meaningful increases in the

indicator.

The kurtosis values in Figure A.3 are nearly identical for root cracks that have lengths

of 50 percent or smaller. More substantial increases in the kurtosis occur when the crack

length increases from 50 percent to 80 percent of the tooth thickness. The corresponding

percentage change for an 80 percent crack length is nearly 35 percent for the accelerations

with TSA. The increase is only 15 percent for accelerations without TSA.
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Figure A.3: (a) The kurtosis condition indicator value of the healthy transmission without
damage (H) compared to cases with tooth root crack damage on ring gear tooth with varying
crack lengths. (b) The percentage change of kurtosis with respect to the system without
damage kurtosis value is calculated. The square markers are for unaltered accelerations
without TSA. The circle and cross markers are for the accelerations processed with TSA
over the planet-pass and carrier cycle, respectively.

A.4 Energy Operator

The energy operator is calculated using Eq. (A.3) with a modified input signal

â(t). The value of the signal â(t) at time ti is calculated from âi = a2
i − (ai+1 · ai−1) for

i = 2,3, . . . ,N − 1. The first (last) element is calculated from â1 = a2
1 − a2 · aN (âN =

a2
N − a1 · aN−1). The energy operator values and their percentage change are shown in
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Figure A.4. The changes in the values of the energy operator are similar to those of the

kurtosis (Figure A.3). We note the values, and their percentages, are larger than those for

kurtosis, which may be beneficial for damage detection.
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Figure A.4: (a) The energy operator condition indicator value of the healthy transmission
without damage (H) compared to cases with tooth root crack damage on a ring tooth with
varying crack lengths. (b) The percentage change of energy operator with respect to the
system without damage energy operator value is calculated. The square marker line contains
energy operator values of the original signal accelerations, and the circle marker and cross
marker lines contain the energy operator of the TSA signal accelerations over the planet-pass
and carrier cycle mesh period.

The RMS, Crest Factor, Kurtosis, and Energy Operator calculated using the planet-pass

cycle during TSA differ by less than five percent from those calculated using the carrier

cycle in TSA. These results suggest that either the planet-pass period or the carrier period

may be used for TSA calculations. Figure A.5 shows the values of RMS and Kurtosis

calculated from accelerations processed using TSA of varying number of cycles. We note

that these results are not calculated from actual FE/CM results obtained through extremely

long simulations. Instead, because we have confirmed the periodicity of these waveforms

to be three-carrier cycles, we create artificial waveforms by appending multiple blocks of

three-carrier cycle vibrations to the original signal. The RMS values decrease monotonically
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with increasing number of planet-pass cycles for nine and fewer cycles (Figure A.3(a)).

The RMS values deviate slightly as the number of planet-pass cycles increases to 12 and

15. At 18 planet-pass cycles, the RMS value is nearly identical to that at nine planet-pass

cycles. This pattern then repeats for each additional nine planet-pass cycles. The housing

accelerations are exactly periodic every nine planet-pass cycles. This result is not specific

to the RMS; the Kurtosis values show similar behavior. The results in Figure A.5 suggest

that condition indicators are most accurately calculated from accelerations processed using

TSA when multiples of three carrier cycles or, alternatively, nine planet-pass cycles are

used. The crest factor and energy operator (not shown) have similar behavior for varying

number of cycles used in the TSA calculation as the kurtosis. Because the results for the

condition indicator do not differ with the choice of planet-pass or carrier cycle used in the

TSA calculations, we will only present results using TSA with the planet-pass cycle in the

remainder of this work.

A.5 RMS Difference

The RMS difference condition indicator is calculated from Eq. (A.1) using the

difference signal d(t) in place of the acceleration a(t). The calculated values of RMS

difference are shown in Figure A.6(a). The percentage changes from the signal without

damage are shown in Figure A.6(b). The values of the RMS calculated from the difference

signal (Figure A.6) are lower than those of the RMS calculated from the acceleration (Figure

A.1). The values for the RMS of the difference signal in Figure A.6 increase noticeably

for the cases of 20 percent and 50 percent tooth root crack lengths when compared to the

baseline, healthy case. Increases in RMS below 80 percent root crack length were not

observed when the RMS was calculated from the accelerations directly (see Figure A.1).

The large tooth root crack with 80 percent length through the thickness results in a more
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Figure A.5: The condition indicators values for RMS and kurtosis of the transmission
without damage for varying numbers of (a) planet-pass cycles and (b) carrier cycles used
in the calculation of the TSA signal accelerations. The black line corresponds to the RMS
condition indicator values and the red line for kurtosis values. The condition indicator values
of TSA signal accelerations with multiples of three (nine) for carrier (planet-pass) rotations
are denoted by the blue dotted box.

substantial increase in the RMS of the difference signal. The percent change in this case

was 12.5 percent.

Overall, the RMS of the difference signal is more sensitive to the damage than the

RMS calculated from accelerations. Even with the improvements using the difference signal,

the percentage changes in the RMS due to damage remain below those for the Crest Factor,

Kurtosis, and Energy Operator.
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Figure A.6: (a) The RMS (calculated from the difference signal) condition indicator value
of the healthy transmission without damage (H) compared to cases with tooth root crack
damage on ring tooth with varying crack lengths. (b) The percentage change of RMS
(calculated from the difference signal) with respect to the healthy transmission without
damage for varying crack size.

A.6 M8A

The M8A condition indicator is given by [147]

M8A =
N3

∑
N
i=1(di − d̄)8

[∑N
i=1(di − d̄)2]4

(A.4)

M8A is thought to be more sensitive to peaks in the difference signal because it is calculated

from the eight-moment of the difference signal divided by the fourth power of variance.

Figure A.7 shows the M8A values. Like for many of the previously presented indicators, the

M8A values have modest changes for crack lengths 50 percent through the tooth thickness

and less, but substantial changes when the tooth root crack length reaches 80 percent through

the tooth thickness. The M8A value obtained for Gaussian noise is 105. Using this as a

threshold, ring root crack damage of 50 percent length and less would be difficult to detect

using M8A. The substantial increase beyond 105 for 80 percent crack length would likely

make it detectable.
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Figure A.7: (a) The M8A condition indicator value of the healthy transmission without
damage (H) compared to cases with tooth root crack damage on ring tooth with varying
crack lengths. (b) The percentage change of M8A with respect to the healthy transmission
without damage.

201



APPENDIX B

ADDITIONAL CONDITION INDICATOR RESULTS FOR SUN DAMAGE IN GEARED

TRANSMISSION
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The performance of additional condition indicators for the housing accelerations of

transmission without damage and transmission with varying amounts of damage on rotating

or sun gear tooth is evaluated.

B.1 RMS, Crest Factor, Kurtosis, and Energy Operator

The raw signal condition indicators are evaluated for the vibration signals without

modifications to their frequency spectrum. The input signals used to evaluate the RMS,

crest factor, kurtosis, and energy operator condition indicators are the housing accelerations

(unaltered), TSA over planet-pass, and TSA over carrier period vibration signals. Figure B.1

shows the raw signal condition indicators evaluated for healthy transmission and transmission

with sun crack damage at varying amounts. The RMS of unaltered accelerations are higher

because it contains dynamics from both stages of the transmission. The RMS values for

TSA processed signals are similar for healthy transmission and transmission with less than

50 percent crack lengths of the sun gear tooth. The crest factor, kurtosis, and energy operator

condition indicator values remain similar to the healthy transmission values for crack lengths

less than 50 percent. Minimal changes are observed in these condition indicators for varying

their input signal. The raw signal condition indicators deviate from the healthy transmission

values for 80 percent tooth root crack damage with all different input signals.

B.2 RMS Difference, Energy Ratio, M8A, and NA4

RMS difference, energy ratio, and M8A condition indicators use approximate

difference signal as its input. The input for the NA4 condition indicator is the residual

signal accelerations. The approximate difference signal and residual signal are derived from

the TSA over planet-pass and TSA over carrier period signals. In this work, the housing

accelerations are analyzed with only one simulation, at constant torque. This results in

M = 1 in the NA4 condition indicator evaluation. The NA4 condition indicator calculated
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Figure B.1: The (a) RMS, (b) crest factor, (c) kurtosis, and (d) energy operator condition
indicators value of the healthy transmission without damage (H) compared to the cases
with tooth root crack damage on a single sun tooth with varying crack lengths. The square
markers are for unaltered accelerations without TSA. The circle and cross markers are for
the accelerations processed using TSA over the planet-pass and carrier cycle, respectively.

provides the residual kurtosis value of the vibration signal in this work. Figure B.2 shows

the condition indicators evaluated for healthy transmission and transmission with sun crack

damage at varying amounts. These condition indicators provide the same result as raw

signal condition indicators that only the 80 percent crack length showed deviation from the

healthy transmission values. The condition indicators evaluated using TSA over the carrier

and planet-pass period only differ for 80 percent crack length.
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Figure B.2: The (a) RMS difference, (b) energy ratio, (c) M8A, and (d) NA4 condition
indicators value of the healthy transmission without damage (H) compared to the cases with
tooth root crack damage on a single sun tooth with varying crack lengths. The circle and
cross markers are for the accelerations processed using TSA over the planet-pass and carrier
cycle, respectively.

B.2.1 Exact Difference Signal Condition Indicators

The RMS difference and M8A condition indicators are evaluated for the exact

difference signal or the damage-induced dynamic response vibrations for the TSA processed

and unaltered housing vibrations. Figure B.3 shows the condition indicators evaluated

transmission with sun crack damage at varying amounts. The M8A condition indicator

values evaluated using TSA over planet-pass period (circle markers) exact difference signal

shows poor performance compared to the unaltered (square markers) and TSA over carrier

period (cross markers) accelerations. It is observed that the M8A values for TSA over the
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planet-pass period do not show monotonic increase with the increase in the damage severity.

Comparing the M8A values of unaltered and TSA over carrier period exact difference signal

accelerations to the threshold value of 105, the presence of the sun tooth root crack damage

in the geared transmission is detected, even for the smaller crack lengths.
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Figure B.3: The (a) RMS difference and (b) M8A condition indicators values for the exact
difference signal of tooth root crack damage on a single sun tooth with varying crack lengths.
The square markers are for unaltered accelerations without TSA. The circle and cross
markers are for the accelerations processed using TSA over the planet-pass and carrier cycle,
respectively.
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