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ABSTRACT

MAGNETOELASTIC COUPLING BETWEEN SURFACE ACOUSTIC WAVES AND
VARIOUS TYPES OF SPIN WAVES

by

Nicholas Homrocky

Adviser: Vasyl Tyberkevych, Ph.D.

We theoretically investigate magnetoelastic (ME) coupling between surface

acoustic waves (SAWs) and spin waves (SWs) in yttrium iron garnet (YIG)/gadolinium

gallium garnet (GGG) bi-layers. Two SW types propagating in an in-plane magnetized

film are considered: surface spin waves (SSWs), backward volume spin waves (BVSWs).

A general analytical expression for ME coupling is derived via interacting

wavevector modes and transversal profiles. The coupling is systematically analyzed via

applied magnetic fields and geometric parameters. Optimal conditions for coupling exceed

both damping rates of the SAW and SWs, enabling observation of coherent coupling

phenomena. The calculated spectra of the hybrid ME waves show anti-crossing gaps.

Coupling SAW-SSW vanishes for Damon-Eschbach geometry, where the magnetic

film is magnetized at 90◦ relative to direction of wave propagation. Optimal conditions for

SAW-SSW interactions occur at 45◦, where SWs maintain a surface characteristic with

non-reciprocal wave profiles. This non-reciprocity makes coupling highly non-reciprocal.

The ratio of coupling for opposite propagating waves exceeds 5 for practically achievable

parameters that can be exploited to develop non-reciprocal ME devices as isolators or

filters.

Coupling SAWs-BVSWs exhibit intriguing phenomena. The waves possess

dispersion curves of opposite slopes, which opens a forbidden frequency band (bandgap)
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where wave propagation is entirely prohibited. This bandgap, where coupling occurs, is

controllable via magnetic field either for a localized spatial region or short time interval.

Spatially inhomogeneous fields, implemented via current-carrying wire atop YIG,

transforms SAWs into BVSWs propagating in the opposite direction. This mechanism

offers a route toward voltage-controlled SW transducers and SAW filters.

Current-carrying wires create an effective potential well for hybrid ME waves, yielding

ultra-narrow transmission bands for SAWs corresponding to ME eigenmodes of the well.

SAW-BVSW transduction is also achieved applying a short, spatially

homogeneous magnetic field pulse. The BVSW shifts its frequency while preserving the

wavevector of the incident SAW. This behavior contrasts the spatially inhomogeneous

case, by frequency conservation and a shift in the wavevector. Combining spatially and

temporally non-uniform configurations, operations of time reversal and frequency

inversion is successfully realized opening a path forward to novel hybrid ME space-time

metamaterials tailored for advanced microwave signal processing at GHz frequencies.
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CHAPTER ONE

INTRODUCTION

Cost of energy is always the number one factor people consider before diving

deeper into any topic. Electronic circuits today are prone to joule-heating, electrostatic

discharge, and have reached a limit on small sizes with transistors, transducers, and

memory density [1]–[5]. A good solution to this high energy cost, with also high energy

loss, is the use of spintronic devices. They have the potential to replace key components in

electronic circuits today that are in high demand [6]–[11]. Spintronics is an advancing

technological field developing the next generation of devices that society will need.

Utilizing the magnetic properties that come with almost any material, due to the spin of

electrons, we can achieve technology that uses less energy and has less heating loss

[12]–[14] along with many other phenomena that can be taken advantage from

magnetism. These spintronic devices are already replacing modern circuits with vital

technology that will help in humanity’s goal for quantum computers, and artificial

intelligence [15]–[21]. Spintronics will help bridge this gap to more advanced technology.

Spintronic devices use what is called a magnon or spin wave (SW) as their signal

source for carrying and/or processing information. SWs have been shown to use less

energy and operate in terahertz range [22]–[26] when compared to today’s devices. As a

start, it is vital to know how to excite a SW. Conceptually, a magnet has atomically

aligned magnetic moments. If a magnetic moment is perturbed in a certain way this will

cause that magnetic moment to oscillate and will cause its neighbors to be disturbed also.

Thus, creating an oscillating wave of magnetic moments known as a SW.
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While SWs can be excited using an antenna, it is better suggested to couple SWs

to another carrier of information. This is to create processing techniques in future devices

with SWs that would not be there if the SW was alone.

Modern microwave technology utilizes many signal processing methods via

various solid-state phenomena. A commonly used method is based on using acoustic

waves, specifically surface acoustic waves (SAWs). These SAWs are used in practical

applications such as touchscreens, signal processing for radios or TVs, sensor technology

for chemical, pressure, radar, and seismic activity shown in [27]–[30]. These SAWs are

excited and detected very efficiently with inter-digital transducers with a relative

complicated design and passively perform advanced filtering operations [28], [30], [31].

One of the main advantages of using SAWs for signal processing in smaller devices is that

SAWs have a smaller wavelength than that of electromagnetic waves and a lower speed

[27], [28], [31], [32].

This begins our study on coupling between SAWs and various SWs. While

magneto-elastic (ME) interactions between SAWs and SWs have been studied, for a few

decades, much more can still be contributed to the field. Some theoretical work includes

[33]–[37], not to mention experimental data reported by [38]–[42]. This research has

shown fascinating properties of ME coupled hybrid waves and shows great potential for

practical applications [32], [43]–[49].

Intensive studies with ME coupling continues with new materials and phenomena

[50]. Novel ME interactions in ferromagnetic [51], [52] materials have been proposed

[32], [53]. Theoretical research on ME coupling in antiferromagnets [51], [52]

demonstrated the possibility of controlling antiferromagnetic order parameter via

SAW-induced strain [43]. Another study by [54] proposed using SAWs for excitation and

detection of antiferromagnetic SWs. One growing field of interest involves the ME

coupling with quantum states via SW properties. Recent reviews and observations can be
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found in [55]–[58]. Other studies describe the impact of acoustic behavior on spin current

manipulation [44]–[46]. Additional areas of interest include SAW-induced domain wall

movement [59] and skyrmion or vortex manipulation [60]. These ME interactions

between SWs and SAWs offers many openings to situations needed for devices today.

In this work, we theoretically consider ME coupling between SAWs and two cases

of magnetostatic SWs. With respect to wave-propagation and in-plane magnetized film

geometries, we study ME coupling of SAWs to surface spin waves (SSWs) and backward

volume spin waves (BVSWs). Theoretically derived formulas are solved via numerical

calculations done in a standard system of epitaxial yttrium iron garnet (YIG) placed on top

of a thick gadolinium gallium garnet (GGG) substrate as a bi-layer system. Our work does

include consideration of discrete dipole-exchange SW resonant modes [61] existing in the

YIG layer. Although YIG and GGG are not piezoelectric materials, it is possible to excite

SAWs by depositing a thin piezoelectric layer on top [62]–[65].

From our simple work, we expand into a new growing field concerning space-time

meta-materials that influence waves in, as the name suggests, space and time. However,

we are getting ahead of ourselves, and need to review these waves individually before

exploring this new territory.
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CHAPTER TWO

LITERATURE REVIEW

We begin reviewing history of all the waves considered in this work and current

research that leads into our interest with ME coupling phenomena.

2.1 Acoustic Waves

Acoustic waves were first studied centuries ago and it wasn’t until the early 19th

century when modern day acoustics started to take form [66]–[69]. This included sounds

link to frequency, resonators, architecture, etc. It was experimentally proven by [70] that

sound or acoustic waves need a medium to travel. Not until further mathematical theories

and the discovery of piezoelectric materials from [71], [72] lead to research exploiting

these acoustic waves for modern engineering purposes. Acoustic waves are the movement

of particles in a way creating properties exactly as any normal wave. These acoustic

waves are best shown off as ripples on a calm water pond, vibrations of a guitar string,

earthquakes, etc.

Acoustic waves move particles of a medium in different directions depending on

the atomic lattice structure. Figure 2.1 provides a beautiful illustration of mechanical

waves in a simple cubic structure. From Fig. 2.1, consider these grid-like boxes as space

that contains one atomic particle of the cubic lattice form. The propagation of an acoustic

wave distorts the space between the particles in the medium. This happens either in a

compression and decompression motion or perpendicular movement to the direction of

wave propagation. Wave A in Fig. 2.1, shows the spacing between particles, through

expanding and contracting space, creating a sense of pressure as the acoustic wave travels

through the medium. Wave B in Fig. 2.1, shows particles being displaced perpendicular to

the direction of wave propagation. The particles, for wave B, in this simple case can move
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perpendicularly either in a left and right or up and down motion maintaining the pattern of

a wave. The movement of particles in these ways are respectively named longitudinal

polarized acoustic waves and shear polarized acoustic waves [73]–[75].

Figure 2.1: Diagram of the two types of acoustic waves. The top wave is longitudinal
compressing and decompressing the space between particles. The bottom wave is a shear
wave in which the particles move in either direction perpendicular to wave propagation.
Illustration accredited to [76].

One can use these basic concepts for Lagrangian mechanics [77] (as shown in

Appendix A.1) to derive the well known translational equation of motion all acoustic or

elastic waves follow.

ρ
∂ 2u
∂ t2 = ∇ ·T (2.1)
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On the left hand side, ρ represents the materials density the acoustic wave travels through,

and u is the particle displacement vector, which is responsible for the profile of the wave.

On the right hand side we are taking the gradient of stress tensor T which can be thought

of as the self interacting forces acting on the particles. The addition of other external

forces on the particles can be added to the right hand side to solve for any scenario one

might consider.

Other important relations on how the particles self interact is the strain equation

Skl =
1
2

(
∂uk
∂ rl

+
∂ul
∂ rk

)
(2.2)

and strain to stress conversion

Ti j = ci jklSkl (2.3)

The tensor c is the elastic stiffness tensor whose elements are dependent on the material

chosen and sometimes rewritten in the form of Bulk’s and Young’s modulus [73]–[75],

[78]. All subscripts (i jkl) represent the usual cartesian coordinates (xyz). Depending on

ones research scenario, any acoustic wave can be found from the known relations above.
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For our case we take the isotropic conditions of the YIG/GGG materials and the

elastic stiffness tensor explicitly takes the form

c =




cxxxx 0 0

0 cxxyy 0

0 0 cxxzz




0 cxyxy 0

cxyyx 0 0

0 0 0




0 0 cxzxz

0 0 0

cxzzx 0 0


0 cyxxy 0

cyxyx 0 0

0 0 0




cyyxx 0 0

0 cyyyy 0

0 0 cyyzz




0 0 0

0 0 cyzyz

0 cyzzy 0


0 0 czxxz

0 0 0

czxzx 0 0




0 0 0

0 0 czyyz

0 czyzy 0




czzxx 0 0

0 czzyy 0

0 0 czzzz





(2.4)

The symmetry of these components and physical properties of an isotropic material help

define the elements in c as

ci jkl = λδi jδkl +µ(δikδ jl +δilδ jk) (2.5)

where λ and µ are the Lamé constants with values 110.5GPa and 90GPa respectively

[73], [78], [79] and δi j(kl) is Kronecker delta. These Lamé constants are related to

Young’s modulus (E) and Bulk’s modulus (K) also in the following way

E =
µ(3λ +2µ)

λ +µ
(2.6a)

K = λ +
2
3

µ (2.6b)

2.1.1 Surface Acoustic Waves

The specific acoustic wave we studied is a SAW. There are two main types of

SAWs: Love and Rayleigh. The first SAW, the Love wave [73]–[75] moves the particles

in a perpendicular motion similar to a shear wave. The difference is the side-to-side
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motion of particles, that is parallel to the surface, is felt less and less by particles deeper

within a medium. Love waves are difficult to work with in a simple homogeneous

medium, as they will not propagate nor manifest (seen in experimentally related ME work

[32], [63]). This is due to the nature of the wave needing a change in wave velocity via

inhomogeneous structures [73], which also is needed for other subcategory SAWs. In

general, we did not consider Love waves, because they cannot be reliably excited using

standard excitement techniques as cited in these related works [28], [32], [63].

The second SAW type is called a Rayleigh wave [73]–[75] which we mainly use in

this work. This SAW has more of a rotating motion for particles as they will be

compressed and decompressed like longitudinal waves, but also have up-down shear

motion, perpendicular to the surface, as well. A nice visual example of both waves are

shown in Fig. 2.2. These SAWs were discovered by [68] through mathematical

predictions via properties acoustic wave types only appearing at the surface of a medium.

A small example of this theoretical work is shown in Appendix A.1 as we derive the

profile of a Rayleigh wave under certain conditions, and obtaining the group velocities of

longitudinal and shear waves. Even though SAWs are unique they still follow a linear

dispersion relationship ω = vk for any mode, where ω , v, and k are the frequency, speed,

and wavevector of the wave. Our well studied SAWs have been researched for many

decades [28], [66], [81]–[86]. While almost any medium has SAWs, these waves are

mainly studied experimentally using piezoelectric materials [31], [87]–[91]. These

piezoelectric materials get there name by the conversion of electric energy to mechanical

energy or vice versa.

This is how SAWs are used in technology and research today. To induced or

absorb the mechanical energy of a SAW wiring is placed on top of the piezoelectric film

or waveguide in an interlocking comb like pattern. First developed and shown off by [92].

8



(a) Love wave

(b) Rayleigh wave

Figure 2.2: Two examples of SAWs and how particle motion is affected visually. Love
waves have shear motion side-to-side parallel to surface. Rayleigh waves are rotational
with longitudinal and up-down shear motion. Illustration accredited to [80].
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Figure 2.3: General structure of a SAW sensor with connections to an AC-voltage source
and a signal processing unit. Acoustic absorbers appear on the ends, but can be replaced
with reflectors to decrease insertion loss. Illustration accredited to [93].

This design technique is called an inter-digital transducer (IDT). A simple schematic is

shown in Fig. 2.3.

When exciting a SAW, an AC-voltage is applied and a dynamic electrical field is

felt by the charged particles within the piezoelectric material. The resulting affect on the

particles cause them to expand and contract, creating the oscillating acoustic wave within

the medium. From Fig. 2.3, the pitch is equal to the wavelength, or spacing between the

teeth of the interlocking combs is half the wavelength [94]. Other designs give different

effects on SAWs such as; standing waves, phase changes, extra filtering, focal points, etc,

[95], [96]. Compared to other waves that usually need a current to excite, the input power

is most efficiently transferred into a SAW considering there is no joule heating loss. Many

every day devices use SAWs as three main functions for filtering, resonators, and sensors

[97]–[101]. These devices include, television/wifi frequency filters, touchscreens, pressure

monitors, biosensors, actuators, and many more.

This leads into one of the over used intrinsic properties of acoustic waves. They

are reciprocal, meaning acoustic waves are symmetrical with mirrored movement in any
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direction. While useful in some devices that employ resonant effects of SAW excitation,

reciprocal wave propagation prevents SAW used in other cases. Reflected waves are

conceptually harmful for devices adding noise or interference when trying to measure an

output. This is one reason why we would want to couple a reciprocal mechanical wave to

a nonreciprocal magnetic wave.

2.2 Spin Waves

Perhaps too far back, SW essentially started with the discovery of electron spin

from [102]. From that experiment a semi-classical approach with quantum mechanics

shows how an atom forms its magnetic moment [51], [52], [103]–[105]. Modern

textbooks reference extensive details in mathematical derivations providing a strong

foundation for understanding of the atomic lattice interactions with electrons and their

quantum behavior. All subatomic particles have a spin and magnetic moment.

However, the scale of interaction our work is theorized on is volumetric. Building

from the ground up, the outer shell of electrons of an atom contribute to the atomic

magnetic moment we will discuss. The atomic magnetic moments exhibit many

interactions with its surroundings within the atomic lattice of a material. A few

interactions include; electromagnetic forces via dipolar fields, spin-orbit coupling,

electron-phonon scattering, critical temperature changes, etc. [106]–[108]. Magnetic

fields from atoms, or external sources, interact with each other in complicated dynamical

ways. In any crystallographic structured material, the static states of the atoms

magnetization are randomized and would interact randomly with its neighbors in an

unpredictable way. This is why SWs need certain requirements from the material as a

whole.

This is beneficial because only magnetically ordered materials can support the

existence of SWs. The magnetically ordered magnetic moments have a definitive

stationary structure, and will exhibit collective behavior as a total magnetization summed
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from the magnetic moments. Depending on the strength of the magnetization of an

element, there is a range of magnetically ordered materials to work with that can support

SWs. Most texts today will discuss ferromagnets (FMs), antiferromagnets, ferrimagnets,

and altermangets. A full list with definitions is provided in [51], [52]. In this work we

have the added benefit only considering FMs where all the magnetic moments within the

structure or medium are aligned parallel to each other within the material for a net

magnetization.

The alignment of these magnetic moments in FMs is due to the exchange

interaction found from quantum mechanics. The thought process to explain natural FM is

the overlap of electron orbitals between atoms following the Pauli exclusion principle with

the wave functions of electrons determining the coupling constant only for nearest

neighbor spins. This exchange phenomena conceptually follows the Heisenberg

Hamiltonian of coupled neighbors described as H =−∑
i, j

J
ℏ2 SiS j. This leads to many other

topics outside the scope of our work, but further reading can be done with [51], [52],

[109]–[113]. Notable facts to take away from the exchange interaction is that momentum

and energy will always be conserved and quantized by the spin from the electron. This

neighbor to neighbor exchange interaction is stronger than the long range dipolar

interaction magnetic moments have with each other. The individual magnetic moments

are described as a vector with direction and magnitude. The magnetic moments will

precess about itself and keep a constant magnetization length. This magnetization vector

is m which is dimensionless and always satisfies |m|2 = 1.

One will then wonder where magnetic units factor in to match a magnetic field as

is our topic. In FM materials, when all magnetic moments are perfectly aligned a total net

magnetization occurs and the FM becomes saturated. This magnetization saturation Ms is

defined as a constant for that magnetized material with units Amps/meter matching a

magnetic field. The saturation magnetization Ms is the unit factor for the magnetization
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vector m. The m is normalized to the density of magnetization as will be shown later. The

magnetization vector m provides unitary direction for magnetization of the material and

the density of magnetization for any volume and with units have a magnitude of Ms. That

way, mathematically, our unit vector m stays conservative, and the main magnetic

equation everyone follows incorporates this feature helping us to know how far

magnetization may deviate from its static state.

With a structural foundation of our magnetic system we wish to understand

mathematically how SWs function with many dynamically interacting magnetic fields.

This leads to our main well known Landau-Lifshitz equation

∂m
∂ t

= |γ|Beff ×m (2.7)

where Beff is the effective magnetic field of the entire system and the constant |γ| is the

electron gyromagnetic ratio.

Magnetization of a material is essentially determined by the sum of magnetic fields

acting internally and externally on your system via Beff. Some magnetic fields mainly

discussed in literature are external fields, anisotropy field, dipole field, exchange field, ME

field, calorimetry field, optical field, etc., [51], [52], [104], [114]–[117]. We only need to

consider the dipolar field µ0Hdip, exchange field Bex, and an external field Bext.

The expression for the dipolar field following historic notation, µ0Hdip, is not an

exact solution, but rather a symbolic one. Starting with Maxwell’s equations in derivative

form we assume a magnetostatic approximation. This is for when a magnetic wave (our

SW) is orders slowly than an electromagnetic wave, but still has long range interactions.

Conceptually, the SW has frequency ω and can interact with its surroundings a length l

away. When compared to the electromagnetic wave ωl << c and we drop the time

derivative terms (∂E
/

∂ t ,∂B
/

∂ t ) for both fields. The last assumption is that no current is

flowing through the magnetic material dropping the current density J term. This leaves us
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with ∇ ·B = 0 and ∇×H = 0 from Maxwell’s equations. Using B = µ0(H+Msm),

knowing H and m contain all magnetic components of a system, one substitutes B into the

divergent expression. One would then find ∇ ·H =−Ms∇ ·m. Following the same thought

process solving Maxwells equations normally, one assumes H = ∇ψ where the magnetic

field is the gradient of the magnetic scalar potential ψ . Solving for ψ as a function of the

magnetization m, in the conceptual sense, as ψ =−Ms∇
−2

∇ ·m, we see that the magnetic

field comes from magnetization rather than a magnetic field producing magnetization.

Back substituting what we found conceptually for H, the dipolar field, Bdip, takes the form

µ0Hdip =−µ0Ms∇∇
−2

∇m (2.8)

multiplied by µ0Ms for proper units as m is dimensionless. Dependent on the case one

wishes to study this gradient term could be anything due to the complexity of long range

interactions possible in a system. Two simple cases to substitute the gradient term with

are plane waves using a tensor product of the unit wavevector k̂ or with uniform

precession using the demagnetizing tensor N̂.

The exchange field is found via Lagrangian mechanics applied to an expanded

Heisenberg Hamiltonian assuming non-uniform magnetization [51], [52], [117].

Rewriting the energy Hamiltonian expanded as two terms; one for the ground state energy

of parallel spins and one for the dynamic SW interaction between nearest neighbors. We

take the variational derivative of the Hamiltonian with respect to magnetization gives the

exchange field. The final expression for how the exchange field Bex depends on

magnetization m is

Bex =−µ0Msλ
2
ex∇

2m (2.9)

where λex represents the exchange length. The exchange length is a constant found from

material parameters with units of length.
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Figure 2.4: Magnetic moments (orange) precessing around the effective magnetic field
(red). Initially, the magnetic moments were perfectly aligned with the effective field, but
a disturbance ’kicks’ a magnetic moment and it precesses around effecting its neighbors
down the row. Illustration accredited to [119].

The external field Bext is the magnetic field we can completely control. The

external field helps set the magnetized geometry of our system. Normally when physically

creating a magnetically ordered structure, the material is magnetized to an external field

and sets the static state of magnetization.

Using the Landau-Lifshitz equation, and our three magnetic fields (dipolar,

exchange, external) we begin looking for a solution to the magnetization vector, m, which

will detail our behavior for SWs. An exact method used in this work to solve for explicit

SW profiles and approximate dispersion relations is shown in Appendix A.2 with a simple

example. However, dipole-exchange interactions increase the complexity of the problem

and numerical methods were used to solve for SW profiles and SW spectrum using [61],

[118]. This involved SWs in FM films where (2.7) is linearized near the static

magnetization state and the magnetic fields from (2.8) and (2.9) were expanded into an

infinite series of algebraic equations.

Under the right conditions, any change to any magnetic field creates a perturbation

within the previously stable magnetostatic system and excites the SW. To begin describing

an explicit SW consider the illustration depicted in Fig. 2.4 we consider an untouched
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(a) Spin Wave Geometry

(b) Spin Wave Spectrum’s

Figure 2.5: (a) SW propagation defined by the wavevector k (red arrow) and the effective
magnetic field oriented three different ways to induce different SW affects. (b) SW spectra
for each magnetic field geometry. Spectrum was plotted with YIG film thickness 1µm and
internal magnetic field 10mT.
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stable magnetostatic system. If we theoretically perturbed just one of these atomic

magnetic moments the magnetization direction (dark yellow vector in Fig. 2.4) will be

misaligned from the overall effective magnetic field (red vector in Fig. 2.4). This

misalignment eventually realigns from damping factors, but not before the magnetization

precesses around its static axis defined by the effective magnetic field. This precession

about the magnetic dipole from the magnetization is felt by its neighboring atom and its

magnetization will begin precessing itself around the static magnetized state. Soon a line

of magnetic moments will precess in a wave-like fashion as shown in Fig. 2.4.

As with acoustic waves, there exists many different types of SWs. All solution

types are found via Landau-Lifshitz equation (2.7) given the parameters for the problem.

In this work we focus on three simple cases in the magnetostatic case. As shown in Fig.

2.5a, there are three cases defined by the orientation of the effective magnetic field with

respect to the propagation of the SW. In these different geometrical set-ups the SWs have

different profiles and features related to the interplay of the summed magnetic fields. The

three magnetostatic SWs are, again like acoustic waves, considered to be modes of SWs.

These SW modes are found to be a very nice feature of FMs.

SW modes are affected dynamically by the summed magnetic fields. It is best to

clarify that under specific parameters, and for simplicity, one magnetic field can be more

important than the other in the wave spectrum. The main consequence is that it will

contribute to different SW behavior. Any of the three magnetostatic SWs can be

dominated by either the dipole moments or the exchange neighbor interactions for

example. Dipole moments dominate when magnetization is able to interact long distance

with other magnetized states across the medium or material. Exchange energy dominates

SWs when magnetization only interacts with their closet neighbors. Referring to Fig.

2.5b, where the plotted dispersion relations of SWs are shown with approximated

solutions from (2.7) for a YIG film of thickness 1µm and magnetic field 10mT. The slopes
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of these curves for each dispersion relation depends on the film thickness, and the range of

frequencies for each wave can be tuned via magnetic field strength. This is why SWs are

an attractive form of signal processing, as the frequency of the SW can be dynamically

tuned in real time with the strength of the net magnetic field. Essentially, as the magnetic

field strength increases the frequency of the SW modes will increase proportionately and

vice versa.

These approximations in Fig. 2.5b for the three magnetostatic SW modes is for the

dipolar region where k is relatively small. Magnetic interactions are dominated by dipolar

effects. All three dispersion relations (not obvious for BVSW, see (2.11) below) follow

similar behavior where eventually at large enough k’s the frequency plateaus. However, in

this plateau region, both dipole and exchange interactions effect SWs having same order of

energy interacting on SWs. Beyond this plateau dipole-exchange region the larger k’s for

SWs become dominated by nearest neighbor exchange interactions and and the frequency

follows quadratic behavior as ω ∼ k2. All three of the magnetostatic SW modes show the

exact same quadratic dependence. Technology to excite very short wavelengths, for either

wave, as k increases is difficult to create with great quality. This is why for Fig. 2.5b we

focus on the dipolar region where more interesting phenomena with the SAW occurs.

The most notable effect for long range interactions is the ferromagnetic resonance

(FMR). The FMR effect is the precession of magnetization everywhere all through out the

medium ideally in perfect precessing synchronization. This concept happens when k ≈ 0

or the wavelength is infinite compared to the small magnetic materials one experiments

on. As shown in [51], [52], [61], [116], [118], FMR has been solved for mathematically

and this natural feature of has had much research done to exploit this effect for

technological use [120]–[126]. However, our range of wavevectors and wavelengths are

for the microwave region and don’t reach the infinite or zero limit, depending on your

perspective.
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This FMR effect is similar to another resonating feature in the microwave region.

The complex exchange magnetic field holds certain interactions, that in comparison to a

vibrating structure, will naturally have higher order standing SW resonant modes. For

many cases, these higher order standing modes play a role in how any SW spectrum will

appear. Mathematically, when you look for SW solutions that include exchange

interactions, one will end up finding these higher order resonating SW modes in the FM.

In the dipole range these resonant SW modes will be standing waves. Ideally, standing

waves follow the same concept of a string pinned on both ends and again vibrates at

specific frequencies with an increasing number of nodes as the frequency increases. These

higher order resonant SW modes branch out at different discrete frequencies starting from

k ≈ 0. These higher order standing SWs are equally spaced frequencies dependent on the

length between the boundaries of the FM film.

The SW resonant modes will interact with the three magnetostatic SW modes, and

will some change the appearance of the SW spectrum. As shown in Fig. 2.6, our

magnetostatic SW modes are hidden within this spectrum of higher order SWs resonant

modes. The exception is the BVSW which does not cross with the higher order SW

resonant modes, but does still affect the resonant mode spectrum. When the spectrum does

become more complex, analysis of each SW line, at a specific wavevector value, will give

a wave profile. This helps identify where the magnetostatic SW mode, such as for the

forward volume or surface spin wave, is located using the previously discussed theories

from [61], [118]. These SW resonant modes, same as the magnetostatic SW modes, can

be dynamically tuned with the magnitude of the magnetic field.
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(a) Surface Spin Wave with Resonant Modes

(b) Forward Volume Spin Wave with
Resonant Modes

(c) Backward Volume Spin Wave with
Resonant Modes

Figure 2.6: Black lines represent higher order standing SWs resonant modes. (a) Light
blue highlights the SSW. (b) Green highlights the forward volume spin wave. (c) Purple
highlights the BVSW. The higher order SW resonant modes cross the magnetostatic SW
modes complicating the SW spectrum. Spectrum’s where plotted with YIG film thickness
1µm and internal magnetic field 10mT.

2.2.1 Surface Spin Waves

Referring to Fig. 2.5, consider the far right case. This system of static

magnetization is perpendicular to the propagation direction of the SW which is called the

SSW mode. The main interesting feature of the SSW is that it can appear either at the

either the top or bottom surface of FM film. This behavior is dependent on the sign of the
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wavevector k while also being perpendicular to the magnetization direction. These

magnetostatic SSWs are nonreciprocal in this sense.

SSWs were first mathematically predicted and experimentally observed by [127].

Under simple assumptions using only the dipolar magnetic field (2.8) and solving (2.7) an

approximated dispersion relation for the angular frequency of the SSW is found as

ω
(SSW) =

√
ωB(ωB +ωM)+

ω2
M
4

(1− e−2kL)sin(φ)2 (2.10)

Mainly dominated by dipolar field effects, this dispersion relation serves as a good

approximation with ωB = |γ|Bext and ωM = |γ|µ0Ms as angular frequencies related to the

external field and saturation magnetization. The angle φ is between the external magnetic

field and wave propagation direction. The constant L is the thickness of the FM film and k

is the wavevector. The dispersion relation can be explicitly found following the guide in

Appendix A.2.

This phenomena to tune the SSWs frequency with the magnetic field strength and

still exhibit nonreciprocal wave behavior has excited many to research SSWs over the

decades [128]–[137]. For this reason many researchers continued to pursue utilizing

SSWs with reciprocal SAW. As a result of ME coupling between SSWs and SAWs will

exhibit nonreciprocal features, while still having advantages of both waves. Several

decades of theoretical [33]–[35] and experimental [38]–[40] research revealed many

interesting properties of the hybrid ME waves and showed their high potential for

practical applications [32], [43]–[47], [138]. While a ton of work already has been done

with SSWs alone, there is still more that can be done to couple SAWs and SSWs.

2.2.2 Backward Volume Spin Waves

Previously discussed SSWs are one of three magnetostatic SWs. The next one we

will consider from Fig. 2.5a is the middle magnetostatic wave. The BVSW will be our

main focus for ME coupling in the last two chapters. Many unique features will arise just
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from simple considerations. This geometric set-up is also easier in every sense since

magnetization and wave propagation are parallel.

Referring to Fig. 2.5a the last magnetostatic SW is forward volume spin wave.

While they have their own features, we found found BVSWs more exciting and easy for

experimental set-up to test theories. Out-of-plane magnetization is tricky to apply to a film

without it affecting other components of an experiment.

Back to BVSWs, they were predicted mathematically and experimentally observed

by [139]. This SW is truly unique from the perspective of the waves’ dispersion relation in

many instances. Most notably, the special interest of BVSW takes place in the dipole

region where magnetization interactions can happen for long distances. In this regime, as

the wavevector of the BVSW increases the frequency of the BVSW actually decreases.

Best seen from its approximated dispersion relation, found under the same conditions as

the SSW,

ω
(BVSW) =

√
ωB

(
ωB +

ωM
kL

(1− e−kL)
)

(2.11)

The profile of this wave is a bulky bump in magnetization similar to the ground state of a

vibrating string (see Fig. 5.1). As stated before the dispersion relation can be found

explicitly following the guide in Appendix A.2.

They have been studied both theoretically [140]–[147] and experimentally

[148]–[155] to exploit the BVSW special properties in new spintronic devices. Other

unique BVSW phenomena may be observed with solitons, Bose-Einstein condensates,

inverse Doppler effect, left-handed system, etc.

One struggle has been the consistency to excite and use BVSW in practical

applications, especially with magnetic damping and their slow speed [156]–[161]. One

possible solution would be using another wave to excite or convert BVSW to travel greater

distances via SAWs. Our work with SAW-BVSW coupling lead us to new ideas on how
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we can achieve the same results as filters, isolators, channel flipping, information carrying,

optical effects, quantum behavior, etc.

2.3 Magneto-Elastic Coupling

Researchers immediately sought ways to exploit these magnetic systems using

well defined acoustic waves. Decades of research go as far back to the 1940’s [162]–[164]

which inspired many others to continue ME work throughout the century [165]–[183] and

much much more for anyone to explore. This field may be just under a century old, but

research continues in because of the ever expanding magnetic materials that arise with

new magneto-acoustic phenomena. We hope in this work it will act as a easier foundation

to catch up to modern work.

Today’s modern work of ME coupling includes a vast range of studies [50]. These

fields have expanded throughout the decades studied both theoretically [33]–[35], [64],

[184]–[188] and experimentally [38]–[42], [189]–[199]. Modern work reveals incredible

features of dual magneto and acoustic waves that demonstrate exceptional potential for

practical applications [32], [43]–[49], [200]. Notable mechanisms of ME interaction in

ferromagnetic materials have been shown off by [32], [53], [201]–[206] ME coupling

exists in other magnetic materials such as antiferromagnets shown in [43], [54],

[207]–[212]. One field with strong growth involves ME coupling in systems of quantum

nature [55]–[57], [213]. Other studies describe the impact of acoustic behavior on spin

current manipulation [214]–[217]. Additional areas of interest include SAW-induced

domain wall movement [59], [218], [219]. and skyrmion or vortex manipulation [60],

[220].

Conceptually, how the two waves interact is simple. From the perspective of the

static magnetic system, an acoustic wave propagates through and disturbs magnetization
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causing dipolar interactions one example. From (2.7) an additional term is added as

∂m
∂ t

= |γ|Beff ×m+ |γ|BME ×m (2.12)

The ME magnetic field BME can be included in the effective field, but is brought outside

to as a better visual. When viewed from the elastic system, the magnetic dipolar

interactions create a force acting on the atomic lattice generating an acoustic wave.

ρ
∂ 2u
∂ t2 = ∇ ·T +FME (2.13)

The term FME is the ME force acting on the acoustic system. Under the right conditions

using a specific frequency where both spin and acoustic waves cross in the spectrum one

wave will generate the other with great efficiency.

Mathematically, building off the previous works of [46], [79], [221]–[224], we

derive the ME energy, EME, which is the shared energy between the magnetic and elastic

systems. The added ME terms take the form BME =−M−1
s δEME/δm and

FME =−δEME/δu for effective ME magnetic field and ME force, respectively. This

gives our known energy formula as

EME =
∫

V

1
M2

s
bαβγζ

∂uα

∂ rβ

MγMζ d3r (2.14)

This describes coupling between the spin and elastic degrees of freedom. Here, bαβγζ is

the magnetostriction tensor where the Greek indices αβγζ arbitrarily are xyz coordinates.

The magnetostriction tensor components are material dependent, same as the elastic

stiffness tensor.

2.4 Material Parameters

The work presented in this dissertation uses the bi-layer system YIG/GGG with

well known parameters used everyday in other research. Taking isotropic conditions for

the FM YIG film, as with the elastic stiffness tensor ci jkl , the magnetostriction tensor also

24



has off diagonal symmetrical components bαβαβ = bβααβ = bαββα = bβαβα = b2 and

diagonal components with bαααα = b1. d The values of the magnetostriction tensor

elements found in YIG are b1 = 0.35MJ/m3 and b2 = 0.7MJ/m3 with respect to [79],

[180], [221], [222]. The magnetostriction tensor is shown explicitly below.

b =




b1 0 0

0 0 0

0 0 0




0 b2 0

b2 0 0

0 0 0




0 0 b2

0 0 0

b2 0 0


0 b2 0

b2 0 0

0 0 0




0 0 0

0 b1 0

0 0 0




0 0 0

0 0 b2

0 b2 0


0 0 b2

0 0 0

b2 0 0




0 0 0

0 0 b2

0 b2 0




0 0 0

0 0 0

0 0 b1





(2.15)

For simplicity and how it is handle in labs, we do assume that the elastic

parameters of the YIG and GGG layers are the same as in reality they differ by about 10%

[37], [62], [63], [65], [73], [74], [79], [224]. Another technically note is that YIG is a

ferrimagnet based upon the definition of the word and the alignment of magnetization

within the material. It is easier to think of YIG as a weaker FM based on its magnetization

saturation [225]. For our discussion and work we consider YIG a FM which can be

thought of as a regular magnet for all in tense in purpose.

Using this bi-layer system we reference [47], [51], [73], [74], [78], [79] to find

parameters for a thin YIG film with thickness L in µm, magnetization saturation 139kA/m,

density 5170 kg/m3, exchange length λ 2
ex =3 10−16m2 and acoustic parameters (Lamé

constants) with λ = 110.5GPa and µ = 90GPa. The magnetic field parameter for a thin

YIG film isn’t necessarily the magnitude of the effective magnetic field Beff. The effective
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field is a dynamic field dependent on the amplitude of the SWs. For this reason, and for

realistic simplicity, we consider the static internal magnetic field for a thin film

magnetized in-plane which coincides closely with the external magnetic field Bext all in

units of mT. Further details from [36], [44], [51], [52], [226]–[230] show why this is

possible due to magnetization along the easy axis for a thin film and having negligible

anisotropic and demagnetizing effects. In the perspective of SWs, our future technology,

YIG is the best choice due to the lowest damping recorded. The added benefit of using

YIG is the elasticity of the material to support acoustic waves as well in the same spectra

regime as SWs.

A practical detail to keep in mind is the damping or relaxation rate of the two

waves. Damping is a phenomenological effect on any wave in nature. The wave is always

interacting with its surroundings in free space. The condensed energy of the wave, seen as

the amplitude of the wave, essentially distributes itself outward till disappears. The best

analogy is tossing a rock into a pond. Where the rock lands there are large ripples in the

water, but dissipate as the ripples spread across the pond eventually settling back to a calm

bed of water. While damping is not our main focus, there are specific devices that benefit

from damping. On the other hand, damping does normally hurt the ME coupling effects if

the coupling rate is less than the damping rate. Damping is discussed by [114], [163],

[182], [183], [200], [206], [211], [214] in many ways, but for this theoretical work we take

an effective damping of rate of η = 0.35MHz for SAWs and Γ = 1MHz for SWs. These

factors can be applied to any mathematical step when calculating the hybridized ME

system.
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CHAPTER THREE

THEORY: COUPLING COEFFICIENT DERIVED WITH EXAMPLES

In this chapter we cover how the coupling coefficient is derived from a method of

expansion of vector modes from each wave. This expansion is substituted into the ME

energy, EME (2.14) and solved for the complex amplitudes of the waves. We only consider

linear terms when we use our equations of coupled waves (3.2) for quick and easy

approximations to check how a system may couple. The coupling coefficient, or coupling

rate, will be shown as the overlap of wave profiles as the core of coupling between two

waves. Once coupling is found we perform an analysis on material parameters to find

optimal conditions for ME coupling. Then the coupled wave equations can be used to plot

wave coupled spectrum and see how coupling interactions occur in a system changing in

time and space.

3.1 Coupling Coefficient Derived

We have two vectors in the ME energy (2.14) representing their respective system,

u(r, t) and M(r, t) as acoustic and magnetic waves. As stated earlier, we expand these

vectors as a series of modes a system may contain described in [221], [222], [224] as

u(r, t) = ∑
κ

Aκ(t)uκ(r)+ c.c. (3.1a)

M(r, t) = Ms[m0(r)+∑
ξ

Sξ (t)mξ (r)+ c.c.] (3.1b)

For (3.1a) the particle displacement vector is expanded over κ modes with a time varying

complex amplitude as Aκ(t) and a spatial dependent acoustic wave profile uκ(r). For

(3.1b) the magnetization vector is set up similarly, expanded over ξ modes with Sξ (t) as

the complex amplitude and mξ (r) as the profile of the SW. There is an added singular

term in (3.1b), m0(r), which tells us the static magnetization direction. The static
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magnetization, m0(r), is spatially dependent as some systems may have multi-layers or

sub-lattices with different directions. The units for (3.1b) come from the saturation

magnetization constant Ms outside the brackets, telling us m0(r) and mξ (r) are unit

vectors. Lastly, the additional c.c. term in (3.1) is the complex conjugate of the previous

term.

The exceptional benefits we receive with this method is developing a system

solvable for the amplitudes of the waves, and that the wave profiles are found

independently of any coupling from their own respective system of equations. Following

[51], [61], [114] we find the SW profile mξ (r), and from [73]–[75], [77] the acoustic wave

profile uκ(r). As with all wave profiles the wavevector k, depending on its value, will

produce specific modes of the amplitude and profiles of the acoustic/spin waves. Specific

cases with their solutions will be discussed later.

The coupled wave system, using their amplitudes will become

dAκ

dt
=−iω(AW)

κ Aκ(t)− i
1

Pκ

∂EME
∂A∗

κ

(3.2a)

dSξ

dt
=−iω(SW)

ξ
Sξ (t)− i

1
Qξ

∂EME
∂S∗

ξ

(3.2b)

where ω
(AW)
κ and ω

(SW)
ξ

are the acoustic and spin wave frequencies of a particular mode.

Normally with complex wave amplitudes we have the simple relation d
dt →−iω , but

waves are coupled giving the added far right terms in (3.2). The partial derivative is the

amount of energy one wave gives to the other through their wave amplitudes. The Qξ and

Pκ terms are the normalization factors for the expanded SW and acoustic wave series.

They take their forms as

Pκ = 2ω
(AW)
κ

∫
V

ρ(r)[u∗κ(r) ·uκ(r)]d3r, (3.3a)

Qξ =
iMs
γ

∫
V

m∗
ξ
(r) · [m0(r)×mξ (r)]d

3r (3.3b)

28



with action units (Joules·seconds) from the combined references [51], [73], [74], [114],

[116]. Returning to (2.14), the ME energy EME, we use (3.1) to rewrite (3.2) into a

simpler solvable form. Expanding (2.14) with substitutions from (3.1) we get

EME =
∫

V
bαβγζ

[
∂

∂ rβ
∑
κ

Aκ(t)uκ,α(r)+ c.c.
]
×[

m0,γ(r)+∑
ξ

Sξ (t)mξ ,γ(r)+ c.c.
][

m0,ζ (r)+∑
ξ

Sξ (t)mξ ,ζ (r)+ c.c.
]

d3r

(3.4)

If one distributed all the components one would end up with eight-teen different terms. To

reduce the number of terms let us considering expanding (3.4) using only the magnetic

components. One will notice a symmetrical pattern with terms containing combined

components m0,γm0,ζ , m0,γmξ ,ζ , m0,ζ mξ ,γ , and mξ ,γmξ ,ζ . This includes all

combinations with their complex conjugates as well. The static magnetization term

m0,γm0,ζ is apart of the static energy that can be produced from stress on a magnet

already incorporated in the SW system. The many SW component terms mξ ,γmξ ,ζ are

second order in magnetization dynamics considering small non-linear interactions. These

lead to parametric pumping of waves as [114], [222], [231]–[234] have described before

hand. Our work only considers first order linear interactions leaving only m0,γmξ ,ζ and

m0,ζ mξ ,γ terms, with their complex conjugates included in the ME energy formula.

Eliminating the above terms in (3.4) reduces the ME energy to

EME =
∫

V
bαβγζ

[
∂

∂ rβ
∑
κ

Aκ(t)uκ,α(r)+ c.c
]
×[

∑
ξ

Sξ (t)
(

m0,γ(r)mξ ,ζ (r)+m0,ζ (r)mξ ,γ(r)
)
+ c.c.

]
d3r

(3.5)

The symmetry of the magnetostriction tensor helps simplify the magnetic half of the

coupled system. With bαβγζ = bαβζ γ , the combination of added terms m0,γ(r)mξ ,ζ (r)

and m0,ζ (r)mξ γ(r) are the same. This doubling of terms gives us a two in the magnetic
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expansion. Rewriting (3.5) gives

EME = 2
∫

V
bαβγζ

[
∂

∂ rβ
∑
κ

Aκ(t)uκ,α(r)+ c.c
]
×[

∑
ξ

Sξ (t)m0,γ(r)mξ ,ζ (r)+ c.c.
]

d3r
(3.6)

Having reduced our number of terms for ME energy, the full expansion takes the form

EME = 2
∫

V
bαβγζ ∑

κ,ξ

[
Aκ(t)

∂uκ,α

∂ rβ

Sξ (t)m0,γ(r)mξ ,ζ (r)

+Aκ(t)
∂uκ,α

∂ rβ

S∗
ξ
(t)m0,γ(r)m∗

ξ ,ζ (r)

+A∗
κ(t)

∂u∗κ,α
∂ rβ

Sξ (t)m0,γ(r)mξ ,ζ (r)

+A∗
κ(t)

∂u∗κ,α
∂ rβ

S∗
ξ
(t)m0,γ(r)m∗

ξ ,ζ (r)
]

d3r

(3.7)

An important part of ME interactions is the small frequency difference between

spin and acoustic waves. From (3.7) there are complex wave amplitude terms as multiped

factors: AκSξ , AκS∗
ξ

, A∗
κSξ , and A∗

κS∗
ξ

. Here we apply the rotating wave approximation

[235], [236]. This means that we can ignore doubling frequencies with the same sign as

these oscillations are too large and fast due to resonance effects. Conceptually, it is the

small difference between wave frequencies that holds the evolutionary transition between

waves, a.k.a. the coupling coefficient we want to study.

Dropping these doubled frequency terms, the ME energy is

EME = 2
∫

V
bαβγζ ∑

κ,ξ

[
Aκ(t)

∂uκ,α

∂ rβ

S∗
ξ
(t)m0,γ(r)m∗

ξ ,ζ (r)+ c.c.
]

d3r (3.8)

Let us rewrite the ME energy in a form where the complex wave amplitudes are the

variables for the coupled system (3.2) we plan to study.

EME = ∑
κ,ξ

[
2
∫

V
bαβγζ m0,γ(r)

∂uκ,α

∂ rβ

m∗
ξ ,ζ (r)d

3r
]

Aκ(t)S∗ξ (t)+ c.c. (3.9)
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Replacing the bracketed terms with a new term of constants

EME = ∑
κ,ξ

[
gκ,ξ

√
PκQξ

]
Aκ(t)S∗ξ (t)+ c.c. (3.10)

We find the coupling rate coefficient gκ,ξ to be defined as

gκ,ξ

√
PκQξ =

∫
2bαβγζ m0,γ(r)

∂uκ,α

∂ rβ

m∗
ξ ,ζ (r)d

3r (3.11)

The most important dependence we can see instantly is how the coupling coefficient is

defined as the overlap of spatial wave profiles. The coupling coefficient is then very

dependent on the specific wavevector value k as the wave profiles uκ , mζ as they are

defined in a general sense. The coupling coefficient, better described as the coupling rate,

has units in frequency (Hertz). The coupling rate gκ,ξ describes the strength of the ME

interaction between acoustic wave modes with SW modes in the spectrum. This rate can

be readily calculated once the profiles of both modes are known and found from their

independent systems.

To complete the theory, we return to the coupled wave amplitude equations (3.2).

The coupled system of wave amplitudes is rewritten with substituting (3.10) and becomes

dAκ

dt
=−iω(AW)

κ Aκ(t)− i∑
ξ

g∗
κ,ξ Sξ (t) (3.12a)

dSξ

dt
=−iω(SW)

ξ
Sξ (t)− i∑

κ

gκ,ξ Aκ(t) (3.12b)

The new coupled system (3.12) are the most interesting and important equations we deal

with in determining results of how well the acoustic and spin waves couple. For the

simplest case where we ignore the summations, we see how effectively one acoustic wave

interacts with one SW from the spectrum. Equations for acoustic wave and SW

amplitudes can follow the harmonic solution d
dt →−iω , with the addition of the ME

interaction. The system (3.12) can then be solved analytically as an eigen value problem
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yielding the two branches of the hybrid wave spectrum as

ωk =
ω

(AW)
k +ω

(SW)
k

2
±

√√√√(ω
(AW)
k −ω

(SW)
k

2

)2

+ |gk|2 (3.13)

Equation (3.13) describes a conventional anti-crossing mode with a frequency gap from

the ME interaction where the two different wave dispersion relations cross at a specific

wavevector value k. At the crossing point we’ll have a ME gap defined as

∆ωME = 2|gk| (3.14)

for any crossing point between the spin and acoustic wave in the spectrum.

3.2 Coupling Coefficient with Plane Waves

As an example use of the coupling rate gκ,ξ let us consider plane wave profiles for

both waves. For plane acoustic and spin waves we can find optimal conditions in which

these two arbitrary waves will couple to one another. We can also find which parameters

will effect our coupling rate the most between these two plane waves. As stated before we

derive the acoustic and SW profiles independently before analyzing the coupled ME

system. Acoustic waves follow the translation equation of motion (2.1), and SW follow

Landau-Lifshitz equation (2.7).

Starting with the magnetic system, the Landau-Lifshitz equation (2.7) is

dynamically intertwined as the magnetization vector m appears on both sides. We begin

by linearizing this expression in the sense of small deviations for m and reduce the

expansion of SW modes to a single plane SW. Our magnetic wave becomes

m(r, t) = m0 +mke−iωt+ik·r (3.15)

The SW profile here mk is dependent on the wavevector. Additional conditions

required are |m0|2 = 1 and m0 ·mk = 0, maintaining proper formalism following [114].
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The system considered here will be an infinite medium of YIG. The static

magnetization vector m0, the ground state of magnetization, will be oriented in the

+z-direction. Our plane SW profile then will have components only in the xy-plane. The

contributing magnetic fields will be an external field Bext, the dipolar field µ0Hdip, and

the inhomogeneous exchange field Bex.

The effective magnetic field Beff is shown as the addition of all magnetic fields we

are considering in this plane wave example.

Beff = Bextm0 +µ0Hdip +Bex (3.16)

For simplicity the static magnetization is aligned with the external field. For the

dipolar field (2.8), note it was solved symbolically and needs a proper operator to perform

work on the plane SW. We use the same tricks before for Hdip where ∇×Hdip = 0 and

∇ ·Hdip =−Ms∇ ·m. Along with ∇ =−ik under the condition that the wavevector k is

parallel to Bdip, we find this expression

Bdip =−µ0Ms(k̂⊗ k̂) ·m (3.17)

The wavevector k usually should be parallel to the x-axis as with normal wave

propagation. However, this wavevector is more arbitrary in the sense that the wave may

propagate at an angle off of the internal static magnetic field orientation. This will be the

case for the in-plane magnetostatic SW modes in our main study. This makes the unit

wavevector k̂ = sin(θ)x̂+ cos(θ)ẑ. The dipolar field then becomes

µ0Hdip =−µ0Ms


sin2 θ 0 sinθ cosθ

0 0 0

sinθ cosθ 0 cos2 θ

 ·m (3.18)
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Now substituting (3.18) into (3.16) we have the full expression for the effective

magnetic field

Beff = Bextm0 −µ0Ms


sin2 θ 0 sinθ cosθ

0 0 0

sinθ cosθ 0 cos2 θ

 ·m−µ0Msλ
2
ex∇

2m (3.19)

Now we can begin to simplify the Landau-Lifshitz Equation (2.7) by substituting (3.15)

for m and (3.19) for Beff. When substituting the magnetization vector (3.15) into the

dipolar field (2.8) and exchange field (2.9) the static magnetization term will disappear as

each field has the gradient operator applied to it initially. Only the SW term with mk will

survive, and any second order terms are discarded following [114]. When fully simplified

solving for ω first, the dispersion relation of plane SWs is

ω
(PSW) =

√
(ωB +ωMλ 2

exk2 +ωM sin2 θ)(ωB +ωMλ 2
exk2) (3.20)

where ωB and ωM are the same as stated in section 2.2.1. Following mathematical

formalism from [114] we can also derive an analytical solution for the SW profile of the

plane wave. An example for this method is shown in Appendix A.2. Our plane SW profile

has the form

mk =

(
−iσ 1 0

)
(3.21)

where σ is the fraction

σ =

√
ωB +ωMλ 2

exk2√
ωB +ωMλ 2

exk2 +ωM sin2 θ

(3.22)

which shows elliptical behavior of the SW profile. We have everything we need to

analyzing coupling for the magnetic system; SW dispersion relation and profile.
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Turning our attention to acoustic waves as plane waves. This reduces our

expansion of modes (3.1a) to a single wave as

u(r, t) = uce−iωt+ik·r (3.23)

where uc is the acoustic plane wave profile dependent on material constants. Here we

instantly plug (3.23) into the translation equation of motion (2.1). The assumption we do

make is taking the infinite medium of YIG our plane waves exist in as an isotropic

geometry. For a complete break down of this derivation see Appendix A.1. Essentially,

the translation equation of motion is simplified into an eigenvalue problem which can be

written as

ρω
2uc = Auc (3.24)

The matrix A here for plane waves is an operator formed from the gradient of the stress

tensor which contains the components of the acoustic plane wave. After proper

substitution of our single acoustic plane wave into the translation equation of motion, we

will end up with three different expressions opening up the brackets between matrix A and

the profile vector uc. Moving everything to one side sets all expressions equal zero.

Isolate the elements of the acoustic profile by factoring them out and we explicitly get

ux[ρω
2 − k2(µ cos2(θ)+ sin2(θ)(λ +2µ))]−uz[k2 cos(θ)sin(θ)(λ +µ)] = 0 (3.25a)

uy[ρω
2 − k2

µ] = 0 (3.25b)

uz[ρω
2 − k2(µ sin2(θ)+ cos2(θ)(λ +2µ))]−ux[k2 cos(θ)sin(θ)(λ +µ)] = 0 (3.25c)

where µ and λ are the Lamé constants from [73], [74], [78] defined from the physical

material. The three expressions in (3.25) are written this way to because the matrix

notation for A from (3.24) is too big to fit this dissertation formatting. If one solved for

eigen values of matrix A, you would find the shear and longitudinal dispersion relations.
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However, since our plane wave contains both of these components, the dispersion relation

for the acoustic plane wave takes the form

ω
(PAW) = k

√
Xµ

ρ
(3.26)

where X is a coupling factor between traversal and longitudinal movement. The value X

can be found via the polynomial

X3 −X2(4+ ε)+X(5+2ε)− ε −2 = 0 (3.27)

where ε is the ratio of Lamé constants λ/µ .

Returning to (3.25) rewritten in matrix notation and solving for the eigen vectors,

we find a solution for how the profile uc will behave. The full expression of the acoustic

plane wave profile is

uc =

(
τ 1 2cos(θ)sin(θ)

)
(3.28)

where τ is another fractional expression representing

τ =
λ +3µ −2(λ +2µ)cos2(θ)−2µ sin2(θ)

λ +µ
(3.29)

We have obtained both components from the acoustic system needed to begin analyzing of

ME coupling between plane acoustic and plane spin wave.

We begin by plotting the spectrum of the plane waves. Seen in Fig. 3.1, there are

five plotted dispersion relations. The solid red line represent the acoustic plane wave. This

line is solid unlike the rest to represent this is always the fixed case for acoustic modes

being material dependent only. The other four dashed lines arbitrarily represent where the

plane SW mode can appear as it propagates at an angle θ away from the static

magnetization m0. We show multiple in Fig. 3.1 for a quicker analysis of all the angles in

one plot.
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The two parameters we concern ourselves with to optimize the ME coupling rate

are the angle θ between wave propagation and static magnetic field direction and the

magnitude of the external magnetic field. The magnitude of the external magnetic field is

important as it affects the magnitude of the effective magnetic field, or in the main case

study the internal magnetic field. Even more importantly, as described before if one were

to increase the magnitude of the magnetic field this would not only change the SW

spectrum, but also the crossing point where ME coupling takes place between the two

different waves. Changing the magnetic field is an extremely vital parameter to consider.

These ME interactions will change as the waves change their crossing point within the

spectra. Our main case study will cover finding optimal conditions for not only the

magnetic field, but the angle of magnetization with respect to wave propagation, the

thickness of a magnetic material, and the speed of the waves.
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Figure 3.1: Five plane wave dispersion relations are plotted: plane SW at 0◦ (blue), plane
SW at 30◦ (green), plane SW at 45◦ (magenta), plane SW at 60◦ (purple), and a plane
acoustic wave (red). The acoustic wave is a solid line representing a fixed spectrum.
The dashed lines for plane SW represent an arbitrary spectrum where the SW dispersion
relations may be plotted using specific conditions. Parameters: Bext = 10mT

Now we have a visual understanding of what parameters will be important for

plane waves, let us derive the ME coupling rate explicitly. We have profiles to plug into

the coupling rate (3.9). The plane waves reduce the partial derivative ∂

∂ r
β
→ ikβ in the
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integral. Taking isotropic conditions, from YIGs magnetostriction tensor b where

b1 = 0.35MJ/m3 and b2 = 0.7MJ/m3. Then (3.9) can be simplified explicitly to

g = ib2

√
γ

ω(PAW)ρ|uc|2Msσ

[
iτσ +1+2iσ sin2(θ)

]
k cos(θ) (3.30)

Since neither wave profile is dependent on the xyz cartesian coordinates the volume

integral for the coupling rate g cancels with the volume integrals from the normalization

constants P and Q. Also, note this coupling is highly dependent on the cosine term which

is why we did not choose to use 90◦ in the plane SW dispersion relation.

Coupling is tested between the acoustic plane wave and four modes of the plane

SW at angles 0◦, 30◦, 45◦, and 60◦. Using the material parameters found from [47], [51],

[73], [74], [78], [79] for YIG with a constant Bext = 10mT throughout, magnetization

saturation 139 kA/m, density 5170 kg/m3 and acoustic parameters (Lamé constants)

λ =110.5GPa and µ =90GPa. Note the coupling rate appears in equations with the

angular frequency, so we must divide by 2π to get our final answer. Coupling between the

plane acoustic and plane spin wave with each angled mode, gives us

g1/2π = 10.2 MHz (3.31a)

g2/2π = 14.5 MHz (3.31b)

g3/2π = 16.8 MHz (3.31c)

g4/2π = 15.4 MHz (3.31d)

where the subscript numbers are for the θ angles 0◦, 30◦, 45◦, and 60◦ respectively.

Using equations (3.31) we can substitute all the arbitrary plane SWs as modes into

(3.10) and we can plot the coupled spectrum. Figure 3.2 shows the coupled spectrum of

plane waves. In comparison to Fig. 3.1, we see the highlight lines corresponding back to

the differently angled propagating plane waves, with exception for the acoustic wave.
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These ME anti-crossing gaps do exist for each angle as predicted. This gap is the ME

frequency gap ∆ωME that is double the coupling rate. Curiously, the trend in the coupling

rate had a steady increase with the angle until somewhere between 45◦ to 60◦.

Figure 3.2: Coupled plot of plane wave dispersion relations between a single plane acoustic
wave and multiple plane SWs. Highlighted lines indicate: plane SW at 0◦ (blue), plane
SW at 30◦ (green), plane SW at 45◦ (magenta), plane SW at 60◦ (purple), and a plane
acoustic wave (red). Anti-crossing gaps between plane waves are found in equations (3.31).
Parameters: Bext = 10mT
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Figure 3.2 provides us a nice example of how important the magnetic field will

play role for the ME coupling rate. We have an acoustic wave (red highlighted line)

crossing four plane SW (highlighted blue, green, magenta, and purple) lines. As the angle

increases, so does the frequency of the SW. This behavior also happens when the external

magnetic field Bext increases as well, which was previously pointed out. When Bext is

increased, all plane SW modes will rise in frequency simultaneously. The main take away

here is that when the acoustic wave crosses one of these SW modes an anti-crossing gap

opens up between these waves.

Fixing all parameters, and varying only the magnitude of the external magnetic

field, we see the clear picture of ME coupling between plane acoustic and plane spin

waves. For larger and larger magnetic fields, the ME coupling rate rises for all scenarios

of plane acoustic and plane spin waves. However, for very low fields, 40mT and below,

certain components seem to dominate over the others for different angles. The fractional

components τ and σ play a huge role in how big coupling behaves for the lower fields.

The more important fractional factor is from the SWs, because for extremely low

magnetic fields

σ ≈
√

ωMλ 2
exk2√

ωMλ 2
exk2 +ωM sin2 θ

(3.32)

because the external magnetic field contributes to ωB and is relatively small compared to

the other natural constants. This is when the angle for σ plays a bigger role in the elliptical

behavior it posses with the angle in the denominator. This also applies for τ which can

value between -1 and 1 for angles 0◦ and 90◦ respectively. Only when the external

magnetic field increases does it start to dominate and σ begins to approach 1. The larger

angles still have a lower coupling rate thanks to the cosine term out front that decreases

with larger angles. This is only countered by the sin2(θ) for a small sweet spot, because
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as some point while the 60◦ purple curve in Fig. 3.3 seems good, increasing the angle pass

a critical angle will eventually drop the coupling rate down to 0MHz since cos(90◦) = 0.

Figure 3.3: Arbitrary plane SWs are calculated with θ at 0◦ (blue), 30◦ (green), 45◦

(magenta), 60◦ (purple) and coupled to the plane acoustic wave. The coupling rate g
between plane acoustic waves the four plane SWs show similar behavior for larger and
larger magnetic fields. For low to no fields certain components begin to dominate dependent
on the angle of plane wave propagation.
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3.3 Coupling between SAWs and In-Plane Magnetized SWs

For our main research focus, we considered ME coupling between SAWs and

in-plane magnetized SWs, including the SSW and BVSW. The expressions for ME

coupling (3.11) and the coupled wave amplitude system (3.12) will begin to simplify as

we make more theoretical assumptions. First, we only consider one acoustic mode (the

SAW). Second, both the acoustic and spin wave profiles are spatially dependent only the

variable z, being the depth into the bi-layer system in Fig. 3.4. Lastly, magnetization is

uniformly distributed and constant within our YIG film.

Now we define our system of parameters and how they will incorporate into the the

coupling rate (3.11). As described in Fig. 3.4, we have the bi-layer system of YIG/GGG

where only YIG is a magnetic material. As stated before, YIG and GGG are assumed to

have the same acoustic properties meaning the SAW profile appears through both layers.

The SW profile, arbitrarily represented a low order resonant mode in blue, only exists in

the FM film layer. This FM layer of YIG has a thickness defined as L along the z-axis.

The static internal field within the YIG layer lies in the xy-plane and magnetization will be

controlled via the external magnetic field Bext. The external magnetic field will be at an

angle φ to the x-axis. Both the SAW and in-plane SWs will propagate along the x-axis

either in the positive or negative direction depending on parameters used for case by case

scenarios. The substrate GGG is the standard practice YIG is grown upon with matching

lattice constants and is considered with a normal thickness of 500µm.
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Figure 3.4: Generic visualization of system describing parameters affecting ME coupling
between SAWs and magnetized in-plane SWs. The SAW profile expands through both
layers of the system. The SW profile (lowest resonant mode) is blue and only exists in
the magnetic layer of YIG with a thickness L in the z-direction. The external magnetic
field Bext is in the xy-plane at an angle φ to the direction of wave propagation along the
x-axis. The substrate GGG is the standard practice YIG is grown upon with matching lattice
constants and is considered with a normal thickness of 500µm.

From (3.11) we simplify the integral by considering the wave profiles are spatially

dependent only on the depth z into the medium for an infinite plane. This changes the

vectors mξ (r)→ mξ (z)e
−ik′·r and uκ(r)→ u(z)e−ik·r for both wave types. The subscript

κ is removed for acoustic waves as only the SAW mode is considered any further. With

static magnetization held constant, dependent only on the direction and magnitude of Bext

and choosing to keep all other possible variables constant (density, magnetostriction

tensor, wavevector) we have chosen a system set-up that allows for easy derivation of
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in-plane coupling. We rewrite (3.9) into

gξ =
2√

PQξ

∫∫∫
bαβγζ m0,γ

(
∂uα

∂ z
+ ikβ uα

)
m∗

ξ ,ζ (z)e
i(k′−k)·rdxdydz (3.33)

Our ME waves propagate within the xy-plane of the medium making kz = k′z = 0. Only the

exponential has the variables xy in a form as shown in (3.33). This integral can be

integrated using the property that comes with delta functions and Fourier transforms from

[77]

δ (x− x0) =
1

2π

∫
∞

−∞

eiu(x−x0) du (3.34)

This property shows simply that the period length is 2π with a shifted phase allowing us

to substitute in a δ function into our coupling rate expression. The only terms that survive

are when kx = k′x, ky = k′y equal each other. Meaning when k = k′ are the same. This

mathematical property of the δ function also follows that we have found the ’period

lengths’ from the xy integrals. However, these ’period lengths’ vanish as they cancel by

the fact the normalization factors Pκ and Qξ from (3.3) will also have the same

substitution of our vectors uκ and mξ . We can then rewrite our normalization constants as

P = 2ω
(SAW)

∫
ρu∗(z) ·u(z)dz, (3.35a)

Qξ =
iMs
γ

∫
m∗

ξ
(z) · [m0 ×mξ (z)]dz (3.35b)

To continue the derivation we must find the individual wave profiles. Using references

[61], [114], [221] the SW vector mξ has two magnetization components, in and out of

plane. The static magnetization vector m0 will stay in-plane and help determine which

magnetostatic SW mode we are investigating. Recall Fig. 2.5a, where we see two cases

with magnetization in-plane. Our static magnetization and SW vector take the form as

m0 =

(
cosφ sinφ 0

)
(3.36a)
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mξ (z) =
(

mIP
ξ
(z)sinφ mIP

ξ
(z)cosφ mOP

ξ
(z)

)
(3.36b)

where mIP
ξ

is the in-plane component and mOP
ξ

is out-of-plane component. The calculation

of these SW profile components, mIP
ξ

and mOP
ξ

, is done numerically from the theory of

dipole-exchange SWs in FM films [61]. This method involves linearization of (2.7) near

the equilibrium state and expansion of the transversal SW profile mξ (z) as a Fourier

series. Following [61], the Landau-Lifshitz equation is expanded into an infinite series of

algebraic equations, which can be numerically solved using a finite number of expansion

terms. For the numerical calculations used of various thicknesses for YIG in the

proceeding chapters, note we use at most 50 terms when solving the infinite series of the

the Landau-Lifshitz equation. The reason for this is so the in-plane magnetostatic modes,

BVSW and SSW, are accurately calculated on how their wave profiles and spectrum

behave when interacting with the higher order SW resonant modes, see Fig. 2.6. Further

details on this numerical procedure are seen in [237] and its supplementary work on

talking points about the convergence properties of this method. The numerical solution of

all the SWs modes is an eigen value problem which provides SW frequencies ω
(SW)
ξ

and

transversal profiles mξ (z), used to analyze SAW-SW phenomena.

The calculation of the SAW profile, u(z), can be done using existing theories for

pure elasticity [73], [74], [77] The SAW profile is derived in extensive detail in Appendix

A.1. Found from the homogeneous translation equation of motion (2.1) using the

boundary conditions T · n̂ = 0 at z = 0 and u(z)→ 0 as z → ∞ with assumed plane wave

dependence ∝ eik·r in the film plane [73], [74], [77]. For isotropic mediums, the stiffness

tensor has the Lamé constants, λ = cii j j and µ = ci ji j = ci j ji as its two independent
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constants [73], [74], [78]. The resulting SAW profile is described by

u(z) =


1−Y ε/2
k
√

1−Y ε
e−zk

√
1−Y ε − 1

k
√

1−Y
e−zk

√
1−Y

0

− i
k

(
1−Y ε/2

1−Y ε
e−zk

√
1−Y ε − e−zk

√
1−Y

)
 (3.37)

where Y is the solution of the algebraic equation

Y 3 −8εY 2 +16ε
2Y (3/2− ε)−16ε

3(1− ε) = 0 (3.38)

and ε = µ/(λ +2µ) is a ratio of shear and longitudinal factors. The elastic eigenvalue

problem also defines the dispersion relation for pure SAW, ω(SAW) = v(SAW)k, where

v(SAW) =
√

Y (λ +2µ)/ρ is the SAW velocity. The solution of our SAW profile describes

the so-called Rayleigh SAW [68], [73], [74] we discussed earlier.

With these completed expressions for the both wave profiles, and using the YIG

constants b1, b2 for the magnetostriction tensor b, we again rewrite the ME coupling rate

as

gξ =
b1√
PQξ

∫ L

0

[
ikxuxmIP∗

ξ
sin(2φ)+4

(
∂ux
∂ z

+ ikxuz

)
mOP∗

ξ
cos(φ)

]
dz, (3.39)

and equations for coupled mode amplitudes (3.12) as

dA
dt

=−iω(SAW)A(t)− i∑
ξ

g∗
ξ

Sξ (t) (3.40a)

dSξ

dt
=−iω(SW)

ξ
Sξ (t)− igξ A(t) (3.40b)

These equations (3.39) and (3.40) we will solve numerically due to our method for the SW

profile, but are still good general expressions one can solve analytically for simpler

interactions. They are used for analysis of the ME coupling rate dependencies and for the

coupled hybridized spectrum.
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CHAPTER FOUR

SURFACE ACOUSTIC WAVES AND SURFACE SPIN WAVES

In this chapter, we begin discussing results of ME coupling between SAW and

in-plane SWs. The first in-plane SW we consider is the SSW as both the acoustic and spin

wave are localized at the surface naturally. Our results will discuss how ME from (3.39) is

affected by the three main parameters that directly relate to the SSW: YIG thickness L,

magnetization angle to wave propagation φ , and magnitude of the external magnetic field

Bext. Optimal conditions can then be found for ME coupling in current YIG/GGG

devices. One big distinction here for SSWs is that they can appear at both the top free

surface of YIG and at the boundary transitioning from YIG to GGG as this acts as a

"surface" for the magnetic layer for SWs. Referring to Fig. 4.1, keeping the magnetization

angle and magnitude constant, if the SSW propagates right (+x direction) it will appear at

the top surface. If the SSW propagates left (−x direction) it will appear at the "bottom"

surface. This leads into a major topic of non-reciprocity of wave propagation some

technological advancements rely on.

As discussed in section 3.2, our system reference is the same with YIG/GGG films

that lye in the xy plane as shown schematically in Fig. 4.1. While the excitation of a wave

is important for any working device, it is not discussed here as our focus is only to find

optimal conditions between two specific waves. This will be the consideration for this

chapter and the next for ME coupling between a SAW and the two SWs; SSW and BVSW.

Another important note for the simulations shown from here forth are solved via

SW system from [61]. We used 15 terms at minimum to ensure convergence with an

estimated relative error of ∼ 10−3 and a maximum of 50 terms for the thickest YIG films

considered to ensure that the desired magnetostatic SW mode is consistent within the SW
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spectrum of higher order SW resonant modes. The numerical solution of the SW

eigenvalue problem provides SW frequencies ω
(SW)
ξ

and transversal profiles mξ (z), used

below to analyze the ME phenomena.

Figure 4.1: Geometry of the system under study: magnetic YIG/nonmagnetic GGG bi-layer
magnetized at an angle φ with respect to the wave propagation direction. Red (blue) shaded
areas show schematically profiles of SAW (SSW) propagating in ±x directions

We begin by analyzing the spectrum of these two waves, shown in Fig. 4.2, and

see the crossing point of the SAW-SSW dispersion relations at a specific wavevector value

|k0|. As stated before in the SSW case we consider waves propagating in the ±x

directions. This is why in Fig. 4.2 we show a mirrored spectrum indicating waves with a

negative wavevector (−k) propagating to the left. Direction of SSW propagation gives the

property of non-reciprocity to the SSW profiles (shown via blue profiles in Fig. 4.1). This
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will result in non-reciprocal ME coupling with SAWs, which are only localized near the

top free surface of the bi-layer system regardless of the direction of propagation (shown

via red profiles in Fig. 4.1).

Figure 4.2 shows a coupled ME hybrid wave spectrum calculated using (3.40) with

parameters φ = 45◦, Bext = 10mT, and L = 1µm. These parameters are chosen from later

talking points. The highlighted lines in Fig. 4.2 show the dispersion relations of the

uncoupled SAW (red) and SSW (blue) modes. The black lines in Fig. 4.2 represent the

higher-order SW resonant modes. This higher order SW resonant modes do couple to the

SAW but are significantly smaller than the ME coupling between SAWs-SSWs and can be

ignored. In addition these higher order SW resonant modes have low to no propagation

velocity and will be shown later to limit our ME interaction between SAWs and SSWs.

These resonant SWs modes are also affected by the three main parameters.

While the frequency spectrum in Fig. 4.2 seems completely reflective for wave

propagation direction, there is the exceptional difference in the ME coupling rate. We can

see from Fig. 4.2, the SAW and SSW branches intersect at k0 ≈ 3.5rad/µm, where a

well-pronounced anti-crossing region with the gap ∆ω (defined from (3.14)) is shown in

the smaller dashed circles. For waves propagating to the right (+x direction), where the

SSW is localized at the free surface, the ME coupling rate produces a ∆ω+/2π = 61MHz

gap (enhanced by right circle in Fig. 4.2). For waves propagating to the left (−x

direction), where the SSW is localized at the YIG/GGG interface, the ME coupling rate

produces a ∆ω−/2π = 26MHz gap (enhanced by left circle in Fig. 4.2). The gap ∆ω±

substantially exceeds both SAW and SW damping rates, meaning SAW-SSW coupling

can be easily observed experimentally. This system shows nonreciprocal behavior arising

from the SSW properties. Non-reciprocity is measured by the ratio of ∆ω+/∆ω−. For the

case of Fig. 4.2 the non-reciprocity ratio is theoretically 2.33.
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Figure 4.2: Spectrum of the hybrid ME waves in YIG/GGG bi-layer. Highlighted branches
correspond to SAW (red) and SSW (blue) waves. The left side corresponds to propagation
to the left, and the right side has waves propagating to the right. The circled frames show
the size of ME coupling of SAWs to nonreciprocal SSWs. Parameters: YIG film thickness
L = 1µm, internal bias field 10mT applied in-plane at an angle of 45◦ to the direction of
wave propagation.

When considering propagating wave directions, non-reciprocity in our ME

coupled system is shown to be dependent on the coupling rate gξ . From the ME coupling

rate (3.39) the first parameter analyzed is the angle φ in the sine and cosine terms.

Referring to Fig. 2.5a, SSW exists in the geometry that magnetization is perpendicular to

wave propagation. While both SAWs and SSWs can exist in this system the two waves

will never couple using φ = 90◦ in (3.39). The parameter φ ’s optimal angle is found with

a constant magnetic field and thickness. Referring to Fig. 4.3, with a constant internal

magnetic field of 10mT and YIG film thickness 1µm, one can see for various

magnetization directions, 45◦ gives the largest ME coupling rate. From these numerical

calculations of (3.39) in Fig. 4.3, the magnetization angle at φ = 45◦ should always give
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the largest ME coupling stemming from the dominant in-plane term with sin(2φ). A

purely numerical calculation at 30◦ was done further for confirmation of our theoretical

understandings.

Another feature, from Fig. 4.3 is the arch behavior of the ME coupling rate. This

comes from the SSW mode crossing one of the SW resonant modes. As stated before the

spectrum of the SSW and higher order SW resonant modes change with the magnitude of

the magnetic field. The SSW increases faster with the increasing magnetic field than the

SW resonant modes. The SSW will eventually cross one of these resonant modes and ME

coupling between SAW-SSW becomes mixed with an extra SW mode. Not only does this

interaction reduce the coupling rate, but one will not know which SW property or effect

will be measured or shared with the SAW.

This leads to the limiting factor from the magnitude of the magnetic field Bext. As

one can see from other angles in Fig. 4.3, the SSW can exist in a low enough bias

magnetic field at a relatively high angle away from SSW geometry. If the external

magnetic field Bext is increased the asymmetry of the SSW profile would be lost to the

resonant mode. Caution is only mentioned here for those who wish use 45◦ not to increase

your field to the point of destroying your SSW. All-in-all, 45◦ will be optimum for study

of SAW-SSW interaction since the ME interaction is already strong enough over damping

factors. This carries over as well for the magnitude of Bext at low fields, such as 10mT,

where there exists a well-pronounced surface wave in the SW spectrum.
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Figure 4.3: SAW-SSW coupling rate as a function of internal magnetic field for various
angles. The arch structure comes from the SSW mode jumping from one resonant mode
branch to another as magnetic field changes. Parameters: YIG film thickness 1µm.

Numerically calculating the ME coupling rate of SAW-SSW between these blue

and red dispersion relations in Fig. 4.2 with wavevector k as our variable for a fixed YIG

thickness and magnetic field. The blue curve in Fig. 4.4 is ME coupling between

SAW-SSW in the +x direction. The red curve is ME coupling between SAW-SSW in the

−x direction. As the ME coupling rate uses the profiles of the waves, the wavevector k

sets the profiles. The boundary kB between this reciprocal and nonreciprocal region of k’s

occurs approximately at kB = π/2L (solid vertical line in Fig. 4.4). At this point

nonreciprocal non-uniformity of SSW profile becomes important. As one can see to the

left of this kB boundary line, the coupling rate of SAW to the differently profiled SSW is
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reciprocal. Not until we increase k to the right side of kB does the profile of the SAW

become more localized within the YIG film, and the coupling rate gives nonreciprocal

behavior. The reasoning being SAW becomes more and more localized at the free surface.

Conceptually, the whole SAW profile would be encased in the YIG film. The SAW won’t

touch the YIG/GGG interface at large wavevectors where the −x propagating SSW exists.

Note the importance of the profiles of these waves on the ME coupling rate gξ . This

comparison of kB and k0 should serve as a quick check to see if your crossing point of the

two waves will give reciprocal or nonreciprocal ME behavior.

Figure 4.4: Numerically calculated coupling rate at various wavevectors k between the
SAW and SSW dispersion relations. The blue (red) line is coupling between SAW and SSW
localized at the free surface (YIG/GGG interface). The dashed line k0 is where the acoustic
and spin wave dispersion relations actually cross. The solid black line kB is boundary
between reciprocal and nonreciprocal regions of ME coupling between SAWs and SSWs.
Parameters: YIG film thickness 1µm, internal magnetic field 10mT, magnetization angle
45◦.
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Back to Fig. 4.2, the SAW and SSW branches cross at a “plateau” region in the

SW spectrum. This happens for all typical experimental conditions and allows one to

easily estimate the position of the crossing point k0. This “plateau” frequency can be

found from the approximated SSW dispersion relation (2.10) at low magnetic fields and a

relatively thick magnetic film as ω(SSW-plateau) = (ωM/2)sin(φ). The SAW dispersion

relation ω(SAW) can easily be set equal to ω(SSW-plateau) to solve for a minimum film

thickness. Thus, observation of nonreciprocal ME interaction requires use of YIG films

with thickness at least

Lmin =
π

2k0
=

πv(SAW)

ωM sin(φ)
(4.1)

For YIG material magnetized at φ = 45◦ this gives ω0/2π ≈ 2GHz as the same in Fig.

4.2. The ME wavevector k0 at the crossing point can then be found from the SAW

dispersion relation as k0 = ω0/v(SAW) ≈ 3.5 rad/µm, which comes to a wavelength of

approximately 2µm. These are relatively short waves, but not impossible to excite. At a

fixed wavevector k, this ratio is virtually independent of the magnetization angle and bias

field, but strongly depends on the YIG film thickness L. This is illustrated by Fig. 4.5.

As one can see from Fig. 4.5, the ME gaps for oppositely propagating waves

∆ω+ ≈ ∆ω− are close in value. The hybrid ME waves stay almost reciprocal for YIG

thicknesses below 0.5µm. For such thin YIG films, the SSW has approximately a uniform

profile across the film. Also, this thickness is smaller than the SAW localization depth,

and only a small fraction of the SAW profile interacts with SSW, giving the small values

of the ME gap. With the increase of YIG thickness, the coupling rate for SSWs localized

near the free YIG surface reaches a max value, while the coupling rate for the opposite

propagation direction decreases. This decrease is explained by localization of SAW and

SSW at the opposite ends of the YIG film (compare figures 4.1, 4.4) and gradual decreases
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the overlap of the wave profiles. As one can see the thicker films support a larger

non-reciprocity ratio.

Figure 4.5: ME gap ∆ω for SSW propagating in +x (∆ω+, blue line) and −x (∆ω−, red
line) directions as a function of YIG thickness L. Solid black line shows the exchange
splitting between SW modes ∆ωs. Parameters: Internal magnetic field 10mT applied
in-plane at an angle of 45◦ to the +x axis

The periodic structure of humps in Fig. 4.5 arises from hybridization of SSW with

higher-order SW resonant modes. As the YIG thickness increases, the frequency gaps

between the higher order SW resonant modes is less and less. The SSW will stay fixed at

the "plateau" frequency as thickness of the YIG film only affects the curve of the SSW

dispersion relation, see Eq. (2.10) and Fig. 2.6. Thus, when the YIG film increases, the

SSW will cross with a higher order SW resonant mode complicating the point of ME
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coupling between SAW and SSW modes. At this point, the SSW loses its

well-pronounced surface characteristics and the ME coupling rate dips. This is the same

effect as described in Fig. 4.3 when three modes mix at a single point. For changes in YIG

thickness as small as (∼0.1µm) may lead to significant variations of the ME gap. These

presence of higher-order SW modes imposes another restriction on the thickness of YIG

film. Namely, when the exchange splitting (frequency gap) between these resonant modes

∆ωs ≈ πωMλex/L (shown by black curve in Fig. 4.5), becomes smaller than the ME gap

∆ω±, several SW resonant modes fall within the ME gap. This leads to modification of

the spectrum of the hybrid ME waves.

Figure 4.6: Spectrum of hybrid ME waves for thick YIG film L = 3.7µm (black).
Highlighted red line shows the SAW dispersion relation, while blue line shows the
approximate SSW dispersion relation. The ME anti-crossing gap is not well defined as
SAW-SSW coupling is mixed with SAW and resonant SW modes. The ME gap, ∆ωME =
0.052GHz, is larger than the frequency gap between resonant SW modes, ∆ωS = 42MHz.
Parameters: Bias field 10mT, magnetization angle 45◦ with respect to +x axis
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Figure 4.6 illustrates the importance of precise selection of YIG film thickness for

observation and analysis of isolated SAW-SSW interactions. For YIG thickness

L = 3.7µm with Bext = 10mT at φ = 45◦, this scenario does not have a simple

“anti-crossing” shape anymore as observation and practical use of nonreciprocal

SAW-SSW coupling. The ME gap ∆ωME/2π = 52MHz is greater than the exchange

splitting gap ∆ωS/2π = 42MHz. This verifies our reasoning, but add evidence can be seen

by looking at the very top and bottom ME gap. These anti-crossing gaps are for SAW and

SW resonant modes coupling that have normal anti-crossing gaps as small as 8MHz.

When compared to the neighboring SW resonant modes next to the SSW these ME gaps

are larger at most 26MHz. The ME gaps between SAW-SSW and SAW-SW are confirmed

to overlap for a wider range of mixed ME coupling. This wider range is indicated by

double arrow shown in Fig. 4.6

The presence of higher-order resonant SW modes imposes an upper limit on the

YIG film thickness for clear observation of SAW-SSW interaction:

Lmax =
πλex

2∆ω±
(4.2)

As one can see from Fig. 4.5, this happens at YIG film thicknesses above 2.5µm. Thus, the

best YIG thickness to observe non-reciprocal SAW-SSW coupling is from 1µm to 2µm.

These optimal conditions for SAW-SSW coupling give the ideal nonreciprocal

behavior one would want in any device with a low magnetized YIG film at 45◦ of

thickness between 1µm to 2µm.

Depending on ones set-up, some limitations may be subverted, or enhanced.

Choosing a higher angle allows for lower ME coupling which could sneak under the

exchange splitting gap (black curve) in Fig. 4.5. Choosing a higher angle also gives a

higher range of magnetic field strengths to consider.
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Be careful for practical devices considering damping factors. For both acoustic

and spin waves, the damping rate should always be smaller than the ME coupling rate to

see any effects. The optimal case to view damping is taken with the same parameters used

to plot Fig. 4.2. Adding the damping terms η and Γ for SAWs and SSWs, respectively, we

are able to view how the damping rate is affected in this ME coupled system. For a simple

picture, we will calculate how the SAW damping rate is affected when coupled to the

SSW.

Figure 4.7 shows three damping rates for the SAW. The black dashed line is the

SAW effective damping rate η =0.35MHz without any interactions. The red curve is

SAW damping for when both the SAW-SSW propagate together along the free surface of

the YIG/GGG system. The darker red curve is SAW damping for when the SAW-SSW

have mismatching profiles propagating in the opposite direction when the SSW appears at

the YIG/GGG interface. The peaks of the curves happen at the exact frequency,

ω/2π = 2.07GHz, where the two dispersion relations cross for both directions of

propagation. The wider red curve says ME coupling is larger in this case when the surface

waves have matching profiles.

One will notice in Fig. 4.7 that damping is greater for a wave when coupling is

greater. The non-reciprocal behavior of SAW-SSW is shown here in the form of the

damping rates and their approximate lifetimes. Taking the ratio of the damping rates

between wave propagation directions we can find the largest non-reciprocal behavior of

1.9. This value of non-reciprocity happens at frequencies 2.04GHz and 2.1GHz due to the

symmetry of the SAW damping rate curves. Essentially, for an isolator or filter, you need

to tune your magnetic field to have the anti-crossing gap just above or below your excited

waves frequency. This way when two waves, in oppositely propagating directions, will

have different lifetimes in reference to our non-reciprocal damping ratio of 1.9. One wave

will dissipate twice as fast compared to the opposite propagating wave.
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Figure 4.7: Red (darker red) curve is hybridized damping of SAW with SSW in +k (−k)
direction. Black dashed line represents SAW damping in YIG. Circle top right is ME
anti-crossing point of SAW-SSW. Normal SAW spectra is highlighted to indicate the shown
damping in the plot is from the SAW at the ME anti-crossing point. Parameters: Bias field
10mT, magnetization angle 45◦ with respect to +x axis, L = 1µm, SAW effective damping
0.35MHz, SW effective damping 1MHz.
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CHAPTER FIVE

SURFACE ACOUSTIC WAVES AND BACKWARD VOLUME SPIN WAVES

In this chapter, we analyze ME coupling between BVSWs, the second in-plane

magnetized SW, with SAWs. This geometry is simple considering wave propagation and

magnetization are parallel to one another referring to Fig. 2.5a. A uniformly in-plane

magnetized film has controlled via external magnetic field Bext applied parallel to the

wave propagation direction along the x-axis. The same reference system is used, a

YIG/GGG bi-layer lying in the xy-plane and having in-plane magnetization as shown

schematically in Fig. 5.1. The difference in this case here is the direction of propagation

between the two waves that will be important for this case and in the next chapter. We add

a piezoelectric layer with a built on IDT to help indicate the direction of the SAW to the

right +x direction. The BVSW direction of propagation, as the name suggests, will

propagate backwards compared to the forward propagating SAW. Important to note and

will be discussed, is the BVSW will propagate opposite to SAWs, as shown in Fig. 5.1,

but only when the wavevector k is relatively small in the rad/µm dipole region. Further

details for this are shown from figures 5.3, 5.4, 5.5.
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Figure 5.1: Geometry of the system under study: magnetic (YIG)/nonmagnetic (GGG)
bi-layer magnetized in the x direction parallel to wave propagation direction. Red (purple)
shaded areas show schematically profiles of SAW (BVSW) propagating to the right (left).

Starting from the ME coupling rate gξ , magnetization and wave propagation are

parallel in this geometry giving φ = 0◦. We rewrite (3.39) with this applied angle

gξ =
4b1√
PQξ

∫ L

0

(
∂ux
∂ z

+ ikxuz

)
mOP∗

ξ
dz (5.1)

The out-of-plane component mOP∗
ξ

(z) of the SW profile mξ (z) is the dominant component

in this case compared to SAW-SSW coupling dominated by in-plane magnetization. We

only consider YIG film thickness L and the magnitude of the external magnetic field Bext

as the variables to ME coupling as in the previous chapter.

62



Figure 5.2: ME coupling rate g for SAW-BVSW as a function internal bias magnetic field
with varying YIG thickness L.

Figure 5.2 shows the coupling rate for fixed YIG film thicknesses and different

internal magnetic fields strengths. As stated before gξ is extremely dependent on the wave

profiles at the specific wavevector k0 where the dispersion relations cross. The thickness

and magnetic field strength are integral to understanding how the wave profiles at k0

change. As the external magnetic field Bext uniformly increases or decreases throughout

the YIG film the wavevector k0 will proportionally increase and decrease with the field

magnitude. For the SAW profile, as k0 increases, becomes more localized at the top free

surface of the YIG film. The BVSW profile becomes localized too in the thinner films

leading to a small region of space where energy between the waves must be transferred

more intensely leading to the larger coupling rate. In the thicker films the BVSW profile is

spread more top to bottom in the YIG film. Increasing the field and therefore the
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wavevector, the SAW profile continues to be localized only at the top having less and less

overlap of complete profiles. This leads to a decreasing plateau of the coupling rate from

the SAW profile. Theoretically, even the coupling rate gξ will plateau even for the 250nm

thick YIG film, but in reality we will reach a strain limit on the acoustic wave and the

region of interaction we have at high magnetic fields is not yet fully realizable for today’s

technology. This case for thinner films and larger fields is examined first naturally, as we

wish to see the spectrum where ME coupling is strongest and why we should avoid these

conditions for now.

Figure 5.3 shows the spectrum of the hybrid ME waves calculated using (3.40)

with parameters L = 500nm and Bext = 350mT. The highlighted lines in Fig. 5.3 show the

dispersion relations of the uncoupled SAW (red) and BVSW (purple) modes. The

anti-crossing point highlighted in the circled frame of Fig. 5.3 shows a ME gap

∆ωME/2π = 165MHz. The black curve in Fig. 5.3 shows one higher-order SW resonant

mode. Everything we learned about ME coupling between SAW and the higher order SW

resonant modes carries over from the previous chapter. The benefit here is that the BVSW

magnetostatic mode lies in the lowest SW mode from all the resonant modes.

As one can see from Fig. 5.3, this region of the wave spectrum is for relatively

high wavevectors at k ≈ 15−20rad/µm, or 315-420nm wavelengths. These values have

their own practical problems as really short wavelengths for SAW that are challenging to

excite [28], [50], [63]. Also, the magnetic material is dominated by a bundle of exchange

interactions of SWs [51], [52], [61]. [109], [110], [112]. As a last word of caution, when

one does decide to use thicker YIG films at high magnetic fields, one must consider the

exchange spin splitting frequency gap ∆ωs between the higher-order SW resonant modes

or else they mix into the large ME coupling gap. For these reasons, experimentalists

require something much more reasonable, and theoretically what makes the BVSW

special is its dipolar region. The dipolar region for BVSWs has a rare phenomena not
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normally found in nature. As the wavevector increases, frequency decreases giving the

BVSW a negative group velocity via the slope of the dispersion relation, see Fig. 2.5b.

Figure 5.3: Spectrum of the hybrid ME waves in YIG/GGG bi-layer. Highlighted branches
correspond to SAW (red) and BVSW (purple). Yellow highlight circle features the zoomed
in region of the ME coupling. Parameters: YIG film thickness L = 500nm, internal
magnetic field 350mT applied in-plane parallel to the direction of wave propagation.
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Figure 5.4: Spectrum of the hybrid ME waves in YIG/GGG bi-layer. Highlighted branches
correspond to SAW (red) and BVSW (purple). Yellow circle shows zoomed in feature of
frequency band gap ∆ωME/2π = 13MHz from the ME coupling anti-crossing. Parameters:
YIG film thickness L = 500nm, internal bias field 10mT applied in-plane parallel to the
direction of wave propagation.

We decrease the internal magnetic field to 10mT and keep YIG thickness at

500nm. Figure 5.4 shows this new coupled spectrum with a new feature. The circle frame

of the zoomed in view of the ME crossing point has a dark yellow bar where neither
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dispersion relation in this coupled system enters this range of frequencies. The dark

yellow bar in Fig. 5.4, is a forbidden frequency gap that can be clearly defined as a gap of

width ∆ωME. This forbidden frequency gap is a powerful feature of this system.

Conceptually, think of a SAW propagating through any material that is elastic and

FM. If that SAW propagates toward our YIG/GGG system, it won’t be able to enter. This

is because, when it touches the boundary to our YIG/GGG system, the SAW would "feel"

this boundary as a "mirror" and immediately and completely convert into a BVSW that

now propagates back to where it started from. This propagating SAW at approximately

1GHz is not allowed to enter our YIG/GGG system, because that frequency is in the

forbidden frequency gap. The only interaction that can happen then is the SAW transforms

and converts all of its energy into a BVSW which will propagate away from this forbidden

region of space, where either wave in this range of frequencies, ∆ωME, cannot exist.

As before with SSW, a good quick check to see if one might obtain a frequency

gap to find where the SAW dispersion relation crosses the approximated BVSW

dispersion relation (2.11). If SAW crosses the BVSW in the plateau region, a forbidden

frequency gap will not appear.

One other important factor to consider at the forbidden frequency gap, is the group

velocity of the wave. We would like the speed of the BVSW is be on par with the SAW to

travel far distances due to higher damping for SWs. Consider Fig. 5.4, and the slopes of

the highlighted dispersion relations of the two waves. The SAW will always have a

constant speed for the YIG material at v(SAW) = 3,567m/s. The BVSW in Fig. 5.4 only

has a velocity of −557m/s. The ME crossing point at k0 has a low BVSW speed compared

to the SAW. To optimize this parameter, we check the two variables L and Bext and see

how the BVSW speed compares at different crossing points with the SAW.
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Figure 5.5: Velocity of the BVSW at the crossing point between the SAW and BVSW
dispersion relations.

This search for a higher BVSW speed produces Fig. 5.5 As described by the ±x

directions, the BVSW has its highest negative group velocity at lower fields, less than

50mT, in thicker films, greater than 1µm. This leads us to a better situation as we look at

Fig. 5.6, where the thickest film of 5µm at Bext = 10mT gives the BVSW a velocity of

−1636m/s. The thicker film will benefit us in a way one might not find intuitively, in

comparison to the initial ME coupling rate data in Fig. 5.2.

68



Figure 5.6: Spectrum of the hybrid ME waves in YIG/GGG bi-layer. Highlighted branches
correspond to SAW (red) and BVSW (purple). Yellow circle shows zoomed in feature of
frequency band gap ∆ωME/2π = 17MHz from the ME coupling anti-crossing. Parameters:
YIG film thickness L = 5µm, internal bias field 10mT applied in-plane parallel to the
direction of wave propagation.

As stated earlier, the harm of using thicker films is the decrease in exchange spin

splitting frequency gap ∆ωs. However, for this thicker YIG film at L = 5µm with a low

magnetic field strength of Bext = 10mT, the BVSW curves down faster and stays away

from the higher order SW resonant modes. As one might see from the BVSW dispersion
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relation for the dipolar approximation (2.11), the thicker film supports a steeper curve and

higher negative (backward) velocity of the SW.

Compared to Fig. 5.4’s coupling rate g/2π = 13MHz, we have the added benefit

that the coupling rate in Fig. 5.6’s case is g/2π = 17MHz. We have slightly increased the

coupling rate and by directly expanding the prohibited frequency gap defined by (3.14).

Numerically, the ME interaction gap for Fig. 5.4 is ∆ωME/2π = 26MHz and Fig. 5.6 has

a frequency band gap of ∆ωME/2π = 34MHz

This unique situation allows for easier control of filtering/isolating signals as one

can vary an external magnetic field to change the BVSW dispersion relation and therefore

the frequency band gap to interact or not with almost any excited SAW or BVSW at a

fixed frequency. This situation is even better in the fact that the propagation of the waves

are opposite at this point in space. The SAW-BVSW interaction will depend both on the

thickness of a magnetic layer and magnitude of film magnetization. We emphasize that a

balance or choice of preference must be made in choosing physical parameters between

the ME coupling rate and BVSW group velocity at the coupling point. In any sense, the

optimal conditions for more practical devices comes down to what exactly needs to be

achieved. This unique scenario though of SAW-BVSW coupling will provide many

opportunities for future ME phenomena as we will discuss in the next chapter.
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CHAPTER SIX

MANIPULATION OF PULSES IN AN INHOMOGENEOUS SYSTEM

In this chapter we wish to show how to exploit the use of the unique situation of

ME coupling between SAW and BVSW. Specifically, we examine the power of this

forbidden frequency band gap, produced from the ME coupling between SAW-BVSW.

We will discuss manipulation of these waves by using a timed pulse of electrical current

creating an inhomogeneous field localized within the YIG film. This will allow one to

essentially turn ME coupling on or off in a device and either allow a SAW to pass through

the system or reflect into a BVSW or vice versa. Beginning with a simple case of a static

inhomogeneous magnetic field in the YIG film. This inhomogeneous system leads into

many interesting phenomena one might not intuitively think would be there for a system

coupling two waves. The inhomogeneity of the magnetic field generated from the wire

changes the SW spectrum in both time and space leading our YIG film to be considered a

space-time meta material [238]. We analyze simulations of waves propagating in this

system changing the spatial dimensions of the wire, then expand on finding reflection and

transmission coefficients of these wave interactions with this inhomogeneous magnetic

field. From those results we move on to testing possible operations that can be done with

this ME coupled system. The potential of this ME coupling opens up many practical

applications of use be able to manipulate two waves with different characteristics within

the same system.

Looking at Fig. 6.1, we begin our set-up essentially the same as before in Chapter

5 (see Fig. 5.1), but a wire has been added on top of the YIG film oriented parallel to the

y-axis. A current I applied within the wire induces the magnetic field within YIG to have

an inhomogeneous distribution along the x-direction. Note the direction of the current will
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also determine if the magnetic distribution of the YIG film will be either lowered or raised

in this region of space underneath the wire. An extra factor to consider will be the size of

the wire. The region under the wire will have the strongest effect on the YIG films internal

magnetic field along the x-axis. In this case, we actually have an external magnetic field

produced from the wire. To help differentiate the between the two previous scenarios, we

will have two magnetic fields in this system. One will be for the YIG film, a bias internal

magnetic field at a value of BYIG that is kept uniformly constant everywhere. The other

will be an explicitly external field produced from the wire, which will have a

mathematical expression (see (6.4)). While we have chosen to show a straight simple wire

in Fig. 6.1, any number of wires or different designs can be used as long as the same

inhomogeneous magnetic field is produced as discussed in later sections to measure and

compare our theoretical results.

Figure 6.1: Geometry of the system under study: magnetic (YIG)/nonmagnetic (GGG)
bi-layer magnetized in the x direction parallel to wave propagation direction. Red (purple)
shaded area shows schematic profile of SAW (BVSW) propagating to the right (left).
Orange cylinder is copper wire placed atop YIG film with current orientated in +y-direction
for inhomogeneous magnetic field along x-axis.
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6.1 Theory

To analyze the manipulation of pulsed waves we need to define an expression of

these waves propagating in linear space. They will be dependent on the inhomogeneous

magnetic field to determine if coupling, or transformation, of either wave is possible. We

start with our main wave equations (3.40) in k-space and transform them to real space. We

can then solve for the scenario when an excited wave (SAW or BVSW) propagates along

the x-axis and interacts with this inhomogeneous magnetic field created from the wire.

Simplifying the mathematics, our focus for this model is the magnetic dipole

region where we will have small values of wavevector k, and we will always have the

forbidden frequency band gap ∆ωME. We choose to ignore all the higher order SW

resonance modes as the BVSW intersection is far enough away to not worry about SW

modes mixing even with the relatively L =5 µm thick YIG film. Therefore, in (3.40) we

drop the summation and index ξ for SWs and the SAW will couple only to the BVSW

mode, leaving us only
dAk
dt

=−iω(SAW)
k Ak − ig∗kSk (6.1a)

dSk
dt

=−iω(BVSW)
k Sk − igkAk (6.1b)

Now we have the most simplistic version of coupled waves in (6.1) and note all

components lie in momentum space. We will focus much more carefully around the ME

interaction point. This is the only point of the ME coupling interaction and will be

designated as (k0,ω0) for the frequency and wavevector at the crossing point of dispersion

relations. With this only point of interaction, we assume the ME coupling rate be constant

and change notation from gk → g0. At this crossing point between SAW-BVSW

dispersion relations, we apply a Taylor expansion to the first order to linearize our ME
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interaction. They will take the form

ω
(SAW) = ω0 +

∂ω

∂k
∆k (6.2a)

ω
(BVSW) = ω0 +

∂ω

∂k
∆k+

∂ω

∂B
∆B(x, t) (6.2b)

Notice the BVSW frequency is dependent on both wavevector k and the magnetic field

value ∆B(x, t). This ∆B(x, t) term means the difference between the YIG films internal

magnetic field and the magnetic field value produced from the wire. This is abstractly

shown in Fig. 6.2 from a spatial perspective. In order to achieve coupling of waves the

dispersion relations both have to cross at the point (k0,ω0) where the term ∆B(x, t) = 0.

The other magnetic term ∂ω

∂B , is conceptually described as the effective gyromagnetic ratio

γeff and solved for numerically. This constant γeff linearly shows the change of frequency

from the change in magnetic field as ∆ω = γeff∆B. The shared term ∂ω

∂k is the group

velocity for the wave.

After substitution of our linearized frequency forms into (6.1) we then apply a

Fourier transform. All details of mathematical conversion are shown in Appendix B.1.

Essentially, we have converted our equations of motion from k-space to real space where

they take the form
∂A
∂ t

=−v(SAW) ∂A
∂x

− ig0S (6.3a)

∂S
∂ t

=−v(BVSW) ∂S
∂x

− ig0A− iγeff∆B(t,x)S (6.3b)

Here in equation (6.3), S and A are the complex wave amplitudes dependent on both

variables x and t. The constants v(SAW) and v(BVSW) are the group velocities of SAW and

BVSW at the ME crossing point, respectively. To solve the partial differential equation

(6.3) numerically, one must set initial and boundary conditions. Initial conditions are

defined at t = 0 and position a wave or waves at any initial position in space. Boundary
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conditions stay constant in time at fix points in space. This helps set the direction

propagation of waves, such as saying that A at the left boundary is zero means the SAW

propagates right. If the SAW did propagate left, it would reach this boundary that states no

acoustic wave should exist at this boundary and destroy itself or give large numerical

errors. The chosen initial and boundary conditions of our system must then reflect our

idea to prove one excited wave reflects and transforms into the other.

6.2 Results for a Single Wire with Current

We begin by describing a simple inhomogeneous system where the spectrum of

our waves changes how they propagate through space within the YIG film. From Fig. 6.1,

assume we only have a single wire with a constant current always running to keep a static

inhomogeneous magnetic field. This changes the inhomogeneity term ∆B(x, t) in (6.3) to

∆B(x). Figure 6.2 is an abstract visualization this scenario. We see in Fig. 6.2a, the

magnetic field distribution within the YIG film. The black dashed line is the YIG films

constant internal magnetic field BYIG. The solid black line is the actually magnetic field

where at the position of the wire (xW ) the magnetic field is locally raised to a peak value

of BYIG +BW where BW is the max magnetic field produced from the wires current. The

inhomogeneous magnetic field can be generically expressed as

B(x) = BYIG +BW
r2
W

r2
W +(x− xW )2

(6.4)

The constant rW in (6.4) is the radius of the wire. The width of the wire does play a role in

the effectiveness of ME coupling between waves. Essentially, the wire constant rW helps

determine how fast or slow the gradual change is of the magnetic field. In other words, the

wire’s width is directly proportional to the width of the inhomogeneous magnetic field

bump.

Back to Fig. 6.2, consider we excite a SAW or BVSW at an excited frequency ω0

far away from the wire. When the excited wave is far from the wire the wave exists in this

75



(a) Inhomogeneous field distribution in YIG film

(b) Wave spectrum away from wire (c) Wave spectrum underneath wire

Figure 6.2: (a) Solid black line represents inhomogeneous magnetic field strength in YIG
film. Dashed black line represents a constant internal magnetic field in YIG film. Double
arrow represents how the wire creates the inhomogeneous magnetic field and where the
peak magnetic field value is positioned. Red shaded region corresponds to spectrum of
waves away from wire. Green shaded region corresponds to spectrum of waves directly
underneath the wire. (b) Spectrum of waves away from wire. Straight line is SAW, curve
is BVSW spectrum in YIG film from internal magnetic field. The frequency ω0 is the
frequency of the excited SAW. (c) Spectrum of waves in region of space directly underneath
the wire. Straight line is SAW, curve is BVSW. In this region of space the SAW traveling
with frequency ω0 couples to the BVSW via ME coupling band gap.
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red region shown in Fig. 6.2a. The red region relates to the red wave spectrum shown in

Fig. 6.2b. From 6.2b, one can see that for either wave, excited at a frequency ω0, they do

not "feel" each other in the sense the dispersion relations don’t cross at this frequency

value. However, as either wave moves in space toward the green shaded region in Fig.

6.2a, we end up moving the BVSW mode. In the green region of space, which is directly

related to being underneath the wire, we have the dispersion relation of both waves shown

in Fig. 6.2c. The green spectrum in Fig. 6.2c shows that the excited wave with frequency

ω0 interacts with the ME coupling point. As stated previously, but visually seen now,

when a wave enters this green region with the forbidden frequency band gap, that wave

will immediately transform into the other wave. This is because that waves dispersion

relation and frequency intersect in this region of space. Once the initial wave transforms it

will propagate to to its original starting point as the other wave. As an important reminder

the BVSW changes with the magnetic field, thus we can change the ME coupling

interaction point to match that of the excited wave frequency ω0 as needed. This is key to

applicable devices requiring tunability.

To simulate this scenario and prove our theory we need to solve (6.3) using (6.4)

for part of the inhomogeneous magnetic field. As we choose to solve (6.3) numerically we

must pick initial and boundary conditions. We begin by describing how our simulations

are evaluated. We chose to initially start with a SAW at a fixed frequency ω0 and not have

any BVSW at t = 0. This simple illustration is to avoid confusion as the frequency of the

BVSW will vary with the magnetic field, while having the BVSW traveling backwards as

it is properly named. This hones in our idea to prove as one wave reflects off the raised

magnetic field and transforms into the other wave and propagate backwards. We give our

system the following initial and boundary conditions expressed as

A(x,0) = e
−
(

x−x0
w

)2

(6.5a)
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S(x,0) = 0 (6.5b)

A(−xR, t) = 0 (6.5c)

S(+xR, t) = 0 (6.5d)

The initial conditions (6.4a) and (6.4b) show our SAW takes the form of a Gaussian wave

packet at a starting position x0 with a width of w. The BVSW does not initially exist in

our system so it does not matter where it starts, but the BVSW will be created when the

SAW Gaussian packet transforms via ME coupling. The boundary conditions are set by

the constant xR which is the region of space we allow our waves to move through and

interact with the inhomogeneous magnetic field from the wire. As described previously,

the boundary conditions also indicate the directions the SAW and BVSW will propagate

through this region of space xR.

6.2.1 Simulation Results

For the specific parameters and initial conditions chosen we are still in a good

region where the ME coupling rate (g0) is still greater than both damping rates of either

wave. The SAW pulse is w =50µm wide, with wavevector k0 = 1rad/µm and frequency

ω0/2π =0.565GHz traveling from left to right. The SAW is traveling in a spatial region of

YIG with an internal magnetic field BYIG = 7mT. Meaning the BVSW dispersion relation

does not intersect the with the traveling excited SAW frequency (see Fig. 6.2b). The SAW

will not couple to the BVSW until the SAW reaches green region (see Fig. 6.2a) where the

local magnetic field is raised by BW = 3mT by the wire. The reason we decided on the

parameters of L = 5µm and BYIG +BW = 10mT for ME coupling to occur is due to the

group velocity of the BVSW. The linear SAW has a constant group velocity 3,567 m/s

predetermined from the materials elastic properties. The BVSW group velocity is

dependent on both L and BYIG, along with where it intersects the SAW spectra. Back to
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Fig. 5.5, the SAW-BVSW crossing point for various thicknesses and fields has the highest

value of ∼1,636 m/s for the BVSW group velocity with L = 5µm and BYIG = 10mT as

the parameters. This is another reason why we only increase the magnetic field in YIG as

our internal magnetic field is pretty low initially.

79



Figure 6.3: SAW (red) traveling in the +x direction and BVSW (blue) traveling in −x
direction. Green region is space where magnetic field raises BVSW dispersion relation
to interact with SAW at k0 = 1rad/µm. Parameters: L = 5µm, BYIG = 7mT, BW = 3mT,
rW = 10µm
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Figure 6.4: SAW (red) traveling in the +x direction and BVSW (blue) traveling in −x
direction. Green region of is space where magnetic field raises BVSW dispersion relation
to interact with SAW at k0 = 1rad/µm. Parameters: L =5µm, BYIG = 7mT, BW = 3mT,
rW = 40µm
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Figure 6.5: SAW (red) traveling in the +x direction and BVSW (blue) traveling in −x
direction. Green region is space where magnetic field raises BVSW dispersion relation
to interact with SAW at k0 = 1rad/µm. Parameters: L = 5µm, BYIG = 7mT, BW = 3mT,
rW = 120µm
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Solving (6.3) using the above parameter constants with conditions (6.5) and

inhomogeneous magnetic field (6.4) we run simulations to see and understand the

transformation of a SAW into a BVSW. In comparison to Fig.’s 6.2a, 6.2c, the green

region where ME coupling takes place in the spectrum (matching the excited SAW

frequency with the ME band gap varied by field) is also shown in Figures 6.3-6.5. We

begin analyzing by visual differences changing the wire radius rW which changes how

slow or fast the spatial change from the internal field (red region Fig. 6.2a) is to the added

peak field from the wire BW (green region Fig. 6.2a). Figures 6.3-6.5 show the exact

width of this green region of the ME anti-crossing gap as 2rW for radii 10µm, 40µm, and

120µm used respectively.

One note on these wave pulses is that the width of the pulse does correspond to a

range of frequencies within the spectrum. At the peak of the SAW packet (red Fig. 6.3) is

the center frequency at which we excite our wave ω0/2π =0.565GHz. The range of

frequencies is found by taking the width of the pulse, w = 50µm for our case, and have it

divide the speed of the packet v(SAW) = 3567m/s. This gives us a frequency range of

71MHz with the high and low points at frequencies 0.6GHz and 0.529GHz. This

information is important because as the magnetic field gradually increases, and raises the

BVSW spectra. The SAW packet with the lower frequency side will convert to the BVSW

packet (blue Fig. 6.3) even before touching the green region. Best shown by two frames in

Fig 6.5 at the 80ns mark, and in Fig. 6.4 at the 140ns mark, a closer look at the BVSW

packet reveals an asymmetric shape of the wave packet as it the SAW converts into the

BVSW. As the magnetic field continues to raise the BVSW spectrum, the ME interaction

gap rises along with the field and the lower frequencies in the SAW packet will convert

before the center frequency.

In Fig. 6.3 , we consider a small wire radius of 10µm. In this case the SAW packet

moves too fast, meaning not enough time is given for the ME coupling rate to convert the
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SAW to the BVSW. As one can see at the time mark 180ns a substantial amount of SAW

power passes through this coupling region not giving 100% effectiveness. One

exceptional feature show cased here, and in Fig. 6.4, is that the width of the BVSW is

thinner than the SAW packet, leading to a more concentration of power for that wave.

This effect happens because of the difference in magnitude of the waves group velocities.

Before the BVSW has the chance to move away from the coupling region, the next

interval of the SAW have already converted to a BVSW.

In Fig. 6.4, we consider a medium case of wire with radius rW =40µm. This

simulation shows great conversion effectiveness of the whole SAW converting into a full

BVSW packet. We get a BVSW packet of higher peaked power (from difference in group

velocities magnitude) and is slightly wider too.

In Fig. 6.5, our case here is for a drastically large wire radius rW =120µm. The

width of the inhomogeneous magnetic field is significantly wider in this case shown by the

magnetic component of the quasi-SAW packet at the 40ns mark compared to the other

cases. This simulation shows a much wider BVSW packet in the YIG film, but greatly

reduced in concentration of power.

To emphasize why the smaller wires are favorable, at the 120ns mark the SAW is

fully converted to BVSW in all the cases. The difference though is the peak of power. The

last two-time marks in all the figures (6.3-6.5) emphasizes the BVSW is slower than

SAW, and that the BVSW travels in the opposite direction of SAW. The slow speed and

low power is important when damping considered in real devices. Its lifetime and

detection would be significantly shorter than the rest due to damping factors. For this

reason in the last case the BVSW packet will not be considered when looking at the

effectiveness of wave reflection.
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6.2.2 Reflection Results

The reflection and transmission coefficients determine how effective the

inhomogeneous magnetic field is in transforming these acoustic and spin waves back and

forth These coefficients are dependent on the excited frequency of the pulse, gradient

change of the field, and magnitude of the field from the wire. Numerically they are found

from (6.3) under monochromatic conditions. Using the same constant parameters as the

case beforehand, we see how well the SAW will reflect and convert to the BVSW from

this change in magnetic field in the film at various frequencies.

This magnetic barrier affects all frequencies the BVSW dispersion relation crosses

with the SAW as the wire raises or lowers the magnetic field in reference to YIGs constant

bias field. One would expect to see 100% reflection of waves when calculating pulses at

excited frequencies between ME resonance with the YIG film and at the peak value of the

crossing point between SAW-BVSW dispersion relations directly beneath the wire.

The concept of monochromatic conditions is a single infinite wave propagating

through time and space. This wave will behave in a certain way depending on ones spatial

or temporal conditions, like our inhomogeneous magnetic field in space. We compare the

wave amplitude values for both waves on opposite sides of the inhomogeneous spatial

distribution to calculate the transmission and reflection coefficients. The system under

monochromatic conditions where both complex wave amplitudes A and S are described asA(x, t)

S(x, t)

= ei(k0x−ω0t)

A(x)

S(x)

 (6.6)

will allow us to transform (6.3) into a matrix format as

d
dx

A(x)

S(x)

=

 i(ω−ω0)
v(SAW)

−ig0
v(SAW)

−ig0
v(BVSW)

i(ω−ω0)−iγeff∆B(x)
v(BVSW)

 ·

A(x)

S(x)

 (6.7)
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The derivation for (6.7) is shown in Appendix B.2. Essentially, the newly added ω

variable is the frequency of the pulse one chooses to excite. This will be our free variable

that will help us determine and analyze the reflection and transmission coefficients of our

inhomogeneous system. All other terms are treated as constants already previously

defined.

While the monochromatic system (6.7) is difficult to solve in general, we use the

Magnus expansion method [239], [240] to solve numerically.A(x)

S(x)

= Φ(x,x0)

A(x0)

S(x0)

 (6.8a)

Φ(x,x0) = Φ(x,xn)Φ(xn,xn−1)...Φ(x2,x1)Φ(x1,x0) (6.8b)

As described by (6.8) we must define a starting position assuming the final conditions of

the wave amplitudes A and S. The matrix Φ(x,x0) is a matrix taking integral steps in any

domain showing how the wave amplitudes evolve. Our initial condition will beA(xR)

S(xR)

= Φ(xR,xR)

1

0

 (6.9)

saying that for all SAWs excited, propagating to the right, only one SAW passes through

the very strong magnetic barrier and reaches the right boundary. The evolving matrix

Φ(x,x0) gives an output of two numbers at the boundary −xR. These two numbers are

taken as the wave amplitudes of the SAWs and BVSW. We compare these wave amplitude

values at the left boundary −xR as a ratio of S(−xR)/A(−xR) to get the reflection

coefficient. Physically meaning the percent of SAWs reflected off the inhomogeneous

magnetic field into BVSW. This is the correct method, because if we take the ratio of the

SAW wave amplitude at the left boundary −xR to the right boundary +xR we get
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A(+xR)/A(−xR) = 1/A(−xR) which is the transmission coefficient. The percent chance

of a SAW passing through the inhomogeneous field in space with certain parameters.

In Fig. 6.6-6.9, we see how the reflection coefficient varies with the excited SAW

frequency, wire radius, and magnitude of the wire’s magnetic field. We will consider the

parameters previously taken for the simulations shown in Fig. 6.3-6.4 where the BVSW

power is greater than the initial SAW that will counter damping in real devices. We will

not consider a wire with any larger radii than 40µm. For example, in Fig. 6.5 the power of

the BVSW is less than the initial SAW power in comparison to the other two previous

cases.

Starting with Fig. 6.8 for the ideal appearance of results, the wire has radius

rW = 40µm and raises the field in YIG by BW =+3mT. The YIG film is L = 5µm with

internal magnetic field BYIG = 7mT. Using frequencies less than 0.47GHz for the free

variable ω in (6.7), the excited SAW propagates through the inhomogeneous magnetic

field region without any interaction in the YIG film. For frequencies between roughly

0.47-0.5GHz a gray region appears where data was collected, but cannot be interpreted as

real values.

The reason no real values of reflection exist in the gray region, is because the YIG

film is initially kept at a homogeneous magnetic field of magnitude BYIG = 7mT. The

BVSW dispersion relation with this 7mT field crosses the SAW spectrum and creates the

forbidden ME band gap for frequencies 0.47-0.5GHz. If a SAW was excited, it would

immediately convert to a BVSW and vice versa creating a standing wave transforming

back and forth in one spot. Since there is no propagation in the system, there is no

reflection from the inhomogeneous magnetic field, thus no real data could be acquired.

As we continue to excite SAWs at higher frequencies, above the fixed ME band

gap (gray range of frequencies) we do achieve 100% reflection of SAW into BVSW up to

a certain frequency. This range of frequencies where reflection is 100% relates back to the
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change of the BVSW frequency as the magnetic field changes within the YIG film. As the

excited SAW frequency rises a proportion of the magnetic field needs to rise too in order

for the BVSW dispersion relation to cross the SAW spectrum at that frequency. Compare

Figures 6.2b and 6.2c. The ME band gap actually moves up with the BVSW dispersion

relation as the magnetic field rises from the inhomogeneity. It is within this range of

frequencies where reflection is 100% as no wave can pass through this white/green region

(Fig. 6.2a) due to the ME band gap sliding along the SAW dispersion relation. This

physical effect happens from the frequency boundary of the right gray dashed line to the

green dashed line.

The green dashed line in figures 6.6-6.9 and figures 6.11-6.14 represents the upper

boundary of the ME band gap directly beneath the wire. The highest frequency for

reflection is expressed as ω0 +g0 and directly relates to Fig. 6.2c. Ironically, our results

do not ‘reflect’ this physical phenomenon completely accurate. This deviation, between

our reflection results and where reflection should peak, stems from our method

approximating the change in the dispersion relations from the magnetic field linearly from

(6.2) and solving (6.7). In the case of Fig. 6.8, the max frequency of reflection is about

0.584GHz= ω0 +g0 = 0.567+0.017GHz represented by the green dashed line. The

dispersion relations intersect at ω0 = 0.567GHz in the middle of the ME band gap slightly

left of the green dashed line, but show the complete reflection result one might expect. If a

more complicated expression for how the ME band gap moves in space with the magnetic

field their results would be more accurate and a very strong reflection of SAW would carry

to the maximum frequency of the green dashed line. This deviation, from a linear

approximation, is more prominent using larger magnetic fields from the wire in Figures

6.7 and 6.9.

Continuing to excite SAWs at any frequencies higher would result in near 0%

reflection. The BVSW dispersion relation cannot rise any further due to the maxed out
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magnetic field produced from the wire. This provides us a nice range of frequencies to test

and play around with SAW reflecting and converting into a BVSW, especially if we raise

the max magnetic field from the wire even higher.

To compare Fig. 6.8 parameters with the other figures (6.7, 6.9, 6.10) we must

explain the anomaly of these two vertical lines in the reflection range. This is a very

interesting feature within our range of reflecting waves, which will require a more detailed

analysis. In Fig. 6.8, there are two prominently defined vertical lines or dips in reflection.

These vertical lines are dips in reflection with extremely small widths between 1-10kHz.

Conceptually, these gaps can be thought of as certain energy levels (frequency levels)

where a wave is allowed to ’tunnel’ through the magnetic barrier. This scenario is

analogous to a potential well in quantum mechanics, or more specifically, resonant

tunneling through a double barrier. Please, compare [103], [241] for a more detailed

understanding.

Figure 6.2a shows a symmetric inhomogeneous magnetic field that is similar to a

quantum mechanical case of a potential energy well. Within these potential energy wells

there exists resonant conditions that allows the energy of one wave to pass through, or

tunnel through, the energy barriers that create the potential well. For our case, a wave of

either type may tunnel through the ’magnetic’ barrier not interacting with the ME band

gap. This ’magnetic well’ allows for a unique phenomena for real devices to act as a

resonator with this simple system.

Consider Fig. 6.10 which show the simulation of continuous excitation of SAWs at

a frequency of ω/2π = 0.52GHz using all the same parameters used in Fig. 6.8. At the

10ns mark the continuously excited SAW approaches the inhomogeneous magnetic field.

The wire is still positioned at xW = 0µm, but the green shaded region as shown in Figures

6.3-6.5 is not displayed for easier examination of the resonance at later times. This SAW

at frequency equal to 0.52GHz interacts with the inhomogeneous magnetic field in this
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Figure 6.6: Percentage of SAWs reflected from wire generated magnetic field. Gray region
shows where ME coupling takes place from bias internal field BYIG in film. Green dashed
line shows BVSW-SAW crossing frequency ω0 from added magnetic field BW from wire.
Parameters: L = 5µm , BYIG = 7mT, BW =+3mT, rW = 10µm.
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Figure 6.7: Percentage of SAWs reflected from wire generated magnetic field. Gray region
shows where ME coupling takes place from bias internal field BYIG in film. Green dashed
line shows BVSW-SAW crossing frequency ω0 from added magnetic field BW from wire.
Parameters: L = 5µm , BYIG = 7mT, BW =+13mT, rW = 10µm.
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Figure 6.8: Percentage of SAWs reflected from wire generated magnetic field. Gray region
shows where ME coupling takes place from bias internal field BYIG in film. Green dashed
line shows BVSW-SAW crossing frequency ω0 from added magnetic field BW from wire.
Parameters: L = 5µm , BYIG = 7mT, BW =+3mT, rW = 40µm.
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Figure 6.9: Percentage of SAWs reflected from wire generated magnetic field. Gray region
shows where ME coupling takes place from bias internal field BYIG in film. Green dashed
line shows BVSW-SAW crossing frequency ω0 from added magnetic field BW from wire.
Parameters: L = 5µm , BYIG = 7mT, BW =+13mT, rW = 40µm.
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orange region (white region in Fig. 6.2a). This is because it only takes a small increment

of the magnetic field to raise the BVSW dispersion relation to cross the SAW at this

frequency. While a majority of the energy of the SAW is still reflected into a BVSW,

which is now continuously excited from reflection, a small amount of energy leaks/tunnels

into the ’magnetic well’. As time goes on the energy of the waves resonating within the

’magnetic well’ begins to rise functioning as a resonating device. Within the well the

SAW still propagates right and reflects, and the BVSW still propagates left and reflects.

Eventually, as time goes on enough energy will build up in the resonator and leak to the

other side of the inhomogeneous magnetic field opposite to where the SAW is

continuously excited. The only draw back to due to the narrow width of the band shown in

Fig. 6.8. Even for a long time of 500ns the power scale shown in Fig. 6.10 is still only

40% comparing the resonating wave to the excited SAW. Either way, the features of this

ME are strongly shows on why this system should be favorable with future spintronic

devices.

Back to our discussion on the remaining reflection results for Figures 6.6, 6.7, and

6.9. In comparison to Fig. 6.8 shows super narrow gaps, if we decreased the radius of the

wire down to 10µm, wider tunneling frequency gaps appear as shown in Figures 6.6 and

6.7.

Comparing Figures 6.6 and 6.8 the only difference in parameters is the wire radius.

The result to consider is you will get wider resonant gaps, but fewer of them. Even though

we are only comparing one plot with one resonant gap and one plot with two resonant

gaps, if we increase the magnetic field magnitude from the wire BW the results of

reflection will help confirm our previous statements.

For Fig. 6.7, still having a small wire radius of 10µm, but increasing the strength

of the generated magnetic field from the wire, BW =+13mT, reveals many more resonant

tunneling gaps for SAWs and BVSWs in this system. The reflection factor may not be as
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Figure 6.10: Orange bars represent the reflection point of the gradient magnetic field for
waves at lower frequencies. Red shaded area is continuous excitation of SAWs. Blue
shaded area is continuous excitation of BVSWs from reflection of SAW. Parameters:
ω/2π = 0.52GHz, L = 5µm , BYIG = 7mT, BW =+3mT, rW = 40µm.
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strong with smaller wires, but new statements can be made about this system. Starting

from the far right hump in Fig. 6.7 we see a wide resonant gap for our acoustic and spin

waves, however, as frequency is lowered this gap becomes thinner and the jumps in

’frequency levels’ become less and less.

These statements are confirmed for the last case in Fig. 6.9 using parameters as

those for Fig. 6.8, but with BW =+13mT. The somewhat raw data here has the better

chance of reflection of acoustic and spin waves due to the much narrower widths of the

resonant gaps. As one can see the jump between gaps does become smaller as frequency

is lowered and we would eventually get a blue shaded region. Clearly, the number of data

points need to be increased for accuracy.

Using concepts from quantum mechanics in a semi-classical approach we do offer

a qualitative expression to help find the width and frequencies of these resonant gaps.∫ l(ω)

0

[
ka(x,ω)+ ks(x,ω)

]
dx = 2πn (6.10)

Here l(ω) is the length of the region between the points of the magnetic field needed to

match the BVSW frequency with the excited SAW. The terms ka and ks are the

quasi-wavevectors of the ME hybrid wave dependent on the spatial changes of the

spectrum and frequency changes. The right hand side 2πn is usually πn in context of

[103], [241], but because we have two waves in resonance it takes an extra phase for the

system to repeat itself.

However, for real devices wanting to use these resonant effects damping must be

considered which will greatly affect our results. Damping can be included in our matrix

from (6.7). The top left entry will have the extra term η/v(SAW) as damping for SAW in

space, and the bottom right entry has the extra term Γ/v(BVSW) as damping for the BVSW

in space. Remember that coupling should always be greater than both wave damping

factors to see any effects. These new reflection results from (6.7) with damping are shown
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Figure 6.11: Percentage of SAWs reflected from wire generated magnetic field. Gray region
shows where ME coupling takes place from bias internal field BYIG in film. Green dashed
line shows BVSW-SAW crossing frequency ω0 from added magnetic field BW from wire.
Parameters: L = 5µm , BYIG = 7mT, BW =+3mT, rW = 10µm.
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Figure 6.12: Percentage of SAWs reflected from wire generated magnetic field. Gray region
shows where ME coupling takes place from bias internal field BYIG in film. Green dashed
line shows BVSW-SAW crossing frequency ω0 from added magnetic field BW from wire.
Parameters: L = 5µm , BYIG = 7mT, BW =+13mT, rW = 10µm.
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Figure 6.13: Percentage of SAWs reflected from wire generated magnetic field. Gray region
shows where ME coupling takes place from bias internal field BYIG in film. Green dashed
line shows BVSW-SAW crossing frequency ω0 from added magnetic field BW from wire.
Parameters: L = 5µm , BYIG = 7mT, BW =+3mT, rW = 40µm.
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Figure 6.14: Percentage of SAWs reflected from wire generated magnetic field. Gray region
shows where ME coupling takes place from bias internal field BYIG in film. Green dashed
line shows BVSW-SAW crossing frequency ω0 from added magnetic field BW from wire.
Parameters: L = 5µm , BYIG = 7mT, BW =+13mT, rW = 40µm.
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in Figures 6.11-6.14. They are presented in the same order as Figures 6.6-6.9 in context of

material parameters.

Introducing damping to our very first case of calculating reflection (Fig. 6.8),

damping in Fig. 6.13 does destroy our nice resonant tunneling gaps. The same result is

found when increasing BW for Fig. 6.14 (Fig. 6.9 with damping factors). However, hope

of an applicable resonating device is still possible when considering a smaller wire radius.

In Fig. 6.11 (Fig. 6.6 with damping), we lose our single wide resonant gap when the

increase of BW is small. But when the magnetic field from the wire BW is large and the

radius is small rW = 10µm, we still have resonant tunneling of the ME hybrid system.

This is shown in Fig. 6.12 (Fig. 6.7 with damping).

The fact we achieve similar behavior of reflection next to the gray range of

frequencies says, at least numerically, that these frequencies feel the almost infinitely

many ’frequency levels’ allowed to support resonant tunneling. This would explain the dip

in reflection near the gray region for all damping figures. One would argue this situation is

analogous to electron energy levels in an atom where the outer shell quantized levels from

the potential well begin to stack on top one another.

While these reflection results may not give the best ideal scenario to support real

resonant devices a sweet spot can be found when considering slightly thicker wires that

definitely would support the larger currents for more tunability. Either way having the

BVSW interact with SAW or not is great for spintronic devices. This mainly can act as a

filter for BVSW (or vice versa with SAWs). This feature acts as a switch that can be

turned on and off. Referring to Fig. 6.2, if we excite either wave at frequency ω0 where

the YIG film is kept at a bias internal magnetic field (red region Fig. 6.2a), both waves

will propagate through YIG with no interactions. However, if the current in the wire is

turned on to raise or lower the magnetic field locally somewhere in YIG for a moment

(green region Fig. 6.2a) the dispersion relations would intersect at this frequency and one
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wave will transform and reflect backward. The added benefit to mention is the added

quantum tunneling feature that allows for more configuration with more than one excited

frequency. More benefits of this ME hybrid system will be shown when manipulating the

magnetic field in real time as discussed in the next section.

6.3 Results on ME coupling from Manipulation of the Magnetic Field

Looking back at Figures 6.3 and 6.4, we notice the SAW, at time mark 40ns, is

propagating in a region of space away from the wire (green region) and this also applies to

the BVSW as well at the time mark of 180ns. In the region away from the wire (red region

Fig. 6.2a) we have a fixed hybridized spectrum as shown in Fig. 6.2b. We clearly know

the initial wavevector k and frequency ω/2π that the SAW has, but what about the

BVSW? Where would the BVSW be found on its curved dispersion relation in the red

region (Fig. 6.2c) away from the wire? We refer to our mathematical techniques for

finding the BVSW wavevector and frequency.

Our system of equations for waves in real space (6.3) are dependent on the

linearized form of the wave dispersion relations in (6.2). We are able to plot a coupled

hybrid system of (6.2) using (3.13) as shown in Fig. 6.15. The yellow bar in Fig. 6.15 is

the forbidden frequency gap of the coupled wave spectrum, and is shown for a region of

space far away from the wire. Our initial SAW in Figures 6.3 and 6.4 has wavevector

k = 1rad/µm and frequency ω/2π = 0.565GHz. After the SAW transforms to the BVSW,

that newly created BVSW must lie on the dispersion relation shown in Fig. 6.15 as it

propagates in the YIG film away from the wire. We highlight two spots, using empty

white circles in Fig. 6.15, on the BVSW dispersion relation for the possible wave

coordinates of the propagating BVSW. The solution to determine which spot on the purple

dashed line is correct is to perform a Fourier Analysis [77] on the BVSW at the very last

time stamp of 180ns in Fig. 6.3 and 6.4.
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Figure 6.16 shows the Fourier analysis specifically for Fig. 6.4 for the first and last

time stamps in comparing the SAWs and BVSWs wavevector and frequency coordinates.

Previously stated, the width of the propagating wave packet has a range of frequencies and

wavevectors centered around the initial SAW one wishes to excite exactly. From Fig. 6.16

the 40ns time shows the SAW has a central wavevector of k = 1rad/µm and frequency

ω/2π = 0.565GHz corresponding to our stated initially excited SAW. The frames below

give us the central wavevector and frequency of the BVSW for the films (Figures 6.3-6.5).

The smaller red humps in these frames are the remnants of the SAW packet that did not

successful transform. Analyzing the blue hump tells us the wavevector and frequency of

the BVSW. The central wavevector of the BVSW is found roughly to be k = 0.578rad/µm

with a frequency of ω/2π = 0.565GHz. This means there was a shift in the wavelength

only when the wire transformed the SAW into a BVSW. This is a truly fascinating result.

103



Figure 6.15: Linearized system of ME coupling of SAW-BVSW. Red dot shows initial
excited SAW with defined frequency and wavevector from black dotted lines. Empty circles
represent possible BVSW locations after transformation of SAW. Parameters: L = 5µm ,
BYIG = 7mT.
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Figure 6.16: Plotted wavevector and frequency intensity of propagating wave packets from
the first three simulations. Initially at the 40ns time mark only the SAW traveling with
central wavevector k = 1rad/µm and frequency ω/2π = 0.565GHz. At the 180ns time
mark, BVSW is propagating with a central wavevector of k = 0.55rad/µm and frequency
ω/2π = 0.565GHz. Parameters: L = 5µm , BYIG = 7mT, BW =+3mT

Back to Fig. 6.15, we can confidently state the BVSW lies on the purple dashed

line at wavevector k = 0.578rad/µm and frequency ω/2π = 0.565GHz. A shift in the

wavevector number is significant and, as we’ll show later, helps lead into a larger topic of

possible signal operations. This is only possible due to the physical property from the YIG

films magnetic field. The magnetic field changes the properties of the YIG film and which

type of SWs it may or may not support. As the localization of the wire above the YIG film

introduces spatial changes to the film, the magnetic field can change in time

homogeneously throughout the YIG film leading to a temporal effect. These features
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categorize the YIG film as what is known as a space-time meta-material. A further

detailed reading on these materials and their functions can be found in [238], [242]–[244].

The reason their was a shift in the wavevector number was because the spatial localization

of the wire’s inhomogeneous magnetic field affects the momentum space. The SAW is

propagating along with some momentum and feels this "magnetic barrier" from ME

coupling. The SAW wave packet then reflects off this "magnetic barrier" as a BVSW as

one of the two consequences. The other consequence being the change in wavevector

number due to the change in momentum from both direction and magnitude.

However, due to the properties of a space-time meta material, such as YIG, we can

also show how the SAW packet may transform to a BVSW changing only frequency. We

refer back to Fig. 6.15 where the BVSW packet can follow the vertical dashed line and

end up at a lower frequency than the initial SAW frequency. If the internal magnetic field

in the YIG film changed harmoniously in time this would affect the temporal domain of

the wave packet via frequency.
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Figure 6.17: Simulation of SAW (red hump) propagating in YIG film. In 80ns time
frame the (gray shaded region) internal magnetic field is increasing from BYIG = 7mT
to BYIG = 10mT. At 90ns time frame magnetic field continues to increase while SAW
converts to BVSW (blue hump). At 100ns time frame the YIG film’s internal magnetic
field immediately reverts back to BYIG = 7mT and hybrid waves settle. Last two time
frames emphasize group velocity of different waves and effectiveness of conversion via
power magnitude. Parameters: L = 5µm , BYIG =7mT, ∆B(t) = +3mT
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Figure 6.18: Plotted wavevector and frequency intensity of propagating wave packets from
simulation in Fig. 6.17. Initially at the 40ns time mark only the SAW traveling with
central wavevector k = 1rad/µm and frequency ω/2π = 0.565GHz. At the 180ns time
mark, BVSW is propagating with a central wavevector of k = 1rad/µm and frequency
ω/2π = 0.456GHz. Parameters: L = 5µm , BYIG = 7mT, ∆B(t) = +3mT

We prove the above statements by running another simulation where the whole

internal magnetic field BYIG for YIG is dependent on time. The initial state of the

simulation is the same with the SAW having wavevector k = 1rad/µm and frequency

ω/2π = 0.565GHz. The YIG film starts with BYIG(t = 0) = 7mT and is 5µm thick.

Figure 6.17 shows this simulation with the same notations of the SAW being the red hump

and the BVSW as the blue hump. The difference here is that no wire is shown via the

green region. Instead in time frames 80ns and 90ns their is a gray shaded region that rises

between the two frames. This gray region indicates that the internal magnetic field
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everywhere in the YIG film is rising from 7mT to 10mT harmoniously. The next frame at

100ns shows the hybrid system settling after a sharp decrease back to the initial

BYIG = 7mT. The timing to stop the increase of the films internal magnetic field and let it

revert back to the films original field is proportionate to a quarter of the ME coupling rate.

This allows for the best power conversion between the two waves. In the last two frames

of Fig. 6.17, we successfully converted the SAWs central frequency range into the BVSW.

The two small SAW humps show the end points of the wider SAW frequency range that

did not fit into the ME frequency gap ∆ωME.

Performing the same Fourier analysis on this simulation reveals the intriguing

affects of a space-time meta-material. Figure 6.18 shows the intensity of the wavevector

for both the SAW at the 40ns and the BVSW at the 120ns from Fig. 6.17. In this case

when the whole film changed magnetic field magnitude the wavevector stayed the same.

However, looking to the right in Fig. 6.18 we notice a shift in intensity of frequency. The

BVSW has a lower frequency of ω/2π = 0.456GHz compared to the initial SAW

frequency of ω/2π = 0.565GHz. These results in comparing Figures 6.16 and 6.18 show

that a ME coupled system with respective magnetic field changes, via localized external

wire or internally throughout the whole film, may have different varying affects on the

initial and final wavevector and frequency numbers of the waves.

6.3.1 Frequency Inversion Technique

We now provide a simple example of a device functionality that could be expanded

upon in future outlooks. Utilizing both the change of magnetic field from the wire and

internal field of the whole film, we are able to change the wavevector number and

frequency for either wave. We continue with the simple basis built from earlier, an initial

SAW is excited at some frequency and transforms to a BVSW via inhomogeneous

magnetic field from a wire. The BVSW then transforms into a SAW by a change in the
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films internal magnetic field. The new SAW will have a different wavevector and

frequency than the initial excited SAW.

We show in Fig. 6.19, this change of wavevector and frequency for two SAWs as

this operation is known as frequency inversion. Again, the dashed lines represent the SAW

(red) and BVSW (purple) dispersion relations using (6.2) for a 5µm thick YIG film at

7mT. Initially, we begin with two SAWs indicated by the red and orange dots with

wavevectors 0.93rad/µm, 0.97rad/µm, and frequencies 0.53GHz, 0.55GHz, respectively.

The first step in this operation is to use the inhomogeneous magnetic field from the wire to

change the wavevector. For the BVSW disperion to interact with these SAW frequencies

we must raise the magnetic field. The red (orange) SAW then becomes the blue (cyan)

BVSW. The new wavevector numbers for the BVSW are 0.71rad/µm for the cyan wave

and 0.63rad/µm for the blue wave. The next step is having the BVSWs interact with the

SAW spectrum again, but with a change in frequency this time. By decreasing the YIG

films whole internal magnetic field, the BVSW dispersion relation will move the blue and

cyan BVSW done to the point where the ME gap will transform the waves. The final red

and orange SAWs will have wavevectors 0.71rad/µm, 0.63rad/µm, and frequencies

0.4GHz and 0.36GHz. Notice initially the red SAW had a lower frequency than the orange

and the difference between them was 0.2GHz. The final red SAW now has a higher

frequency with a difference of roughly 0.4GHz. This operation is how frequency

inversions in devices works conceptually, with the added bonus of our system expanding

the frequency difference between them. This is due to the difference of group velocities

from two different waves.

Figure 6.20 shows the simulation we ran following the steps described previously

for Fig. 6.19 showing a frequency inversion operation. We initially, in the 5ns time frame,

have the two SAWs red and orange propagating to the right with their quasi-magnetic

components. The red wave is out front and the orange behind initially. The red and orange
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wave packets are wider with a width of w = 150µm to tighten the range of frequencies

they hold to avoid interaction with the fixed ME gap in the YIG film with thickness 5µm

and internal field 7mT. At the 130ns time frame the wires inhomogeneous magnetic field

(gray shaded region) is shown to raise the local magnetization by BW =+3mT. This is the

same scenario as the first three simulations in Figures 6.3-6.5. The red SAW is almost

fully transformed and the orange SAW has just reached the wire’s region of influence. In

the 260ns time frame the blue and cyan BVSWs propagate, with half the speed of a SAW,

to the left. The power of these waves are higher with thinner widths as well. In the 300ns

time frame, below the wave packets is a gray region that appears throughout space. This

gray region indicates that the magnetic field is decreasing everywhere in the whole YIG

film from BYIG = 7mT to BYIG = 2mT. The 345ns time frame shows when the films

internal magnetic field is decreased enough so the BVSWs convert back to SAWs.

This timing is even trickier with two waves. We don’t want to have the blue

BVSW, that requires less of a magnetic field change, to become a standing resonant wave.

This is because the blue BVSW feels the ME gap twice. This 0.4GHz frequency point

(blue-red conversion) feels the gap once when the magnetic field decreases to the

0.36GHz frequency point (cyan-orange conversion) and again when the magnetic field

resets back to its initial homogeneous state in the film.

Analyzing the last time frame at 450ns, notice the red SAW in now behind the

orange SAW. The two wave packets have swapped positions, and become more localized

via peak power and width of wave packet. While this exciting consequence is fascinating

we have yet to begin to discuss the potential connecting operations that could be done

with this ME coupling tunability. Before that we must confirm the frequency inversion of

these SAW was successful as well.
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Figure 6.19: Plotted spectrum of hybridized waves using (6.2). Dots indicate waves with
specific wavevectors and frequencies. Black dotted arrows indicate steps of frequency
inversion from converting one wave to another. Horizontal arrows indicate change via
inhomogeneous magnetic field from wire in space. Vertical arrows indicate change via
magnitude of internal magnetic field in whole films in time. Parameters: L = 5µm , BYIG =
7mT, BW =+3mT, ∆B(t) =−5mT.
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Figure 6.20: Simulation of SAWs (red, orange) at two different initial frequencies
propagating in YIG film. The 130ns time frame shows the inhomogeneous magnetic field
change from the wire (gray shaded region). At 260ns time frame the BVSWs (blue, cyan)
propagate slower to the left. At 300ns time frame the YIG film’s internal magnetic field
begins to decrease in magnitude from BYIG = 7mT to BYIG = 2mT. At 345ns the BVSWs
transform into SAWs. At 450ns difference in power levels, position of waves, and widths of
SAWs are shown to be different than starting wave packets. Parameters: L = 5µm , BYIG =

7mT, BW =+3mT, ∆B(t) =−5mT, ω
(SAW)
Red /2π = 0.53GHz, ω

(SAW)
Orange/2π = 0.55GHz
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Figure 6.21: Plotted wavevector and frequency intensity of propagating wave packets from
simulation in Fig. 6.20. Both SAWs have same width. At 5ns both SAWs have initial
wavevectors 0.93rad/µm, 0.97rad/µm, and frequencies 0.53GHz, 0.55GHz, for red and
orange respectively. At 260ns snapshot Fourier analysis is done on BVSWs which have
wavevectors 0.71rad/µm, 0.63rad/µm, and frequencies 0.53GHz, 0.55GHz, for blue and
cyan respectively. Final Fourier analysis of system is done at 450ns snapshot on SAWs
with red and orange having wavevectors 0.71rad/µm, 0.63rad/µm, and frequencies 0.4GHz,
0.36GHz, respectively. Parameters: L = 5µm, w = 150µm, BYIG = 7mT, BW = +3mT,
∆B(t) =−5mT.
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Figure 6.21 provides snapshots in time showing the success of the frequency

inversion of the SAWs in the SAW spectrum. As a big picture detail, since we increased

the width of the wave packets from 50µm in all the simulations before to 150µm in Fig.

6.20, the intensity has increased as well. The higher peaks confirm where our central

wavevectors and frequencies are located along the axes. Initially, at 5ns, both SAWs have

initial wavevectors 0.93rad/µm, 0.97rad/µm, and frequencies 0.53GHz, 0.55GHz, for red

and orange respectively. As the two previous figures show, interaction with the wire’s

inhomogeneous magnetic field shifts the wavevector number, but frequency should stay

the same. Fourier analysis of the 260ns snapshot shows this effect explain in detail

previously. The BVSWs have wavevectors 0.71rad/µm, 0.63rad/µm, and frequencies

0.53GHz, 0.55GHz, for blue and cyan respectively. Taking a final Fourier analysis at the

450ns snapshot on the SAWs we have peaks for wavevectors at 0.71rad/µm, 0.63rad/µm,

and peaks for frequencies at 0.4GHz, 0.36GHz, for red and orange respectively. This

frequency inversion not only shows an operation, but also tells us that for any acoustic or

spin wave, interaction with the ME gap, via local or temporal change, we can shift a

waves wavevector or frequency up or down in anyway we choose. The best example is to

simply reverse the process of the frequency inversion we showed here as a way to increase

the frequency for a SAW. These scenarios are only possible due to the tunable magnetic

field of the YIG material that controls the BVSW dispersion relation and from there the

ME gap location on the frequency axis. This is why we attempt to expand upon some

ideas utilizing YIG as a space-time meta-material.
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CHAPTER SEVEN

CONCLUSION

We have theoretically derived and studied multiple SAW-SW coupling in

YIG/GGG bi-layers and determined the optimum conditions for conversion of these

hybrid ME waves with operational value for foundational uses in devives today. We also

derived an analytical expression for the system that considers a dynamic inhomogeneous

magnetic field. The mathematical foundations we hope are simplified enough for

introductory scientists to perform quick calculations for their specific geometry and

waves. This should help reach new experimental goals not only for spintronics, but for

acoustic devices as well.

The results we analyzed in this dissertation produced many interesting

phenomenal effects that are relevant for signal processes. This includes, but not limited to:

SW transducers, filters, isolators, hybrid resonators, time reversal operations,

frequency/wavevector inversions, excitation of short wavelength SW, channel swapping,

etc,. The dynamics of SWs are improved upon by ME interactions with SAW with

unidirectional potential wells, nonreciprocal effects, frequency and wavevctor variations,

and so much more. We hope that our results will be useful for the experimental

observation of the ME coupling and for the development of practical magneto-acoustic

devices.
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APPENDIX A

ANALYTICAL MATHEMATICAL PROBLEMS
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A.1 Acoustic Wave Derivations

Please, note in this appendix there are subscript notations following historical

elasticity descriptions. Also, be aware of how indices appear as subscripts on certain

symbolic notations. We will note when certain changes are made through the derivations.

Beginning with the derivation for the translational equation of motion for all

acoustic waves. Start with Euler’s formula [77]

∂ f
∂y

− ∂

∂x
∂ f
∂yx

= 0 (A.1)

where yx is derivative of y with respect to x. Take what we know about acoustic waves

from [73], [74] to see the kinetic energy (K) and potential energy (V ) as

K =
ρ|u̇|2

2
(A.2a)

V =
1
2

Si jci jklSkl (A.2b)

where u̇ is the derivative of the particle displacement vector (acoustic wave) with respect

to time and Si j is an element of the strain matrix defined by (2.2). The symbol c represents

the elastic stiffness tensor as discussed in Chapter 2. The potential energy comes from

stored energy in the elastic deformation of the material. Note the indices i jkl = xyz are the

same as in the main text.

Before taking our energies as the Lagrangian and plugging them into Euler’s

formula, we first simplify, V . With substitution from the strain definition the potential

energy from the particle displacement vector is

V =
1
8

[(dui
dr j

+
du j

dri

)
ci jkl

(duk
drl

+
dul
drk

)]
(A.3)

From here, we apply a change in derivative notation which will make expressions

easier to read when the Lagrangian of our elastic system is applied to Euler’s formula
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(A.1). We change notation as
∂ui
∂ r j

= ui j (A.4)

where the element of a vector component i is taken as a derivative of j.

Back to (A.3), we recall the general symmetry of the elastic stiffness tensor where

ci jkl = c jikl and ci jkl = c jilk. This reduces the potential energy to

V =
1
2

ui jci jklukl (A.5)

Subtracting the kinetic energy (A.2a) from the new potential energy (A.5) gives us

the Lagrangian.

L =
1
2

ρ(|u̇x|2 + |u̇y|2 + |u̇z|2)−
1
2

ui jci jklukl (A.6)

This Lagrangian (A.6) will be plugged into Euler’s formula (A.1). For Euler’s formula

there are four independent variables, x, y, z, and t, and one dependent variable u. This

changes Euler’s formula from (A.1) to

∂L

∂ui
−∑

j

∂

∂ r j

∂L

∂ui j
− ∂

∂ t
∂L

∂ u̇i
= 0 (A.7)

Now we begin the process of simplifying and rewriting (A.7) into the translation equation

of motion. The first term on the left hand side ∂L
/

∂ui = 0. This is because the

Lagrangian doesn’t depend on any direct component of u, just its derivatives. We then

take the third term on the left hand side of (A.7) and move it to the other side. Our

expression then becomes
∂

∂ t
∂L

∂ u̇i
=−∑

j

∂

∂ r j

∂L

∂ui j
(A.8)

The left hand side of (A.*) simplifies to

∂

∂ t
∂L

∂ u̇i
= ρ üi (A.9)
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which matches the translational equation of motions (2.1) already, just formatted in tensor

notation.

For the right hand side of (A.8) will require some mathematical tricks. Writing out

the right hand side of (A.8) explicitly

∂L

∂ui j
=

∂

∂ui j

[
−1

2
ui jci jklukl

]
(A.10)

we will need to make some changes to express and simplify the many combinations of

terms we have in total. Abstractly, i jkl are only dummy indices or placeholders for xyz.

Therefore replacing i jkl with indices αβγζ makes no mathematical impact within the

bracketed portion of the expression (A.10). Following the chain rule of derivatives for

functions (A.10) is rewritten as

∂L

∂ui j
=−1

2

(
∂uαβ

∂ui j
cαβγζ uγζ +uαβ cαβγζ

∂uγζ

∂ui j

)
(A.11)

These derivative forms in the brackets will be substituted respectively via sneaky trick

using the expression
∂uαβ

∂ui j
= δαiδβ j (A.12)

Our (A.11) expression is rewritten with the Kronecker deltas as

∂L

∂ui j
=−1

2

(
δαiδβ jcαβγζ uγζ +uαβ cαβγζ δγiδζ j

)
(A.13)

The only surviving terms are when all conditions are satisfied: α = i,β = j,γ = i,ζ = j.

The starting indices i j have been determined from the Kronecker delta terms. We then

replace the remaining Greek indices αβγζ to kl respectively with their c counterparts.

Exploiting the symmetry of the elastic stiffness tensor ci jkl again, we reduce (A.10) to a

simplified version as
∂L

∂ui j
=−ci jklukl (A.14)
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Now taking (A.9) and (A.14) and plugging them into (A.8) we have

ρ üi = ∑
∂

∂ r j
ci jklukl (A.15)

Recall our ukl notation is just ∂uk
/

∂ l and the elastic stiffness tensor ci jkl is made of

material constants. We can rewrite (A.15) again to become

ρ üi = ∑ci jkl
∂ 2uk

∂ r j∂ rl
(A.16)

which is the translational equation of motion (2.1), written in tensor notation. For further

proof this is for acoustic waves following elastic theory from [73], [74] we will find the

Hamiltonian.

Starting with the generalized form for momentum

p =
∂L

∂ u̇
= ρu̇ (A.17)

Theoretically following the same mechanics, the Hamiltonian is

H = ∑(piqi)−L (A.18)

where qi = u̇i, a derivative component of the particle displacement vector with respect to

time. One will then see the Hamiltonian gives total energy for the system as

H =
1
2

ρ(|u̇x|2 + |u̇y|2 + |u̇z|2)+
1
2

ui jci jklukl (A.19)

Next we consider the velocity of the two basic acoustic waves; P and S. These

velocities are important because their components will help describe how a wave

propagates in comparison to how the particles are displaced. There are two general

directions in which the particles may move with respect to wave propagation; either

parallel or perpendicular. For simplicity, starting from the condition that our material is
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isotropic, the elastic stiffness tensor explicitly takes the form

c =



c11 c12 c12 0 0 0

c12 c11 c12 0 0 0

c12 c12 c11 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c44


(A.20)

following elasticity theory notation from [73]. This elastic stiffness tensor components cIJ

have these capital subscripts to indicate numbers.

A change in classical elastic notation to cartesian coordinates is provided in Table

A.1. The elastic stiffness tensor in cartesian coordinates is written as

I ij J kl
1 xx 1 xx
2 yy 2 yy
3 zz 3 zz
4 yz,zy 4 yz,zy
5 xz,zx 5 xz,zx
6 xy,yx 6 xy,yx

Table A.1: Change of indices from numbers to cartesian coordinates
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c =




cxxxx 0 0

0 cxxyy 0

0 0 cxxzz




0 cxyxy 0

cxyyx 0 0

0 0 0




0 0 cxzxz

0 0 0

cxzzx 0 0


0 cyxxy 0

cyxyx 0 0

0 0 0




cyyxx 0 0

0 cyyyy 0

0 0 cyyzz




0 0 0

0 0 cyzyz

0 cyzzy 0


0 0 czxxz

0 0 0

czxzx 0 0




0 0 0

0 0 czyyz

0 czyzy 0




czzxx 0 0

0 czzyy 0

0 0 czzzz





(A.21)

the same way as described in Chapter 2. Note again the symmetrical tensor relations,

ci jkl = c jikl = ci jlk = c jilk = ckli j between components. These symmetrical relations

between components help reduce the translation equation of motion (A.16). The tensor

components c12 = c11 −2c44 then define two independent constants. Transforming the

elastic notation expression c12 = c11 −2c44 into a cartesian coordinates via Table A.1

gives cxxyy = cxxxx −2cxyxy as one example.

As described in Chapter 2 by (2.5) the elastic stiffness tensor for isotropic

conditions can be defined by the expression

ci jkl = λδi jδkl +µ(δikδ jl +δilδ jk) (A.22)

The independent constants λ and µ are known as the Lamé constants in reference to [76],

[78].

Substituting (A.22) into (A.16) we get a long expression for the translation

equation of motion under isotropic conditions. The summation will be for the all

permutations of the subscripts jkl with the subscript i set by the left hand side of (A.16).

ρ üi = ∑
jkl

[
λδi jδkl +µ(δikδ jl +δilδ jk)

] ∂ 2uk
∂ r j∂ rl

(A.23)
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We open the brackets to see how each variation of the Kronecker delta affects the double

derivative of the particle displacement vector.

ρ üi = ∑
jkl

λδi jδkl
∂ 2uk

∂ r j∂ rl
+∑

jkl
µδikδ jl

∂ 2uk
∂ r j∂ rl

+∑
jkl

µδilδ jk
∂ 2uk

∂ r j∂ rl
(A.24)

For the right hand side of (A.24) which ever subscript is matched with the i subscript on

the Kronecker will be replaced with the i to match the left hand side. Specifically, the first

and third terms on the right side of (A.24) with have the j and l indices, respectively, will

be replaced with an i in the double derivative. For the second Kronecker delta that does

not contain an i subscript, you may choose either index to replace with the other. As an

example, the first and third terms again from (A.24), we will replace the l and j indices,

respectively, with k to keep math simple. Our new expression after applying the rules of

the Kronecker deltas is

ρ üi = ∑
k

λ
∂ 2uk

∂ ri∂ rk
+∑

j
µ

∂ 2ui
∂ r j∂ r j

+∑
k

µ
∂ 2uk

∂ rk∂ ri
(A.25)

One can then combine the summation terms with k and factor out a ∂
/

∂ ri to get a

reduced derivative expression.

ρ üi = (λ +µ)
∂

∂ ri
∑
k

∂uk
∂ rk

+µ ∑
j

∂ 2ui

∂ r2
j

(A.26)

From here one might notice similarities between the derivative summations and vector

operators. From (A.26) the first derivative summation is the component expression of the

gradient applied to the divergence of the particle displacement vector. The second

derivative summation is the Laplacian opertor written in terms of components. Rewriting

(A.26) into vector notation we see the translational equation of motion for acoustic waves

in isotropic materials. Transforming summations into vector form.

ρ ¨⃗u = (λ +µ)∇(∇ · u⃗)+µ∇
2⃗u (A.27)
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Recall our goal is to understand how the wave propagates in comparison to the

particle movement. Keeping the math simple, we take the plane wave formula and

substitute it into (A.27). As stated previously, we consider two cases where the particle

displacement vector, u, is parallel and perpendicular to the wavevector k. Our plane wave

formula is

u(r, t) = u0e−iωt+ik·r (A.28)

where u0 is the acoustic plane wave profile. The gradients and Laplacian in (A.27)

transform as ∇ → ik and ∇2 →−|k|2 respectively for the plane wave approximation. The

next step plugging (A.28) into (A.27) and deriving

−ρω
2u0e−iωt+ik·r = (λ +µ)ik(ik ·u0)e

−iωt+ik·r −µ|k|2u0e−iωt+ik·r (A.29)

At this point we go case by case for the particles movement. For the first case

where u0 is perpendicular to k⃗, are the Shear waves, The (A.29) expression becomes

−ρω
2u0e−iωt+ik·r =−µk2u0e−iωt+ik·r (A.30)

where the middle term is zero due to the dot product of vectors. Solving (A.30) for the

shear waves phase velocity, we end up with

vs =
ω

k
=

√
µ

ρ
(A.31)

which is dependent only on the materials density and the off diagonal constant µ in the

elastic stiffness tensor.

For the second case with pressure waves, or longitudinal waves, we note u0 = αk.

The α is just a scalar constant because u and k are never one-to-one. Substituting this new

condition in (A.29) we end up with

−ρω
2
αke−iωt+ik·r =−(λ +µ)αk2ke−iωt+ik·r −µαk2ke−iωt+ik·r (A.32)

125



Focusing on the constants in front of each vector, the exponentials and α cancel. This

leaves us with an easy solve for the longitudinal waves phase velocity as

vl =
ω

k
=

√
λ +2µ

ρ
(A.33)

This solution for how the wave moves uses both constants, but this addition of constants

λ +2µ is found only when all the indices in the elastic stiffness tensor are the same. This

completes our velocity derivations for longitudinal and shear waves. The importance of

these foundational velocities is because acoustic waves will generally have both particle

movements, perpendicular and parallel, when compared to the waves propagation

direction.

We now move on to the derivation for the SAW used in the main text. To begin the

SAW profile we define our coordinate system similar to Fig. 3.4 and assume SAW in only

one medium. The SAW will take the form

u(r, t) = A(t)ei(kxx−ωt)


ux(z)

0

uz(z)

 (A.34)

where the SAW propagates only along the x-axis as indicated by k =

(
kx 0 0

)
and

only has two components for its wave profile dependent on the depth z into the material.

This is normal as the influence of the surface wave has less of an affect on particle

movement deeper in the medium. The time dependent variable A(t) is the complex wave

amplitude. The profile is chosen to have only ux and uz components as following our

choice of using a Rayleigh wave. That means no shear component, or particle movement

in the y direction. This is because the Rayleigh wave is defined by particles having

counter-clockwise movement as the surface wave propagates. While the solution we show

does not reflect this description, we are solving for the envelope, wave profile, of how
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much the particles are affected by this motion at a certain depth. In our solution, we do see

both longitudinal and shear constants appearing in the ux and uz component indicating this

rotational movement. Now we find the functions for ux(z) and uz(z) to define our SAW

profile.

Starting with strain (2.2), we plug in our SAW approximation to get

S = A(t)ei(kxx−ωt)


ikxux(z) 0 1

2(ikxuz(z)+u′x(z))

0 0 0

1
2(ikxuz(z)+u′x(z)) 0 u′z(z)

 (A.35)

where the derivative notation is simplified to an apostrophe. The only variable the acoustic

components are dependent on is z, so a single apostrophe is ∂
/

∂ z and a double

apostrophe means ∂ 2/∂ z2. Then we convert strain to stress via relationship (2.3) where

the elastic stiffness tensor c is substituted for an isotropic material. We again use the Lamé

constants, λ and µ , as the associated as material constants. The elastic stiffness tensor c

then is explicitly

c =




λ +2µ 0 0

0 λ 0

0 0 λ




0 µ 0

µ 0 0

0 0 0




0 0 µ

0 0 0

µ 0 0


0 µ 0

µ 0 0

0 0 0




λ 0 0

0 λ +2µ 0

0 0 λ




0 0 0

0 0 µ

0 µ 0


0 0 µ

0 0 0

µ 0 0




0 0 0

0 0 µ

0 µ 0




λ 0 0

0 λ 0

0 0 λ +2µ





(A.36)
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The stress tensor, after substitution of (A.36) and (A.35) into (2.2), then becomes

T = A(t)ei(kxx−ωt)·
ikx[λ +2µ]ux(z)+λu′z(z) 0 µ[ikxuz(z)+u′x(z)]

0 λ [ikxuz(z)+u′z(z)] 0

µ[ikxuz(z)+u′x(z)] 0 ikxλux(z)+ [λ +2µ]u′z(z)


(A.37)

Continuing with substitution of (A.37) and (A.34) into the translational equation of

motion (2.2). Noting again we are taking the envelope of the wave to see its surface

profile. For this reason we discard all time derivative terms taken with respect to the

complex wave amplitude. Skipping these extra algebraic steps and moving all terms to the

left side we have complicated expression as

A(t)ei(kxx−ωt)


(−k2

x(λ +2µ)+ρω2)ux(z)+ ikx(λ+µ)u′z(z)+µu′′x (z)

0

(−k2
x µ +ρω2)uz(z)+ ikx(λ+µ)u′x(z)+(λ +2µ)u′′x (z)

= 0 (A.38)

To begin solving this expression consider a general solution for the SAW vector

profile components as ux = uz = eξ z. The derivatives can easily be found as

u′x = u′z = ξ eξ z and u′′x = u′′z = ξ 2eξ z, for first and second order with respect to z. At this

point we can suppress the y component of this vector as it will not be needed past this

point. The same is said for the complex wave amplitude A(t) and the wave exponential to

simplify the problem. We rewrite everything into matrix form as C ·u = 0, we can solve

for ξ via det |C|= 0 just like an eigen value problem. Our eigen value problem comes

from the matrix expressionµξ 2 − ((λ +2µ)k2
x −ρω2) ikx(λ +µ)ξ

ikx(λ +µ)ξ (λ +2µ)ξ 2 − (µk2
x −ρω2)

 ·

ux(z)

uz(z)

= 0 (A.39)
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Solving this eigen value problem one would get four solutions to ξ . However, as one of

the natural boundary conditions for a surface wave the SAW profile must decay as z → ∞.

Therefore we throw away the positive ξ solutions leaving us with two eigen values

ξ1 =−

√
k2

x −
ρω2

µ
, (A.40a)

ξ2 =−

√
k2

x −
ρω2

λ +2µ
(A.40b)

With these eigen values for ξ we plug them into the matrix from (A.39). Each eigen value

of ξ , we will produce an eigenvector which will be added together into the general

solution asux(z)

uz(z)

= c1


1

ikx√
k2x−

ρω2
µ

eξ1z + c2

 1

i
kx

√
k2

x −
ρω2

λ+2µ

eξ2z (A.41)

While we have solved for a general solution, we need to find the specific solution

for the SAW. To solve for the constants c1, c2, we use the other boundary condition for the

SAW at z = 0 where the surface of our material begins. This boundary condition is

expressed as

T ·


0

0

1

= 0 (A.42)

where the stress tensor is dotted by the normal vector perpendicular to the plane of the

materials surface. Taking our stress tensor from (A.37) we end up with the expression µ[ikxuz(0)+u′x(0)]

ikxλux(0)+ [λ +2µ]u′z(0)

= 0 (A.43)
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Plugging (A.41) into the boundary condition (A.43) we will end up with a second matrix.

Pulling out the constants, c1 and c2, we will have a matrix D dotted with a vector of

components c1 and c2 set equal to zero. In this case the variable ω is our eigen value. Our

eigen value problem then takes the form
−2k2

x µ+ρω2√
k2x−

ρω2
µ

−2µ

√
k2

x −
ρω2

λ+2µ

−2ikxµ −2ikxµ +
iρω2

kx

 ·

c1

c2

= 0 (A.44)

However, for this eigen value problem the eigen values will be extremely difficult

to derive. Surprisingly, we have technically already solved for the ω eigen values. Recall

how the frequency is dependent on the phase velocity multiplied by the wavevector k. We

did this for the Hamiltonian of acoustic waves under isotropic conditions with the planes

wave solution. This was done for two cases, shear and longitudinal. In our case for the

SAW the shear and longitudinal movements of particles are coupled in a rotational

behavior as defined for a Rayleigh wave. Thus the eigen values for matrix D in (A.44) are

expressed as

ωs = kx

√
Xµ

ρ
(A.45a)

ωl = kx

√
Y (λ +2µ)

ρ
(A.45b)

where X and Y are numerical constants representing couplng between components. We

numerically find a these values for X and Y in our ω’s by plugging each ω into matrix D

in (A.44), one-by-one respectively, and solving for the determinant of D. One will two

polynomials to numerically solve.

0 = X3 −8X2 +16X
(3

2
− ε

)
−16(1− ε) (A.46a)

0 = Y 3 −8Y 2
ε +16Y ε

2
(3

2
− ε

)
−16ε

3 (A.46b)
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The constant ε = µ/(λ +2µ) is the ratio of Lamé constants and we have the relation

Y = Xε between the numerical constants. One will have to solve for either X or Y and find

that both relations between ω and k give the same numerical answer for the speed of the

SAW.

Back to our main problem for the SAW profile, we now can solve for the constants

c1 and c2. Taking (A.44) and either ω eigen value you will end up with two expressions.

X −2√
1−X

kxµc1 −2µkxc2

√
1− Xµ

λ +2µ
= 0 (A.47a)

−2c1 + c2(X −2) = 0 (A.47b)

For these expressions in (A.47) we specifically used the eigen value ωs. Rewriting the

second expression, we have

c1 = c2

(X
2
−1
)

(A.48)

where we define c2 = 1. Now take everything and substitute what we got for the constants

(c1, c2) and ω’s into the general solution (A.41). One will get a full expression for the

SAW profile as

u(z) =


1−Y ε/2
k
√

1−Y ε
e−zk

√
1−Y ε − 1

k
√

1−Y
e−zk

√
1−Y

0

− i
k

(
1−Y ε/2

1−Y ε
e−zk

√
1−Y ε − e−zk

√
1−Y

)
 (A.49)

For this final expression we show for the SAW profile we did perform a "change of basis"

from X’s to Y ’s for a reduction in number of symbols shown.

A.2 Spin Wave derivation using Vector Hamiltonian Formalism

In this section we provide an example use of [114] which helps one derive the

dispersion relation and vector profiles for various SW. Our example will be consistent
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with the main text of this dissertation using a ferromagnetic thin film in the xy-plane and z

axis perpendicular to the thin film. As always with any magnetic system, we begin with

the Landau-Lifshitz equation (2.7). However, in [114] this formula is transformed in the

linear limit of the Hamiltonian for SWs.

The new formula we will be using is

L0 ·
ds
dt

= H0 · s (A.50)

The vector s is our SW, L0 is a skew-symmetric operator and H0 is the linear Hamiltonian

operator. The skew-symmetric operator is defined as

L0 · v =−Lsm0 × v (A.51)

where Ls = Ms/γ and v is an arbitrary vector used to solve for L0 with the static

magnetization vector m0. The γ is the gyromagnetic ratio and Ms is a materials saturation

magnetization.

The Hamiltonian operator H0 is defined as

H0 = P0 · (H +MsB0I) ·P0 (A.52)

where P0 is the projection operator, H is the magnetic field Hermitian operator, and B0 is

the static internal magnetic field. The I is the identity matrix used to defined the projection

operator as

P0 = I −m0 ⊗m0 (A.53)

For both the magnetic field operator H and internal magnetic field B0, these are found

after defining your system. The magnetic field operator H is essentially the sum of all

magnetic fields with exception for the Bext. These fields together form the Beff as

Beff(m) = Bext −M−1
s H ·m (A.54)
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where m is the general magnetization vector. Examples of magnetic field operators are

provided by [114] and are

Hex =−µ0M2
s λ

2
ex∇

2 (A.55a)

Hdip = µ0M2
s ∇∇

−2
∇ (A.55b)

Ham =−MsBannam ⊗nan (A.55c)

HDMI = TDMI ·∇ (A.55d)

The field operators (A.55a), (A.55b) are the exchange and dipolar field we discuss in

Chapter 2, just without the magnetization vector. The extra examples of field operators,

(A.55c), (A.55d), are the anisotropy, and Dzyaloshinskii-Moriya interaction fields,

respectively.

To complete our new formal method for SWs, we need two more formulas:

normalization and damping. The SW vector is normalized via

ℏ=−i
∫

V
s∗ ·L0 · sdr (A.56)

Damping for SW follows as

Γ = αGωℏ−1
∫

V
Ls|s|2dr (A.57)

This concludes the necessary expressions required to solve for a real system of SWs using

a linearized form of energy substituted into the Landau-Lifshitz equation.

Proceeding with our thin film example problem, in this simple case only the

dipolar field Hdip will contribute to the overall effective field. The exchange, anisotropy,

and Dzyaloshinskii Moriya interaction fields are smaller in magnitude and negligible. The
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dipolar field is reduced to the demagnetizing tensor N.

Hdip = µ0M2
s N = µ0M2

s


0 0 0

0 0 0

0 0 1

 (A.58)

The demagnetizing tensor takes this form because the normal vector is perpendicular to

the xy-plane the thin film lies in. Before plugging our dipolar field operator into H, the

sum of magnetic fields (A.54) is substituted with the static magnetization vector m0. This

is because we are in a system defined for weak non-linear dynamics for SWs that literally

revolves around the static magnetization vector and damping brings magnetization back to

alignment with the static vector. The total effective magnetic field takes the form then as

Beff(m0) = Bext −M−1
s H ·m0 = B0m0 (A.59)

The B0 is the new net magnetic field as the internal magnetic field is now defined by the

static magnetization vector.

Defining the rest of our system, the external field Bext will lye along the x-axis,

and the ground state magnetization can have three components.

m0 =

(
mx my mz

)
(A.60)

Taking the external field, (A.58), and (A.60), everything is plugged into (A.59) and three

rows of expressions are found as

Bext = B0mx (A.61a)

0 = B0my (A.61b)

−µ0Msmz = B0mz (A.61c)
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Very clearly my=0 always, but we also have the condition

m0 ·m0 = 1 (A.62)

that must be satisfied. This can be done for two cases.

The first case is when mz = 0. Then we have m2
x = 1 and Bext = B0 for the most

trivial case. The second case is more interesting where neither m0-component is zero.

Then the magnetic fields are B0 =−µ0Ms and Bext =−µ0Msmx making

m0 =

(
−cosθ 0 sinθ

)
(A.63)

to satisfy the theoretical condition in (A.62). We chose m0 with this configuration,

because we wish to see how the static magnetization, at an initial angle θ in the xz-plane

away from the external magnetic field oriented in the +x direction, will damp towards a

true stable state.

In order to solve both of these cases for SW damping, dispersion relation, and

vector, we transform (A.50) into an eigen value problem we can easily solve. We begin by

solving for harmonic solutions where d/dt →−iω . This changes (A.50) to

−iωL0 · s = H0 · s (A.64)

Taking advantage of some theoretical properties discussed in [114] we can use

L2
0 =−L2

s P0 (A.65a)

P0 · s = s (A.65b)

to rearrange (A.64) into a standard eigen value problem. Our normal eigen value problem,

λ · s = A · s, for the SW vector has the following definitions

λ =−iω (A.66a)
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A =−L−2
s L0 ·H0 (A.66b)

for the eigen values λ and matrix A. We now have a defined system and are ready to solve

the two different cases for SWs using this eigen value problem.

Starting with the first case where mz = 0, m2
x = 1 and Bext = B0, we can find the

operators P0 and L0 can be found using the static magnetization vector. Using the operator

definitions (A.53) and (A.51) with the static vector in this first case we have

P0 =


0 0 0

0 1 0

0 0 1

 (A.67a)

L0 =


0 0 0

0 0 Ms
γ

0 −Ms
γ

0

 (A.67b)

The operator H0, following (A.52), needs the internal magnetic field. In this case, the

internal field magnetic is equal to the external field. Using (A.67a) in (A.52) will give

H0 =


0 0 0

0 BextMs 0

0 0 BextMs +µ0M2
s

 (A.68)

Taking matrices (A.68) and (A.67b) and using them for (A.66b) gives us our eigen value

problem matrix A as

A =


0 0 0

0 0 −γ(Bext +µ0Ms)

0 γBext 0

 (A.69)

Solving (A.69) for eigenvalues λ gives us three expressed as

λ1 = 0 (A.70a)
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λ2 =−iγ
√

Bext(Bext +µ0Ms) (A.70b)

λ3 = iγ
√

Bext(Bext +µ0Ms) (A.70c)

For the eigen value λ1, this corresponds to the tivial solution where s = m0. After finding

the eigen vectors one will see this is not a real solution for SWs. With these eigen values

λ2,3 and their relation to the angular frequency (A.66a), we also have the dispersion

relation for this SW. The angular frequency is only dependent on the external magnetic

field.

The eigen vectors from (A.69) require more attention to detail. The eigen vectors

for matrix A, listed in order with their corresponding eigen values from (A.70), are

s1 =

(
1 0 0

)
(A.71a)

s2 =

(
0 − i

Bext

√
Bext(Bext +µ0Ms) 1

)
(A.71b)

s3 =

(
0 i

Bext

√
Bext(Bext +µ0Ms) 1

)
(A.71c)

The extra details here is to ensure the answers one may derive are theoretical accurate to

the method in [114]. Two tests are performed to check your work: From [114] we use the

conditions

P0 · s = s (A.72a)

m0 · s = 0 (A.72b)

The first eigen value and eigen vector does not pass these tests and is not considered since

they are mathematically trivial solutions. The next step is to normalize the eigen vectors

s2 and s3 using (A.56). We end with

ℏ2 =
2MsVs

√
Bext(Bext +µ0Ms)

Bextγ
(A.73a)
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ℏ3 =−
2MsVs

√
Bext(Bext +µ0Ms)

Bextγ
(A.73b)

as our normalization constants for the eigen vectors. At this step, we point out we got two

solutions for the SW vector, s2 and s3. Which SW vector solution is the physically real

one? We are able to answer this question looking at the normalization constants. The

normalization constant whose sign is positive says that s2 is the real SW vector one would

use say for ME coupling.

All that is left is finding the damping factor for this SW. Following from (A.57) for

damping we use ω = iλ2 and s2 we find damping to be

Γ =
1
2

αGγ(2Bext +µ0Ms) (A.74)

Damping is found to be a positive value, as it should, knowing in most wave equation

expression we see damping takes energy away in a term usually expressed as −iΓ. The

realism here is that for stronger external magnetic fields damping increases proportionally.

Magnetization wants to stay aligned with the strong stable static state.

We now move on to the second case where magnetization is oriented somewhere

in the xz-plane. As a refresh of the circumstances we have in this case, neither

m0-component is zero in (A.61), except for my. The magnetic fields are B0 =−µ0Ms and

Bext =−µ0Msmx where static magnetization m0 is defined in (A.63). We again start with

finding our matrix operators from (A.51)-(A.53).

P0 =


sin2 θ 0 cosθ sinθ

0 1 0

cosθ sinθ 0 cos2 θ

 (A.75a)
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L0 =
Ms
γ


0 sinθ 0

−sinθ 0 −cosθ

0 cosθ 0

 (A.75b)

H0 =−µ0M2
s


sin4 θ 0 cosθ sin3 θ

0 1 0

cosθ sin3 θ 0 cos2 θ sin2 θ

 (A.75c)

These operators produce our eigen value problem matrix A, from (A.66b) as

A = γµ0Ms


0 sinθ 0

−sin3 θ 0 −cosθ sin2 θ

0 cosθ 0

 (A.76)

Repeating the same steps as before in the first case, the eigen values (and SW dispersion

relation) are evaluated to

λ1 = 0 (A.77a)

λ2 =−iγµ0Ms sinθ (A.77b)

λ3 = iγµ0Ms sinθ (A.77c)

which give the following eigen vectors.

s1 =

(
−cotθ 0 1

)
(A.78a)

s2 =

(
tanθ −i tanθ 1

)
(A.78b)

s3 =

(
tanθ i tanθ 1

)
(A.78c)

We test these eigen vectors following from (A.72) to check if they are theoretically

correct. The first eigen vector s1 does not pass, which can be determined from the
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corresponding eigen value of λ1 = 0. Continuing with normalization (A.56), we confirm

which is the real SW vector.

ℏ2 =−2V
Ms
γ

secθ tanθ (A.79a)

ℏ3 = 2V
Ms
γ

secθ tanθ (A.79b)

We see the second eigen vector is real SW, because it has a positive normalization factor.

Damping from (A.57) is then found for both to be

Γ =
1
4

αGγµ0Ms(−3+ cos2θ) (A.80)

Before making any analytical observations, we choose to substitute the cos2θ to a

magnetic variable. From our condition for the static vector m0 from (A.63), we make our

own formula from the condition (A.62) and substitution of B0 =−µ0Ms into

Bext =−µ0Msmx. We derive the expression can see that after a few substitutions

sin2
θ = 1−

(
Bext

µ0Ms

)2

(A.81)

between the angle in the xz-plane to the external field pointing in the +x direction. We use

the trigonometric relation

cos2θ = 1−2sin2
θ (A.82)

to substitute for the cosine term in (A.80). This transforms our damping coefficient into

Γ =−1
2

αGγµ0Ms

(
2−
[

Bext
µ0Ms

]2
)

(A.83)

This damping is negative under the condition that Bext/(µ0Ms)<
√

2 . This means

the amplitude of precession for the SW is actually increasing. What is physically

happening is the SW vector rotates with a larger and larger radius, because we are at an

angle θ > 90o. When the external field is large enough to a point where
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Bext/(µ0Ms)>
√

2 the angle θ < 90o and the SW has a positive damping factor that will

stabilize the internal magnetic field along with the very strong external field.

In this case when static magnetization is initially at some angle larger than 90o

from the +x axis the damping factor actually behaviors as a gaining factor, where the SW

amplitude grows. The other condition in which we can see this effect comes from the

dispersion relation found from (A.77). When using our relation between the angle and

external field (A.81), the dispersion relation becomes

ω =

√
(γµ0Ms)2 − (γBext)2 (A.84)

As long as (γµ0Ms)
2 > (γBext)

2 we will have this gain effect.

All these SW results for a simple ferromagnetic thin film with various static

magnetization cases are accredited to the theoretical work in [114].
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APPENDIX B

DERIVATION OF INHOMOGENEOUS PARTIAL DIFFERENTIAL EQUATIONS
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B.1 Fourier Transform of coupled Partial Differential Equations

Starting from (3.40) we have the complex amplitude wave equations in k-space

and must convert them to a real space system to actually see the waves transform in real

time from SAW to BVSW or vice versa. The index ξ for the summation is dropped

because the BVSW is in the lowest SW mode and the ME gap ∆ωME won’t mix with the

higher-order SW resonant modes. Generally, speaking this derivation can be applied for

any SW interaction with an acoustic wave. The k-space coupled wave amplitude system is

dAk
dt

=−iω(SAW)
k Ak − igkSk (B.1a)

dSk
dt

=−iω(SW)
k Sk − igkAk (B.1b)

Before converting these k-space wave equations, we perform a Taylor series expansion to

simplify our work. We analyze the ME coupling point where the two wave dispersion

relations cross. Focusing closely at the ME coupling point, the waves will be linearized by

taking only the first order terms in the Taylor series expansion. Staying close to the ME

coupling point, which is defined as (k0,ω0), will have a coupling rate that won’t change

considerably from g0 The ME coupled point at (k0,ω0) with a coupling rate g0 will be for

a specific magnetic field at B0. The Taylor series expansion for both the SAW and BVSW

are presented as

ω
(SAW)
k = ω0 +

∂ω

∂k
(k− k0) (B.2a)

ω
(SW)
k = ω0 +

∂ω

∂k
(k− k0)+

∂ω

∂B
(B−B0) (B.2b)

We will perform a change in variables from k and B to k0 +∆k and B0 +∆B. We also

convert ∂ω/∂k to the group velocities for each wave, respectively. Lastly, the ∂ω
/

∂B is

treated as a constant called the effective gyromagnetic ratio. Depending on the initial

starter field one might choose this effective gyromagnetic ratio simply states how how the
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angular frequency changes with a change in the magnetic field. The two Taylor expanded

dispersion relations then transform to

ω
(SAW)
k0+∆k = ω0 + v(SAW)

∆k (B.3a)

ω
(SW)
k0+∆k = ω0 + v(SW)

∆k+ γeff∆B (B.3b)

Before substituting (B.3) back into (B.1), we must transform the inverse Fourier

transform we are applying to our k-space equations. The reason for this is because of our

change in variables, i.e. k → ∆k. The normal inverse Fourier transform [77] is

f (x, t) = eiω0t
∫

fk(t)e
ikx dk

2π
(B.4)

However, for our change of basis from k → k0 +∆k we have the inverse Fourier transform

as

f∼(x, t) = eik0x
∫

fk0+∆k(t)e
i∆kx d∆k

2π
(B.5a)

f (x, t) = ei(ω0t−k0x) f∼(x, t) (B.5b)

which is a two step process to obtain the proper function f (x, t) for a real space system.

We perform our derivation this way so our result reflects a propagating wave packet and

not propagating oscillations of a wave in real space. The math is also simplified working

with both derivatives and integrals for two different variables for time and space.

We now take our dispersion relations (B.3) and substitute them into (B.1). Then

with noted notation the following system becomes

d
dt

Ak0+∆k(t) =−iω0Ak0+∆k(t)− iv(SAW)
∆kAk0+∆k(t)− ig0Sk0+∆k(t) (B.6a)

d
dt

Sk0+∆k(t) =−iω0Sk0+∆k(t)− iv(SW)
∆kSk0+∆k(t)− ig0Ak0+∆k(t)− iγeff∆BSk0+∆k(t)

(B.6b)
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Since both formulas in (B.6) need to be transformed via the same method, we will only

show the mathematically process for one expression. We will show how (B.6b) is

inversely Fourier transformed step-by-step, since this expression has the extra term with

γeff∆B for S.

Starting simply with the left hand side, we apply the inverse Fourier transform

defined by (B.5a). The left hand side of (B.6b) becomes

eik0x
∫ d

dt
Sk0+∆k(t)e

i∆kx d∆k
2π

(B.7)

We then pull out the derivative, because the wave amplitude S here is only time dependent.

Notice now S is transformed via the first step in the two step process from (B.5). We

rewrite our time derivative wave amplitude as

∂

∂ t
S∼(x, t) (B.8)

The left hand side of (B.6b) is done for the first step of transformation. Please note, for

repetition reasons and obvious dependence in the final result, we will suppress the (x, t)

variables next to the wave amplitudes to avoid confusion within the long expressions

written below.

Now we inverse Fourier transform the much tricker right hand side of (B.6b) with

(B.5a). Our terms are placed inside the integral as

eik0x
∫ [

− iω0Sk0+∆k(t)− iv(SW)
∆kSk0+∆k(t)

− ig0Ak0+∆k(t)− iγeff∆BSk0+∆k(t)
]
ei∆kx d∆k

2π

(B.9)

Distribute the integral to each term and pull out constants for the first, third, and forth

terms. The second term, with v(SW)∆kSk0+∆k(t), is where a math trick will be applied.

Rewriting (B.9) with into a more simplified form gives

−iω0S∼− v(SW)eik0x
∫

Sk0+∆k(t)i∆kei∆kx d∆k
2π

− ig0A∼− iγeff∆BS∼ (B.10)
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where we have transformed most of the wave amplitudes by the first step in (B.5a). The

second term still having an integral has had its variables moved around in a way to help

see the procedure. The term i∆kei∆kx is the derivative of the exponential with respect to x.

Rewriting the open integral with this derivative term inside we have

−iω0S∼− v(SW)eik0x
∫

Sk0+∆k(t)

[
d
dx

ei∆kx

]
d∆k
2π

− ig0A∼− iγeff∆BS∼ (B.11)

We can bring the derivative operator outside the integral, but not in front of the

exponential with dependent on x. The integral is not reduced to S∼ just yet, because we

need the exponential ei∆kx next to the integral to be equal to (B.5a). Our new expression

for the right hand side of (B.6b) is

−iω0S∼− v(SW)eik0x d
dx

∫
Sk0+∆k(t)e

i∆kx d∆k
2π

− ig0A∼− iγeff∆BS∼ (B.12)

At this point we perform a sneaky double derivative trick by adding two of the same

integrals with different signs into (B.12). This way the system is conserved and we have

more variables to play around which will help eliminate terms. Our new expression is

−iω0S∼− v(SW)

[
ik0eik0x

∫
Sk0+∆k(t)e

i∆kx d∆k
2π

− ik0eik0x
∫

Sk0+∆k(t)e
i∆kx d∆k

2π

+eik0x d
dx

∫
Sk0+∆k(t)e

i∆kx d∆k
2π

]
− ig0A∼− iγeff∆BS∼

(B.13)

Looking closely at the first and third integrals within the brackets above, the terms out

front, thinking backwards, function following the double derivative rule. Rewriting (B.13)

to show these derivatives produces

−iω0S∼− v(SW)

[
d
dx

(
eik0x

)∫
Sk0+∆k(t)e

i∆kx d∆k
2π

+ eik0x d
dx

(∫
Sk0+∆k(t)e

i∆kx d∆k
2π

)

−ik0eik0x
∫

Sk0+∆k(t)e
i∆kx d∆k

2π

]
− ig0A∼− iγeff∆BS∼

(B.14)
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Working backwards from the derivative chain rule for two functions, we reduce our

number of integrals to two as one can see below.

−iω0S∼− v(SW)

[
− ik0eik0x

∫
Sk0+∆k(t)e

i∆kx d∆k
2π

+
d
dx

(
eik0x

∫
Sk0+∆k(t)e

i∆kx d∆k
2π

)]

− ig0A∼− iγeff∆BS∼

(B.15)

The integrals containing S now match (B.5a), so we can reduce S → S∼ and distribute the

v(SW) to each term.

−iω0S∼+ v(SW)ik0S∼− v(SW) ∂

∂x
S∼− ig0A∼− iγeff∆BS∼ (B.16)

For the linear system we described in (B.3) the velocity, or slope, v(SW) multiplied by a

specific wavevector k0 will give a specific angular frequency ω0. With the two front terms

being the same, but opposite in sign they will cancel leaving us with

−v(SW) ∂

∂x
S∼− ig0A∼− iγeff∆BS∼ (B.17)

for the right hand side of (B.6b). The full differential equation in (B.6b) is now complete

with the first step of the inverse Fourier transform following from (B.5a). The exact same

method is applied to (B.6a) and we have the coupled system as

∂

∂ t
A∼ =−v(SAW) ∂

∂x
A∼− ig0S∼ (B.18a)

∂

∂ t
S∼ =−v(SW) ∂

∂x
S∼− ig0A∼− iγeff∆BS∼ (B.18b)

Step one is complete following (B.5a). The next step (B.5b) is how we obtain the

formal inverse Fourier transform, defined in (B.4). To prove the inverse transform was

done correctly on our coupled system of wave amplitudes, we multiply both sides of

(B.18) by ei(ω0t−k0x) from the left side. Again, the same process is applied to both

expression in (B.18), so we will show the steps only for one; (B.18b) with the extra term.
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Starting with the simpler left hand side of (B.18b) we have

eiω0t−ik0x ∂

∂ t
S∼ (B.19)

We will open up S∼ into its integral form and cut the exponential out front into two

components: eiω0t , e−ik0x. The second exponential component will be moved into the

partial derivative term giving us

eiω0t d
dt

e−ik0xeik0x
∫

Sk0+∆k(t)e
i∆kx d∆k

2π
(B.20)

The exponentials will cancel, and we will perform the same double derivative trick again

by adding more integrals. Our new expression for the left hand side of (B.18b) becomes

iω0eiω0t
∫

Sk0+∆k(t)e
i∆kx d∆k

2π

−iω0eiω0t
∫

Sk0+∆k(t)e
i∆kx d∆k

2π
+ eiω0t d

dt

∫
Sk0+∆k(t)e

i∆kx d∆k
2π

(B.21)

The first and third terms, will be worked backwards again, from the derivative chain rule

for two functions. The second term, with different variables, is the formal inverse Fourier

transform and the integral can be reduced to S. The left hand side becomes

d
dt

(
eiω0t)∫ Sk0+∆k(t)e

i∆kx d∆k
2π

− iω0eiω0tS+ eiω0t d
dt

∫
Sk0+∆k(t)e

i∆kx d∆k
2π

(B.22)

Combining the integrals and derivatives into one term, following the chain rules we get

d
dt

(
eiω0t

∫
Sk0+∆k(t)e

i∆kx d∆k
2π

)
− iω0S (B.23)

The term within the parentheses is shown to be the proper inverse Fourier transform, so

we can reduce our expression once again.

∂

∂ t
S− iω0S (B.24)

The left hand side is now complete as a properly inverse transformed system. While we

may have two terms, one will cancel when we work on the right hand side of (B.18b) next.
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For the right hand side of (B.18b), we will start again by splitting the exponential

into two components: eiω0t , e−ik0x. Expand the right two wave amplitudes, with terms g0

and γeff out front, into the integral form from (B.5a).

−v(SW)e−ik0x ∂

∂x
eiω0tS∼− ig0eiω0te−k0xeik0x

∫
Ak0+∆k(t)e

i∆kx d∆k
2π

−iγeff∆Beiω0te−k0xeik0x
∫

Sk0+∆k(t)e
i∆kx d∆k

2π

(B.25)

The exponentials with eik0x and e−ik0x will cancel and a formal inverse Fourier transform

can be seen. The last two terms are then reduced to simply wave amplitudes in a real

space system.

−v(SW)e−ik0x ∂

∂x
eiω0tS∼− ig0A− iγeff∆BS (B.26)

The first term with S∼ is being multiplied by the exponential eiωt . When expand S∼ into

the integral form from (B.5a), we essentially swap the exponentials out front to use the

proper inverse Fourier transform on Sk0+∆k(t). Simply swapping exponentials changes

the definition of the wave amplitude transformation.

−v(SW)e−ik0x ∂

∂x
eik0xS− ig0A− iγeff∆BS (B.27)

At this point we do the same math trick of applying the double derivative trick to by

adding terms that cancel. The v(SW) is pulled out front to see

−v(SW)
[
ik0e−ik0xeik0xS− ik0e−ik0xeik0xS+ e−ik0x

(
∂

∂x
eik0xS

)]
− ig0A− iγeff∆BS

(B.28)

Don’t cancel the exponentials just yet as we need them to work backwards for the two

function derivative chain rule. This time we are using the second and third term within the

brackets. Rewriting the right hand side of (B.18b) with derivative operators gives

−v(SW)
[
ik0e−ik0xeik0xS+

∂

∂x
(e−ik0x)eik0xS+ e−ik0x

(
∂

∂x
eik0xS

)]
− ig0A− iγeff∆BS

(B.29)
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Working backwards with the double derivative rule reduces (B.28) to

−v(SW)
[
ik0e−ik0xeik0xS+

∂

∂x

(
e−ik0xeik0xS

)]
− ig0A− iγeff∆BS (B.30)

Here we now cancel the exponential terms, distribute v(SW), and set (B.24) and the newly

written (B.29) equal to each other.

∂

∂ t
S− iω0S =−v(SW)ik0S− v(SW) ∂

∂x
S− ig0A− iγeff∆BS (B.31)

Using the linear system described in (B.3), again, the terms −iω0S and −v(SW)ik0S will

cancel because ω0 = v(SW)∆k.

With those last terms canceling out from both sides and we have derived (6.3).

This is the same general expression used for the simulations of wave transformations in

Chapter 6. The exact same process is repeated for the acoustic differential equation (B.6a)

to end up with for both waves

∂

∂ t
A =−v(SAW) ∂

∂x
A− ig0S (B.32a)

∂

∂ t
S =−v(SW) ∂

∂x
S− ig0A− iγeff∆BS (B.32b)

coupled partial differential equations.

B.2 Monochromatic Condition of coupled Partial Differential Equations

Starting from (B.32), with the complex wave amplitudes as A(x, t) and S(x, t) for

the real system of differential equations, reflection and transmission coefficients are

obtained via monochromatic conditions. The monochromatic condition means that in all

of time and space, a wave is fixed to a certain frequency making the complex wave

amplitude vary in an environment accordingly to spatial parameters. This changes our
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wave amplitudes for A and S to a simplified version whereA(x, t)

S(x, t)

= e−iω0t+ik0x

A(x)

S(x)

 (B.33)

Plug (B.33) into (B.32) noting dependence now only on x for the wave amplitudes. The

partial derivative ∂/∂ t becomes −iω , and the exponentials cancel on both sides.

−iω0A(x) =−v(SAW)
[

ik0A(x)+
dA
dx

]
− ig0S(x) (B.34a)

−iω0S(x) =−v(SW)
[

ik0S(x)+
dS
dx

]
− ig0A(x)− iγeff∆B(x)S(x) (B.34b)

Distributing the wave velocities among the terms in the brackets, the −iω terms in

(B.34) will cancel. This happens because we have the same linear relation ω = vk for both

acoustic and spin waves.

0 =−v(SAW) dA
dx

− ig0S(x) (B.35a)

0 =−v(SW) dS
dx

− ig0A(x)− iγeff∆B(x)S(x) (B.35b)

From (B.35) move the derivative terms to the left hand side and divide the top expression

by v(SAW) , the bottom expression by v(SW). Rewrite these new expressions in matrix

format as

d
dx

A(x)

S(x)

=

 0 −ig0
v(SAW)

−ig0
v(SW)

−iγeff∆B(x)
v(SW)

 ·

A(x)

S(x)

 (B.36)

This expression shows how the reflection and transmission coefficients behavior

for SAW and SW in an inhomogeneous magnetic medium. Notice the only spatial

parameter creating the environment for the waves comes from ∆B(x), so only magnetism

affects the wave amplitudes. However, this is for monochromatic conditions with a fixed

frequency ω0 where the waves couple. Meaning the waves will always couple in this

system at some point in space. To see how the waves behavior in this inhomogeneous
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magnetic medium for different frequencies, terms must be added that shift the frequency

away from the coupling point.

From the diagonal elements of the matrix a more complete theoretical work is

derived. The bottom right element says that γeff∆B(x) is the frequency that offsets

coupling via the magnetic field changing in space. We expand on this idea adding terms

for two components of this matrix in (B.36). The 0 in the top left element says this is the

frequency ω0 of the ME crossing point. To excite either a SAW or a SW at a higher or

lower frequency we input the term i(ω −ω0)/v into the (B.36) matrix for diagonal

components top-left and bottom-right. This shifts the waves frequency so we are not

always at the coupling point (k0,ω0), unless the free angular frequency ω = ω0. Our new

system in the matrix is

d
dx

A(x)

S(x)

=

 i(ω−ω0)
v(SAW)

−ig0
v(SAW)

−ig0
v(SW)

i(ω−ω0)−iγeff∆B(x)
v(SW)

 ·

A(x)

S(x)

 (B.37)

This is the same expression as the one used in Chapter 6, (6.7). This is the system where

we use the Magnus Expansion from [239], [240] to obtain the reflection results in

discussed in Chapter 6.
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CODE
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All numerical calculations, creation of plots, and simulations were done in

Mathematica. Important to note contributing work from Cody Trevillian. Cody created

two programs used for his work with [19]. They come from [61], [237], [239], [240] as

sources to create programs for finding SW profiles and dispersions, and numerically

solving the Magnus Expansion. They will be referred to as "codySW" and "codyMagnus"

when used in my programs.

Within the code presented there are a number of symbols representing different

variables used to find the final result. Most are self explanatory, but for clarity and to help

keep track of units, any unit names typed out, Joules, Hertz, Tesla, meters, etc., are all

equal to 1. This excludes prefixes where; Giga, Mega, micro, nano, etc., represent the

corresponding numbers 109, 106, 10−6, 10−9, respectively. Below is a list of the

remaining symbols and their meaning.

Symbol Description

k wavevector magnitude

φ in-plane magnetization angle

θ out-of-plane magnetization angle

mat material parameter

L YIG film thickness

heff magnitude of static magnetization

npts number of points used for numerical analysis

SWmodes number of Spin Wave modes in spectrum

n integer number

klow lowest wavevector number in spectrum

khigh largest wavevector number in spectrum

Ymat numerical constant for elastic system, see (3.38)
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L thickness of GGG substrate

λ , µ Lamé constants

Norm normalization for the waves vector profile

Damp damping rate for a wave

col the column component or subscript for a matrix element

AWP, SWP Acoustic/Spin wave packet

DelHx inhomogeneous magnetic field

ExcitedFreq, initial frequency of initial wave

ko wavevector at crossing point between acoustic and spin

wave dispersion relations

CR coupling rate

GammaEff γeff constant, see (6.2) and (6.3)

AccuracyPoints limiter on numerical method solving partial differential

equations

Table C.1: Symbols used for variables in calculations of theoretical results

SpinWaveProfile[k_, φ_, θ_, mat_, L_, heff_, specificMode_, npts_,

SWmodes_ ]:= (

Φ = Table[Cos[ (n π)/L (ξ + L/2)], { n, Range[0, SWmodes - 1] } ,

{ ξ, Range[-L/2, L/2, L/npts]} ];

cn = codySW[k , φ, θ, mat, L, heff, SWmodes];

Transpose[{ cn[[2]][[specificMode]][[;; ;; 2]] . Φ,

cn[[2]][[specificMode]][[2 ;; ;; 2]].Φ, Range[-L/2, L/2, L/npts] } ]

)
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FindSurfaceSpinWave[ k_, φ_, θ_, mat_, L_, heff_, SWmodes_] := (

TakeLargest[ Abs[Table[

codySW[k, φ, θ, mat, L, heff, SWmodes][[2, mode, 2]],

{ mode, 1, SWmodes} ]] → "Index", 3] )

rotateSpinWaveProfile[k_, φ_, θ_, mat_, L_, heff_, specificMode_,

npts_, SWmodes_] := (

SWP = SpinWaveProfile[k, φ, θ, mat, L, heff, specificMode, npts,

SWmodes];

sx = SWP[[All, 1]];

sy = SWP[[All, 2]];

zdepth = SWP[[All, 3]];

SWPzdepth = Table[{ sx[[n]] { 0, 0, 1 } +

sy[[n]] {-Sin[φ], -Cos[φ], 0} }, { n, Range[1, npts]} ] [All, 1]];

RotatedSWP = {

Interpolation[Reverse[{ Abs[zdepth[[# ]] - L/2], SWPzdepth[[# , 1]] }

& / @ Range[1, npts]]] ,

Interpolation[Reverse[{ Abs[zdepth[[# ]] - L/2], SWPzdepth[[# , 2]] }

& / @ Range[1, npts]]] ,

Interpolation[ Reverse[{ Abs[zdepth[[# ]] - L/2], SWPzdepth[[# , 3]] }

& / @ Range[1, npts]]] } [[1, All, 1]] )
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FindkpointbetweenSAWandAllSWmodes[klow_, khigh_, npts_, φ_, θ_,

mat_, L_, heff_, SWmodes_, Ymat_, µ_, ρ_] := (

krange = Range[klow, khigh, (khigh - klow)/ npts];

SAWfreq[k_] := 1/(2 Pi) Sqrt[Ymat(λ+2µ)/ρ] k;

SWfreq = codySW[# , φ, θ, mat, L, heff, SWmodes] & /@ krange;

transposeSWfreq = Transpose[SWfreq[[All, 1]]];

Quiet[Table[{ k /. FindRoot[ { Interpolation[ Transpose[ { krange,

Re[transposeSWfreq[[mode]] ] } ] ] [k] == SAWfreq[k] } , { k, klow,

khigh }, WorkingPrecision → 5], mode } , { mode, 1, SWmodes} ]] )

CouplingSAWtoSWmodes[k_, φ_, θ_, mat_, L_, heff_, npts_, SWmodes_,

ρ_, L_, λ_, µ_, Ymat_, specificMode_] := (

rVector[x_, y_, z_] := { x, y, z } ;

kvector = { k , 0.0, 0.0 } ;

ωSAW = k Sqrt[Ymat(λ+2µ)/ρ];

ε = µ/(λ+2µ)];

SAWvector[z_, k, Y = Ymat] := { (1-Yε/2)/(k Sqrt[1-Yε]) Exp[-kz

Sqrt[1-Yε] ] -1/(k Sqrt[1-Y] ) Exp[-kz Sqrt[1-Y] ] , 0,

-i/k ( (1-Yε/2)/(1-Yε) ) Exp[-kz Sqrt[1-Yε] ] - Exp[-kz Sqrt[1-Y] ] }

SWvector = rotateSpinWaveProfile[k, φ, θ, mat, L, heff,

specificMode, npts, SWmodes];

m0 = { Cos[φ], Sin[-φ], 0 };

{ bms1 = 0.35 Mega Joule /meter3 , bms2 = 0.7 Mega Joule /meter3 } ;

(*magnetostriction tensor fixed for YIG*)
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bmstensor = Table[bms1 KroneckerDelta[α, β] KroneckerDelta[α,γ]

KroneckerDelta[α, ζ] + bms2 Abs[KroneckerDelta[α, γ]

KroneckerDelta[β, ζ] - KroneckerDelta[α, ζ] KroneckerDelta[β, γ] ],

{ α, { 1, 2, 3}} , { β, { 1, 2, 3}} , { γ, {1, 2, 3}} ,

{ ζ, { 1, 2, 3}} ];

NormSW = i 1750 G /( 2 Pi 28 (Giga Hertz/Tesla) ) 103/(4 Pi)

Tesla/(1 G) NIntegrate[ Dot[Conjugate[ { SWvector[[1]][z],

SWvector[[2]][z], SWvector[[3]][z] } ], Cross[m0, { SWvector[[1]][z],

SWvector[[2]][z], SWvector[[3]][z] } ]], { z, 0, L} ];

NormSAW = 2 ωSAW ρ NIntegrate[ Dot[Conjugate[ SAWvector[z, k, Y =

Ymat]], SAWvector[z, k, Y = Ymat] ], { z, 0, L] } ];

2 /Sqrt[NormSW NormSAW] ∑
3
ζ=1 ∑

3
γ=1 ∑

3
β=1 ∑

3
α=1 NIntegrate[

bmstensor[[ α, β, γ, ζ]] m0[[γ]] (

D[ SAWvector[z, k, Y = Ymat][[α]], rVector[x, y, z][[β]] ] + i

kvector[[β]] SAWvector[z, k, Y = Ymat][[α]] )

Conjugate[SWvector[[ζ][z]], { z, 0, L} , MinRecursion → 0,

AccuracyGoal → 10] )

CoupledDAMPEDPlotProgram[klow_, khigh_, φ_, θ_, mat_, L_, heff_,

npts_, SWmodes_, ρ_, L_, λ_, µ_, Ymat_, η_] := (

krange = Range[klow, khigh, (khigh - klow)/npts];

SAWfreq[k_] := 1/(2 Pi) Sqrt[Ymat(λ+2µ)/ρ] k;

SWfreq = codySW[# , φ, θ, mat, L , heff, SWmodes] & /@ krange];

transposedSWfreq = Transpose[ SWfreq[[All, 1]] ];
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SWmodeFunctionList = Table[ Interpolation[ Transpose[{ krange,

Re[transposedSWfreq[[mode]]] } ]], { mode, 1, SWmodes} ];

kintersectionList = Quiet[ Table[ { kintersection /.FindRoot[{

SWmodeFunctionList[[mode]][kintersection] == SAWfreq[kintersection] }

, { kintersection, klow, khigh } , WorkingPrecision -> 5], mode } ,

{mode, 1, SWmodes } ]];

CouplingRateList = CouplingSAWtoSWmodes[ kintersectionList[[# , 1]],

φ, θ, mat, L, heff, npts, SWmodes, ρ, L, λ, µ, Ymat, # ] & /@

Range[1, SWmodes];

DampAW = η;

SWvector = Table[ rotateSpinWaveProfile[

kintersectionList[[mode, 1]], φ, θ, mat, L, heff, specificMode, npts,

SWmodes], { mode, 1, SWmodes} ];

NormSW = Table[i 1750 G/(2 Pi 28 (Giga Hertz)/Tesla ) 103/(4 Pi)

Tesla/(1 G) NIntegrate[Dot[Conjugate[{ SWvector[[mode, 1]][z],

SWvector[[mode, 2]][z], SWvector[[mode, 3]][z] } ], Cross[ { Cos[φ]],

Sin[-φ]], 0 } , { SWvector[[mode, 1]][z], SWvector[[mode, 2]][z],

SWvector[[mode, 3]][z] } ]], {z, 0, L} ], { mode, 1, SWmodes} ];

DampSW = Table[( (*Gilbert Damping factor →*) 9 10−5 (*ωn term in

matrixfunction calculation*) ) / NormSW[[mode]] 1750 G/ (2 Pi 28 (Giga

Hertz)/Tesla ) 103/(4 Pi) Tesla/(1 G) NIntegrate[

Abs[SWvector[[mode, 1]][z]]2 + Abs[SWvector[[mode, 2]][z]]2 +

Abs[SWvector[[mode, 3]][z]]2, { z, 0, L} ], {mode, 1, SWmodes} ];

matrixfunction[k_] := Quiet[Table[(2 Pi SWmodeFunctionList[[mode]][k]

(1 -(*impurity factor→*) 10 i DampSW[[mode]])) (KroneckerDelta[mode,

col] - KroneckerDelta[mode, col] KroneckerDelta[mode,SWmodes + 1]) +
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(2 Pi SAWfreq[k] - i DampAW) (KroneckerDelta[mode, SWmodes + 1]

KroneckerDelta[mode, col]) + ( Conjugate[ CouplingRateList[[col]] ]

KroneckerDelta[mode, SWmodes + 1] + CouplingRateList[[mode]]

KroneckerDelta[SWmodes + 1, col] - CouplingRateList[[col]]

KroneckerDelta[SWmodes + 1, col] KroneckerDelta[mode, SWmodes + 1] -

Conjugate[CouplingRateList[[col]]] KroneckerDelta[SWmodes + 1, col]

KroneckerDelta[mode, SWmodes + 1]), { mode, 1, SWmodes + 1} ,

{ col, 1, SWmodes + 1} ]];

ωCoupledSpectrum[k_] := Table[

Eigenvalues[matrixfunction[k]][[mode]], { mode, 1, SWmodes + 1} ];

ωPlotValues = With[{ k = krange[[# ]] }, ωCoupledSpectrum[k]] & /@

Range[1, npts + 1];

Table[{ krange[[n]], ωPlotValues[[aa]]} , { n, 1, npts + 1} ] )

BVSWgroupVelocity[k_, klow_, khigh_, npts_, φ_, θ_, mat_, L_, heff_,

SWmodes_] := (

krange = Range[klow, khigh, (khigh - klow)/npts];

SWfreq = codySW[# , φ , θ, mat, L, heff, SWmodes] & /@ krange];

transposeSWfreq = Re[ Transpose[ SWfreq[[All, 1]] ] ];

BVSWdispersionRelation = Interpolation[ Transpose[{ krange,

transposeSWfreq[[1]] } ]];

(2 Pi)* BVSWdispersionRelation’[k] )
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WaveConversionSimulation[XleftBound_, XrightBound_, TimeRange_, AWP_,

SWP_, DelHx_, ExcitedFreq_, SAWspeed_, ko_, CR_, BVSWspeed_,

GammaEff_, heff_, AccuracyPoints_] := (

PDE1 = D[S[t, x], t] == -BVSWspeed D[S[t, x], x] - i (

(ExcitedFreq - ko SAWspeed) + GammaEff ( 103 /(4 Pi Oe) DelHx ) )

S[t, x] - i CR A[t, x];

PDE2 = D[A[t, x], t] == -SAWspeed D[A[t, x], x] - i CR S[t, x];

BoundaryConditions = A[t, XleftBound] == 0, S[t, XrightBound] == 0;

InitialConditions = { A[0, x] == AWP[0, x], S[0, x] == SWP[0, x]} ;

ppR = AccuracyPoints;(*for better result, increase this number.

Beware, more RAM and CPU time*);

NDSolveValue[{ PDE1, PDE2, BoundaryConditions, InitialConditions} ,

{ S, A} , { t, 0, TimeRange} , { x, XleftBound, XrightBound },

MaxSteps → 106, Method → { "PDEDiscretization" → { "MethodOfLines",

"SpatialDiscretization" → { "TensorProductGrid", "MinPoints" → ppR,

"MaxPoints" → ppR } } } ] )

ContinuousPULSESimulation4DAMPING[XleftBound_, XrightBound_,

SpaceStepSize_, ω_, DelHx_, kfilm_, φ_, θ_, mat_, L_, heff_,

SWmodes_, SAWspeed_, BVSWspeed_, CR_, DampSW_, DampAW_] := (

DelWx[x_] := SAWspeed/(SAWspeed - BVSWfilmvel) GammaEff

103 /(4 Pi Oe) DelHx[x] ;

ContinuousMatrixM[x_] := ( { { i/SAWspeed (ω - ko SAWspeed) +

DampAW/SAWspeed, -i CR/SAWspeed} , { -i CR/BVSWspeed, i/BVSWspeed (

(ω - ko SAWspeed) - DelWx[x] ) + DampSW/BVSWspeed } } );
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InfiniteMatrix = ( { { i/SAWspeed (ω - ko SAWspeed) + DampAW/

SAWspeed, (-i CR)/SAWspeed} , { (-i CR)/BVSWspeed, i/BVSWspeed

(ω - ko SAWspeed) + DampSW/BVSWspeed } } );

PHIofMagnusMatrix = Reverse[ codyMagnus [ContinuousMatrixM, {

XleftBound, XrightBound, SpaceStepSize } , Method → "Magnus6"] // N];

(*Transforming System*)

AcousticVectors = Eigenvectors[InfiniteMatrix][[2]];

SpinVectors = Eigenvectors[InfiniteMatrix][[1]];

NormPowerAcoustic = SAWspeed Abs[AcousticVectors[[1]]]2 + BVSWspeed

Abs[AcousticVectors[[2]]]2;

NormPowerSpinWave = SAWspeed Abs[SpinVectors[[1]]]2 + BVSWspeed

Abs[SpinVectors[[2]]]2;

NormPowerAcoustic = 1/Sqrt[NormPowerAcoustic];

NormPowerSpin = 1/Sqrt[-NormPowerSpinWave];

AcousticEigenValues = NormPowerAcoustic AcousticVectors;

SpinEigenValues = NormPowerSpin SpinVectors;

TransformedMatrixQ = Transpose[{ AcousticEigenValues,

SpinEigenValues} ];

TransformedInverseQ = Inverse[TransformedMatrixQ];

NewNormPHIsystem = Table[TransformededInverseQ .

PHIofMagnusMatrix[[n]] . TransformededMatrixQ, { n, 1,

Length[PHIofMagnusMatrix]} ];

(*Finding the travel distance of waves and the points of Reflection,

Power of SAW initially, and final Power of BVSW *)

SpaceRegion = Range[XleftBound, XrightBound, SpaceStepSize];
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SWpower = Table[Abs[( NewNormPHIsystem[[power]].{1, 0} )[[2]] ]2,

{ power, 1, Length[SpaceRegion] } ];

ReflectionPoint = TakeLargest[SWpower → "Index", 1] [[1]];

travelingDistance = Abs[SpaceRegion[[1]] ] -

Abs[SpaceRegion[[ReflectionPoint]] ];

EffDampAW = Eigenvalues[InfiniteMatrix] [[2]];

EffDampSW = Eigenvalues[InfiniteMatrix] [[1]];

If[Re[EffDampAW] > 0,

(*If True then this entry happens*)

{EffDampAW = Eigenvalues[InfiniteMatrix ][[2]],

EffDampSW = Eigenvalues[InfiniteMatrix ][[1]] } ,

(*If False then this entry happens*)

{ EffDampAW = Eigenvalues[InfiniteMatrix ][[1]],

EffDampSW = Eigenvalues[InfiniteMatrix ][[2]]} ];

StartPower = Log[(Abs[NewNormPHIsystem[[1]] . {1, 0} ]2)[[1]]

Exp[-2 Re[EffAWdamp] travelingDistance ]];

AWendPower = Log[( Abs[ NewNormPHIsystem[[Length[SpaceRegion]]] .

{1, 0} ]2)[[1]] Exp[2 Re[EffDampAW] ( XrightBound -

SpaceRegion[[ReflectionPoint]] ) ]];

SWendPower = Log[ (Abs[NewNormPHIsystem[[1]] . {1, 0} ]2)[[2]]

Exp[-2 Re[EffDampSW] travelingDistance ]];

(*Reflection Coefficient=*) {SWendPower/StartPower,

(*Transmission Coefficient=*) AWendPower/StartPower} )
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