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ABSTRACT

Towards Uncertainty Quantification of Advanced Neural Networks

Sudeep Dhananjay Chavare

Adviser: Dr. Zissimos P. Mourelatos, PhD.

Machine learning has witnessed widespread adoption across various domains,
bringing about transformative changes in decision-making, trend prediction, task
automation, and personalized experiences. Despite the remarkable predictive capabilities
of machine learning models, the associated uncertainty in their predictions remains a
critical concern. Uncertainty estimation plays a pivotal role in ensuring robust decision-
making, going beyond mere outcome prediction to quantify the model's confidence and
potential error. This research first presents a review of existing uncertainty quantification
techniques in machine learning, including Monte Carlo dropout and ensemble methods,
highlighting their advantages in addressing uncertainty as well as their limitations. The
dissertation is centered on advancing methods for model uncertainty quantification (UQ)
in machine learning. In particular, two novel approaches are proposed to address critical

gaps in the existing body of work.



The first method operates within the framework of Neural Network Ensembles,
wherein multiple neural networks are trained using identical hyperparameters, with
variations introduced through different subsets of the training data. Ensemble predictions
are subsequently generated, and a novel adaptive Gaussian Process Regression (GPR)
model is developed to estimate the associated uncertainty bounds. The adaptive GPR model
offers accurate and efficient estimation of uncertainty, making it highly suitable for real-
time applications involving either scalar outputs or time-series data. Through this
development, the dissertation aims to contribute practical and computationally viable
solutions to the field of uncertainty quantification, enhancing the reliability of decision-
making in complex and dynamic environments.

The second method, while also based on Neural Network Ensembles, is
fundamentally different in its objective. After training an ensemble of neural networks, a
“Most Probable Model” is constructed to provide a fast and accurate estimation of the
mean prediction. Unlike the first method, this approach does not quantify prediction
uncertainty or provide confidence bounds. Instead, it offers a significant reduction in
computational overhead associated with ensemble averaging, making it particularly
advantageous in scenarios where rapid mean prediction is critical. In specific problem
domains—further elaborated in subsequent chapters—this method may represent a
practical alternative when full uncertainty quantification is either infeasible or
unnecessary.

Both methods proposed in this work are highly dependent on the accuracy and
coverage of the ensemble models. If the ensemble does not capture the ground truth,

these methods become ineffective. To mitigate this limitation, an autoencoder-based
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“Trust Index” is introduced to flag out-of-distribution inputs, providing a warning when
the input data fall outside the range of the training set.

All the aforementioned methods require training multiple models to form an
ensemble of predictions, which can be computationally expensive and time-consuming.
To address this limitation, a novel approach based on Conditional Variational
Autoencoders (CVAEs) is proposed, wherein synthetic data are generated to emulate the
ensemble predictions. This strategy effectively reduces the number of models that need to
be trained while maintaining comparable predictive diversity and accuracy.

Collectively, these contributions aim to advance the current capabilities in
machine learning by introducing accurate uncertainty estimation methods alongside
efficient mean prediction strategies, offering both theoretical insights and practical

benefits for real-world applications.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Background

Machine Learning (ML) is a branch of artificial intelligence as it can be seen from
Figure 1.1 that equips computers to learn patterns from data and make decisions without
explicit programming. It encompasses three main types: supervised learning,
unsupervised learning, and reinforcement learning. Supervised learning involves training
models on labeled data, while unsupervised learning discovers patterns in unlabeled data.
Reinforcement learning trains models to make decisions through rewards and

punishments.

Figure 1.1 ML as a branch of Al

Machine Learning (ML) has been utilized for over three decades, with response

surface models for example, employing techniques such as Kriging and radial basis



functions, successfully applied in various optimization problems. The emergence of
relatively new methodologies, such as Deep Neural Networks (DNN), Long Short-Term
Memory (LSTM), and random forests, among others, has significantly expanded its
utilization, finding applications in fields such as image and pattern recognition, which
would have seemed unrealistic three decades ago. Particularly in Computer-Aided
Engineering (CAE), ML has found novel applications, notably using Physics-Informed
Neural Networks (PiNN) [1]. In the automotive industry, CAE tools are extensively used
in numerous applications, notably in predicting crash performance by simulating finite
element models of vehicles in crash events. Although these CAE simulations are time-
consuming, often requiring 24 to 48 hours depending on available computing resources,
they remain significantly more efficient in terms of cost and time compared to actual
vehicle crash tests. Machine learning has introduced tools that can generate crash
simulation animations in minutes without executing actual CAE simulations of real
vehicle crash tests [2]. A sample example of crash animation prediction by a commercial
ML tool Altair Physics Al along with its comparison with CAE simulation result can be

seen from Figure 1.2.



Prediction

Actual

Figure 1.2 Example of machine learning used to predict crash simulation

However, if uncertainty, inherent in ML predictions, is not adequately accounted
for, decisions made based on these predictions may lead to catastrophic consequences
highlighting the importance of uncertainty quantification (UQ). If decisions based on ML
predictions have real-world consequences, such as healthcare, finance, and environmental
science, understanding and quantifying uncertainty becomes important. Without it,
stakeholders may make decisions based on overly confident but potentially flawed
predictions, leading to significant risks and liabilities. Therefore, integrating robust UQ
techniques into ML models is crucial for ensuring the reliability, safety, and ethical
integrity of decision-making processes in today's data-driven world. By quantifying
uncertainty, stakeholders can better assess the reliability of model predictions and make
informed decisions that consider potential risks. Moreover, UQ fosters trust and
transparency in ML systems, enhancing their acceptance and adoption in critical

applications. It also facilitates model improvement by identifying areas of uncertainty



where additional data collection or model refinement may be necessary. Ultimately,
incorporating UQ is essential for mitigating risks, ensuring decision-making confidence,
and advancing the responsible deployment of artificial intelligence (Al) technologies
across diverse sectors.

This proposed research first discusses the aleatory and epistemic uncertainties.
Various techniques have been proposed, among which Gaussian Process Regression
(GPR) stands out for its capability to quantify both aleatory and epistemic uncertainty [3].
GPR is a generalized Bayesian inference, extending from an inference about a finite set
of random variables to the inference of functions, each representing an infinite-
dimensional vector of random variables [4]. This generalized Bayesian inference uses a
joint probability distribution of a random function, in contrast to a joint distribution of a
finite-dimensional random vector. Comprehensive and critical reviews of GPR are
available among others, in Rasmussen [4], Brochu et al. [5], and Shahriari et al. [6]. For a
thorough understanding of GPR, readers are directed to Rasmussen's seminal textbook
[4]. A Gaussian process constitutes a collection of random variables across a defined
domain, where any finite subset of these variables adheres to a joint (multivariate)
Gaussian distribution. Intuitively, the Gaussian process also defines a probability
distribution for an unknown function, composed of infinitely many random variables.
However, standard GPR typically struggles to scale efficiently with large training datasets
due to its training complexity [7].

Bayesian Neural Networks (BNNs) offer a probabilistic framework for
quantifying uncertainty in ML predictions. Unlike traditional neural networks, BNNs

treat model parameters (e.g. NN weights) as random variables, allowing for the



estimation of the entire distribution of plausible parameter values given the observed
data. This is achieved through Bayesian training, where a prior distribution is updated
with training data to obtain a posterior distribution. By capturing uncertainty in parameter
estimates, BNNs inherently provide a measure of predictive uncertainty. However,
methods like Markov Chain Monte Carlo (MCMC) and Variational Inference (VI),
commonly used for approximating the posterior distribution in BNNSs, are
computationally expensive [8—10]. MCMC, while theoretically appealing due to its
asymptotic convergence to the true posterior, can be particularly challenging to
implement efficiently, especially for high-dimensional parameter spaces. VI, on the other
hand, approximates the posterior within a parameterized family of distributions, which
can lead to a loss of fidelity in the representation of uncertainty.

Proposed initially as a regularization technique to mitigate overfitting in DNNs
[11], Monte Carlo (MC) dropout has been demonstrated to approximate the posterior
predictive distribution within a specific Bayesian framework [12]. The connection between
MC dropout and Bayesian inference is elucidated in [12, 13]. An advantage of MC dropout
lies in its simplicity of implementation, requiring minimal modifications, typically
involving the insertion of dropout layers, to an existing DNN setup. Moreover, it is readily
available as a standard component in many programming environments. We provide a brief
overview of MC dropout in Section 2.1 and highlight its advantages and disadvantages in
Section 2.3 using a simple mathematical example.

Ensemble learning, widely recognized for addressing overfitting and bolstering the
generalization of ML models [14], entails training multiple independent models and

amalgamating their predictions [15]. Diversity among models is imperative for



performance enhancement, achievable through randomization methods like bagging and
boosting techniques [16, 17]. In deep learning, neural network ensembles are obtained by
training multiple networks with identical architectures. These ensembles are utilized to
characterize prediction uncertainty [18, 19], demonstrating improved uncertainty for Out-
Of-Distribution (OOD) data [20]. Exploiting this characteristic, they serve in detecting
dataset shifts [20-22], sustaining model robustness in evolving environments.

This research first provides a brief introduction to aleatory and epistemic
uncertainty in Section 2. Subsequently, the MC dropout and Network Ensemble techniques
for quantifying uncertainty in ML models are discussed in Section 3 and a mathematical
example featuring 2 degrees of freedom (DOF), is used to demonstrate their limitations.
Section 4 provides the dissertation objectives. In Section 5, we introduce a novel method
to quantify uncertainty by extending the Network Ensemble approach coupled with
Gaussian Process Regression. Initially, the efficacy of the new approach will be
demonstrated on the same 2-DOF mathematical problem. Subsequently, its effectiveness
is evaluated on a vehicle dynamics problem in Section 6. Sections 7 and 8 provide a brief

description of remaining work and dissertation contributions, respectively.



1.2 Dissertation Objectives

In general, the dissertation objectives are summarized below:

Review and analyze existing techniques for quantifying uncertainty in
machine learning models. Identify the advantages and shortcomings of each
method to gain a comprehensive understanding of the state-of-the-art.
Propose a novel technique that combines the strengths of the network
ensemble and Gaussian Process Regression (GPR) methods while mitigating
their respective disadvantages. This proposed technique aims to leverage the
benefits of both approaches to enhance the accuracy and reliability of
uncertainty quantification in machine learning models.

Develop a UQ method for neural networks using autoencoders. The latter are
a promising nonlinear dimension reduction method which can be suitable for
large-dimension scalar problems and dynamic problems.

Demonstrate all developed UQ methods using representative scalar and

dynamic examples.



CHAPTER 2

WHAT IS UNCERTAINTY

This section discusses what uncertainty is and its types. Figure 2.1 shows an
input-output model. Both the input variables and the model are deterministic. Because the
inputs X are known precisely and the model f(x) is deterministic, the outputs Y are also
deterministic. There is no consideration of randomness or variability in the modeling
process. This approach assumes perfect knowledge of both the system and the operational
environment. An example is the prediction of the deflection of a simply supported beam
using classical beam theory, where the material properties (such as Young’s modulus) and

the applied loads are known exactly without any variability.

— Outputs
Y

Inputs —
X

Figure 2.1 Deterministic inputs with deterministic model

Figure 2.2 shows a case where the input is uncertain, and the model f(x) remains
deterministic. The inputs X are characterized by inherent variability for example and are
typically modeled using probability distributions. Consequently, the outputs Y are

uncertain even though the underlying model is deterministic. An example is the



prediction of the fatigue life of a mechanical component where the loading conditions

vary randomly, but the fatigue life prediction model is deterministic.

— QOutputs

S\

Inputs ——

AR

Figure 2.2 Uncertain inputs and deterministic model

Figure 2.3 addresses model uncertainty. The inputs X are deterministic while the
model f(x) is uncertain due to model form approximations. As a result, even with
deterministic inputs, the outputs Y are uncertain. The research in this dissertation is based
on this case of deterministic input and an uncertain model due to model uncertainty. An
example is the prediction of crash energy absorption of a vehicle structure using a trained
neural network model. While the design parameters (e.g., material properties and
geometry) are known exactly, the model predictions vary due to epistemic uncertainty

stemming from limited training data and modeling assumptions.

— Outputs

Y

Inputs —

Figure 2.3 Deterministic inputs and uncertain model



Finally, the most comprehensive configuration is shown in Figure 2.4 where both
the inputs and the model are uncertain. The outputs Y thus exhibit compounded
variability arising from both the inputs and the model. Addressing both types of
uncertainty simultaneously is an active area of research representing a natural progression
for future work beyond the scope of this dissertation. An example is the prediction of the
aerodynamic performance of a new vehicle design where input conditions such as wind
speed, ambient temperature, and surface roughness are uncertain, while the
Computational Fluid Dynamics (CFD) model used for prediction exhibits model-form

uncertainty due to simplifications and numerical approximations.

f(x) with

—» Outputs

VAMIVAN

Uncertainty

Figure 2.4 Uncertain inputs and model

2.1 Types of Uncertainties

This section summarizes the definitions and origins of aleatory uncertainty and
epistemic uncertainty [23, 24]. Aleatory uncertainty represents inherent variability which
is irreducible [24]. Examples are the natural system noise in sensor measurements [25]

and material variability. In ML, it represents the stochastic nature of inputs, outputs, and

10



their relationship [23]. Aleatory uncertainty is typically integrated into likelihood
functions, rendering ML model predictions probabilistic [25]. This is considered by
various UQ methods such as homoscedastic and heteroscedastic Gaussian Process
Regressions (GPRs) and neural network ensembles. Figure 2.5 shows a schematic
representation of aleatory and epistemic uncertainty.

Unlike epistemic uncertainty which stems from limited knowledge, aleatoric
uncertainty is irreducible, representing the inherent indeterminacy in certain aspects of a
phenomenon. In the context of machine learning, especially in tasks like regression,
aleatoric uncertainty acknowledges the inherent variability in predictions that is beyond
the model’s capacity to precisely account for. This concept is crucial for modeling
complex, dynamic systems where certain elements exhibit natural randomness, such as
financial markets, weather patterns, or biological processes. Understanding aleatoric
uncertainty provides a more realistic perspective, enhancing the adaptability and
reliability of models in diverse and unpredictable real-world scenarios. For instance,
consider an archer aiming for a target. Despite using the same force and aim, two shots
may not be exactly identical due to environmental factors such as wind and humidity.
Aleatoric uncertainty can be further classified into homoscedastic and heteroscedastic
uncertainty. Homoscedastic uncertainty maintains the same distribution regardless of
inputs, while heteroscedastic uncertainty depends on the input and its statistical

properties.

11



Epistemic
Uncertainty
(lack of data)

o @
Aleatory . <—>
Uncertainty Epistemic
Uncertainty (lack
of data)

* Asample function y =sin(x).

Figure 2.5 Types of uncertainties

Epistemic uncertainty in engineering and ML models is due to lack of information
arising from factors such as model simplification, and computational assumptions, among
others. ML models share similar sources of uncertainty as engineering models, including
model-form uncertainty and parameter uncertainty. The former relates to simplification
and approximation procedures in ML model construction, while the latter arises from
model calibration and training processes. Epistemic uncertainty can be reduced through

increased knowledge and additional data [24].
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2.2 Decomposition of Uncertainty

Based on the previous discussion, it is beneficial to decompose the total
uncertainty into its aleatory and epistemic components [2]. Let us consider a simple linear
regression model as

Jx)=f(x;0) =0"x+¢ (2.1)

where € ~ V' (0, a21) is noise represented by a Gaussian distribution with zero mean. I is
the D x D identity matrix. By employing a Bayesian approach, we use a prior distribution
p(0) concerning the model parameters 8 . Subsequently, we deduce a posterior
distribution from a training dataset D denoted as p(0|D). In essence, this involves
constructing a Bayesian linear regression model, allowing us to derive the predictive
distribution of y at a specific input x.

For demonstration purposes, let us consider a two-dimensional model (i.e. D =2)
with a posterior joint distribution p(0|D) = N (ug, L) where g is the mean and X4 is

the covariance matrix

2

o 0y, 0,
I, = 61 POy, 292 2.2)
POy, 00, O,
The predicted y then follows a Gaussian distribution as
p(y'x,D) = ]\f(,ue,agllez + O'QZZXZZ + Zpaglaglexz + 0'2) (23)
The total uncertainty is provided by the predictive variance as
Utorar = Var(y|x, D) = o x{ + 05 x5 + 2pay, 09, %1%, + 0° (2.4)
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The aleatory uncertainty can be measured by the variance of the noise a?; i.e.

ualeatory = 02 (25)

resulting in the following epistemic uncertainty

— — 2 .2 2 .2
uepistemic = Utotal — ualeatory - 0'91)61 + UHZxZ + 2p0_910-92x1x2 (26)

The primary focus of this research is on model uncertainty, which refers to the
variability in model predictions arising from imperfections and limitations within the
model itself. Specifically, the type of uncertainty addressed in this work is epistemic
uncertainty, which stems from incomplete knowledge about the true underlying system or
process being modeled. Unlike aleatory uncertainty, which captures inherent randomness
in the physical world and is irreducible, epistemic uncertainty can, in principle, be
reduced through the acquisition of more information, improved modeling techniques, or
more sophisticated training strategies.

In the context of this research, epistemic uncertainty arises due to variability in
the weights of neural networks. When training neural networks, particularly with
stochastic optimization algorithms such as Adam or stochastic gradient descent (SGD),
there is no guarantee of convergence to a unique global minimum. Rather, factors such as
random initialization, the stochastic nature of the optimization process, and the
availability of limited training data lead to different sets of learned weights across

different training runs.

14



These different weight configurations represent slightly different approximations
of the true underlying function, resulting in variability in the model’s predictions even
when the input remains fixed.

A more detailed discussion of neural networks, their architecture, the role of
weights, and the sources of weight variability will be presented in the next chapter to
provide a stronger foundation for understanding how model uncertainty is captured and

analyzed in this work.
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CHAPTER 3

BASICS OF NEURAL NETWORKS

Neural networks have emerged as a powerful class of models capable of
approximating highly complex and nonlinear relationships between input and output
spaces. They achieve this flexibility through networks of interconnected computational
units — neurons — whose behavior is governed by weights and biases which are learned
parameters. In the context of this research, understanding neural networks is critical
because the weight variability leads directly to model uncertainty, the primary focus of
this dissertation. The weight variability is due to different optimal solutions the gradient-

based training optimization algorithm produces.

3.1 Structure of a Neural Network

A typical feedforward neural network consists of an input layer, one or more
hidden layers, and an output layer as shown in Figure 3.1. Each neuron computes a
weighted sum of its inputs, adds a bias, and applies a nonlinear activation function to
produce its output [47].

Mathematically, the computation performed by a neuron can be expressed as

y =i, wix; +b) (3.1)

where y is the output, x; are the input features, w; are the corresponding weights, b is the

bias, and ¢ (. ) is the activation function. The summation is over all neurons of each layer.
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The weights and biases are learnable parameters that define how the inputs are

transformed to determine the output of the network.

Hidden
Neuron 1

WZ'H

Hidden
Neuron 2

Output

21
W2 Neuron

y —>»

W231

Hidden
Neuron 3

Figure 3.1 Architecture of a typical feedforward neural network

3.2 Activation Functions

The activation functions introduce nonlinearity into neural networks enabling
them to model complex patterns that linear models cannot capture [47]. Common
activation functions include

Sigmoid function: It is a smooth function (Figure 3.2) bounded between 0 and 1. It is

defined as

1
1+e~%2

?(z) = (3.2)
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Hyperbolic tangent (tanh): It is also a smooth function (Figure 3.3), bounded between -1

and 1 and defined as
@(z) = tanh (2) (3.3)

Rectified Linear Unit (ReLU): It is a sparse function (Figure 3.4), efficient for deep

networks, defined as

?(z) = max (0, z) (3.4)

0.5

0
-5 0 S

Figure 3.2 Sigmoid activation function

-5 0 S

X
Figure 3.3 Tanh activation function
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Figure 3.4 Relu activation function

3.3 Training Neural Networks: The Role of Weights and Biases

Training a neural network involves finding optimal values for weights and biases
to minimize a loss function, which measures the error between the network’s predictions
and the true outputs [47]. The training of a neural network involves a series of systematic
operations aimed at optimizing the model parameters to minimize the prediction error. As
Figure 3.5 shows, the process consists of the following key steps.

The training process begins with a random initialization of the model weights and
biases. A non-zero initialization ensures that the network avoids issues such as vanishing
or exploding gradients, thus promoting stable convergence. Subsequently a forward
propagation is performed. In this phase, the input data is passed through the layers of the
network to generate predictions. Each layer applies a linear transformation followed by a
nonlinear activation, allowing the network to model complex functions. A loss function
measures the deviation between the predicted outputs and the true target values. This
scalar loss value reflects the current performance of the model and serves as the objective

to be minimized.
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Using the backpropagation algorithm, the gradient of the loss function is
computed with respect to each trainable parameter in the network. This involves applying
the chain rule of calculus across the network’s computational graph [47]. The gradients
are then used to update the weights via an optimization algorithm such as Stochastic
Gradient Descent (SGD) or Adam [48].

The above steps are repeated iteratively over multiple epochs until the model
converges to a solution with satisfactory generalization capability (small MSE error for
example). Upon completion, the trained weights define the final model, which is used to
make predictions on unseen data.

The typical weight update rule (for SGD) is:

ld oL
Wi(new) = Wi(o ) - 1)6—Wl (35)

where v is the learning rate and L is the loss function.

/

Initialize Weights

\

Forward Propagation

Compute Loss

C D Calculate Gradient

A 4

Update Weights

Figure 3.5 Flowchart of neural network training workflow

Final Model
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3.4 Neural Networks as Function Approximators

Neural networks possess the remarkable ability to approximate complex and
highly nonlinear functions. According to the Universal Approximation Theorem [47], a
feedforward neural network with a single hidden layer containing a finite number of
neurons can approximate any continuous function on a compact subset of R" to arbitrary
accuracy, provided the network has enough neurons and appropriate parameters (weights
and biases). Each neuron in the network performs a basic nonlinear transformation of its
inputs, and by linearly combining the outputs of many neurons, the network can represent
intricate mappings between input and output spaces.

However, the practical ability of a neural network to approximate a given function
depends critically on several factors which are the number of neurons, the choice of
activation functions and the distribution and optimization of weights and biases. An
illustrative example is presented in Figures 3.6-3.9 [51], where a network attempts to
approximate the simple quadratic function y = x? using a varying number of sigmoid

neurons.
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Figure3.7 Approximation of y=x?using linear combination of 10 sigmoid neurons
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Figure 3.8 Approximation of y=x?using linear combination of 100 sigmoid neurons

Figure 3.9 Approximation of y=x?using linear combination of 300 sigmoid neurons

The quality of function approximation thus depends not only on the network
architecture but critically on the specific values of the weights and biases learned during
training. Different training runs, even on the same dataset, may lead to different learned
parameters, resulting in different approximations of the same function. This sensitivity of
the final model to weight variability forms a crucial source of model uncertainty, which is

explored in depth in the subsequent chapters.

23



3.5 Variability in Trained Weights and Model Uncertainty

While neural networks theoretically possess the capacity to approximate complex
functions, their real-world behavior is significantly influenced by the stochastic nature of
the training process. In practice, training a neural network results in variability in the
learned weights, even when the same architecture and dataset are used across different
training runs. This variability arises from several key factors as explained below.

Random Initialization: At the beginning of training, the weights are initialized randomly

[49]. Different initializations place the optimizer at different starting points on the loss
surface.

Stochastic Optimization: Training often relies on mini-batch gradient-based methods

such as stochastic gradient descent (SGD) or Adam [48], which introduce randomness at
every iteration by sampling subsets of the data.

Non-Convex Loss Landscape: The loss surface associated with neural networks is highly

non-convex [49]. It contains multiple local minima, saddle points, and flat regions,
creating a complex topology that guides the optimization path.

As a result of these factors, different training runs may converge to different local
minima, producing distinct final weight configurations. Thus, even with identical inputs,
the resulting neural network models may output slightly or even significantly different
predictions. This phenomenon is a direct source of model uncertainty — specifically,
epistemic uncertainty, which arises from incomplete knowledge of the true best model

configuration [50].
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As shown in Figure 3.10, two different training trajectories, beginning from
different initialization points, will follow different optimization paths and ultimately
settle into distinct local minima on the loss surface. Although both models minimize the
loss function locally, the resulting learned functions — and hence the predictions — are
different.

Unlike aleatory uncertainty, which is irreducible, epistemic uncertainty can
potentially be reduced by improving training methods, increasing the amount of data, or

employing ensemble modeling techniques.

--- Training Model 1
--- Training Model 2

Figure 3.10 A representative 3D visualization of two distant training paths

The inherent variability in the training outcomes emphasizes the importance of
developing systematic methods for quantifying and mitigating model uncertainty, which

forms the central theme of the subsequent chapters in this dissertation. This phenomenon
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also demonstrates that even when identical hyperparameters — such as learning rates,
batch sizes, and optimization algorithms — are used, the trained models can still differ
because of the different sets of weights learned during training. While it is theoretically
possible to avoid random initialization and set the weights deterministically, doing so
would make it even more challenging to determine whether the resulting model
represents a global or merely a local optimum.

Conversely, employing random initialization across multiple training runs
improves the chances of finding a better (or even globally optimal) model. However, it
also results in multiple different models. Consequently, there arises a critical need to
systematically quantify the uncertainty stemming from variability across these multiple
trained models — a need that directly motivates the research developed in this
dissertation.

Having established the fundamental structure, behavior, and training processes of
neural networks, along with the sources and manifestations of model uncertainty, this
chapter has described the key research challenge addressed in this dissertation. The
stochastic nature of training, combined with the non-convexity of the loss landscape,
results in variability across different trained models, even under identical conditions. This
variability leads to epistemic uncertainty in the model outputs — a critical consideration
when deploying neural networks in practical applications. The next chapter focuses on
reviewing the existing techniques developed for estimating model uncertainty in neural

networks, evaluating their capabilities and limitations.
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CHAPTER 4

REVIEW OF EXISTING TECHQNIUES FOR UNCERTAINTY QUANTIFICATION

4.1 Monte Carlo Dropout

The mathematical foundation of MC dropout is covered in [12, 13]. Its
fundamental concept involves randomly setting the weights of a layer, also known as the
"dropout layer," to zero. The frequency of weights being assigned to zero is controlled by
the "dropout rate" within the dropout layer. Dropout is activated during both training and
prediction. During prediction, multiple forward passes are performed, and uncertainty is
estimated by calculating the variance of the predictions. Figure 4.1 shows the MC
dropout architecture highlighting the dropout of random weights during each forward

pass and therefore, its probabilistic nature of predictions.

Forward
Pass 1
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”~ A /\2
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Y2 ]
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Pass M |
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Figure 4.1 MC dropout architecture
The Dropout technique has long been employed in Artificial Neural Networks
(ANNSs) to mitigate overfitting. During training, network nodes, or neurons, are randomly

deactivated, leading to the evaluation and adjustment of different subsets of the network
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architecture with each training step. This process serves as a form of regularization,
consistently resulting in enhanced generalization across various scenarios.

Monte Carlo Dropout takes this randomization approach a step further. Beyond
randomly deactivating network nodes during training, it introduces a similar level of
randomness to the prediction process. Consequently, each time an input value is passed to
the ANN, a random prediction emerges, characterized by a complex probability
distribution. By repeatedly applying the same input to the network, an empirical
distribution over the outputs can be deduced, or parameters for a distribution family such
as the Gaussian (normal) distribution can be estimated. These empirical distributions or
parameter estimates enable the derivation of metrics such as mean values and confidence
measures, expressed in terms of the distributional variance. The expectation is that the
empirical variance will be low in regions abundant with training data, reflecting the
opportunity for all network subsets to learn in these areas. Conversely, in regions devoid
of training data, where network behavior is unpredictable, a high variance among
different network subsets is anticipated. This aligns with the intended behavior for
uncertainty estimation. An algorithmic description of Monte Carlo (MC) Dropout for
uncertainty quantification in neural networks is outlined below.

In the training phase, a neural network is trained using standard procedures while
retaining Dropout layers during training. The network is optimized using an appropriate
probabilistic loss function, with the choice of loss depending on whether the task is a

regression or classification problem.
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During the testing phase, instead of disabling Dropout—as is typically done in
inference—Dropout remains active. Multiple stochastic forward passes are performed for
each test input, enabling the generation of a distribution of predictions rather than a single
deterministic output.

To obtain the expectation-based prediction and uncertainty estimate, different
strategies are applied based on the nature of the task. For regression tasks, the final
prediction is computed as the mean of all the stochastic outputs, and the variance across
these predictions serves as a measure of uncertainty. In the case of classification, the
predicted probabilities for each class are collected across all forward passes. These are
then averaged to obtain a mean class probability distribution, which represents the
model’s expected classification. The dispersion of the class probabilities—often
measured using entropy or mutual information—can be used to estimate classification
uncertainty. In both settings, the uncertainty estimate is derived from the variability
among the predictions. A higher variance indicates lower confidence, thereby quantifying
epistemic uncertainty due to model parameter variability captured through stochastic
Dropout sampling.

This algorithm leverages the dropout layers during training to introduce
stochasticity, and during testing, it utilizes multiple stochastic forward passes to derive
both expectation-based predictions and uncertainty estimates tailored to the specific
nature of the regression or classification task. One of the primary benefits of MC dropout
is its simplicity in implementation. It only necessitates a few alterations into an existing
DNN structure. This is often readily available as a dropout layer in numerous coding

environments. Moreover, its implementation simplicity is independent of the neural
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network architecture, making it easily adaptable for various popular neural network types
such as Convolutional Neural Network (CNN) and Recurrent Neural Network (RNN)
[32, 33].

Another significant benefit of MC dropout is its low computational expense and
high scalability. This is because its training process is essentially the same as the
standard, non-Bayesian training of DNNs, but with randomized sparse networks. This

makes it a cost-effective and scalable for various applications.

4.2 Network Ensemble

In the Network Ensemble approach, multiple neural networks are trained to
predict the same response. These networks are trained with the same or different
hyperparameters resulting in multiple ML models [14, 17]. The uncertainty is estimated,
by calculating the variance of these predictions. Figure 4.2 describes the network

ensemble schematically.
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Yo l“ AN
0 9000
V1~ N (g’ €

Figure 4.2 Network ensemble architecture

30



The network ensemble is a well-established technique to address overfitting.
Rather than training a single network, the approach involves training an ensemble of M
networks [14]. While we anticipate consistent behavior among all networks in regions
abundant with training data, outcomes will diverge significantly in data-scarce areas. To
derive the ultimate prediction, we aggregate the results of all networks into a Gaussian
mixture distribution. Subsequently, we can extract singular mean and variance
estimations from this distribution.

In deep learning, ensembles of neural networks are created by independently
training multiple networks with the same architecture. This approach is easy to
implement and widely used to quantify prediction uncertainty [18, 34]. These ensembles
tend to produce higher uncertainty estimates for Out-Of-Distribution (OOD) data
compared to similar training data, especially when using well-calibrated uncertainty
estimates. This property is exploited to detect dataset shifts, as data from shifted
environments often differ significantly from training data [20,22,35]. Network ensemble
technique can be implemented different ways to capture aleatory and epistemic
uncertainty.

Let’s examine the process of quantifying uncertainty. This is done by individually
training each network within an ensemble (Figure 4.2). The ensemble produces two
outputs: the mean and variance of the output, which are generated in the final output
layer. In this setup, it is common to assume that each network’s predictive distribution

follows a Gaussian distribution. Hence, the final output layer is occasionally referred to

31



as the Gaussian layer. This allows us to characterize the aleatory observational noise
associated with the target values.

The main concept is to customize aleatory uncertainty for each input, making it
dependent on the input itself. The noise in the model can be described as

Vi = f(xp + o) 4.1)

It has been found that a neural network can be trained to learn the mapping from x; to
of(x;). Consequently, a neural network with parameters @ can be trained to predict both
the mean u; = fi(x;; @), and variance 6 = 62 (x;; ©) of the target for each input x;. This
neural network has two outputs, the predicted mean y; and variance ¢/, which fully
characterize a Gaussian predictive distribution. Optimization of parameters 0 can be

achieved by minimizing the following likelihood function

=2 (. T 2
L(e) — Ii\l=1 [lOgU (xbe) + (yl ”(xlre)) ] (4.2)

2 262 (x;0)
Details can be found in [3].

Now let us review the estimation of epistemic uncertainty using an ensemble of
independently trained networks. The method described to quantify aleatory uncertainty
can pose a problem, as Equation (8) yields deterministic values for hyperparameters 0
and cannot capture the uncertainty associated with the hyperparameters themselves. The
issue becomes apparent when dealing with real-world data, as the available data is often
limited, leading to significant epistemic uncertainty. To capture epistemic uncertainty,
multiple models (say M in number) are trained using the same network architecture,

resulting in a different set of parameters @ for each iteration. If each individual neural
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network in the ensemble carries an equal weight, the mean and variance of the ensemble

predicted Gaussian distribution are

a0 =431 1,0 (4.3)

%0 = L3l 6700 + [h st BP0 — P o) (4.4)

In an ensemble of neural networks, both aleatory and epistemic uncertainty can be
measured easily. The aleatory uncertainty, which arises from observation noise, is
reflected in the variance predicted by each individual network. On the other hand, the
epistemic uncertainty, associated with network structure and parameters, is mainly
manifested as the difference in predictions among the individual networks. This
difference characterizes the structural and parametric uncertainty of the neural network.
Training multiple neural networks with the same architecture independently captures
epistemic uncertainty due to the complexity of optimizing a large number of parameters
in a high-dimensional space [36]. Random initialization of parameters and perturbations

in the training data lead to different locally optimal parameter values for each network.

4.3 A Mathematical Example for MC Dropout and Ensemble

To illustrate the application of MC dropout and Network Ensemble techniques,
we use a specific example represented by Equation (4.5). The function’s 3-D
representation is depicted in Figure 4.3 A design of experiment consisting of 100 points is
created using the maxi-mean approach, which aims to maximize the minimum distance

between two designs. This design of experiments can be visualized in Figure 4.4.
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g =3Xx%+sin2m Xx, and x;, x, € [0,1]

Figure 4.3 Graphical representation of mathematical example
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Figure 4.4 DoE of 100 points using maxi-min approach
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In this instance, a neural network is constructed with a total of 7 layers and 50
neurons, utilizing the Rectified Linear Unit (ReLU) as the chosen activation function. To
incorporate Monte Carlo (MC) dropout during the training of a neural model, a distinct
custom layer named “dropout” is formulated (Figure 4.5). This custom layer is essential
to implement the dropout technique not only during the training phase but also

throughout the testing phase. A drop out probability of 0.2 is used for this example.
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Figure 4.5 MC Dropout neural network representation

For the purpose of uncertainty quantification, an unobserved data point, which is
not part of the original DoE, is utilized with a value of (xi, x2) = (0.5, 0.5). We assume
that the uncertainty is characterized by the mean value plus or minus one standard
deviation. Figure 4.6 shows the uncertainty band evaluated using the MC dropout method

highlighting the presence of model uncertainty.
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—True Value

g=0.75

Figure 4.6 UQ with MC dropout using a dropout rate of 0.2

To showcase the UQ using the Network Ensemble approach, the architecture of
Figure 4.7 and Table 4.1 is adopted. To predict uncertainty, an ensemble of 500 models
were trained using the same architecture. The UQ is captured by calculating the 5th and
95th percentiles of the prediction point (x1, x2) = (0.5, 0.5). Figure 4.8 shows the
histogram of all predictions and the two percentiles. The ensemble method is easy to
implement, but it can be computationally expensive. Training multiple models, and
obtaining a prediction from each model, takes time which depends on the number of
models and the complexity of the responses. Also, the number of models in the ensemble
can have a significant impact on the accuracy of uncertainty estimation. The uncertainty

estimation improves if we increase the number of models in the ensemble.

Table 4.1 Network ensemble architecture

Number of layers 6
Number of neurons per 50
layer
Activation function Rectified Linear Unit
(ReLu)
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Figure 4.7 Network ensemble representation
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Figure 4.8 UQ using a network ensemble
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4.4 Limitations of MC Dropout Approach

Although Monte Carlo Dropout is valued for its simplicity and scalability, it

exhibits several limitations when utilized for model uncertainty quantification.

a) Sensitivity to Dropout Probability: A significant limitation of the MC dropout

method is its strong reliance on architecture parameters, such as dropout layers
and dropout probability [30-32]. This can be observed in Figures 4.9 and 4.10,
where uncertainty quantification with dropout probabilities of 0.4 and 0.6
respectively, differs significantly from the uncertainty quantification achieved

with a dropout probability of 0.2 (Figure 4.6).
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Figure 4.9 UQ with MC dropout using a dropout rate of 0.4

38



b)

d)
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Figure 4.10 UQ with MC dropout using a dropout rate of 0.6

Approximate Bayesian Inference: MC Dropout only approximates Bayesian

inference rather than providing a true posterior distribution. As a result,
uncertainty estimates may be biased, especially for complex models or highly
non-Gaussian data.

Multiple Forward Passes Required: Accurate uncertainty estimation necessitates

multiple stochastic forward passes during inference, increasing computational
time and energy usage compared to standard deterministic predictions.

Inference-Time Dropout Requirement: Dropout must be explicitly enabled during

inference, deviating from standard machine learning practice and requiring careful
control of implementation.

Underestimation of Uncertainty: MC Dropout often underestimates model

uncertainty, particularly for out-of-distribution (OOD) inputs, leading to

overconfident predictions in regions lacking training data support.
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f) Hyperparameter Sensitivity: The overall uncertainty quality depends on multiple

hyperparameters, including dropout probability, network architecture, and number
of forward passes, often requiring costly empirical tuning.

g) Challenges in Very Deep Models: In very deep architectures, the application of

dropout across many layers may lead to degraded model performance and

unstable uncertainty estimates.

4.5 Limitations of Network Ensemble Approach

Despite the effectiveness of neural network ensembles in capturing model

uncertainty, they also present several practical limitations.

a) Slow Inference Speed: The results are not instantaneous, as predictions must be

obtained from multiple models and aggregated. This can negatively impact the
user experience, particularly in professional software tools where real-time or

near real-time predictions are expected.

b) High Computational Resource Requirements: Inference with an ensemble requires
substantial computational resources, including CPU and GPU utilization. Such
demands may render ensemble approaches infeasible for deployment on resource-
constrained platforms such as edge devices or mobile applications.

c) Large Memory Footprint: All models within the ensemble must be loaded into

memory simultaneously during inference. This significantly increases the memory
requirements, potentially leading to memory overflow issues, swapping delays, or

reduced overall system performance.
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4.6 Gaussian Process Regression (GPR)

This section reviews the Gaussian Process Regression (GPR) that has been well
documented over the years [3] in effectively quantifying uncertainty. A Gaussian process
is a set of random variables defined over a domain, where any finite subset of these
variables follows a multivariate Gaussian distribution. In simpler terms, it represents a
probability distribution for an unknown function, which consists of infinitely many
random variables. To illustrate this concept, let’s consider an unknown function f(x),
where x € RP . For any finite set of input points x, such as X = [xy,.., xy]7 € R¥*P the
corresponding outputs f(X) = [f(xy), ..., f (xy)]" € RN follow a joint Gaussian
distribution.

GPR starts from a prior Gaussian process for the unknown function
f)~GP (m(x), k(x;, xj)) where m(x) is the prior mean. The prior mean is often
considered zero. If it is a non-zero, it is subtracted from the observations to maintain a
zero-mean status. k(xl-, xj) is the prior covariance function or kernel which tells us how

x; and x; are correlated. It typically takes the following form

k(xi, %) = E[(f (x) = m(x))(f (x;) — m(x;))] (4.6)

Since f(x) is unknown we will approximate it with the following widely used function
known as Radial Basis Function (RBF)

[|x;—x;| |2

k(x;,x;) = o2exp (— —) (4.7)

The GPR model has two kernel parameters: the signal amplitude o and the length scale /.

The signal variance sets the upper limit of the prior variance and covariance. A large
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value of signal amplitude occurs when the function spans a wide vertical range. The
covariance between function values decreases as the input points get farther apart.
Observations far away in the input space have minimal influence, while out-of-domain
inputs have low covariance and high uncertainty. When input points are close, there is a
strong correlation and smoothness in the model.

A sample covariance matrix assembled for a given set of inputs using the chosen

kernel is

k(xy,x1) o k(xq, %)
KX, X) = : : (4.8)
k(xn'xl) k(xn'xn)
For practical purposes, white noise is added to the model such that
y =f(x) + 05 (4.9)

where y is the true prediction and 02 is the variance of the added white noise. For N, new
test points X,, the joint Gaussian distribution of the observed outputs y and predicted

outputs f, is
2
71 o[ k0™ ekl (10

To make a prediction of f, given the observed data y the posterior distribution of

the test outputs f, is also Gaussian, with mean u, and covariance cov(f,) such that

o= KX,X[KX,X)+oxl] 'y (4.11)
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cov(f,) = K(X,,X,)— K(X,,X)[K(X,X) + 621 1K(X,X.) (4.12)

The Gaussian Process Regression (GPR) is a modeling technique that can capture
both aleatory (inherent) and epistemic (knowledge-based) uncertainties. In the context of
regression problems, the posterior variance for a test point is a concise representation of
the overall predictive uncertainty. The variance of the additive white noise represents the
aleatory uncertainty, which is assumed to be constant and learned from the observations.
This is referred to as a “homoscedastic” GPR model.

On the other hand, a “heteroscedastic” GPR model considers the noise variance as
a function of the input variables, allowing for varying levels of uncertainty. The epistemic
uncertainty, mainly determined by the covariance between the training points and the
query points, is influenced by the distance between them. The farther a query point is
from the training points, the smaller the covariance elements and the larger the epistemic
uncertainty.

This distance-awareness property of GPR makes it suitable for reliable
uncertainty quantification (UQ) and out-of-distribution (OOD) detection, particularly for
problems with low dimensions and training sizes. The aleatory and epistemic uncertainty
components of the posterior variance together determine the width of the confidence
interval for model predictions at the query point, reflecting the overall predictive

uncertainty.
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4.7 Limitations of GPR

a)

b)

d)

Scalability Issues: The standard Gaussian Process Regression (GPR) method

tends to have scalability issues for large training datasets (large N). This is
because the training complexity of GPR is primarily due to the computation of the
inverse and the determinant of the N x N covariance matrix K (X, X) during model

training and hyperparameter optimization.

High Memory Requirements: Storing and manipulating the covariance matrix

scales quadratically with the dataset size, leading to significant memory usage,

especially for high-dimensional problems.

Choice of Kernel: The performance and reliability of uncertainty estimates are

highly sensitive to the choice of the kernel function and its hyperparameters. Poor
kernel selection can result in overconfident or underconfident uncertainty

estimates.

Hyperparameter Tuning Challenges: Training a GPR model involves optimizing

kernel hyperparameters, which often requires non-convex optimization
techniques. This can lead to convergence to suboptimal solutions and poor model

calibration if not handled carefully.

Overconfidence in Extrapolation: Outside the range of the training data, GPR

models tend to produce uncertainty estimates that can be either too small
(overconfident) or unrealistically large, depending on the kernel structure. In

particular, extrapolation outside observed domains remains unreliable.
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f) Difficulty with High-Dimensional Inputs: GPR models generally perform poorly

as the dimensionality of the input space increases (“curse of dimensionality”). The
kernel similarity between points becomes less meaningful in high-dimensional

spaces, degrading both predictions and uncertainty estimates.

g) Approximate Methods Compromise Accuracy: To scale GPR to larger datasets,
sparse approximations or inducing point methods are commonly used. However,
these approximations can compromise the quality of both mean predictions and

uncertainty quantification if not carefully managed.

4.8 Other UQ Approaches

In addition to MC dropout, network ensemble and GPR there are other techniques
as well to estimate model uncertainty in neural networks. They include the following
methods.

Dropout Ensembles

The fusion of MC dropout and deep ensembles is termed dropout ensembles.
Analogous to the approach in deep ensembles, the focus is on estimating distributional
parameters rather than actual output values [38]. However, diverging from the practice of
training multiple networks, a singular network with dropout is trained. During
predictions, dropout remains active, generating random parameter outputs. These outputs
provide ensemble outputs, facilitating the derivation of a singular estimation

encompassing both mean and variance.
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CHAPTER 5

PROPOSED ADAPTIVE GAUSSIAN PROCESS REGRESSION METHOD USING A
NN ENSEMBLE

As discussed earlier, there are various methods available for estimating model
uncertainty in neural networks. MC dropout is relatively easy to implement but has
limitations in terms of its reliance on hyperparameters, particularly the dropout rate. The
network ensemble can provide robust predictions but can become inefficient when
dealing with a large number of networks in the ensemble, especially if they exhibit
complex responses. Gaussian Process Regression (GPR) is an efficient technique, but as
mentioned earlier, it faces scalability concerns. Therefore, there is a need to develop a
method that is both accurate and efficient, capable of scaling up without encountering the
above issues.

We propose a novel approach that extends the NN ensemble method by
incorporating Gaussian Process Regression (GPR), aiming to enhance both accuracy and
efficiency. Because of the GPR in the proposed approach, its NN ensemble does not
require a very large number of models reducing therefore, the computational demand of
the proposed method. Figure 5.1 shows schematically the four steps of the proposed
approach, named Adaptive GPR — NN Ensemble, which combines the strengths of both
GPR and NN Ensemble methods to achieve improved performance. The four steps are:
Creation of multiple ML models (Section 5.1), creation of percentile data (Section 5.2),

adaptive GPR (Section 5.3), and prediction phase (Section 5.4).
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Figure 5.1 Schematic of proposed Adaptive GPR — NN Ensemble approach

5.1 Creation of Multiple ML Models

The initial step of the proposed process involves training multiple ML models to
predict the output as a function of the input. The models can be trained with the same or
different hyperparameters to generate a Neural Network ensemble. Suppose we have m
available data such as the maxi-min DoE of Figure 4.4. The m data is partitioned into
model training data mqin (€.g. 80% of m) and testing data mey (e.g. 20% of m). The latter
are used in Section 5.2. Although not necessary, the points in m are preferably spread in
the entire design space.

Using the same training data m,4i, a large number ki of ML models is trained.
During training, m» 1s partitioned into training and validation data. Note that the output
of each ML model for the same input, will be different due to the inherent uncertainty of
the training process (e.g. optimized values of weights and biases). To reduce the effect of
prediction uncertainty of each of the ki models, the number m of available data is

selected so that the R? statistic between prediction and exact value for the validation set
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of each of the ki models, is at least 0.95. Once trained, the £z ML models are saved for
future use during the process.
5.2 Creation of Percentile Data

In this step, the test data my. is utilized to generate an ensemble of output
predictions using the previously saved ki models. Each point in my. is used as input in
each of the kyz models to predict the output. All £z output values are then used to
calculate the 5th and 95th percentiles for this point in m.. This allows to assess the range
of predictions and provides a measure of model uncertainty.

5.3 Adaptive Gaussian Process Regression (GPR)

In Section 5.2, the 5™ and 95™ percentiles are calculated for each test data point
using the generated ensemble of kaz ML models (Section 5.1). We then create a GPR
model for the 5™ percentile and a separate GPR model for the 95™ percentile. Each GPR
model provides a mean prediction and the variance of prediction for the percentiles which
can be used to calculate an upper bound and a lower bound based on an assumed
confidence level as in Equations (5.1) and (5.2) for a 95% confidence level.

us = |(us. +1.96 X 6%5,) — (s, — 1.96 X 0%5,)| (5.1)
Ugs = |(Uosx + 1.96 X 0245,) — (Hos. — 1.96 X 0%5,)| (5.2)
The GPR models are developed in Python [29].

Subsequently, a Genetic Algorithm (GA) is used to identify the point in the design
space with the maximum value of u2 + u3s. If the maximum value exceeds a predefined
tolerance level, the identified by the GA design point is added to the previous design

points (s for the 15 GA run) and the GPR models for the 5% and 95™ percentiles are
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updated before the GA is run again to identify the design point with the maximum value

of uZ + uZs. This process is repeated until the predefined tolerance level is achieved.

5.4 Prediction Phase
The converged GPR models from Section 5.3 are used to predict the 5™ and 95®
percentiles of a new design point providing therefore, a measure of uncertainty. It is noted
that the proposed method considers model-form uncertainty and parameter (e.g. NN
weights and biases) uncertainty.
The proposed Adaptive GPR — NN Ensemble approach (Sections 5.1 through 5.4)
is summarized below.
a. Develop initial GPR models to predict 5" and 95™ percentiles using ms (Section
5.1)
b. Set tolerance for (uZ + u3s)
c. Use a Genetic Algorithm to identify the point with the maximum (uZ + u3;)
d. Ifmax (uZ + u2;) > tolerance, add design point to the training data and retrain
GPR
e. Adaptive loop: Repeat step ¢ and d until max ( u2 + u3;) < tolerance
f. Save the converged GPR models for prediction (Section 5.4)
The converged GPR models from Step f are used to predict the 5th and 95th percentiles
of a new design point providing therefore, a measure of uncertainty. It is noted that the
proposed method considers model-form uncertainty and parameter (e.g. NN weights and

biases) uncertainty.
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5.5 A Mathematical Example for Validation

The proposed method of Sections 5.1 through 5.4 was applied to the mathematical
example of Equation (11). For that, 100 design points (m) were generated as seen from
Figure 5. Out of 100 design points 80 points are used for model training (#2/4in) and 20
points are used as testing data (m.s) and 100 neural network models (ki) are generated
with model architecture shown in Table 4.1. Figure 5.2 illustrates the convergence of the
GA algorithm. It took 21 GA iterations to achieve the desired accuracy of the two GPR
models. Figure 5.3 shows the histograms of the x; and x> coordinates of the points added
to myes: for the GPR models to converge. It is apparent that quite a few points were added
at the boundary of the design space suggesting that the uncertainty is more pronounced at

the boundary.
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Figure 5.3 Histograms of x; and x> coordinates of points added to mses

Figure 15 shows the uncertainty estimation using the proposed Adaptive GPR —
NN Ensemble approach. The predicted 5™ and 95" percentiles are within a 3% error
margin compared to the actual 5" and 95" percentiles, indicating that the predictions are
accurate. Also, as expected, the true value falls within the range defined by the 5™ and

95™ percentiles.
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Figure 5.4 Uncertainty quantification from the proposed method

51



CHAPTER 6

PROPOSED ADAPTIVE GPR — NN ENSEMBLE APPROACH: A VEHICLE
DYNAMICS EXAMPLE

This section demonstrates the effectiveness of the proposed method to quantify

uncertainty using the vehicle dynamics example of Figure 6.1.

Figure 6.1 Full-vehicle analytical model

Figure 6.2 describes all modeling quantities. It is a full-vehicle model with 11
Degrees-Of-Freedom (DOFs) — 2 DOFs (vertical displacement of unsprung mass Z;,
i=1,..., 4 and road elevation Z;, i=1,..., 4) to represent the suspension of each wheel, the
vertical vehicle displacement Z., at the CG location, the vehicle roll angle ® at CG, and
the vehicle pitch angle ® at CG. The equations of motion are presented in state-space

form in Appendix A.
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: Mass of vehicle body (Kg)
: Unsprung mass of front RH, front LH, rear RH and rear LH wheels (Kg)
: Body displacement at CG location (m)
: Body roll angle at CG (degrees)
: Body pitch angle at CG (degrees)
: Moment of inertia around X-X and Y-Y axes (kg-m?)
: Distance from CG of front and rear wheels (m)
: Distance from CG of feft and right wheels (m)
: Spring stiffness of front RH, front LH, rear RH and rear LH suspension (N/m)
: Damping coefficient of front RH, front LH, rear RH and rear LH suspension (N-s/m)
: Unsprung mass displacement of front RH, front LH, rear RH and rear LH suspension (m)
: Tire spring stiffness of front RH, front LH, rear RH and rear LH suspension (N/m)

: Road inputs of front RH, front LH, rear RH and rear LH wheel (m)

Figure 6.2 Parameters of Full-vehicle analytical model
The vehicle is driven over rough terrain which is modeled as a stationary
Gaussian field. The road elevation has the same mean, standard deviation and Power
Spectral Density (PSD), or equivalently autocorrelation function, with a Gaussian Road
elevation according to ISO 8608 standard [30]. A Gaussian longitudinal road profile
following the ISO 8608 standard is described by a zero mean, Gaussian random process

with the following PSD

2
20°av

(a)2 + azvz)

Syv (@) = m* /(rad | 5)

(6.1)
where ¢? and @ are the road profile variance and coefficient respectively, o is the
circular road frequency in rad/s, and v is the vehicle speed. Table 6.1 shows the utilized

values. Figure 6.3 shows S, (w)-
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Table 6.1 Road profile parameters

Quantity Description Value
o2 Variance of Road 0.001 m?
Profile
A Road Profile 0.3375
Coefficient rad/m
\Y Vehicle Speed 60 km/h
x10™
35 *
3 |-
251
Bl
(/)3
15F
1+
05
0 ‘ , ! ‘
0 10 20 30 40 50
w (rad/s)

Figure 6.3 PSD of sample road profile

The PSD is transformed into the corresponding autocorrelation function using an
inverse Fourier transform and then used to form the covariance matrix which expresses
the correlation of road elevation between two road locations. The Karhunen-Loeve
Expansion (KLE) is finally used, based on an eigenvalue analysis of the covariance
matrix, to provide a space representation of the random field (Figure 6.4) expressing the
road elevation in two dimensions. Figure 6.4 shows the generated road random field
covering a 200 m by 200 m terrain and some arbitrarily chosen paths (red lines) on the

field. The vehicle is run on each of 500 generated paths assuming that the road elevation
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at each wheel is the same. Figure 6.5 shows the road elevation in meters for the 500

paths.
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Figure 6.4 Random field and 500 realizations of road profiles
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Figure 6.5 Road input elevation for 500 realizations of road profiles
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Each road elevation of Figure 6.5 is applied to all four wheels and the resulting
acceleration response is obtained at the vehicle center of gravity (CG) assuming a vehicle
speed of 64.8 kph (18 m/s). Each acceleration response consists of 102-time steps
covering the path length in 8 sec. Out of the 500 input-output profiles (m), 475 are used
for training a machine learning model (#144in ) , While the remaining 25 (715 ) are used for
validation. To predict the acceleration response for an unseen (not used for training) road
profile, a Long Short-Term Memory (LSTM) network is constructed as shown in Figure

6.6.

Forget Input Gate Output Gate

Cell State from t-1 | Cell State to t+1

Hidden State
output for to t+1

Hidden State input ®
from t-1

Input Data: t

Figure 6.6 Sample LSTM neural network architecture

6.1 Long Short-Term Memory (LSTM) Cell Architecture

Traditional Recurrent Neural Networks (RNNs) often encounter difficulty in
capturing long-term dependencies due to the vanishing and exploding gradient problem.
To mitigate this, the Long Short-Term Memory (LSTM) architecture was proposed by

Hochreiter and Schmidhuber [40]. The LSTM cell introduces a memory mechanism that
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regulates information flow via gating units, enabling the network to preserve relevant
information over extended sequences. As illustrated in Figure 6.6, an LSTM cell at time
step t receives three inputs: the current input vector x; the previous hidden state h;_, and
the previous cell state C;_;.The internal operations of the cell are governed by the

following components:

Forget Gate: The forget gate decides which parts of the previous cell state should be

discarded. It is calculated as

fe = o(Wsn,—1x, + br) (6.2)

where g denotes the sigmoid function, and W, _1 x,, by are the associated weight

matrix and bias, respectively [40].

Input Gate and Candidate Values: The input gate controls the extent to which new

information is added to the cell state, while a candidate vector C,is created as a potential

addition:

i = o(Wiin,—1,x, + bi) (6.3)

Ct == tanh (WC[ht—l,xt] + bc) (64)

Cell State Update: The new cell state is computed by combining retained memory from

the past and the candidate values:

57



Ce = ftQCt—1 + itGCt (6.5)

Where ©® denotes the elementwise (Hadamard) product.

Output Gate and Hidden State: The output gate decides how much of the cell state should

influence the hidden state output:

0t = 0(Wyin,—1,4,1 + Do) (6.6)
h: = o, © tanh (C;) (6.7)

This design enables the LSTM cell to selectively remember or forget information
over time, making it well-suited for sequential modeling tasks such as language
modeling, time-series forecasting, and speech recognition [40][41].

The LSTM neural network used in this study is designed to model time-series
data with multiple inputs and outputs. The architecture includes 102 input features (road
elevation in 102-time steps) and produces 102 corresponding outputs (acceleration in
102-time steps). The network operates over a sequence length of 10-time steps, capturing
temporal dependencies across this range. Each LSTM cell contains 50 hidden units,
allowing the model to maintain a robust memory over time, which is crucial for tasks
requiring sequential information processing. The internal structure of the LSTM unit
(Figure 6.7) includes the typical components of an LSTM cell: input gate, forget gate,
output gate, and a cell state. These gates regulate the flow of information, enabling the
model to retain or discard information as necessary for effective sequence learning. The
accuracy of the developed LSTM network is evaluated by using the 14" of the 25 test

data points. As shown in Figure 6.8 the predicted response from the LSTM model
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matches closely the actual response.

*  Num of Features/Inputs =102

*  Num of Responses /Outputs=102
*  Num of Timesteps=10

*  Num of hidden units=50

. | \_ AN : /"

Figure 6.7 LSTM architecture used for vehicle dynamics problem

Using the same architecture as in Figure 6.7, kaz =100 separate LSTM models

were trained. The predicted responses from each of the 100 models (Figure 6.9) were

used in a network ensemble to demonstrate the capability of the proposed method to

assess UQ in dynamic systems.
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Figure 6.8 Comparison of actual and predicted acceleration response
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Figure 6.9 Network ensemble of LSTM models

Using the proposed method, uncertainty was estimated using the unseen 14™ data
point (Figure 6.10). The actual response is represented by the red line, while the predicted
5th and 95th percentiles are represented by the blue and green dotted lines, respectively.
Although not seen in a figure, the predicted percentiles are almost the same with their
exact values. Table 6.2 demonstrates the efficiency of the proposed method indicating

that it provides uncertainty estimation in a fraction of a second.
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Figure 6.10 Uncertainty estimation using proposed method

Table 6.2 Computational time to estimate uncertainty

Time
Ensemble of 100 LSTM 24 sec
models
5% and 95 percentile 0.4 sec
predictions from proposed
method

We also estimated the quality of confidence intervals using a calibration plot
technique [3]. The results are summarized in the calibration plot of Figure 6.11. The
“Expected Confidence” refers to the confidence level based on the prediction intervals.

For example, for a 90% confidence interval, we expect 90% of the true values to fall
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within this interval. The “Observed Confidence,” on the other hand, is the actual fraction
of true values that fall within the predicted intervals.

The diagonal line represents an ideal scenario where the observed confidence
perfectly matches the expected confidence. The blue dots show the observed confidence
for different expected confidence levels. If the points closely follow the diagonal line, the
model's UQ prediction intervals are accurate. If the points are below the diagonal line, the
model is overconfident, indicating that the intervals are too narrow and therefore, fewer
true values fall within them than expected. Conversely, if the points lie above the
diagonal line, the model is underconfident, with wide UQ intervals and more true values
falling within them than expected. In applications where safety is crucial, an
underconfident model might be preferred ensuring that most of the true values fall within
the predicted UQ intervals reducing the risk of making overconfident and potentially

dangerous decisions.
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Figure 6.11 Calibration plot for network ensemble
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CHAPTER 7

VALIDATION OF THE PROPOSED METHOD ON REAL WORLD CRASH
SIMULATION PROBLEM

This chapter discusses the validation of the method developed to quantify uncertainty
in machine learning models using a real-world problem. For demonstration, a public
domain crash simulation model [42] is utilized to evaluate the behavior of a car colliding
with a barrier. The simulation uses Finite Element Analysis (FEA), also known as
Computer-Aided Engineering (CAE), to analyze the complex physical phenomena
involved in such impact events. The Toyota Yaris (2010) model, which is publicly

available [42] is used for demonstration purposes.

Figure 7.1 Public domain crash model
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In the CAE process, the initial step involves converting a Computer-Aided Design
(CAD) model into a finite element mesh. The discretization process divides the geometry
into smaller elements, which are analyzed to approximate the physical behavior of the
vehicle during impact. For this study, a mesh size of 10 mm was chosen, ensuring a
balance between computational efficiency and the level of detail required to capture
critical deformation patterns. The discretized model is then prepared for simulation by
assigning appropriate material properties, boundary conditions, and contact interactions,
making it ready for dynamic analysis using a robust finite element solver.

The Toyota Yaris (2010) model represents a passenger vehicle, incorporating
essential structural features such as crumple zones, energy-absorbing members, and
reinforcements. These features are crucial for understanding the mechanisms that mitigate
impact forces and protect occupants during a collision. The rigid barrier, which the
vehicle impacts, is modeled as an immovable structure to replicate standardized crash test
scenarios, such as frontal impact tests defined by regulatory agencies. The simulation
uses LS-DYNA, a highly advanced and versatile solver, well-suited for non-linear
dynamic problems. LS-DYNA excels in handling the complexities of crash simulations,
including large deformations, non-linear material behavior, and intricate contact
mechanics. The solver provides detailed insights into the vehicle’s performance during
the crash, capturing key metrics such as deformation patterns, stress distribution, energy

absorption, and potential points of structural failure.
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Figure 7.2 Simplified vehicle body used for crash simulation

A full-vehicle finite element model is inherently large and highly complex, as it
includes all major subsystems such as the vehicle body, powertrain, interior, exterior
components, and closures. While these comprehensive models provide a detailed
representation of the vehicle, they are computationally intensive and typically require
significant runtime — often exceeding 16 hours per simulation. To optimize
computational efficiency for this exercise, only the vehicle body subsystem is used in the
simulation as shown in Figure 7.2. This simplification significantly reduces the
computational load while still capturing the essential dynamics of the crash event. The
current simulation models the crash event up to 120 milliseconds and completes in

approximately 10 minutes, striking a balance between accuracy and efficiency.
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The response measured during the simulation is acceleration, measured in
mm/msec?. This measurement is taken at a specific location referred to as the “toepan”, as

illustrated in Figure 7.3.
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Figure 7.3 Acceleration response at toe pan

To generate the dataset for the aforementioned simulation, 33 parts from the front
of the vehicle were selected, as illustrated in Figure 7.4. Each part was assigned a design
variable corresponding to its thickness. The range for each design variable was set
to +£20% of its nominal thickness. A total of 662 designs were generated, including two
extreme cases: one with all design variables set to their minimum values and another with
all design variables set to their maximum values. Correspondingly, 662 FEA (Finite

Element Analysis) decks were created, and simulations were performed using LS-DYNA.
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For each simulation run, the acceleration at the Driver Toe Pan over a duration of 120
milliseconds was recorded as the response. The acceleration response for all 662 runs can

be seen in Figure 7.5.

’:Y Design Space

Figure 7.4 Thirty-three parts included in design space
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Figure 7.5 Acceleration response of toe pan

7.1 Development of Machine Learning Model

In this study, the problem involves 33 input variables, representing thickness
parameters, and a time-series response corresponding to the acceleration measured at the
driver toe pan location over a duration of 120 milliseconds. A Fully Connected Neural
Network (FCNN) architecture was selected as the machine learning model.

The architecture of the network is illustrated in Figure 7.6. The input layer
consists of 33 neurons, representing the 33 design variables, while the output layer
comprises 121 neurons to represent the acceleration response across 120-time steps. The
network features six layers with the following neuron configurations: 256, 128, 64, 32,
and 16 neurons, as detailed in Figure 7.6. Additional parameters used in the neural
network are summarized in Table 1. Out of 662 designs, 650 were used to train the ML

model, while 12 were set aside as the testing
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Table 7.1 Neural network parameters

Parameter Value
Activation function relu
Kernel regularizer L2
Learning rate 0.0001
Loss function mse
Early stopping patience 10
Early stopping monitor Validation loss
Epochs 1000
Batch size 16

Figure 7.6 Neural network architecture
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Figure 7.7 shows that the training loss steadily decreases, while the validation loss
plateaus around 80-100 epochs, indicating convergence. The gap between losses suggests

slight overfitting, where the model performs better on training data than validation.
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Figure 7.7 Training of neural network model

The third design from the testing dataset was used to evaluate the accuracy of the
prediction. As shown in Figure 7.8, the predicted curve aligns well with the trends of the

actual curve.
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Figure 7.8 Predicted acceleration vs actual acceleration

To demonstrate uncertainty, the same neural network model was trained 500 times
using an identical architecture. The predictions were obtained using the same unseen test
data (i.e., the third design from the test dataset). The ensemble of predictions is illustrated
in Figure 7.9, revealing noticeable uncertainty. This uncertainty must be quantified to

enhance confidence in the predictions.
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Figure 7.9 Assemble of predictions using 500 ML models

7.2 Uncertainty Quantification using the Proposed Method

As illustrated in Figure 7.9, significant uncertainty is observed in machine learning
models trained repeatedly with identical configurations, highlighting the inherent
variability in predictions. To address this, an Adaptive Gaussian Process Regression
(GPR) framework is developed using a Neural Network Ensemble. The training dataset is
divided into two parts: 80% is used to train an ensemble of 500 neural networks, while
the remaining 20% is reserved for testing. The trained ensemble generates predictions for
the test set, from which the 5th and 95th percentiles are computed at each test point,
capturing the lower and upper bounds of the output distribution. These percentile
estimates serve as targets for initial GPR models that are trained to predict the respective
quantiles. The GPR models are then refined using the Adaptive GPR procedure described

in Chapter 5, iteratively updating the models over 25 cycles to improve accuracy. The
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resulting GPR models are subsequently employed to estimate uncertainty for unseen
inputs. The effectiveness of this approach is demonstrated in Figure 7.10, where the
uncertainty bounds for the same test data used in Figure 7.9 are shown using the final
GPR models derived from the Adaptive GPR loop. As shown, the actual output lies
within the bounds estimated by the proposed method, demonstrating its effectiveness in
uncertainty quantification for real-world time series problems. Figures 7.11 to 7.15 show
the uncertainty quantification of the acceleration response using the proposed technique

for 5 more unseen input data.
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Figure 7.10 Uncertainty estimation using the proposed method for test 3
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Figure 7.11 Uncertainty estimation using the proposed method for test 1
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Figure 7.12 Uncertainty estimation using the proposed method for test 2
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Figure 7.13 Uncertainty estimation using the proposed method for test 6
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Figure 7.14 Uncertainty estimation using the proposed method for test 7
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Figure 7.15 Uncertainty estimation using the proposed method for test 10

7.3 Accuracy of Predictions

The proposed method can be effectively used to quantify uncertainty in machine
learning models, even when the underlying data distribution is non-Gaussian. The
approach hinges on two key strategies: (1) utilizing percentile-based targets rather than
full probabilistic modeling of the raw data, and (2) interpreting GPR not as a generative
model of data, but as a functional interpolator. The standard GPR assumes a Gaussian
prior over functions, not over the observed data itself. That is, it posits that any finite
collection of function evaluations is jointly Gaussian distributed. However, this
assumption pertains to the latent function space, not to the distribution of the observed
outputs [43]. This key distinction allows GPR to model mean behavior and function

uncertainty even when the real-world data is heavy-tailed, skewed, or heteroscedastic.
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The GPR’s strength lies in smooth kernel-based interpolation, making it suitable for
modeling relationships rather than raw empirical distributions.

In the proposed method, multiple neural networks are trained with varying
initializations and hyperparameters to form an ensemble that captures parameter
uncertainty. For each test input, the ensemble outputs are aggregated to compute the Sth
and 95th percentiles, effectively summarizing predictive uncertainty without assuming a
specific parametric form. By focusing on quantile surfaces (5th and 95th percentile
functions) instead of full distributions, the method avoids making any assumptions
regarding the Gaussian nature of the target data. This idea echoes principles from quantile
regression, which estimates conditional quantiles without making assumptions about
distributional form [45]. The separate GPR models trained on the 5th and 95th percentiles
serve as interpolators of these empirical summaries. Because percentiles are deterministic
functions of input data, GPR is used not to model uncertainty in the percentile values
themselves, but to interpolate how they vary across the input space [44].

To validate the claim, the data shown in Figure 7.5 is used to identify timesteps
that exhibit non-Gaussian behavior. For this exercise skewness of data is calculated per
timestep as skewness is a statistical measure that quantifies the degree of asymmetry in
the distribution of a real-valued random variable about its mean. It provides insight into
the shape of the probability distribution, particularly how much and in which direction
the data deviates from a normal (symmetric) distribution.

Mathematically, the skewness y of a dataset with n observations x4, x5, .., X,

mean p, and standard deviation o, is defined as:

77



1 i— 3
y =23, (%) (7.1)
For Gaussian distribution y = 0 while for positively skewed distribution y > 0 and

negatively skewed distribution y < 0. Figure 7.16 shows the skewness calculated across

all 120 timesteps and Figure 7.17 shows the timesteps that exhibit the most non-Gaussian

behavior.
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Figure 7.16 Skewness across all time steps
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Figure 7.17 Timesteps with non-Gaussian distribution

As shown in Figures 7.11 to 7.15, the proposed methodology demonstrates accurate

quantification of predictive uncertainty, even in scenarios where the underlying data

distribution is non-Gaussian.
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CHAPTER 8

AUTOENCODERS BASED ANAMOLY DETECTION

The reliability of the proposed uncertainty quantification framework is
intrinsically linked to the fidelity of the model ensemble in capturing the ground truth
response. As demonstrated in Chapter 7, the method effectively characterizes the
uncertainty arising from variability in model weights. However, it is crucial to underscore
that this performance is contingent upon the ensemble’s ability to encompass the true
output behavior. To further illustrate this point, the same dataset and experimental case
(Test 3) discussed in Chapter 7 is revisited. Figure 8.1 presents the predictions from an
ensemble of 500 neural network models, wherein the true response — shown in red — is
nearly indistinguishable due to its close alignment with the ensemble predictions. This
indicates that the ground truth is well enveloped within the ensemble range. Figure 8.2
provides a comparative visualization using only 10 ensemble members, with the ground
truth again marked in red. Despite the reduced number of models, the predictions still
encapsulate the actual response with reasonable accuracy. These visual comparisons
affirm that, for Test 3, the ensemble of neural networks — whether large or modest in
size — accurately captures the underlying system behavior, thereby validating the

efficacy of the proposed uncertainty quantification method.
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Figure 8.1 Ensemble of 500 Neural Network Models for test 3
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Figure 8.2 Ensemble of 10 Neural Network Models for test 3

However, when evaluating the generalizability of the proposed method on a
different unseen data instance (Test 5) a contrasting behavior is observed. As shown in

Figure 8.3, the ground truth trajectory (highlighted in red) deviates noticeably from the

81



predictions generated by the ensemble of 500 neural network models. This deviation
indicates that the ensemble fails to fully encompass the true response in this case. As a
direct consequence, the uncertainty quantification produced by the proposed framework
becomes less reliable, as shown in Figure 8.4. The error in uncertainty estimation is
particularly pronounced in regions where the ensemble fails to capture the ground truth.
This example underscores a critical limitation: the effectiveness of the uncertainty
quantification is inherently dependent on the representational accuracy of the ensemble.
When the ensemble does not adequately approximate the true behavior, the resulting

uncertainty bounds may be misleading or incomplete.
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Figure 8.3 Ensemble of 500 neural network models for test 5
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Figure 8.4 Uncertainty estimation using the proposed method for test 5

This observation necessitates the development of a mechanism to flag instances
where the ensemble of neural networks may fail to adequately capture the ground truth,
thereby compromising the reliability of the proposed uncertainty quantification
framework. To address this critical need, this chapter introduces a novel Autoencoder-
based trust index method, designed to assess the credibility of ensemble predictions in
real time. Before delving into the formulation and implementation of the trust index, let
us discuss the concept of autoencoders, which form the foundational basis for this
method. The following section provides a brief overview of autoencoders, outlining their

structure, functionality, and relevance to the proposed approach.
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8.1 Introduction to Autoencoders

An autoencoder is a feedforward neural network where the output is ideally the
same as the input. It serves as a nonlinear dimensionality reduction tool by learning a
compressed representation of the input data through reconstruction. Unlike conventional
Principal Component Analysis (PCA), which performs linear dimensionality reduction by
projecting data onto orthogonal principal components, autoencoders allow for nonlinear
mappings between the input and output. As such, they can be viewed as a generalization
of Kernel PCA, capable of capturing complex, nonlinear structures in the data.

Structurally, an autoencoder consists of two main components: an encoder and a
decoder. The encoder is a function fz: R — R¥ that maps the input vector x € R? into

a latent representation z € R¥ where k < d. The decoder is a function g4: R¥ - R that
reconstructs the input as X = g4 (fo (x)).

The network is trained to minimize the reconstruction loss, typically defined as

the mean squared error (MSE) between the original input and the reconstructed output

£(8,0) =~ 2 |xi — gy (fo )|’ (8.1)
Each neuron in the input and output layers represents one component of the
multidimensional input/output. The number of neurons in the hidden layer(s) — often
much smaller than the input dimension — enforces a bottleneck, encouraging the model
to learn a compressed, information-rich representation.
Although the basic architecture includes a single hidden layer, deeper
autoencoders with multiple hidden layers on both encoder and decoder sides are also

common. These architectures enable the model to capture more abstract and hierarchical
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features. The autoencoder approach is applicable to both static data and dynamic (time
series) problems, making it a versatile technique for tasks such as anomaly detection,

feature extraction, signal compression, and input familiarity assessment.

8.2 Development of Trust Index

In the context of the problem formulation presented in Chapter 7, the use of
autoencoders is extended to model the input design space, consisting of 33 design
variables. An autoencoder architecture is developed wherein the input layer corresponds
directly to the dimensionality of these design variables. The encoder portion of the
network begins with a fully connected dense layer comprising 64 neurons activated by
the ReLU function, which serves to project the input into a higher-dimensional nonlinear
feature space. This is followed by a bottleneck layer with 16 ReL.U-activated neurons,
which encodes the data into a compressed latent representation. This latent space is
intended to capture the most informative patterns within the input data, effectively
reducing redundancy and noise. The decoder mirrors the structure of the encoder, starting
with a dense layer of 64 ReLU-activated neurons to reconstruct the latent representation,
and ending with an output layer of 33 neurons using a linear activation function to restore
the original input dimensions. The architecture of the autoencoder is shown in Fig.8.5.
The autoencoder is trained using the Mean Squared Error (MSE) loss function and
optimized with the Adam optimizer at a learning rate of 0.001. To mitigate overfitting, a
validation split was utilized along with early stopping. Prior to training, all input features

were standardized to have zero mean and unit variance using the scalar transformation.
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Figure 8.5 Autoencoder architecture

The autoencoder is trained using the same dataset introduced in Chapter 7,
consisting of 650 design points. However, in this context, only the input data, comprising
33 design variables, is utilized for training. The objective of the autoencoder is to learn an
efficient latent representation that allows accurate reconstruction of the original inputs.
The training process minimizes the reconstruction error between the input and the
decoded output, ensuring that the autoencoder captures the essential structure of the input
space. Ideally, the decoded outputs should closely approximate the original inputs.
Figures 8.6 to 8.8 present representative comparisons for 3 random cases (#633, #481,
#124) from training set between the original input data and their corresponding

reconstructions produced by the autoencoder. These results demonstrate that the
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autoencoder is well-tuned and achieves a level of accuracy suitable for use in the

proposed Trust Index framework.
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Figure 8.6 Autoencoder reconstruction and actual input for test 633
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Figure 8.7 Autoencoder reconstruction and actual input for test 481
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Figure 8.8 Autoencoder reconstruction and actual input for test 124

The trained autoencoder is now applied on unseen test points that were previously
used for uncertainty quantification in Chapter 7. Specifically, Figures 8.9 and 8.10
illustrate the input reconstructions for test #1 and test #10, respectively. As discussed
earlier, test #1 (also included in the evaluation) exhibits high-fidelity reconstruction,
aligning closely with the original input vector. Notably, this corresponds with the
observation that the uncertainty quantification for test #1 was highly accurate. In contrast,
the reconstruction of test #10 reveals significant deviations from the actual input, as
shown in Figure 8.10. This deviation correlates with reduced accuracy in uncertainty
estimation for test #10. A plausible explanation is that the combination of input features
in test #10 lies outside the distribution learned from the training set of 650 design points,

indicating that the model has limited generalization to this unfamiliar input configuration.
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Figure 8.10 Reconstruction of test 10

Figure 8.11 presents a histogram of reconstruction errors (measured as Mean
Squared Error, MSE) across all test samples. The distribution exhibits a bell-shaped
curve, with a pronounced peak in the range of 0.25 to 0.35 MSE. The red dashed line
represents the mean reconstruction error for the training data, which is approximately
0.32, further indicating that the model generalizes well to input patterns that are similar to

those seen during training. These results confirm that the developed autoencoder
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effectively compresses and reconstructs inputs that are consistent with the training
distribution, thereby serving as a foundation for assessing the trustworthiness of model

predictions in unfamiliar regions of the input space.
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Figure 8.11 Histogram of reconstruction error

To systematically quantify the familiarity (similarity) of a new input sample, we
propose a Trust Index derived from the reconstruction error of an autoencoder trained
solely on the input distribution. The fundamental premise underpinning this approach is
that an autoencoder, when exposed exclusively to a particular dataset during training,
becomes adept at reconstructing inputs that lie within the learned distribution.
Conversely, when presented with inputs that deviate significantly from the training
distribution (i.e., out-of-distribution samples) the reconstruction error increases markedly.
This behavior serves as the basis for defining the Trust Index so that inputs yielding low
reconstruction error are deemed familiar and trustworthy, while those with high

reconstruction error are considered novel or unfamiliar (not similar) in the context of the
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model’s prior exposure. The Trust Index thus offers a mechanism for evaluating the
credibility of ensemble predictions and their associated uncertainty quantification in

scenarios involving previously unseen data.

We define the Trust Index for a given input x and its prediction X as:

1

Trust Index = —/——
1+ ;Z?(Xi_fl)z

(8.2)

where %Z’f(xl- — %)% is the average MSE (Mean Square Error).

The proposed Trust Index offers an interpretable measure of input familiarity,
based on the reconstruction error from an autoencoder trained on the input distribution.
This index is designed to complement traditional output-based uncertainty metrics by
focusing on whether the input itself falls within the domain of the model’s prior
experience. The approach possesses several desirable properties. First, it offers an
interpretable scale. Inputs that produce reconstruction errors close to the training mean,
yield Trust Index values near 1, indicating a high degree of familiarity. In contrast, inputs
with significantly unfamiliar inputs produce values near zero. This makes the Trust Index
directly useful as a confidence proxy.

The Trust Index is computationally efficient, requiring only a single forward pass
through the autoencoder followed by a closed-form expression. It is also model-agnostic
and fully unsupervised, requiring no labeled output data or task-specific fine-tuning. As
such, it can be easily integrated into a broad range of machine learning predictors to
identify potentially out-of-distribution inputs and improve the reliability of downstream

predictions.
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Using Equation (8.2), the Trust Index for all 11 unseen test inputs that are used

for uncertainty estimation in Chapter 7 are calculated and presented in Table 8.1.

Table 8.1 Trust Index for test data

Test Data Trust Index
0 0.5991
1 0.5730
2 0.5182
3 0.6233
4 0.6648
5 0.4420
6 0.5653
7 0.4181
8 0.4310
9 0.6604
10 0.3602

When applied across all eleven unseen test cases used for uncertainty
quantification, it was observed that the predictive uncertainty estimates for Test Cases 5
(Figure 8.4) , and 8 (Figure 8.5) were noticeably less accurate compared to the remaining
cases. This discrepancy can be attributed to the corresponding Trust Index values, which
were relatively low for these cases.

Figures 8.12 and 8.13 highlight the low accuracy of uncertainty quantification for
test #8 and test #10 which exhibit the lowest trust index values (0.431 and 0.362,
respectively) among the 11 cases of Table 8.1. The reduced Trust Index indicates that the
combinations of input variables in these test cases were not well represented within the

original design space defined by the training data. In other words, the autoencoder
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identified these inputs as being less familiar, thereby signaling limited accuracy of the

associated uncertainty estimates.
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Figure 8.12 Uncertainty quantification for test 8 ( trust index 0.431)
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Figure 8.13 Uncertainty quantification for test 10 (trust index 0.362)
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The proposed Trust Index framework is generalizable and can be applied to any
modeling scenario. The threshold or cutoff value for determining “low trust” is not
universal and should be calibrated using appropriate validation datasets for each specific
application. Nevertheless, a guiding principle is that a higher Trust Index corresponds to
greater confidence in the accuracy of the uncertainty quantification. It is important to
emphasize that the Trust Index should be interpreted as a cautionary indicator rather than
an absolute measure of predictive confidence. It offers a valuable warning mechanism to
flag potentially out-of-distribution inputs and inform users when uncertainty estimates
may be inaccurate, thereby enhancing the interpretability and robustness of data-driven

modeling frameworks.
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CHAPTER 9

MEAN OF ENSEMBLES USING A MOST PROBABALE MODEL

This section proposes an approach called the Most Probable Model approach to
estimate the mean of ensemble models without using ensembles during the inference
phase. By leveraging ensemble learning, the method identifies the most frequently
occurring network parameters, leading to a robust and computationally efficient
predictive framework.

To explain the approach, we first consider the following representative function

f(s) =3x(s) —5y(s) +z(s) — 6 9.1)

where x(s), y(s), and z(s) represent independent realizations of random processes X(s),
Y(s) and Z(s) respectively, defined over a spatial domain s € [Sin, Smax]- The goal is to
characterize the probabilistic behavior of f{s) using the ensemble-based approach and to
compare different approaches for estimating the most probable value (mode) of the
response at each space location.

Each underlying process (X(s), Y(s), and Z(s)) is assumed stationary
characterized by its power spectral density (PSD) which is chosen to reflect typical
engineering random processes encountered in road surface stochastic modeling. The used
PSD is parametrized using the variance (62), a spatial or temporal scaling coefficient («),
and a characteristic velocity or correlation length (v), in line with standards ISO 8608 for

random road profiles (Table 9.1).
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Table 9.1 PSD parameters for X(s), Y(s) and Z(s)

Quantity Description Value
0> Variance of Road 0.001 m?
Profile
a Road Profile 0.3375
Coefficient rad/m
v Vehicle Speed 60 km/h

The Karhunen-Loeve Expansion (KLE) method is used to generate realizations of
each random process that follow the given Power Spectral Density (PSD). The first step
involves calculating its autocorrelation function using the inverse Fourier transform of
the PSD. The autocorrelation function is then used to build a covariance matrix that
represents the correlation structure of the discretized process. By performing eigen
decomposition of the covariance matrix, a set of orthogonal eigenfunctions (modes) and
their corresponding eigenvalues are obtained. These eigenfunctions act as basis functions,
and the random process is expressed as a weighted sum of them, where the weights are
uncorrelated standard normal random variables. To keep the model efficient while still
capturing the main features of the process, the expansion is truncated by including only
the modes whose eigenvalues contribute significantly to the total energy. This results in a
compact yet accurate representation of the stochastic process. A large ensemble (e.g., 500
realizations) of each process is generated by sampling independent standard normal
variables for each retained mode and forming the weighted sum over the grid. The
ensemble of all generated realizations is used for all subsequent probabilistic analyses.
Figure 9.1 shows a few representative realizations of X(s), ¥(s) and Z(s) and Figure 9.2

shows a representative ensemble of function f(s) according to Equation (9.1).
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Figure 9.1 Sample realizations (out of 500) of X(s), Y(s) and Z(s)
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Figure 9.2 Representative ensemble of function f{s)
Equation (9.2) shows the value of f{s) evaluated at the most probable (frequent)

values of X(s), Y(s), and Z(s).
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fupm () = 3xmpu (S) — S5ympm(s) + Zupu(s) — 6 9.2)

where Xy p1 (), Yupm (S) , Zupm (8) are the histogram modes of X(s), Y(s), and Z(s)
obtained by taking the mean of the highest bin (most probable bin) at each location s
(mean of random variable at location s) of the respective input process.

To assess the accuracy of the MPM approach, both the empirical mode of f{s) at
each location s (obtained directly from the histogram of the ensemble), and the Most
Probable Model are computed at each grid location as shown in Figure 9.3. The plot
shows that the MPM approach aligns well with the actual mode derived from the
ensemble histogram of f{s) as evidenced by the close tracking of the blue and red curves.
This indicates that the MPM method can effectively represent the actual mode of the

function across the domain, capturing the dominant trends in the most probable response.

===The Most Probable Model(MPM)

Mode of (f)

54 \ — mode actual(histogram of f)
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Figure 9.3 Comparison between the MPM of f{s) and the actual modes of f{s)
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9.1 Application of Most Probable Model (MPM) Approach

We consider here the example of feed forward neural network architecture

described in Chapter 4 and outlined in Figure 9.4.

oQ

ReLu Layer ReLu Layer ReLu Layer ReLu LayerReLu LayerLinear Layer

Figure 9.4 A sample neural network model

The network has an input layer and output layer along with 4 hidden layers. Each
layer has 50 neurons. We consider Layer 2 for illustration. Considering the weight
distribution for all connections in this layer, we identify the most common weights using
a histogram-based approach. Layer 2 connects 50 input features to 50 output neurons,
resulting in a total of (50 X 50 = 2500) unique connections which play a pivotal role
in transforming learned features from earlier layers into representations that the deeper
network layers or final outputs can utilize. When training an ensemble of 50 models with
the same architecture, each connection in Layer 2 learns slightly different weight values

due to variations in initialization, data shuffling, and optimization trajectories.

To understand the shared characteristics across the ensemble, we compute the “most

probable weight” for each connection in Layer 0. For an ensemble of 50 models, the
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weights for Layer 2 can be represented as a 3D tensor with dimensions (50 X 50 X 50).
The entry tensor [m, i, j] of the tensor represents the weight of the connection between
input “i” and neuron “j” for model “m”. For example, the connection between input 5 and
output neuron 5 will have 50 weight values across the ensemble. These weights might
resemble the following distribution -0.17, -0.16, -0.15, -0.14, ...,0.14,0.15 ]. The variation
reflects differences in how each model in the ensemble optimizes this specific connection.
The weight distribution for each connection across the ensemble is represented by a
histogram. For a specific connection, such as (5, 5), we have a histogram of the 50 weight
values. The histogram divides the range of weights into discrete bins and counts the number
of weights falling into each bin. The bin with the highest count represents the range where
the most weights are concentrated. The center of this bin is considered the most probable
weight for the connection. For instance, the histogram for the connection (5, 5) in Layer 2
indicates how many of the 50 weights fall into each bin. The method ensures a robust

summary of the weight distributions across the ensemble, capturing the most representative

weight for each connection in Layer 2. Figure 9.5 shows a representative histogram. the
bin with the most frequent weights is highlighted in red. This bin contains 5 weights,
making it the most frequent bin. Thus, the most probable weight for the connection (5,5)

is -0.109. This value represents the weight that occurred most frequently across the

ensemble of models for this specific connection.
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Figure 9.5 Representative histogram of weights for a hidden layer

The proposed method was applied and tested on an unknown test point to evaluate
its performance. To compare the effectiveness of the method, an ensemble of predictions
was utilized to identify the most probable weights, and the mean of the ensemble
predictions was calculated. The results are presented in Figure 9.6 , which compares the
actual value (0.578) with the mean ensemble prediction (0.653) and the prediction by the
most probable model (0.657). Figure 9.7 illustrates the histogram of the ensemble
predictions, highlighting the mean of the ensemble and the prediction from the most
probable model. The close agreement between the mean of the ensemble prediction and
the prediction by the most probable model demonstrates the accuracy of the proposed

method in representing the mean of the ensemble.
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Figure 9.6 Comparison of actual test case with prediction by MPM and mean ensemble

Ensemble Predictions
Mean Ensemble Prediction
Most Probable Model Prediction

Frequency

0.60 065 0.70

Predicted “g”

Figure 9.7 Histogram of ensemble prediction with mean ensemble prediction and MPM

9.2 Validation of MPM Approach Using an Automeotive Crash Example

In this study, we revisit the automotive crash simulation framework of Chapter 7.
However, instead of using the thickness variations of 33 individual structural components
as the input design variables, we consider output acceleration curves at a specific location
on the vehicle. Specifically, the first half of the acceleration time history (captured up to

60 msec) is utilized as the input, while the latter half of the response (60 to 120 msec)
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serves as the output. Figure 9.8 shows the used 662 acceleration curves providing input

and output data.

The objective now is to predict the second half of a curve given the acceleration
response of the first 60 msec. For unseen data, the crash simulation is thus run up to 60

msec and the rest is predicted by the ML model.
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Figure 9.8 Acceleration response split in half for input and output data

For this problem, an autoencoder approach is adopted. Separate input and output
autoencoders are first trained for the input data (0-60 msec) and the output data (60-120
msec). Each autoencoder consists of one or more hidden layers, with the number of
neurons in each hidden layer automatically determined. The autoencoders provide data
compression and are trained using the provided input and output data. The number of
hidden neurons in the output autoencoder is typically set to be the same as in the input
autoencoder. A mapping model, such as a feedforward neural network, is trained to

establish a relationship between the encoded inputs and encoded outputs. The input layer
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consists of the encoded representations obtained from the input autoencoder, while the
output layer represents the encoded outputs from the output autoencoder. This approach
ensures that meaningful latent representations are effectively mapped, enabling robust
predictions while reducing the dimensional complexity of the original data. The process

is outlined in Figure 9.9.

Encoded
OUtPUtS
Input Output Mappmg
Autoencoder Autoencoder Model
Encoded Encoded Encoded
Inputs Outputs Outputs

Step 1 Step 2 Step 3

Figure 9.9 An autoencoder-based ML model

Of the total 662 curves, 650 input curves (acceleration response from 0-60 msec)
and output curves (acceleration response from 60-120 msec) were used for training. The
input and output autoencoders encode the input and output curves, respectively. The
latent space dimensions for both autoencoders were set to 32, providing a balance
between compression and information retention. While there is potential for further
dimensionality reduction, 32 dimensions were found to be sufficient for this example. To

map the relationship between the encoded inputs and outputs, a feedforward neural
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network is used as the mapping model. The network architecture for the autoencoders is

provided in Table 9.2 while that of mapping model is shown in Figure 9.10.

Table 9.2 Autoencoder architecture

Input Autoencoder Output Autoencoder
Latent Layer Dimension 32 32
Latent Layer Activation Relu Relu
Function
Output Layer Activation Sigmoid Sigmoid
Function
Inputs Hidden Outputs

XX)
Q
0

e oo

o

Relu Layer Relu Layer Relu Lay(r

32 128 64 32 32

[
[

Figure 9.10 Feedforward neural network used as mapping model

An ensemble of input autoencoders was created by training the same network
architecture of Table 9.1 100 times and a Most Probable Model (MPM) was developed
using all 100 input autoencoders using the procedure of Section 9.2. Similarly, an
ensemble of output autoencoders was created with 100 models and the MPM of all output

autoencoders was developed.
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Using the MPMs of the input and output autoencoders an ensemble of 100
mapping models was developed which were then used to obtain a MPM of the mapping
model. We thus obtained three Most Probable Models: one for inputs, one for outputs,
and one for the mapping between them. The performance of the models on unseen data is
illustrated in Figure 9.11. It is important to note that, given the use of three separate
neural network models, the MPM approach is the most efficient. By identifying the most
frequent and stable parameter configurations across multiple training runs, this method
ensures consistency in predictions while avoiding the computational overhead of the

ensemble learning.
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Figure 9.11 Comparison of actual output vs prediction by the MPM

As another illustration, the Most Probable Model approach was also applied to the
problem described in Chapter 7. Figure 9.12 compares the prediction by the MPM

approach for unseen data point along with mean ensemble prediction and the actual
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output. The MPM prediction closely corresponds to the mean of the ensemble indicating
its efficiency over the ensemble method, as the latter runs multiple models in order to

calculate their mean. In contrast, the MPM approach requires only one model run for

prediction.
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Figure 9.12 Comparison of the MPM prediction , the mean ensemble and actual output
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CHAPTER 10

SYNTHETIC DATA GENERATION USING VARIATIONAL AUTOENCODERS

This dissertation primarily addresses the challenge of model uncertainty in machine
learning, with a particular focus on ensemble-based approaches. Traditional ensemble
methods require the training and deployment of multiple models to quantify prediction
uncertainty, which, while effective, can be computationally expensive and resource
intensive. Chapter 5 introduced a novel methodology to efficiently estimate uncertainty
bounds by utilizing only two models (the 5th and 95th percentile Adaptive Gaussian
Process Regression (GPR) models), instead of relying on a full ensemble of predictions.
This substantially reduces the computational burden typically associated with ensemble
methods during inference step, while still providing meaningful measures of uncertainty.
In Chapter 9, the “Most Probable Model” approach was presented, which further
enhances efficiency by offering reliable mean predictions derived from the ensemble,
circumventing the need to evaluate all models for every prediction.

Despite these advancements, all ensemble-based methods and the proposed
extensions ultimately depend on the initial training of multiple machine learning models.
This initial stage, albeit performed only once, remains a significant bottleneck in terms of
computational time and resource consumption. Accordingly, there is a compelling need to
develop approaches that maintain the advantages of ensemble-based uncertainty
quantification while improving efficiency. To address this, this chapter proposes a novel

methodology based on Variational Autoencoders (VAE). This approach enables the
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generation of multiple plausible predictions by leveraging a small subset of ensemble
models, thereby significantly reducing the computational demand without compromising

the quality of uncertainty quantification.

10.1 Review of Variational Autoencoders (VAE)

A Variational Autoencoder (VAE) is a class of deep generative models designed to
learn probabilistic representation of complex datasets such as images, signals, or
sequences by mapping them into a structured, low-dimensional latent space. In contrast to
the deterministic autoencoders described in Chapter 8, VAEs introduce a probabilistic
framework that enables both reconstruction of observed data and generation of new
samples, making them particularly suitable for unsupervised learning and generative
modeling tasks.

The structure of a Variational Autoencoder (VAE) is schematically illustrated in
Figure 10.1 which provides a visual representation of the model’s architecture and
information flow. The VAE consists of three main stages: the encoder, the latent space,
and the decoder. The process begins with the observed input data, denoted by y, which is
mapped by the encoder into a latent space z. The encoder, represented as q¢(2|y) 1s a
probabilistic model that approximates the posterior distribution over the latent variable z
given the observed input. This distribution is typically assumed to be Gaussian, with its
parameters (mean and variance) learned from the data. The triangular shape in the figure
reflects the compression operation, reducing the dimensionality of the data and enforcing
a bottleneck that captures only the most salient features. The middle block, labeled z

represents the latent space where the input is encoded into a lower-dimensional,
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structured representation. This latent space is regularized to follow a prior distribution
p(z) = N (0,]) ensuring continuity and smoothness that are essential for generative
tasks. Following this, the decoder, depicted by pg(y|z), maps the latent variable z back
into the data space, reconstructing the output y. The decoder mirrors the encoder’s
structure, gradually expanding the compressed representation to produce a sample that
ideally resembles the original input. The objective during training is to minimize the
difference between y and y while simultaneously encouraging the latent space z to follow
the prescribed prior distribution. This encoder—latent—decoder pipeline, as shown in
Figure 10.1, captures the core operational flow of a VAE which is to encode high-
dimensional data into a compressed latent form, sample from the latent distribution, and

decode back to reconstruct the original input.

bq

Encoder Latent Decoder

Input Output

Figure 10.1 Variational autoencoder information flow
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The VAE is trained to maximize the likelihood of the observed data under the
generative model. However, direct computation of the marginal likelihood pg(y) is
generally intractable due to the integration over the latent variables. Instead, the model is
trained by maximizing the variational lower bound of Equation 10.1, known as the

Evidence Lower Bound (ELBO), which serves as a surrogate objective.

log pe(¥) = Eqg(z|y)[log pe(¥|2)] — Dk (4g(3[¥))|Ipe (2]Y) (10.1)

The first term in Equation (10.1) is the expected log-likelihood of the reconstruction,
encouraging the decoder to generate outputs that closely match the inputs. The second
term is the Kullback—Leibler (KL) divergence between the approximate posterior
qp(2|y) and the prior pg(y|z), which acts as a regularizer that constrains the latent
representation to remain close to the prior distribution, typically chosen as NV (0,I). For
the commonly used Gaussian latent distribution with diagonal covariance, the KL

divergence term admits a closed-form expression as

Dk1(qg(3l¥))1Ipe (2]y) = %Zj(i:l(ﬂjz + 0 —log(gf’) — 1) (10.2)

where ;, g; denote the mean and standard deviation of the decoder. The Dy, divergence
is a measure of how the learned distribution q4(z|y) (i.e. the encoder’s output) differs
from the prior distribution p(3). Penalizing KL encourages the encoder’s output to stay
close to the simple prior, making the latent space well-behaved for sampling and

interpolation. Figure 10.2 provides a graphical illustration of the KL Divergence and

ELBO.
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Figure 10.2 Illustration of KL Divergence and ELBO
To allow backpropagation using a stochastic model, the VAE uses
z = u(y) +o(y).€ (10.3)

where € ~ V' (0,1). This allows stochastic sampling while using the conventional
backpropagation algorithm.

A central challenge in training VAEs is that sampling from a probability
distribution (such as qg(z|y) ) is inherently a non-differentiable operation, making it
difficult to update the encoder’s parameters using gradient-based optimization. The
reparameterization trick solves this by expressing the random variable z as a
deterministic function of the encoder’s outputs and an independent source of noise.
Specifically, instead of sampling z directly from (N (u(y), a2(y))), we sample an
auxiliary variable € from a standard normal distribution V' (0, I) and compute Equation
(10.3). This simple transformation makes the sampling process differentiable with respect
to the encoder’s parameters, enabling end-to-end training of the entire VAE model using

the standard backpropagation. The reparameterization trick is a key innovation that
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allows VAEs to be trained efficiently and has made probabilistic deep generative
modeling practical.

During VAE training, all inputs y is first passed through the encoder, which
outputs the mean and variance parameters p(y) and o(y) for the approximate posterior
distribution qg(2|y). Using these parameters, a latent variable z is sampled via the
reparameterization trick to allow gradients to flow through the sampling process. This
sampled z is then passed through the decoder to produce a reconstruction § of the original
input. The model’s objective, known as the Evidence Lower Bound (ELBO), combines a
reconstruction loss (measuring how well § matches y) and a KL divergence loss which
regularizes the learned latent distribution towards the prior. Finally, the encoder and
decoder parameters are updated via gradient descent to maximize the ELBO, thereby

improving both reconstruction fidelity and latent space regularity.

10.2 Conditional VAE (C-VAE)

In earlier sections, the Variational Autoencoder (VAE) was introduced as a
generative model capable of learning the distribution of high-dimensional outputs (such
as time-series curves) by mapping them into a lower-dimensional latent space. The latent
space is regularized through the Kullback-Leibler (KL) divergence, which encourages the
encoded representations to follow a standard normal distribution, facilitating interpolation
and sampling. While the VAE offers substantial benefits in terms of computational
efficiency and generative flexibility, it is inherently limited in one crucial aspect: it learns
a marginal distribution, p(y), over the outputs without explicitly accounting for the

corresponding inputs or design variables, x. Consequently, the generative process in a

113



standard VAE is unconditional. That is, although one can sample diverse outputs, there is
no mechanism to condition these outputs on a specific input vector. This becomes
problematic in engineering design and simulation contexts, where the relationship
between input design parameters and system response is deterministic or at least input
dependent.

In the context of this research, each training instance is characterized by design
variables x € R? , and the output is an associated time-series y € R”. The goal is not
merely to sample plausible outputs from the overall output distribution, but rather to
model the conditional distribution p(y|x) that is, the distribution of outputs given a
specific input configuration. The VAE lacks the structural capacity to make such a
distinction.

To address this limitation, the Conditional Variational Autoencoder (CVAE) is
used. The CVAE extends the VAE architecture by conditioning both the encoder and
decoder on the input vector x. Specifically, the encoder now models the posterior

q¢(2|y, X), and the decoder reconstructs the output through py(y|2,x). This
conditioning allows the latent space to be structured in a way that reflects input-
dependent variations, thereby enabling the generation of multiple plausible outputs for a
given input. The remainder of this chapter details the architecture, training process, and
validation of the CVAE model tailored for time-series response prediction in the context
of simulation-driven design.

The CVAE assumes the following generative process

z~p(z) = N(0,1) (10.4)
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y~po(¥|z, X) (10.5)

Since the true posterior p(z|y, x)is intractable, we introduce the variational

approximation

qp(2ly, X) = N (g (¥, x), diag(a*@(y, x))) (10.6)

The model is trained by maximizing the conditional Evidence Lower Bound (ELBO)

given as

log pe (¥1X) = Eqg(3ly, x)[log pe (Y12, X)] — Dk (4 (2, X))|Ipe (3], X) (10.7)

The loss function in practice is implemented as
LCVAE = ||y = ¥|| + B. D (W (19, 5> @) ||V (0, 1)) (10.8)
where [ is user-defined weighting factor.

10.3 Uncertainty Quantification using C-VAE

This section presents the potential use of a Variational Autoencoder (VAE)
framework for uncertainty quantification using the crash simulation problem discussed in
Chapter 7. This case study involves a frontal vehicle crash model characterized by 33
input design variables across 650 design points. The response of interest is a time-series
signal recorded at the toe pan location, comprising 121 discrete time steps (see Figure 7.5
for illustration). To capture the predictive uncertainty, an ensemble of 25 deep neural

networks is independently trained, each employing the same architecture as detailed in

115



Table 7.1. For each of the 650 design points, predictions are obtained from all 25 models,
resulting in an ensemble of 650 x 25 = 16,250 output curves. These curves are stacked
into a two-dimensional array of shape (16,250 x 121), representing the empirical
distribution of ensemble predictions. This array forms the training dataset for the VAE,
which aims to learn a low-dimensional latent representation of the ensemble variability.

The Conditional Variational Autoencoder (CVAE) developed in this work is
designed to model the conditional distribution of time-series responses given a set of
design inputs. The architecture consists of a fully connected encoder and decoder
network, both explicitly conditioned on the design vector. The encoder takes as input the
concatenation of a normalized output curve (with 121-time steps) and its corresponding
input design vector (of dimension 33), resulting in a combined input of dimension 154.
This input is passed through two hidden layers: the first dense layer contains 128 ReLU-
activated units, followed by a second dense layer with 64 ReLU-activated units. The
output of the second hidden layer is then branched into two separate dense layers of size
32, producing the latent mean vector and log variance vector, respectively, which
parameterize a multivariate Gaussian posterior in latent space of dimension 32. A
sampling layer implements the reparameterization trick to ensure differentiability of the
latent space sampling process. During each forward pass, this layer samples a latent
vector from the Gaussian distribution defined by the mean and log-variance vectors
output by the encoder.

The decoder network mirrors the conditioning structure of the encoder. It takes as
input the sampled latent vector (dimension 32) concatenated with the same design vector

(dimension 33), resulting in a 65-dimensional input. This input is passed through two
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hidden dense layers, with 128 and 64 ReLU-activated units respectively, followed by a
final output layer with 121 units to reconstruct the original time-series response. The
reconstruction loss is defined as the mean squared error (MSE) between the predicted and
actual output curves. The Kullback-Leibler (KL) divergence between the approximate
posterior and the standard normal prior is used as a regularization term to shape the latent
space. A weighting factor § = 0.05 is applied to the KL divergence to control the trade-off
between reconstruction fidelity and latent space regularity. The model is trained for 500
epochs with a batch size of 32. To prevent numerical instability and warnings related to
on-the-fly variable creation, the encoder and decoder are pre-built using a dummy batch
prior to training. The training dataset consists of ensemble predictions generated by 25
independently trained forward neural networks for each design point. For 650 training
inputs, this results in a total of 16,250 training curves. Each curve is paired with its
corresponding input design vector, which is repeated to match the ensemble expansion.
All inputs are normalized using standard scaling, and the output predictions are inverse-
transformed using the saved scaler after inference. The trained encoder and decoder are
stored in separate files for use during sampling and uncertainty quantification.

After the Conditional Variational Autoencoder (CVAE) is trained, it can be
utilized as a generative model to predict the distribution of time-series responses
corresponding to a specific design input. The inference process leverages only the
decoder component of the trained CVAE, along with the input scaler and output scaler
saved during training. To begin, the unknown input test is selected from the test dataset.
This vector is normalized using the same scalar as used during training to ensure

consistency in the latent space representation. This normalized input is passed to two
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different inference pipelines: one based on a trained ensemble of forward neural
networks, and the other using the CVAE decoder. For the ensemble-based approach, 500
independently trained forward models are loaded sequentially. Each model accepts the
scaled test input and predicts a corresponding output curve in the normalized space.
These predicted curves are collected and subsequently inverse transformed using the
saved output scaler to convert them back to physical units. The 5th and 95th percentile
curves are computed across the ensemble to form uncertainty bounds, which serve as a
baseline reference.

In the CVAE-based approach, the decoder is used to generate a large number of
synthetic output curves (1000 in this case) conditioned on the selected test input.
Specifically, the latent variable z is sampled repeatedly from a standard multivariate
normal distribution of the same dimension as used during training (in this case, 32). For
each sample, the decoder receives both the latent vector and the normalized design input
and generates a predicted output curve. These curves, initially in normalized space, are
inverse transformed using the same output scaler. The ensemble of synthetic curves is
then used to compute the 5th and 95th percentile bounds, analogous to the ensemble
method.

Figures 10.3 and 10.4 demonstrate the uncertainty quantification capability of
CVAE for test points 3 and 2, respectively. They compare its 5th—95th percentile
prediction envelope with the 5th and 95th percentiles calculated from the ensemble
predictions of 500 models for the acceleration response. This indicates that the CVAE has

successfully learned the distribution of ensemble predictions. The variable width of the
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shaded region captures time-dependent uncertainty, with broader intervals in regions of

higher variability and tighter bounds where predictions are more confident.
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Figure 10.3 CVAE-based 5th and 95th percentiles for test point # 3
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Figure 10.4 CVAE-based 5th and 95th percentiles for test point # 2

This demonstrates the CVAE’s effectiveness as a generative model capable of

reproducing both the shape and uncertainty of ensemble outputs using only a compact
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latent space. The 5th and 95th percentile curves derived from the synthetic data generated
by the CVAE can subsequently be utilized to construct an Adaptive Gaussian Process
Regression (GPR) model, as detailed in Chapter 5. The primary advantage of the
proposed CVAE-based framework lies in its ability to significantly reduce the time and
computational resources required for uncertainty quantification. Instead of training and
maintaining a large ensemble of models (e.g., 500 networks), the approach uses
predictions from a relatively small ensemble (e.g., 25 models) to train a Variational
Autoencoder. Once trained, the CVAE acts as a generative Al model capable of producing
a large number of synthetic prediction curves that preserve the statistical characteristics

of the original ensemble.
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CHAPTER 11

DISSERTATION CONTRIBUTIONS

This research introduces a novel framework for quantifying uncertainty in
machine learning that is both straightforward to implement and highly effective. The
work leverages network ensemble methods and autoencoders to address the persistent
challenge of uncertainty quantification in predictive modeling. A significant contribution,
detailed in Chapter 5, is the development of an adaptive Gaussian Process Regression
(GPR) model, which offers the advantage of being architecture-independent and,
therefore, applicable to a broad range of machine learning models. The proposed
methodology is versatile, supporting uncertainty quantification for both scalar outputs
and time-dependent problems. The effectiveness and generalizability of the approach
were demonstrated through its application to a real-world crash simulation case study.

By offering a robust and adaptable solution, this research advances the field of
uncertainty quantification in machine learning, providing both researchers and
practitioners with a valuable tool for improving the reliability and accuracy of their
predictive models. Additionally, a novel autoencoder-based technique, termed the “Trust
Index,” was developed to flag unseen or out-of-distribution inputs that may not be well-
represented in the training data.

Chapter 9 presented an indirect strategy for uncertainty quantification through the
construction of the most probable model, utilizing an ensemble-based approach.

Subsequently, Chapter 10 introduced a Conditional Variational Autoencoder (CVAE)
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approach to generate synthetic data which can be used in place of predictions generated
by ensemble of models. Below are specific contributions:

* Development of an “Adaptive GPR using NN Ensemble Method.” This approach
introduced a novel method to integrate the strengths of network ensemble methods and
Gaussian Process Regression (GPR), effectively mitigating the individual limitations of
each technique and providing a more robust framework for uncertainty quantification in

machine learning models.

* Creation of a “Trust Index.” This is an innovative autoencoder-based method for input
data assessment. By training autoencoders on input distributions, this approach enables a
reliable identification and flagging of out-of-distribution or previously unseen inputs,

thereby enhancing model reliability and safety.

* Introduction of the “Most Probable Model” technique. This new method identifies the
most probable model within an ensemble by determining the most frequently occurring
weights across network instances. This technique offers a systematic way to extract
representative models from ensembles, further improving interpretability and robustness

in predictive tasks. It also improves computational efficiency of the mean prediction.

 Conditional Variational Autoencoder (CVAE) for Uncertainty Quantification. We
introduced and validated a CVAE approach specifically designed for uncertainty
quantification in engineering applications. This method generates input-conditioned
synthetic data, substantially reducing the need for computationally expensive ensemble

training while maintaining high accuracy and reliability in predictive modeling.
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CHAPTER 12

FUTURE WORK

This research primarily focused on utilizing ensemble-based network approaches
for uncertainty quantification, where the effectiveness significantly depends on the
ensemble’s capability to represent the ground truth adequately. Future efforts could
concentrate on developing a comprehensive framework or tool capable of integrating all
the methodologies presented in this dissertation, including the Adaptive Gaussian Process
Regression (GPR), the Trust Index, the Most Probable Model, and the synthetic data
generation using Conditional Variational Autoencoders (CVAE). Moreover, the developed
“Most Probable Model” approach, which currently serves as an indirect measure for
mean predictions, can be expanded to assess uncertainty quantification. Further
development and refinement of this approach to facilitate direct uncertainty quantification
would considerably enhance its practicality and interpretability in diverse predictive

modeling applications.
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Appendix A: Equations of Motion for Vehicle Model

The state-space equations of motion of the 11-DOF full-vehicle model of Figure

16 are
[X] = [A] [X] + [B] [U]
[Y]=[C][X]
where
[A] =[A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 A1l Al12 A13 Al4]
Bl=[o 0 0 0 0 0 0% 0 & o X o I
Ml MZ M3 M4
T
[X]:[Xl XZ X3 X4 X5 XG X7 XB X9 XIU Xll XlZ X13 Xl4]
with
Z_L_g=)(1 Zg=X; 6=X, 0 =X,
Z1=Xg Zy=X,, Z, =Xy Z3=Xyy
=X, b=Xs Z;=X;
Z3=Xy, Zy=Xy,  Z4=Xy
The matrices [U] and [C] are
T
vj=f0o o o 0o 0 0 O0 Zt; 0 Z, 0 Z, 0 Z,]
10 0 0O0O0OO O O O0OO0OTO0OTUO0OTUDO
[C]=f0 0 1. 0 0O O OO O O O O O O
o 0o 0o o1 0 0 0 0 0 O0 0 0O

The elements of matrix [A4] are provided below.
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[A1] =0
[A3] =0
[A5] =0
[A7] =[O
[49] = [0
[A11] =[O0
[A13] =[0

o o © O O O =

O 0 0 00O 0 O 0 0
0O 1 0 0 0 0 O 0 0
O 0 010 0 O 0 0
0O 0 0 00 1 O 0 0
O 0 0 00 0 O 1 0
0O 0 0 00 0 O 0 0
0O 0 0 00 0 O 0 0
T
(—K,— K,—K;—K,)/ Mcg
(=C,=C,—G=Cy / Mcg
(axK;+axK,—b*K;—b*K,)/Mcg
(axC,+a*C,—b*C;—b*C,)/Mcg
(cxK;— d*K,+ c=K;—d=*K,) /Mcg
(C*Cl—d*C2+ C*CB_ d*C4)/Mcg
K,/Mcg
C,/Mcg
K,/Mcg
C,/Mcg
K;/Mcg
C,/Mcg
K,/Mcg
C,/Mcg

(axK;+ axK,— bxK;— b=K,) /1,
(axC,+ axC,— bxCy;— bxC,) /lyy
(—a?K,—a?K,—b2K;—b%*K,)/lyy
(—a?C,—a?C,— b?C;— b2 Cy)/lyy

(— axcxK, +axd=K,+ bxcxK,—bxd=K,) /lyy
(— axcxC,+axd*C, + bxc+C; —bxd=C,) /lyy
—axK,/lyy
—axC,/lyy
— axK,/lyy
—a+C,/lyy
b+K;/lyy
b+Cy/lyy
b+K,/lyy

b+C,/lyy
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(exK;— d*K,+ exK;—d=+K,) /1,
(c*Cy— d*Cy+ cxCy— dxCy) /1,
(—axc+K;+ a*d*K,+ b*c+K;—b=+d=K,) /I,
(—axcxC,+ a*d*C,+ bxcxC;—b+d*C,) /I,
(— ¢?K,— d?K,—c?K;—d?K,) /1,

(— c2C,— d?C,—c?C,—d?C,) /1,

[A6] = —CxK, /1
—cCy /L,
d*Ky /Iy
dxCy/l
—cxKs/I,
—c+Cy/l,,
d+K, /1
d+C, /I
K,/ M, b I Ky/ M,
C,/ M, C,/ M,
—axK,;/ M, —axK,/ M,
—axC,/ M, —axCy/ M,
—cxK,/ M, d+K,/ M,
—cxC,/ M, d«C,/ M,
(— K~ K/ M, (A 1= X
C./ M, 0
0 (=K — Kp)/ M,
0 —C,/ M,
0 0
0 0
0 0
0 0
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