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ABSTRACT

A HYBRIDIZED DISCONTINUOUS GALERKIN SCHEME FOR THE
COUPLED STOKES-DARCY FLOW AND TRANSPORT

by

DINH DONG PHAM

Adviser: Aycil Cesmelioglu, Ph.D.

The main focus of this thesis is on finding highly accurate and robust
numerical methods to solve a complex flow and transport problem governed by the
fully-coupled time-dependent Stokes-Darcy-transport equations. This problem has
many applications one of which is groundwater contamination by pollutants
transported via surface/subsurface flow. It consists of two main ingredients; the
time-dependent Stokes-Darcy equations describing the flow, and the time-dependent
advection-diffusion equation for the transport of chemicals via this flow.

Therefore, the first part of this thesis is dedicated to studying the
time-dependent Stokes-Darcy problem that describes the free flow and porous media
flow on two different parts of a domain and their interaction at the common
interface. We introduce a hybridized discontinuous Galerkin (HDG) method which
provides exact mass conservation and pressure robustness and handles the interface
conditions via facet unknowns. We prove well-posedness and a priori error estimates
in the energy norm, and provide numerical experiments that show optimal
convergence and robustness of the method with respect to the problem parameters.

The second part deals with the time-dependent advection-diffusion equation

where we again use an HDG method for the spatial discretization. We show the



existence and uniqueness of the semi-discrete transport problem and prove a priori
error estimates in the energy norm. A number of numerical experiments are
presented for different boundary conditions and we observe optimal rates of
convergence in each case.

Combining the two parts by a sequential algorithm, we solve the fully
coupled time-dependent Stokes-Darcy-transport problem. The coupling of the flow
and transport is introduced by the dependence of the fluid viscosity and source/sink
terms on the concentration and by the dependence of the dispersion/diffusion tensor
in the porous media domain on the advective fluid velocity. Our sequential
algorithm employs a linearizing decoupling strategy based on the backward Euler
time-stepping where the Stokes-Darcy and the transport equations are solved
sequentially by time-lagging the concentration. The well-posedness results and a
priori error estimates for the velocity and the concentration in the energy norm are
presented and numerical examples demonstrating optimal convergence and mass

conservation are provided.
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CHAPTER ONE

INTRODUCTION

1.1 The Stokes-Darcy and transport problems

The coupled Stokes and Darcy problem is defined by a system of partial
differential equations consisting of the Stokes equations for free flow and the Darcy
equations for porous media flow. These equations are coupled at the interface
separating the free flow and porous media flow regions via appropriate interface
conditions. The model has various applications, for example, it can be used to
describe blood flow in vessels in biomedical engineering, groundwater flow in
environmental engineering [5], or flow in the industrial filtration processes [33].
Coupling the Stokes-Darcy equations to an advection-diffusion equation results in a
mathematical model that describes the transport of chemicals by surface/subsurface
flow in groundwater contamination problem, or by blood flow in vessels in the
biochemical transport problem [22].

Different mass-conserving finite element methods have been proposed to
discretize the Stokes-Darcy equations. In [37], Kanschat and Riviére proposes a
finite element method in which the Stokes equations are discretized by a
discontinuous Galerkin (DG) method using divergence-conforming finite elements
for the velocity, and the Darcy equation is discretized by using a mixed finite
element method resulting in a strongly mass conservative scheme. In [28], a strongly
conservative hybridized discontinuous Galerkin (HDG)/mixed discretization for the
Stokes-Darcy problem is presented where a divergence-conforming HDG method is
used for the velocity and a mixed finite element method is used for the Darcy flow.

In [16], a mass conserving embedded-hybridized discontinuous Galerkin



(EDG-HDG) discretization for the coupled Stokes-Darcy system was introduced by
using the EDG method for the Stokes equations with continuous Stokes velocity
trace unknown and the HDG method for the Darcy equation.

Similarly, different stable numerical methods have been developed to
discretize the transport equation, for instance, streamline upwind Petrov-Galerkin
methods [11], DG [21], [41], and EDG methods [53].

However, combining a stable and accurate discretization for the
Stokes—Darcy problem and a stable and accurate discretization for the transport
problem does not directly ensure that the discretization for the coupled
Stokes—Darcy-transport problem will inherit stability and accuracy. It is known
that [45] if the velocity approximation is not local mass conservative, the numerical
solution of the coupled flow and transport problems in porous media will be
unstable and may present unphysical oscillations. Furthermore, compatibility in the
sense of [23] is desirable to avoid loss of accuracy or loss of global conservation.
Therefore, the specifics of the combination must be determined carefully.

There are only a few papers in the literature on a special case of this coupled
problem, where the coupling is only one-way. In this loosely coupled problem, the
Stokes-Darcy flow is assumed to be unaffected by the changes in the concentration.
The first of these papers, [52], uses a combination of mixed finite element and local
discontinuous Galerkin methods. Then [46] uses discontinuous Galerkin
methods, [36] uses the mixed finite element method and Streamline Upwind
Petrov—Galerkin method, and [12]| uses the embedded-hybridized discontinuous
Galerkin method. The published literature about the fully coupled
Stokes—Darcy-transport problem is very sparse. Within our knowledge, there are
only two papers that studied the fully coupled Stokes-Darcy-transport problem.

The first one [17] is a theoretical paper analyzing a weak solution for the



(Navier-)Stokes/Darcy-transport problem. The second one [47]| uses the mixed finite
element method for the Stokes-Darcy problem and classical piecewise linear finite
element for the concentration problem.

In this thesis, we propose a sequential algorithm that decouples the problem
into two subproblems (Stokes-Darcy and transport) which are both solved by the
HDG method. This method maintains the nice properties of the DG method such
as local mass conservation while having fewer degrees of freedom for high order
polynomials. Furthermore, the HDG method for the Stokes-Darcy subproblem
produces strong mass conservation and pressure robustness, and by selecting the

polynomial degrees carefully we achieve compatibility and avoid loss of accuracy.

1.2 A brief introduction to HDG methods

Among many techniques developed for the approximate solution of partial
differential equations (PDEs), the continuous Galerkin (CG) Method is often used.
The CG method is based on a weak formulation of the PDEs that is defined on an
infinite-dimensional space. The solution is approximated by using a finite
dimensional subspace of the infinite-dimensional space such as the space of
piecewise polynomials that are continuous across element interfaces. One drawback
of the standard formulations of the CG method is that it does not perform well with
convection-dominated problems and it lacks local mass conservation property which
is crucial for transport problems.

A method that overcomes these drawbacks of the CG method is the
discontinuous Galerkin Method (DG) which was first introduced in [43| in 1973 for
the linear hyperbolic problems and was later extended to other types of PDEs [2,3].
It is also built on a weak formulation, but the continuity requirement on the

finite-dimensional subspace is relaxed and inter element continuity is imposed



weakly. There are many advantages of the DG method. For example, it is locally
mass conservative, can handle discontinuous parameters, is highly parallelizable and
is ideal for adaptivity and parallel computing because of the relaxed continuity
requirement. It allows for flexibility in the choice of approximation spaces compared
to mixed finite element methods and can achieve high order accuracy by using high
degree approximating polynomials easily.

A disadvantage of the DG methods is that they produce more degrees of
freedom than the continuous Galerkin (CG) methods. In order to reduce the
computational cost associated with the DG methods, the hybridized discontinuous
Galerkin (HDG) methods were introduced and applied to a variety of problems, for
instance, second order elliptic problems [20], Stokes problems [19, 44|, Navier-Stokes
problems [13], etc. The HDG method introduces trace unknowns that approximate
the solution on the element boundaries and numerical fluxes that allow inter
element communication only via these trace unknowns. This makes it possible to
apply static condensation thus reducing the system to a system for only the
single-valued trace unknowns. After solving this reduced system for the trace
unknowns, the main unknowns can be obtained independently inside each element.
The trace system has less globally coupled degrees of freedom compared to a
standard DG system especially for high orders [35], thus it requires less
computational time and memory. For higher order approximations, after static
condenstation, the HDG system is comparable in size to the standard CG
system [38,54|. Figure 1.1 illustrates the degrees of freedom for the CG method, the
DG method, and the HDG method in a four-element mesh. The blue nodes
represent the degrees of freedom of the approximate solution, while the red nodes

represent the degrees of freedom of the trace of solution.



1.3 Thesis Approach

This thesis presents a high order numerical scheme based on the hybridizable
discontinuous Galerkin methods to solve the fully coupled time-dependent
Stokes-Darcy-transport problem. There are two components of this problem; the
time-dependent Stokes-Darcy problem which provides the velocity by which a
contaminant is transported and that affects how the contaminant disperses and
diffuses, and the transport problem which provides the concentration of the
contaminant affecting the viscosity and the source and sink terms in the
Stokes-Darcy problem.

We first solve the Stokes-Darcy problem without the coupling to the
transport equation by extending the work in [16] to the time dependent case. We
derive an HDG formulation for time dependent Stokes-Darcy problem. The main
reason to consider this discretization is its strong mass conservation property and
robustness. We prove the well-posedness of the method by using an inf-sup
condition and present its a priori error analysis.

Next, we present the time-dependent transport problem assuming a given
divergence-free velocity field neglecting the coupling to the Stokes-Darcy problem.
We discretize the transport equation by an HDG method based on the one defined
in [53] for the scalar advection-diffusion-reaction equation. The main motivation is
that HDG methods are as effective as DG methods for convection dominated
problems while being more efficient. We show the existence and uniqueness of the
semi-discrete transport solution and prove a priori error estimates in the energy
norm.

In the final step, we combine the Stokes-Darcy discretization and the
transport discretization to obtain the solution to the fully coupled time-dependent

Stokes-Darcy problem. The proposed algorithm solves the Stokes-Darcy and



transport problems sequentially by time-lagging the concentration solution and
therefore linearizes the nonlinear problem. In each Stokes-Darcy solve, our HDG
method provides a divergence-free and divergence-conforming velocity, the error
estimates for the velocity do not depend on the approximation error of the pressure.
In each part, we provide numerical examples to substantiate the attractive

properties of the numerical methods.

1.4 Thesis Outline

The remainder of this thesis is organized as follows. In Chapter 2, we
investigate a numerical method for the time-dependent coupled Stokes-Darcy
problem. Chapter 3 deals with the time-dependent advection-diffusion type
transport problem driven by a given divergence-free velocity field. Chapter 4
discusses the full coupling of the transport problem with the Stokes-Darcy problem.

The final chapter states some conclusions and possible extensions of this research.
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Figure 1.1: An illustration of the degrees of freedom for the CG method, the DG
method, and the HDG method on a four-element mesh of triangles in 2D using
cubic polynomial approximation.



CHAPTER TWO

TIME-DEPENDENT STOKES-DARCY PROBLEM

In this chapter, we focus on the time-dependent Stokes-Darcy problem that
describes the coupling of free flow and porous media flow on different parts of a
domain and their interaction at the common interface. Let Q C ]Rdim, dim = 2,3 be
a domain consisting of two disjoint subdomains, €2° and 0%, such that Q = Q5 U Q9.
Each subdomain is assumed to be a polygonal /polyhedral region. On the
boundaries 99 of Q and 90 of QF, i = s, d, we denote the outward unit normal by n
and n', i = s, d, respectively. We will use n to denote also the unit normal vector on
I pointing from Q% to Q9 that is, n = n® = —n® on I' the polygonal interface
between 2° and Q. We denote the external boundary of Q% by I'S := 9Q N 905,

and the external boundary of Q¢ by I'? := 9Q N 90,

2.1 Time-dependent Stokes-Darcy system

Let J = [0, 7] be a time interval of interest. The time-dependent

Stokes-Darcy problem is given by the following set of PDEs:

Oru —V - (2ue(u)) + Vp = f° in Q% x J, (2.1a)
K w4+ Vp =0 in Q7 x J, (2.1b)

—V-u = xg? in Qx J, (2.1c)

u=0 on I'* x J, (2.1d)

u-n=>0 on T x J, (2.1e)

where e(u) := (Vu + (Vu)T)/2 is the strain tensor and X% is the characteristic

function of Q. The coefficient w1 > 0 is the kinematic viscosity, £ > 0 is the
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Qd

Fd
Figure 2.1: A sample domain for the Stokes—Darcy problem

permeability constant, f%: Q% x J — RUM is the body force, and g% : Q¢ x J - R
is the source or sink term in the porous medium. Whenever there is a need to
differentiate the values of a function on Stokes and Darcy parts of the domain, we
will use superscripts. That is, for a function v defined on Q, v% := v|qs, v = V| d-

On the interface T x J, we assume the following interface conditions:

un=uln, (2.2a)
p° — 2ue(u®)n - n = p?, (2.2b)
—2u(e(u®)n)t = ar~ V2 (W), (2.2¢)

where the tangential component of a vector w is denoted by (w)! := w — (w - n)n
and o > 0 is an experimentally determined parameter. Equation (2.2a) and (2.2b)
represent the flux continuity and the equilibrium of normal forces on the interface

% J, respectively. Note that (2.2b) is a consequence of the balance of the normal



forces that is given by
o5n® - n® +on?. n? =0 on ! x J,

where 0% = —p*I + 2pe(u®) in Q° x J and 6 = p*T in Q% x J. The condition on the
tangential fluid velocity on '/ x J described by (2.2¢) is called the
Beavers-Joseph-Saffman condition. It is a modification by Saffman [48| of the
proportionality assumption made by Beavers and Joseph [6] on the slip velocity and
the shear stress.

Finally, we prescribe the following initial condition:

u®(x,0) = ug(z) in Q7. (2.3)

2.2 The weak formulation

In this thesis, we use the notation from [27] and [1] for the Sobolev spaces.

To describe the weak formulation, we introduce the following spaces
HIvV(Q) = {u e [L2Q)im: vy e L2<Q)}.
Then the function spaces for the weak formulation is

V= {UE HIY(Q) : v|gs € HY(Q®),v=0 on T'*, v-n =0 on Fd},

Q:{qeL2<Q): /qug;:o}.

With these definitions, we now derive the weak formulation. Taking the scalar
product of (2.1a) and (2.1b) with any test function v € V' and integrating on Q°

and Q% respectively, we have
8tu-vdx—/ (V-Q,ue(u))-vquL/ Vp-vdr = 5 vde
Qs Os Os 0s

/n_lu-vdaz+/ Vp-vdx =0.
Qd Qd

10



Integrating by parts and noting that v = 0 on I'* and, v -n = 0 on Fd, we obtain

O - vdx +/ 2ue(u) = e(v)dr — / 2ue(u’®)n® - vds
Qs Qs r!

—/ pV-vdx—l—/ p’n® - vds = f°rvde, (2.5a)
Os r! Qs

k- vde — pV -vdx + pdnd v ds = 0, (2.5b)
0d 0d r!

where for A € R"™"™ and B € R™" A: B is defined as

m n

i=1j=1

Observe that multiplying (2.2b) with n = n®, then adding to (2.2c), we have

!
S5 _ 9 8\nS _ od,8 | 2 s\t FIXJ. 26
p°n® = 2pe(u’)n pn+ﬁ(U)0n (2.6)
Also note that sincev eV C H diV(Q), v - n is continuous. Then recalling that
v*-n® =v% . n® and n? = —ns on I'L, the sum of all interface integrals in (2.5) can

be simplified as follows:

—/ 2ue(u’)n®v® ds + / p°’n® - v¥ds + / pind v ds
r! r! r!
= /Fl(pdns + %(us)t) 0¥ ds — /FI ph . n®ds
- /rf Pt 0t — o ds + /pf %(“S)t -v®ds
o
_ / ()"t ds.
!l VE

By summing (2.5a) and (2.5b), and by using (2.7), we have

(2.7)

Oru - vdx + a(u,v) + b(v,p) = 20 de,
Qs Qs

where the bilinear forms are defined as follows:

aD(u,v):/Qd/f_lu-vd:B Yu,v €V,

11



ag(u,v) = /QS 2ue(u) @ e(v)de Yu,v €V,

ar(u,v) = /I ar” V2w () ds Yu,v €'V,
r
a(u,v) = ap(u,v) +ag(u,v) + ay(u,v) Vu,v €V,
b(v,q):—/qv-vdx YoeV, Vqe@.
Q

Similarly, by multiplying (2.1c¢) with a test function ¢ € @, then integrating over €,

we obtain

b(u,q) = /Qd ¢%qda.

Then the weak formulation of the time-dependent Stokes-Darcy problem reads: find
(u,p) € L?(0,T;V x Q) such that for a.e. t € J

Owu - vdx + a(u,v) + b(v,p) = fPv¥de, Vv eV, (2.8a)
Qs Os
b(u,q) = /dgdqu, VgeQ (2.8b)
9]
u’(z) = ug in Q7 (2.8¢)

To complete this section, we state the following theorem [14, Remark 3.6] about the
existence and uniqueness of the solution to (2.8). For the steady-state case, the

well-posedness of (2.8) can be found in [29, Proposition 2.1].

Theorem 1. Given f5 € L2(0,T,L%(Q%)) and g% € L%(0, T, L2(Q%)), problem (2.8)

18 well-posed.

2.3 The numerical method

In this section, we first present a semi-discrete scheme to solve eq. (2.8). Our
semi-discrete scheme is based on the hybridized discontinuous Galerkin (HDG)

method as introduced in [16] for the stationary Stokes—Darcy problem.
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We denote by 77 := {K} a mesh of QJ, j = s, d, with non-overlapping
elements K and assume that 7% and 7% match at the interface I'1. Let
T := T5UT% The diameter of an element K € T is denoted by hx and n denotes
the outward unit normal vector on the boundary 0K of K. We set
h := maxgc7 hi. We denote by Fi and F? the set of all interfaces and the set of
all boundary faces, respectively, and we set F := F? U F°. The union of all facets is
denoted by I'g and the union of all facets in @ is denoted by F%, 7 = s,d. Finally,
we denote the set of all facets that lie on T and all facets that lie in ¢ by FI and
FJ, j =s,d, respectively.

We introduce the following finite element function spaces on €2,
Vi i= {on € (L@ 1y € (PO v €T},
Qp = {Qh €L*(Q): qp € P_1(K) VK€ T} N Lj(Q),
Q= {an € LX) : gy e Py(K) VEETI}, j=s.d,
where Py (D) denotes the space of polynomials of degree at most k£ on D. On I’
and ', we consider the following spaces.
¥, = {@h e [L2TH))1m : 5, € [P(F)™ VF e FS, 5, =0on FS} ,
Ol = {qﬁ e LA19): ¢l e PL(F) VFe }"j}, j=s,d.
Note that the facet velocity field is defined only in I'§ while the facet pressure is
defined separately in both I'j and Fg so that p® # 7% on T, and thus the interface
condition eq. (2.2b) is not violated. For ease of notation, we use boldface notation

and define Vi, :=V}, x V3, Qp, := Q) x Q5 ¥ Q;ZL and Q7 = Q) x Q7 for j = s,d.

Consequently, the elements in Vy,, Q;, and Q%, for j = s, d, are represented by

13



v = (0p, ) € Vi, ap = (4, @}, @) € Qpy and qp = (4, 7)) € Q) j = s,d. We
also set X, 1=V, x Q.

Next, let
Vo= {U c L2(Q) S e [HZ(QS)]dim’ Ud c [Hl(Qd)]dim’
v=0onT* v-n=0onl" vs-nzvd-nonFI},

Q= {q e I2(Q): ¢* € HY(Q), ¢ € H2(9d>},

where L%(Q) is the space of L?-functions with zero mean value. We set X :=V x Q
and denote by V and Q the trace space of V, restricted to I['j and the trace space of
Q restricted to 'y, respectively. We introduce the trace operator vy, : V — V to
restrict functions in V' to I'j, and the trace operators Vi Q7 — @ to restrict
functions in Q7 to T/ , J = s, d. Consistent with the previous notation, we set

V=V xV,Q:=Q x Q and define the extended spaces
V(h) =V, +V, Q(h)=Q,+Q, X(h):=V(h)xQ(h)

The restrictions of V() and Q(h) to € will be specified by superscripts, that is, by
VJ(h) and QJ(h), j = s, d. For ease of notation, we write || - | m,p,p instead of
|- lwm.p(py with the following simplifications. When m = 0, WOP(D) coincides
with LP(D) and when p = 2, H™ (D) = W"P(D). For p = 2, we use || - [|,,, p to
denote || - HWm’Q(D) and for m =0, p = 2, we use || - [| p instead of || - [[o p even for
vector valued functions. We refer the reader to [1] for the definitions of the standard
Sobolev spaces W"P(D) and the norms corresponding to them || - [|yym.p(py.

On V?#(h), we define the norms

2 . 2 -1 12
IvIZs == Vol + kg llo = oll5%),
KeTs$
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and

2 . 2 2 2
VI o = VIl + > Pilelf )

KeT$
On V(h), we define
2. 2 2 —t2
VIS == v lls,s + llollg + 10715 (2.9)
and
2 . 2 2 2 2 2 —t12
V2 = W2+ 32 Bklol e = IV + ol2g + 1212, (210

KeTs
Finally, for ¢/ € Q/(h), j = s, d, and for q € Q(h), we define
N5, = llalZ; + D hl@ 3 Mally = D lla’lli; ;-
KeTJ J=s,d
Next, we derive the semi-discrete scheme. Let 0° = 2ue(u®) — p*I denote the Stokes
stress tensor. Then multiplying (2.1a) by a test function v € V},, integrating over an

element K, using integration by parts and summing over all elements, we get

Z /K@tus-vdx+ Z /KUS:Vvdx— Z /aK&Sn-vds: Z /Kfs-vdx,

KeTs$ KeTs$ KeT$ KeTs
(2.11)
where the flux 6% in the third term is replaced with the numerical flux
2
5% = 2ue(u’) — 1 — %ﬂ(us — @) ®n. (2.12)
In other words,
Z / Oru - vdx + Z / 2ue(u) : e(v)dr — Z pV -vdx
KeTs 'K KeTs 'K KeTs 'K
2
- Z / 2ue(u)n - vds + Z / %(u—ﬂ) -vds
KeTs oK KeTs 0K
+ Z / pv-nds = Z / f%-vde. (2.13)
KeTs OK KeTs 'K
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To guarantee the continuity of the normal flux, we impose

> / /FI@-aSnd

KeT*$
Using eq. (2.6),

S8 d s

S.

o*n® = —p¥n® — ax~ V2w on T x J.

Therefore, due to the fact that 7 - a! = (ﬁ)t - @', and switching from pd to pd and u®

to u,

Z/ Asnd(s:/ 17~n5]3dd5+/ akK
0K r! r!

KeTs

Plugging ¢° into (2.14), we get

KeT$ KeTs 0K
+ Z / 2k, — )-vds
Kers /K 4

KeTs

Thus, we can rewrite (2.15) as

/I n®p®ds — Z/ 2pe(u -vds
r KeTs
2
+ Z/ ﬁu u—u)-vds

KeTs

:/ v-nspdds—i-/ akK
r! r!

16

pds—/ ﬁ-nsﬁsds—/ ]
Z / rsur! r!

—1/2

-t ds.

~1/2;¢

(2.14)

(2.15)

(2.16)



After subtracting (2.16) from (2.13) and adding a consistent symmetrizing term, we

obtain

/atu vdr + Z /Que ce(v)dx — Z /pV vdx

KeTs KeT*® KeT*$
Z/ 2ue(u)n - (v —1o)ds — Z/ 2ue(v)n - (u—a)ds
KeT$ KeT*$
2
—l—Z/ ﬁu v—vds+2/ p’v-nds
KeT* KeTs*

—/113577-nsds—i-/lﬁd@~n$ds+/1_04/<;_1/217t~ﬁtds

T T r

S WA
KeTs

Multiplying (2.1¢) by a test function ¢ € @},, then integrating on each element
K e T7%, we get

Z /qV udz = 0. (2.17)

KeTs

To impose normal continuity of the Stokes velocity, we set

=) / (u—a)-nds

KeTs

Z/ 7°u-nds — Z/ 7*u-nds
KeT$ KeTs
Z/ qu~nds—/ g°u - n’ds,
KeTs r!

where we used single-valuedness of @, ¢° and @ = 0 on I'*. Therefore, combining the
previous two equations, we have

Z /qV udz + Z/ qu-nds—/ﬂ(fﬂ-nsds:o. (2.18)

KeTs KeTs

Multiplying (2.1b) by a test function v € V}, and integrating over an element

K e Td, using integration by parts, replacing pd with ]§d, and summing over all
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elements in 7 yield

Z /I(K_1U'Ud$— Z /KpV-vd:)s+ Z /(?Kpdv-ndxzo.

KeTd KeTd KeTd

Next, multiplying (2.1c) by a test function g € ), and integrating over an element
K, summing over all elements on Qd, we obtain

— Z /quV-uddx: Z /gdqddx.

K
KeTd KeTd

To impose normal continuity of the Darcy velocity, we set

Z/ qu-nds:/ qdud-ndds.
0K r!

KeTd

Therefore, combining the last three equations, we have

-1 —d
kK Tu-vdr — /pV-de—l— /pv-ndx:0, 2.19
> . 2 ) 2 o (219

KeTd KeTd KeTd
and
— Z /qu-uddx—i- Z / qdud-ndds—/ q‘dud-ndd:;: Z /gdqddx.
K 0K ! K
KeTd KeTd KeTd

(2.20)
Adding (2.18) and (2.20), we obtain

— Z /qdv.uddx—i— Z/ qdud.ndds—/ qdud.ndds
K 0K r!

KeTd KeTd
Z / qsus-nsds—/ 7*u® -n’ds
0K r!

- Z /qu-usdx—l—
K
= Z /gdqddx. (2.21)
K

KeTs KeTs
KeTd

Gathering what we have so far, we propose the following semi-discrete scheme for

the time-dependent Stokes—Darcy system defined by egs. (2.1) to (2.3): for ¢ > 0,
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find (up(t), pp(t)) € X}, such that

/ Drup(t) - vy dz + By (un(t), p(0)). (v ap)
KeTs$

/fs UthL’—i- Z / qhdx (’Uh,qh)EXh (2.22)

KeT* KeTd
with initial condition up(0) = 7jug where 7, denotes an appropriate projection into

V},. Here,

i Ij,j -
By ((ap, pp). (Vi ap)) = ap(up, vy) + Y bh(p) ) + by (5, 0)
j:S,d

. . Ij,j -
j=s,d

where the bilinear form ay(-,-) is defined as
d j—
ap(up, vp) = ap(up, vi) + aj,(up, vp) + ap,(tp, 0p), (2.24)

with

-y /QHE v)dz + Z/ 2L (4 — 5 - (v — 7) ds

KeTs KeTs oK i
- Z/ 2ue(u)n - (v —v)ds — Z/ 2ue(v)n - (u — u)ds,
KeTs oK KeTs 0K

d -1
= . d
ay,(u,v) /QdI{ u-vde,

aé(ﬂ,@) = /I ar~V2gt . ot ds,
r

and where 5 > 0 is a penalty parameter. The bilinear forms b%(y -) and b}[L’j (+,-) are

given by
b] Z / pV -vdx + Z pjv -nds, (2.25a)
KeTl KeTJ
bé’j(ﬁj,ﬁ) = —/ Po-nd ds. (2.25b)
{
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Using the same technique as in [16, Section 3.3], we obtain for ¢ > 0

—V -y = XdHdi Vee K, VK €T, (2.26a)
[up, - n] =0 Vo € F, VF € F\F!, (2.26b)
ui-n:ah-n Vo € F, VFE.FI,]':s,d, (2.26¢)

where [-] is the usual jump operator and n the unit normal vector on F. To
discretize in time the space semi-discrete problem eq. (2.22), we introduce a
partition of (0,7") into N intervals of length At (the time step) so that NAt =T
more generally, a variable time step can be considered. For n € {0,..., N}, a
superscript n indicates the value of a function at the discrete time t" := nAt. For a
sequence {v"}, we introduce the first order difference operator d; such that, for all

ne{l,...,N},

ol — Un—l

A’ —
tv At

(2.27)

Then the fully discrete scheme is obtained by applying the backward Euler scheme

to eq. (2.22): for n > 1, find (u},p)) € X, such that

S du e+ By 27 (o )
KeTs

=3 [ e Y[ gmds Vo) € X, (228)

KeTs KeTd

where the initial condition u% is obtained by a suitable projection of ug into V},.

2.3.1 Theoretical results

In this section, we present the consistency and well-posedness properties of
the numerical scheme and also prove a priori error estimates in the energy norm.
However, first we need to recall a sequence of well-known inequalities fundamental

to our proofs and introduce the interpolants to quantify the approximation error.

20



2.3.1.1 Useful inequalities

Discrete trace inequality [24, Lemma 1.46, Remark 1.47|:

Iolloxe < Crahy ol Vo € Pu(E). (229
From [9, Theorem 1.6.6], we also have

l9llo,00,05 < Cllvllo,co i Vo € Wag(K). (2.30)
Continuous trace inequalities from |24, Lemma 1.49] and [9, Theorem 1.6.6]:

lollg < Cralhi ollF +hillolf i) Vo€ HY(K), (2.31)

lWllags < Clivlygs Yo e HY(Q), (2.32)
By the Poincaré inequality eq. (2.32) further implies
[vllgas < Cerl|Vollgs Yo € {ve H(Q®) : v=0onT*}. (2.33)

Here K € T, and Cp 1, Cr2, C. > 0 are constants that are independent of h .

Regarding the trace on the interface, we have [30, (1.24)], |9, Theorem 1.6.6]:

[vllr < CrallVollgs Vv e {veHY(Q®) : v=0onTI%}, (2.34)

[
lollpr < Crs llolligs Yo e HY(Q). (2.35)

Furthermore, by [30, Theorem 4.4, for any v}, € Vj,, k > 1,

[opllpr < Clilvpll,s < Cllvplllo- (2.36)

By a slight modification of the proof in [30, Theorem 4.4], we have a similar result

for the discrete concentration space in 2°. That is, for any wy, € C7, ¢ > 1,

lwpllpr < Cllwplles < llwplle (2.37)
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Inverse inequalities from [24, Lemma 1.44, Lemma 1.50]:

IVollx < Conhilollx Yo € Py(K), (2.38)
—dim/2
lloseic < Comeh ™ ol Vo € PL(K), (2.39)

where Cj,y > 0 is independent of hg. From [30, Proposition 4.5, [7, Remark 1.1],
for any v € H 1(77;), and for any u € V},, there exists a positive constant C' such

that the following Poincaré-type inequality holds
lolEs < Cli(w, D)5 (2.40)

The following version of Korn’s first inequality is a consequence

of [8, (1.19)], [45, p.100], [30, Proposition 4.7]:

2 -1 — 2
Ivillos < Cx > Ul + b lvn = oall5x), (2.41)
KeTs

for some positive constant C'g .
We next state coercivity and continuity properties of aj, that will be useful in

energy norm estimates.
Lemma 1 (Coercivity of ay, [16, Lemma 2|). There ezists a constant Cy > 0,
independent of h, and a constant Sy > 0 such that for B > By and for all vy, € V7,
2
ap(vp, vp) = Calllvplly- (2.42)

Lemma 2 (Continuity of ay, |16, Lemma 3|). There exists a generic constant

C > 0, independent of h, such that for all u,v € V(h),

ap(w, v) < Cllull vl (2.43)

In our analysis we will need the following inf-sup condition on the discrete
spaces which can be found in [16, Theorem 1]. A proof is provided in the appendix

for completeness.
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Theorem 2 (inf-sup condition). There exists a constant ¢, > 0, independent of h,

such that for any q;, € Qy,,

i g lj, -7 -
> (e on) + 047 (@] o)
=s,

J
utllanlly < sup i
vaVh Uh|||v
'vh;«éO

Now we are ready to proceed with our proofs.

2.3.1.2 Well-posedness and consistency To prove the existence and

uniqueness of (u,py) and related error estimates we rewrite eq. (2.28) as follows.
Theorem 3. There exists a constant 5y > 0 such that if B > By, there exists a

unique solution (u},py) € Xy, to eq. (2.28) satisfying

1 ~1 1 drn—1
lluplllo + lleplly < C(gHUZ las + IIfs@" llas + g " )HQd)v (2.44)

where C' > 0 s a constant independent of h.

Proof. The result is a straightforward consequence of the abstract theory for saddle
point problems stated in Theorem A.1 which applies due to the coercivity of
ap(up,vy) [16, Lemma 2| in V', and therefore of
1
aup, vp) = 5y > [ up - vpde + ap(up, vp),
KeTs i

and the inf-sup condition given in Theorem 2.

A trivial consequence of [16, Lemma 1] is the following result.

Lemma 3 (Consistency). If (u,p) € X solves the Stokes—Darcy system eq. (2.1),
then letting w = (u, y(u)) and p = (p,7(p*), v(p?)), there holds

> [ awvars B @a)= [ it [ e @
KeTs /K @ ad
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for all (v,q) € X (h).

2.3.1.3 A priori estimates From this consistency result and eq. (2.1), we

obtain the following error equation that will be used to derive the a priori error

estimates.
Theorem 4 (Error equation). If (u,p) € X solves the Stokes—Darcy system

eq. (2.1) and (uy,py) € Xy, is the solution of eq. (2.28), then

> / (deup =0 u”)-vp, de+ By ((wp,, py), (vh, qp))=Bp((w”, "), (vp. qp)) =0,
KeT$

(2.46)
for any (v, qp) € Xy
Proof. Using the consistency equation in Lemma 3 at time ¢ = ",
> / Opu” - vy dz + By ((w”, p"), (v, qp)) = Y / ") - vpda
KeTs KeTs$
+ ) / (t")qp, dz,

KeTd

for all (v, qp) € Xy,
Subtracting this equation from eq. (2.28) yields

3 / (dpaf}—0y u")-vp, da+-By (ufl, p}). (0. @n))—By((w", "), (vp, 1)) = 0
KeTs

(2.47)
for all (vy,qp) € Xy,

]

The standard approach in a priori error estimation is by measuring the error

projected on the discrete space and then combining it with the approximation
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properties of the interpolant. For the velocity error, we use the BDM interpolation

operator [32, Lemma 7| that satisfies the following properties:

Lemma 4 (BDM interpolation operator). There is an interpolation operator

My« [HYQ)]T™ = v, such that if u € [H¥1(E)™, K € T, then
i / q(V-u—V-Iyu)de =0 for all g € Pp_1(K),
K

. / G(u —Iyu)-nds =0 for all ¢ € Pi(F), where F is an edge if dim = 2 and
F
a face if dim = 3 on 0K.

iii. [n-yu] =0, where [-] is the usual jump operator.

Nl =yl g < C’hé(_mHqu’K withm =0,1,2 and m < < k+1.

s

i
v ||V (u— HVU)”mK < C’hé(_mHV cullp g withm =0,1 and m < £ < k.
Furthermore, for u € Wh™(K), [31, (2.33)],
= Myl g + hic V(= Tyw)loo i < Chiclulies  (245)

Let Py, be the L2-projection into V}, and define the interpolant IIy, : L2(Q%) — V},
by tweaking Py, at the interface as follows:
_ (Ppu)|p  if F e FA\F,
Hvu =
(IIyw)s|p  if FeFL
It is straightforward to deduce the following estimate using eq. (2.31), the
approximation properties of the L?-projection, and Lemma 4(iv.): For

]di

ve [HOQH ™ 1< < k+1,

= /—1/2
lo = Ty ollyr < CRY 2 ol (2.49)
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Next, we split the error into two parts:

& =u" — yu”, Gy =y — Hyu”, (2.50a)
&y =p" —Tgp", ¢y =y — gp", (2.50b)
&= y(u™) — Hyu®™, Ci = ap — My, (2.50¢)
& =)~ iy, G =y = T, (250)

where j = s,d.

Then we can write

u' —up =& =G (W) —ay =& - G, (2.51)
pn—pZ:gg—Cg“’ fy(pjn)_ﬁ;ln:_}])n__]%n7jzs7da
and we use the notation &} := (&1}, &1), &) = (5;},55”,55”), and E%n = (gg,gg"),
j=s,d.
Similarly, ¢ = (I, C2). € = (G5, G, G, and ¢ o= (G, (3", j = 5. d
lmlaIY> u UI>SU/> Sp Y ’ 5P y Al P Do SP ) S,
consistent with the notation introduced before for simplicity.

The following result is a consequence of [16, Lemma 7, Lemma 8§].
Theorem 5. Suppose that u is such that u*" € (HY(Q%))4™  and
u e (I (QA)AM 9 < ¢ < k4 1. Then
~1
ER, < OB e gy (2.52)
-1
€l < CR ("l e sy + 1™l gre—1.qay)- (2.53)

Furthermore, for j = s,d, if pI" € HZ(Qj), 0<{¢<k, then

€ s < CR®

Jj= ||pn||H€(Qj) (2.54)

The following lemma demonstrates that the BDM interpolant simplifies the

analysis by eliminating some terms from the error equation.
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Lemma 5. For anyn > 1, (Cy, Cp) and (&, &) as defined in eq. (2.50) satisfy

. i
> () (a), &) + 0,7 (@), &) =0, Va, € Qy, (2.55)
Jj=s,d

o [T
DB (&) on) + 0,7 (G o) =0, Yy €V, (2.56)
J=s,d

Proof. This result is a consequence of the mass conservation properties of the
discrete velocity wuy, eq. (2.26), the properties of the BDM projection IIy in
Lemma 4, the definition of Iy, and the properties of L2-projections g, ﬁé?.
Indeed, to prove eq. (2.55), let qp, = (qp,, G}, qg) € Q},- Then, noting that

qn, € Pr_1(K), g, € P.(K), using Lemma 4(i.), Lemma 4(ii.), and the definition of
Iy on T,

S° (v (a). €0 + by (q), €D)

j=s,d

= (_ > /K%V‘(U"—Hvun)dx

#3 [ dr—meyddas— [ a6 - e wi as)
KeTJ

= 3 (- [, A0 —mve -l as) <o (257

j=s,d

To prove eq. (2.56), let vy, € Vj,. Noting that V - v, € P,_1(K), vy, - n?, Ty, - nJ
€ P,(F), and using the definition of L2-projections g and II7,, j = s,d, we have

> e i@ o) =- ¥ (- X [ gvea

j=s,d j=sd = geri’®

+ / Ejnv -njds—/ Sj% -njds)
2. | " S

KeTl

> (-3 /(pn—HQpn)V-vhd:B

. JK
Jj=s,d KeTJ

+ Z . /aK('V(PJn) — ﬁép]n)yh nd ds — /I‘I(V(p]n) . ﬁ]Qp]n)@h o dS) _o

KeTl
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We define the discrete-in-time norm to estimate the velocity error:

1l 2o = (A S 1132 (2.58)

m=1

Theorem 6 (Velocity error). Let (u,p) € X be the solution of the Stokes—Darcy

system egs. (2.1) and (2.2) such that

u® € L2(0, T [HMH Q) M™), o’ € L2(0,T; [HH (%)),

Opu® € L0, T; [L2 ()™, w e L2(0, T; [H* (Q)1™), k> 1.
Define u% = Ilyug € V), and let (uy,py) € X, solve eq. (2.28). Then (y satisfies
the following estimate

n n
ICE 1R + (AD2 S (ldic s + Calt ST ICTI2 < C'((AD2 + 1K), (2.59)

Proof. We start splitting the error in eq. (2.46) by using eq. (2.50) as follows:

S [ du oo + B(G G (on. ) = Ba(€1.69). (onoan). (260
KeTs$

for any (vy, qp) € Xy,

Setting (v, qp) = (¢y, —Cp) in eq. (2.60), using
1
ala —0b) = §(a2 — b2 + (a —b)?)
and the coercivity of aj, eq. (2.42) yields

1 _ At
g Gl = NG 1ds) + 5 et Iys + CalllGill?

< 3 [ )i ar+ancen

KeTs$
S /K (O™ — dy Thyu™) - €1 o+ By (€7, €5), (¢, —C™))

KeTs

=11 + I>. (2.61)
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Using eq. (2.40), and employing Young’s inequality for some € > 0,

Z / (Opu" — d Tyu™) - () do

KeT$
=Y / (Opu™ — dpu™) - (ldz+ Y /dtgu ¢ da
KeTs KeTs

<0k u” = diu™llos 16y los + ldiy llas 1S llos
< Cllopu” = du"llos 1€l + Clide€ells Nl

< C ([0 u" = dpu"|[gs + ey ISs) + ellCH - (2.62)
We have by eqs. (2.55) and (2.56), the continuity of aj, eq. (2.43), and Young’s
inequality,
_ n o en W (eIm ey pldgim
an(€5,¢) + Y (b€ G + 0,7 (& aD)

jzsd
=3 et e + 07 (@ en)
j=s.d
= ap(&y,Cu)
< CCulER Ny < CUELNZ + el Sl (2.63)

Using egs. (2.62) and (2.63) in eq. (2.61), we obtain

1 _ At
o7 (I = 16E ™ IEs ) + S deElIBs + CallCEIIE

2 2 2 2
< 26l a2 + O (Noru™ — dru™ s + e s + NERI ).

C,
Letting € = Ia (Cy is the coercivity constant), we get

1 2 12 At 9 , C 2
E(’|C3HQS—HC3 HQS)+7HdtC3HQS+TCLH!CZ\HU

<C(10u" = du s + lde€ s + N1€RIZ ).
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Then multiplying by 2At¢, summing from 1 to n, noting that CS = 0, and applying
egs. (C.2) and (C.3), we obtain

n n
ICMEs + (A2 [ lAs + Cart > IS

m=1 m=1

< C<<At) ||8ttu||L2 0,T; [LQ(QS)]dIm + ”atguHLQ 0,T; [L2(Qs)d1m) + At Z |||£Zl|”2 )

m=1

Note that using Lemma 4 iv., we have

k
Hatgu||L2(O’T;[L2(QS)]dim) <Ch Hatu||L2(07T;[Hl€(95)]dim)-

Therefore using Theorem 5,

n n
ICMEs + (A2 1Ml + Cart > (IS

m=1 m=1

<C(At)%|0pul)? + Ch%* | Opu))?

L2(0,T;[L2(s))dim)) L2(0,T;[HF (05)]dim)

+ O (ull? + lul2

02(0,T;[HF+1(s))dim) 02(0,T; [Hkmd)}dlm))

<C((At)? + h?), (2.64)

where the last constant C' depends on the regularity of the solution but is

independent of h.

Note that using a suitable dual problem, it is possible to obtain optimal a
priori estimates but it is beyond the scope of this thesis. The proof in the

steady-state case can be found in [16].

2.3.2 Numerical experiments

In this section, we provide a numerical convergence analysis of the HDG

method by demonstrating that we achieve optimal convergence using a
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manufactured solution. The NGSolve finite element library [49] is used for the
implementation. We will use the unit square domain 2 = [0, 1]2 consisting of two
rectangular subdomains Q¢ = [0,1] x [0,0.5] and Q% = [0,1] x [0.5,1]. Even though
we fully discretized the scheme using the first order backward Euler method for
simplicity in the analysis, we are not bound by that choice in our computations. We
choose to use the second order backward difference method (BDF2) here but
Crank-Nicolson method can also be used. We initialize BDF2 by using a single step
of backward Euler method.

The fully discrete form using BDF2 is as follows: For a sequence {v"}, we

introduce the BDF2 operator d§2) such that, for all n € {2,..., N},

3™ — 4oL 4 yn—2
4y = . 2.
P N, (2.65)

Then the fully discrete scheme is obtained by applying the BDF2 scheme to

eq. (2.22): for n > 2, find (u}, p}) € X, such that

2
S [ oo By (B o)
KeT*$

= > / FE) vpde+ Y / g (tM)gp dz Y(vp.qp) € Xp,, (2.66)
Kers K werd” ™
where the initial condition u% is a suitable projection of ug into V3, and u}L is

obtained by solving a single step of the backward Euler scheme in the beginning.

2.3.2.1 Example 1 Let a = py/k(1 + 472) /2. We solve the Stokes-Darcy

problem with the exact solution given by

1 1
5 (_W sin(mxy + t)e<x2+t)/2, - cos(mxy + t)e(x2+t)/2)T,

S
I

1
ul = (=2sin(may + 1)el@2/2 = cos(ray + t)e@2T0/2)T
s
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-2
p® = i cos(mry + t)e(x2+t)/2,
KT

2
p? = —= cos(may + t)e(x2+t)/2.
KT

In the numerical experiments, we used sufficiently small time steps to observe the
high order convergence rates even though BDF2 requires no restriction on the time
step.

We present our numerical solutions for k£ = 2, ¢ = k — 1 = 1 with different
combinations of k and p to show robustness with respect to the parameters.
Tables 2.1 to 2.4 presents computed errors in the velocity and the pressure on *
and on Q¢ for different values of w1 and k given by Kk = =1 in Table 2.1,
k=1,1=10"%in Table 2.2, kK = 103, 4y = 1 in Table 2.3, and x = 103, x = 1076 in
Table 2.4.

We observe optimal rates of convergence for all unknowns, independent of
the value of the viscosity and permeability. It can also be seen that there is a
variance in the error of the pressure when i and s changes but the error in the
velocity is not affected by this change significantly due to the pressure robustness of
our scheme even in the case of small viscosity. In addition, the last columns in the
tables show that pointwise mass conservation is satisfied in both regions. Similar
conclusions can be drawn from Tables 2.5 and 2.6 for k =3 with xk =1, u = 109,

and k= 103, 1 = 1079, respectively.

2.3.2.2 Example 2 In this numerical example, we accept the same boundary
conditions as in [16] which imposes a parabolic velocity profile on the left boundary
of the Stokes region I'{. Let the boundary of the Stokes region be partitioned as

' = Ff U FS U F§ where

i={zel® :21=0}, 13 :={zel® : =1}, T3:={x el : zp=1}.
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Table 2.1: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 2, At = 1074, T =0.1, w=1,

k = 1 in Section 2.3.2.1.

Stokes solution ()

h Cells |lu—upllo, Order |p—ppllos, Order IV - upllog
1/2 8 3.5e-03 - 8.9e-02 - 2.0e-07
1/4 28 6.4e-04 24 2.7e-02 1.7 2.9e-09
1/8 152 6.0e-07 5.2 5.7e-08 3.7 7.5e-15
1/16 576 4.4e-06 3.4 1.2e-03 2.1 7.0e-13
1/32 2348 5.2e-07 3.1 3.0e-04 2.0 7.1e-15

Darcy solution (Q9)

h  Cells Hu—uhHQd Order ||p—ph||Qd Order ||V-uh+Hdi||Qd
1/2 8 1.3e-02 - 2.3e-02 - 1.3e-06
1/4 28 3.1e-03 2.0 9.1e-03 1.3 5.4e-08
1/8 152 1.9e-04 4.0 1.4e-03 2.7 2.7e-10
1/16 576 2.5e-05 2.9 3.7e-04 1.9 5.5e-12
1/32 2348 2.7e-06 3.2 8.4e-05 2.1 3.8e-12

Table 2.2: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 2, At = 1074 7=0.1, pw=10"6,
k =1 in Section 2.3.2.1.

Stokes solution (2)

h Cells |lu—upllo, Order |p—ppllos Order IV - unllog
1/2 8 1.0e-03 - 3.9e-02 - 2.0e-07
1/4 28 3.1e-03 2.1 9.1e-03 1.3 5.4e-08
1/8 152 2.0e-05 3.7 1.9e-03 2.6 4.5e-11
1/16 576 2.2e-06 3.2 4.5e-04 2.1 6.9e-13
1/32 2348 2.7e-07 3.1 1.1e-04 2.1 2.2e-14

Darcy solution (Q%)

h  Cells ”U—UhHQd Order ||p—ph||Qd Order ||V-uh+Hdi||Qd
1/2 8 1.3e-02 - 2.3e-02 - 1.3e-06
1/4 28 3.1e-03 2.0 9.1e-03 1.3 5.4e-08
1/8 152 1.9e-04 4.0 1.4e-03 2.7 2.7e-10
1/16 576 2.5e-05 2.9 3.7e-04 1.9 5.5e-12
1/32 2348 2.7e-06 3.2 8.4e-05 2.1 3.8e-12
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Table 2.3: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 2, At = 1074, T =0.1, w=1,
K = 103 in Section 2.3.2.1.

Stokes solution ()

h Cells |lu—upllo, Order |p—ppllos, Order IV - upllog
1/2 8 3.4e-03 — 8.9e-02 - 2.0e-07
1/4 28 6.3¢-04 2.4 2.7e-02 1.7 2.9¢-09
1/8 152 4.8e-05 3.7 5.3e-03 2.3 4.5e-11

1/16 576 4.4e-06 3.4 1.2e-03 2.1 1.1e-12
1/32 2348 5.2e-07 3.1 3.0e-04 2.0 1.4e-12

Darcy solution (Q9)
h  Cells |ju— uh||Qd Order ||p — ph“Qd Order ||V -uy, + HdiHQd

1/2 8 1.3e-02 - 2.3e-05 - 1.3e-06
1/4 28 3.1e-03 2.0 9.1e-06 1.3 5.4e-08
1/8 152 1.9e-04 4.0 1.4e-06 2.7 2.7e-10
1/16 576 2.5e-05 2.9 3.7e-07 1.9 2.7e-11
1/32 2348 2.7e-06 3.2 8.4e-08 2.1 1.1e-10

Table 2.4: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 2, At = 1074 7=0.1, pw=10"6,
k= 103 in Section 2.3.2.1.

Stokes solution (2)

h Cells |lu—upllo, Order |p—ppllos Order IV - unllog
1/2 8 9.1e-04 — 6.4e-05 — 2.0e-07
1/4 28 2.5e-04 1.9 1.3e-05 2.3 2.9¢-09
1/8 152 2.0e-05 3.6 1.9e-06 2.8 4.5e-11

1/16 576 2.2e-06 3.2 4.5e-07 2.1 7.0e-13
1/32 2348 2.6e-07 3.1 1.1e-07 2.1 9.0e-14

Darcy solution (Q%)
h  Cells |ju— UhHQd Order ||p — ph”Qd Order ||V -uy, + HdiHQd

1/2 8 1.3e-02 - 2.3e-05 - 1.3e-06
1/4 28 3.1e-03 2.1 9.1e-06 1.3 5.4e-08
1/8 152 1.9e-04 4.0 1.4e-06 2.7 2.7e-10
1/16 576 2.5e-05 2.9 3.7e-07 1.9 5.5e-12
1/32 2348 2.7e-06 3.2 8.4e-08 2.1 3.8e-12
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Table 2.5: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 3, At = 1074, T =0.1, pw=10"6,

k = 1 in Section 2.3.2.1.

Stokes solution ()

h Cells |lu—upllo, Order |p—ppllos, Order IV - upllog
1/2 8 2.5e-04 - 3.5e-03 - 5.7e-10
1/4 28 2.2e-05 3.5 6.9e-04 2.3 2.0e-12
1/8 152 6.1e-07 5.2 5.6e-05 3.6 3.8e-15
1/16 576 3.3e-08 4.2 6.4e-06 3.1 8.8e-14
1/32 2348 2.0e-09 4.1 7.7e-07 3.1 9.4e-14

Darcy solution (Q9)

h  Cells Hu—uhHQd Order ||p—ph||Qd Order ||V-uh+Hdi||Qd
1/2 8 1.9e-03 - 4.2e-03 - 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-04 3.0 2.2e-12
1/8 152 3.5e-06 5.1 4.0e-05 3.8 7.2e-13
1/16 576 2.2e-07 4.0 5.1e-06 3.0 3.0e-12
1/32 2348 1.3e-08 4.1 6.1e-07 3.1 1.2e-11

Table 2.6: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 3, At = 1074 7=0.1, pw=10"6,
k= 103 in Section 2.3.2.1.

Stokes solution (2)

h Cells |lu—upllo, Order |p—ppllos Order IV - unllog
1/2 8 2.4e-04 - 4.2e-06 - 5.7e-10
1/4 28 2.2e-05 3.9 7.3e-07 2.5 2.1e-12
1/8 152 6.0e-07 5.2 5.7e-08 3.7 7.5e-15
1/16 576 3.3e-08 4.2 6.4e-09 3.2 4.5e-15
1/32 2348 2.0e-09 4.1 7.9e-10 3.0 1.4e-13

Darcy solution (Q%)

h  Cells ”U—UhHQd Order ||p—ph||Qd Order ||V-uh+Hdi||Qd
1/2 8 1.9e-03 - 4.2e-06 - 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-07 3.0 2.2e-12
1/8 152 3.6e-06 5.1 4.0e-08 3.8 8.2e-13
1/16 576 2.2e-07 4.0 5.1e-09 3.0 3.1e-12
1/32 2348 1.3e-08 4.1 6.1e-10 3.1 1.2e-11
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Similarly, let T'¢ = T¢ UT¢ where
rd .= {:ref‘d : x1:00r:v1:1}, rd .= {xEFd : 352:0}.

We impose the following boundary conditions:

u = (22(3/2 — x2)/5,0) on I,

(—2pe(u) + phn =0 on T'3,
w-n=0and (—2us(u) + pl)’ =0 on I3,

u-n=>0 on Fd,

p=—0.05 on TY.

We set the permeability to
K = 500sin(5mx) cos(8my?) + cos(3mx) cos(2mx) sin(8my) + 500.

Other parameters in eqgs. (2.1) and (2.2) are set as = 0.1, « = 0.5, k = 2,
B=10k% h=1/32, At =1073, T =1, f5 = (0,0)T and g% = 0. At the final time,
IV - upllgs = 2.04e7 1, |V - upllga = 2.14e710 which shows that the numerical
solution is pointwise divergence-free.

Figure 2.2 shows the permeability, and the computed velocity field. High
permeability regions are represented by red and low permeability regions are
resresented by blue. As expected, in the Darcy region 0% the flow fluid flows much
slower in the areas of low permeability and tries to avoid them by flowing towards

highly permeable regions and flows more freely there.
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1 for the test case using h = 1/32,

Figure 2.2: Solution at the final time T’

At = 1073 in Section 2.3.2.2
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CHAPTER THREE

TIME-DEPENDENT TRANSPORT PROBLEM

In this chapter, we will focus on the time-dependent advection-diffusion
equation which can be used to model the transport of a chemical species via a given
velocity field. We will use an HDG method based on the one defined in [53] for the
steady-state case. The HDG methods were introduced with the purpose of reducing
the high number of degrees of freedom associated with DG methods, while retaining
their desirable properties which make them an excellent choice for
advection-diffusion problems. In fact, the HDG methods just like the DG methods
satisfy local conservativity, high order accuracy, and achieve stabilization through
the interelement jumps.

3.1 Time-dependent advection-diffusion equation

Let Q ¢ RU™ dim = 2.3 be a polygonal /polyhedral domain. On the
boundary I' = 92, we denote by n the unit outward normal vector to the domain €.
For a given finite time 7" > 0, we consider J = (0,7]. The

advection-diffusion-reaction equation in the conservative form reads:
Oic+V - (uc—DVe)= fin Q x J, (3.1)

where ¢ : €2 x J — R is the concentration of a contaminant, D > 0 is a constant,
w: Q) — RIM jg 5 divergence-free vector field that is Lipschitz continuous on {2 and
satisfies ||uHLoo(Q) <1,and f:Q x J— R is a source term.

We denote the outflow portions of the boundary where u - n > 0 and inflow
portions where v -n < 0 by 'y, and I'_, respectively, and denote by ( the function

that is defined on the boundary such that ( =0 on 'y and ( =1 on ['_.
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We assume that the boundary is split into two parts I'jy and I'p such that

F'yNTp=0and I'y UT'p = 00 and prescribe the boundary conditions

(—=Ccu+DVe)-n=0onTI'y x J, (3.2a)

c=0onTlpxJ (3.2b)
Finally, we impose the following initial condition:
c(x,0) = ¢p(zx) in Q. (3.3)

Remark 1. [t is possible to consider no diffusion case (D =0) by assuming that

I'p=0,TyN=0900=T_ and imposing the boundary condition
cu-n=0onT x.J. (3.4)

We can also consider the nonhomogeneous boundary condition
(=Ccu+ DVe¢)-n =g where g: 'y x J — R is a given suitably smooth function by

adding an extra term fFN gwds to the right hand side of the weak formulation.

3.2 The weak formulation

Let H%D(Q) = {we H(Q) : w=0onT'p}. Multiplying equation (3.1) by
w E H%D(Q), integrating on €2 and using integrating by parts, we get

/ Orcwdr — / (cu — DVe) - Vwdz +/ (cu— DVe)-nwds = / fwdz. (3.5)
Q Q o0 Q

Using the boundary conditions in eq. (3.2), we obtain the following weak

formulation: Find ¢ € L2(0,T; H%D(Q)) such that for a.e. t € J,

/Gtcwdx—/(cu—DVc)-dex+/ cu - nwds
Q 0 T

:/wadx VwEH%D(Q), (3.6)
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and ¢(0) = ¢g in .

3.3 The numerical method

We will now describe the HDG method to solve the transport problem

defined by equations egs. (3.1) to (3.3). Let

C, ={c, € L>(Q): ¢, € PL(K),VK € T}, (3.7)

Cy, = {e, € L>(Ty) : ¢, € Pu(F),VF € F}. (3.8)

We define C), = C), x C}, and an element in C}, will be denoted by wj, = (wy,, wy,).

On C},, we define the following semi-norm:

1/2

2 2 -1 2
llwnllz = D (IVwpllF + b lwn = opl35) + w0l @ull3g,  Vwy € Ch.

KeT

In our HDG method, we discretize the advective term by

Bj(c,w) = Z/cu dex+2/ cu-n(w—w)ds

KeT KeT
- Z/ c—c(w—w)ds+/ u-ncwds, (3.9)
i Jorcn” L+

where OK™ is the inflow part of boundary K on which «-n < 0. The diffusive
term is discretized by

thw Z/DVC Vwdz — Z DVc n(w — w)ds
KeT KeT

+Z Be D(c—¢)(w—w)ds

KeT hic Jox
— Z DVw -n(c—¢)ds, (3.10)
KeT

where . > 0 is a penalty parameter.
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Together, By and B,Oll describe the bilinear form as
B(¢,w) = B{(c,w) + B(c,w). (3.11)

The semi-discretization of the problem is defined as follows: For a.e. t € J, find

¢y, (t) € Cy, such that

/ Orep, (t)wy, dx + By (ep(t), wy,) = / f(wp dx Vwy, € Cy,. (3.12)
Q Q

To explain the bilinear form By, we consider K € T and wy, € C},. Then

wy, = (wp X[, 0) satisfies

Bh(ch7 wh) = / [—chu + DVCh] - Vwyp, do — / (Ch - Eh)Dth -nds
K 0K

— / [—chu + DV¢y, + (CKU — &n> (cp, — Eh)] - nwy, ds,
0K e

where (5 = 0 on the outflow portion of 9K and (j = 1 on the inflow portion K™
of OK. Therefore eq. (3.12) on a single cell can be viewed as: given ¢, € Cj,, find

cp, € Cy, such that for all wy, € Cj:

/K e, (t)wp, dx + /K o(cp) - Vwy, do — /6'K o(cp) - nwp ds = /K f(wy, dz,

where o(¢) = —cu + DV is the standard flux and the numerical flux is
d(c) = —cu+ DVe+ (CKU - hﬁ—;(n) (¢ — ¢). We note that the advective part of the
numerical flux is upwinded as (i vanishes on the outflow portions of the element
boundaries and the interior penalty type term hﬁ—;(n(ch — ¢p,) penalizes the jumps [2].
For the time discretization, we use the same notation as in Section 2.3. Our fully
discrete scheme searches for {cj },>1 such that

Z /Kdthwh dz + By(cp, wy,) = Z /Kf"wh dz, (3.13)

KeT KeT

for all wy, € C},. We initialize by using the L2-projection of ¢g onto Ch,.

41



3.3.1 Theoretical results

First, we show stability and existence and uniqueness of the solution to the
semi-discrete scheme eq. (3.12). The proof from [53] is reproduced here for

completeness.

Lemma 6 (Coercivity). There exists a constant Sy > 0 such that if B > By, then

for all wy, € C},

By, (wp, wp) = Clllwp||Z. (3.14)

Proof. By definition of B]‘f eq. (3.10), we have

B (wy,, wp,) = / DVuwy, - Vuy, dz — > DVwy, - n(wy, — wp,) ds
KeT KeT 0K

Z / DVwy, - Vwy, do — 2 Z Dth -n(wp, —wy,) ds

KeT KeT
+ Z Pe th—wh)(wh—wh)d
KeT
=:J1 + Jo + Js.
We have

=y / DVwy, - Vuy, dz = > D|[Vuwp,|l%-.

KeT KeT

Next by the Cauchy-Schwarz, Young’s, trace eq. (2.29) inequalities as follows:

|Jo| <2 Z / DV wy, - n(wy, — wy,) ds

KeT
1
< 3 2ADh) 2Vl (o) 2 wn — o
KeT K
< 3 (ennclTon nl + o lon - w3 )
KeT

<3 (eCDHthHK + —Hwh - whHaK>
KeT
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where € > 0 is the parameter for Young’s inequality.

It is clear that

D - 112
Ty =30 fe | Dl —wp)wy —wn) ds = 3 Pl — wpllp
KeT KeT

Combining the bounds for Ji, |Ja| and J3, we obtain

D
Bi(wp,wy) 2 Y (D = eCD)|[ Va3 + > D&—;)—nwh—whnaK
KeT KeT

Choosing € = %, we have

Bil(wy,wp) > > —HthHK + ) (DBe— 2CD)—||wh — W[5
KeT KeT

If By = 2C and B, > [, then we have

2 -1 2
Bi(wp,wy) > C | Y [Vwpllie + > bt lwy, — w3k | - (3.15)
KeT KeT

We now prove that

1/2 1 9
Bl (wy, wy,) = 3 Z |- n) (wh—wh)||5K+2/ lu-n|wsds.  (3.16)
KeTS o8

From eq. (3.9),

By (wp, wp,) = Z / wpu - Vwy, do + Z/ wy, (u-n)(wp, — wy) ds

KeT KeT

- Z/@ Lun (wy, — wp,)? ds+/ u-nw%ds. (3.17)
K

KeT Ly

Using integration by parts and noting that V-« =0 in K € T, we can rewrite the
first term on the right hand side of eq. (3.17) as

—Z/whu thdx———Z/u thda:

KeT KeT

:_Z/V uwhdx——Z/ whu n ds :——Z/ whu-nds.

KeT KeT KeT
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Using the algebraic identity a(a — b) = =(a® — b + (a — b)?) with a = wy,, b = @y,

5
the second term on the right hand side of eq. (3.17) simplifies as

Z/ wp, (u - n)(wp, — wp) Z/ — @, + (wp, — wp)?) ds,

KeT KeT

Hence, using the simplifications above, eq. (3.17) reduces to

Bh('wh,'wh ———Z/ U - nwhds—i— Z/ U - nwh_wh)2 ds

KeT KET OK\DKT™
- = Z/ n(wy, — wp,)? ds—l—/ u-nw%ds.
KeT Km It

Since wy, and u - n are single-valued on element boundaries, and |u-n| = u-n on

OK\OK™ and |u-n| = —u-n on K™, we have

By (wp,, wy,) ———Z/ u - nwhds—i— Z/ lu-n|(w), —wp,)? ds

KeT KGT

+/ u - nw}% ds
Iy
=5 Z / lu - n|(w), —wp,)? ds—|—2/ |u‘n]u_)}2lds.
KeT
This implies that eq. (3.16) holds, and hence using eq. (3.15), we obtain
2
By (wp, wp) 2 Clllwp . (3.18)

]

Theorem 7 (Existence and uniqueness). The semi-discrete scheme eq. (3.12) has a

unique solution ¢y, € C},.

Proof. Let t > 0 and take wj, = ¢ (t) in eq. (3.12). Then

> (Geen(t), cn(t) ik + Bulen(t), en(t) = D (F(8),cn(t)) k- (3.19)

KeT KeT
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By eq. (3.14) and the Cauchy—Schwarz inequality,

1d

s len®lg+Cllea®llZ < D- (F®.en®ic <[lF O len®ll- (320

KeT

Integrating eq. (3.20) from 0 to ¢ for some 0 < ¢ < T', and applying the

Cauchy—Schwarz and Young’s inequalities,

1 2 t 1 2

lent®lif+0 [ lentoiZas < llen(o

1t 2 1 [t 2
3 [ Ir@lhas+5 [ el as
Using eq. (C.4) and recalling that ¢;,(0) is the L2-projection of ¢q into Cj,, we have
2 [* 2 5 [* 2

len@l&+ | M)z ds < € (Jeolig+ | (1) gs) e € [0.7)

The existence and uniqueness follows by setting ¢ = 0 and f = 0. O

To estimate convergence rates in the energy norm, we introduce the
continuous interpolant Zc € C, N CY(Q) of ¢ from [9] and we set
Ze(t) = Zelpo(t) € C},. Note that we can use other interpolants but this choice
makes the analysis simpler by eliminating the & — &. terms. Let € be the restriction

of ¢ to 'V (the union of all facets). We split the errors as follows:
c—cp==E& —( and E_Eh:gc_gm
where

66 =C— IC, EC =C— .’Z_,—C, 50 = (507 gC)?

Ce = Ch — Ze, EC? =Cp — -’Z_'—Ca Cc = (CC? gc)
The following interpolation estimates hold |9, Chapter 4]:

leclly i < CRS Nlells i, =01, 2<s<k, (3.21)
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and

el oo < Ch Mlells oo xs 7=0,1, 1<s<k (3.22)

Using 7 = 1 in eq. (3.21), and observing that . — & = 0 on element boundaries 0K,

we obtain

el = (3 Iv&et) )

KeT

<CR e lsn 2<s<k (3.23)

Lemma 7. Let ¢ € L2(0,T; H*(Q)) be the solution to eq. (3.1). Then for any

0<t<T,

By (€e(t), wp) < CH*Hle(t) |y llwp e, (3.24)
for all wy, € C}, and k > 1.
Proof. By definition of By, eq. (3.11),

By (€ wn) = Bjj(€c.wn) + B (€c.wy,)

Since & — &, vanishes on facets, we have by eq. (3.9)

By (€., wp) = Z / Ecu - Vwy, do + Z fc u-n)(wy —wp)ds

KeT KeT

+/ (u - n) &y, ds.
L'y
=:J1 + Jo + Js.

Next, we estimate Jy, Jo and J3, respectively. We start by bounding J;. By
eq. (3.21), we have

J1 < Cllullg oo 0lléello I Vwn g

k
< Ch¥||ullg,o0,0llellro llwnlle.

46



By eq. (3.21) and [9, Theorem 1.6.6],

1/2 1/2
2 ~1 _ 2
Jo < Cllulloson | D hrlléclldr > Bt hwy — oI5
KeT KeT
1/2 1/2
~1 2 2 ~1 2
<Cllullgson | D hr (g lgcllk + brléel] k) > Bt hwy — wp 7
KeT KeT

k
< Ch¥{lellg.q llwnlle.

Applying the Cauchy-Schwarz inequality and eq. (2.31),

J3 = /1“+(un) Ecwy, ds

o [ N R
1/2
1/2 _ 2
<lullga g | X0 it lelh +hrclecli ) | ||l
KeT

k-1 1/2
< CHFullgf2 o llellg llewple.

Combining the bounds for J; — J3 and using the boundedness assumption of u, we
obtain

Bji(€eswp) < CH* el 0 llwpllle: (3.25)

Noting that & — &. vanishes on facets, we have

B¢, wp) = Z/Dvgc Vw dz — Z/ [DVE] - n(wy, — @y,) ds

KeT KeT
Be - _
e D c— Sc - d
*-;%;J”( - (€e — &e)(wy, — wy) ds
- Z DVw n(&e fc)
KeT
Z / DV¢. - Vwdr — Z DVuw -n(& — &) ds
KeT KeT 0K
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Using [9, Theorem 1.6.6] again and eq. (3.21),

Bi(&.,wp,) <D|[Véc|g lwpllle

1/2 1/2
2 -1 — 2
+D | Y hgllVel3x > g lwn — pl5x
KeT KeT
SChk_lHCHk,Q llwplle- (3.26)

The result eq. (3.24) follows by combining eqgs. (3.25) and (3.26).

Lemma 8 (Consistency). If ¢ € H'(0,T; H*(Q)) solves eq. (3.1), then for all
€ (0,17,

Z/&tc whdx+Bh(( wh Z/f whda; Ywy, € C},. (3.27)

KeT KeT

Proof. Since ¢ and u are smooth, w is single valued, and ¢ = ¢ on 0K, the advective

term simplifies to

Bi(c, wp) Z/cu thd$+2/ cu - n(wy, — wp,) ds

KeT KeT
- Z/ n (c — ¢)(wy, — wp,) ds—i—/ u-ncwpds
KeT aKm Ty
:—Z/cu thd$+2/ cu - n(wp, — wp,) ds
KeT KeT

+/ u-ncwpds
Iy

Z/V cuwhdx—Z/ ) - nwy, ds

KeT KeT
—l—Z/ cu - nwh—wh)ds—l—/ u-ncwypds
KeT
Z/V (cu)wy, do — Z/ cu‘mﬁhds—i-/ u-ncwpds,
KeT KeT Ty
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and the diffusive part simplifies to

cwh Z/DVG thdx—Z/ [DV¢| - n(wy, — wy,) ds

KeT KeT
n Z Be. D(c—¢)(wy, —wy,) ds — Z/ [DVwy,| - n(c—c¢) ds
KeT hic Jox KeT
Z/DVC Vuwy, dz — Z/ [DV¢| - n(wy, — wy,) ds
KeT KeT
:_Z/ DVcwhdx+Z/ [DV¢] - nwy, ds
KeT KeT
- Z/ [DV¢| - n(wy, — wy,) ds
KeT
:_Z/ DVcwhdx+Z/ [DV¢| - nwy, ds.
KeT KeT

Therefore, combining the terms of Bg and By from above, using the smoothness of

the solution, and since wy, is single valued and wj; = 0 on I'p,

By, (e, wp,) Z / V- (cu— DVec)wy, dz
KeT

—l—/ u - ncwhds+/ [—cu + DV¢| - nwy, ds

rp o0

—Z/V cu—DVc)whdas+/ [—Ccu + DV¢| - nwy, ds.
KeT

This, eq. (3.1), and eq. (3.2) imply eq. (3.27). O

Lemma 9. Let c € L?(0,T; H*(Q)) be the solution to eq. (3.1) such that
dc € L2(0,T; HE(Q)) and ¢ € H*(Q). Then,

t
2 —
GOl + [ NelEds < Cr2ED vee 0,7 (3.29)
Proof. Subtracting eq. (3.27) from eq. (3.12), we have

/Qat[ch(t) — c(t)Jwp, dx 4+ By (cp(t) — c(t),wp) =0 Ywy, € Cy,.
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Splitting the error, we get

Z / O¢Cewy, da + By (e, wy,) Z / Or&cwy, dr + By (&, wp).

KeT KeT

Setting wy, = {.(t), using coercivity eq. (3.14),

SO+ NI < Y [ (@1)ede + BaGen g

KeT

-y / (O1e)Ce i + Bp(Eor Co).

KeT

Integrating from 0 to ¢, where 0 <t < T, we obtain

e+ [nconza < gleoli+ [ ¥ [ aceeaas

KeT

t
[ BuE).Clo)ds = h+ T+ 1o
Using eq. (3.21) and since ¢;,(0) is the L2-projection of ¢q into Cy,,
1 2 2 2 2 2
I = 5[|C(0)[g < llen(0) = collg +lleo — Zeollgy < Ch Hlleolfo -

Using eq. (3.21) and Cauchy—Schwarz and Young’s inequalities,

I = /
0 KeT

< / CHF||0sclly. ql|¢e(5)]| ds

C c [t 9
i 3 ) 16O

e G
Next, by eq. (3.24) and Young’s inequality,

[ ottt < [ o lololqas

! fr
I3 = / By(€e(s). Ce(s) ds < C /0 W e lGe(s) e ds
t
< Ol iy +0 [ NG ds,

with & > 0 a constant.
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Choosing ¢ small enough and combining the above bounds, we obtain

t
}MﬁWé+/HM@M@®
2(k—1) ! 2

The result eq. (3.28) follows by applying Gronwall’s inequality eq. (C.4). ]

Theorem 8. Let ¢ € L(0,T; H*(Q)) be the solution to eq. (3.1) such that
dc e L2(0,T; HR(Q)) and ¢g € HF(Q). Then

t
2 _
le(t) —ch(t)HQ—i—/O llets) — ep(s)|2ds < Ccr?F=1 wi e o, 7.
Proof. Using eqs. (3.21) and (3.23), we obtain

lect)llg + /H&;Hbsmﬁwm9+0#k1MMQMHmm (3.29)

Noting that
2 t 2
\wa>—chuﬂm—%[;mc@>—ch@muds

t t
SZQMﬁNé+AHﬁ@”@®>+2QMﬁN%+A|MA@MdQ,

the result follows by using eq. (3.28). O

It can be shown by using a similar analysis as in [15] that there exists a

unique solution ¢j, € Cy, to (3.12) and given that u, ¢ and ¢ are sufficiently smooth,
k+1
HC - ChHL2(0’T;L2(Q)) <Ch * )

for some constant C' > 0 that is independent of the mesh size and where k£ > 1.

3.3.2 Numerical experiments

In this section, we use the NGSolve finite element library [49] to implement

our method and apply it to demonstrate optimal convergence in space for different
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boundary conditions and in time using the backward Euler and Crank-Nicolson
time-stepping schemes. Let © = [0,1]? and [0, 1] be the time interval. We solve the

transport equation with the exact solution given by
c(x,t) =sin(2n(z — t)) cos(2m(y — t)).

For the transport equation with mixed boundary condition, we use
Fp={zx€d:xzy=1lorzgo=1}and 'y :={x € 900 : 1 =0 or x5 = 0}.

We also applied the second order Crank-Nicolson scheme for the time
discretization given below:

+1/2
> /K dec)wy, do + By (c)) 2wy = > /K £ 2, da, (3.30)
KeT KeT

for all wy, € C},. Figure 3.1 shows the computed solution with h = 1/128,

-1, BaBe+8a -5 BEBe-A1 1.967e-65 5. BEde-A1 1, BBe+a8

Figure 3.1: Solution at time ¢ = 0.1 for the mixed boundary case with the
Crank-Nicolson method using h = 1/128, At = 0.0125
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Table 3.1: Table of convergence using the HDG method (3.13) for the transport
problem with Dirichlet boundary condition (I'y = ()) using polynomial degree
k = 2, time step At = h3.

h  DOFs |lc—¢pllq Order
12 75  3.4e0l -
1/4 381 2302 33
1/8 1560 1.9e-03 3.5
1/16 6501 2.1e-04 3.2
1/32 24993  2.6e-05 3.0

Table 3.2: Table of convergence using the HDG method (3.13) for the transport
problem with Neumann boundary condition (I'p = ) using polynomial degree
k = 2, time step At = h3.

h  DOFs |lc—¢pllq Order
12 75 2.9e01 -
1/4 381 2.4e-02 3.6
1/8 1560  2.1e03 3.5
1/16 6501 2.3e-04 3.2
1/32 24993  2.9e-05 3.0

At = 0.0125 to the transport problem with mixed boundary condition. The figures
for the other cases look identical.

The observed spatial orders of convergence at final time ¢ = 1 are presented
in Tables 3.1 to 3.3. Optimal rate of convergence, which is three, for the
concentration in each case of boundary conditions are observed as expected.

The convergence rates in time with the backward Euler and Crank-Nicolson
schemes for time discretization are shown in Tables 3.4 and 3.5, respectively. The
temporal convergence rate is observed to be 1 and 2 in Tables 3.4 and 3.5 as

expected.
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Table 3.3: Table of convergence using the HDG method (3.13) for the transport
problem with the mixed boundary condition (I'p, 'y # ) using polynomial degree

k = 2, time step At = h3.

h DOFs |lc—¢pllo Order

1/2 75 2801
1/4 381  2.3¢-02
1/8 1560  2.0e-03
1/16 6501  2.2¢-04
1/32 24993  2.8¢-05

3.6
3.5
3.2
3.0

Table 3.4: Table of temporal convergence using the HDG method (3.13) and the
backward Euler method for the mixed boundary condition case using k = 2,

h =1/128 at time ¢t = 1.

At llc —cpllo  Order
0.1 3.4e-02 -

0.05 1.9e-02 0.843
0.025 1.0e-02 0.915
0.0125  5.2e-03 0.955

Table 3.5: Table of temporal convergence by the Crank-Nicolson method for the
mixed boundary condition case using k =2, h = 1/128 at time ¢ = 1.

At llc —cpllo  Order
0.1 1.1e-02 -
0.05 2.4e-03 2.2
0.025 5.8e-04 2.0
0.0125 1.4e-04 2.0
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Table 3.6: Table of convergence using the HDG method (3.13) with the
Crank-Nicolson method for the transport problem with the mixed boundary
condition (I'p, T # () using polynomial degree k = 3, time step At = h3.

h DOFs |lc —¢pllq  Order
12 112 2.7e01 -
1/4 608  1.5e-03 4.2
1/8 2336 1.2e-04 3.6
1/16 9696 4.5e-06 4.8
1/32 38560  2.7e-07 4.1

Table 3.7: Table of temporal convergence by the Crank-Nicolson method for the
mixed boundary condition case using k = 3, h = 1/128 at time ¢ = 1.

At llc = cplla Order
0.1 1.1e-02 -
0.05 2.4e-03 2.2

0.025 5.8e-04 2.0
0.0125  1.4e-04 2.0

Tables 3.6 and 3.7 show our numerical results by using k£ = 3, and the
Crank-Nicolson time-stepping. We observe optimal spatial (4) and temporal (2)

convergence rates.
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CHAPTER FOUR

TIME-DEPENDENT STOKES-DARCY-TRANSPORT PROBLEM

4.1 Stokes-Darcy-transport: fully coupled system

Let Q ¢ RY™ dim = 2,3 be the domain described in Section 1.4 consisting of
two disjoint subdomains, Q° and Q¢ and J = [0, 7] be the time interval of interest.
The Stokes—Darcy—transport system for the velocity field u : 2 x J — RAm

pressure p : 2 x J — R and concentration ¢ : 2 x J — R is given by

Oru — V- (2u(e)e(u)) + Vp = f*(c) in Q° x J, (4.1a)
K=Y (c)u+ Vp = K1 (e) f(c) in Q7 x J, (4.1b)

-V u=Xq(gp — 9;) in Qx J, (4.1c)

$Osc+ V - (cu — D(u)Ve) = Xg(crgi — cgp) in Q x J, (4.1d)
w=0 on I x J, (4.1e)

w-n=0 on I x J, (4.1f)

D(u)Ve-n=0 on 9 x J. (4.1g)

Compared to eq. (2.1), the Stokes-Darcy equations defined by eqgs. (4.1a), (4.1c),
(4.1€) and (4.1f) allow the fluid viscosity p, and the body force terms f* and f@
(which is now nonzero) to be concentration dependent. Furthermore, &, the
permeability of the porous medium is no longer assumed to be a constant but is a
tensor and we set K = % Compared to the advection diffusion equation eq. (3.1),
eq. (4.1d) is now defined on a subdivided domain, instead of taking a constant
divergence-free velocity field it now takes the unknown velocity determined by

eqs. (4.1a), (4.1¢), (4.1e) and (4.1f) as the convective velocity, the

dispersion-diffusion tensor is now allowed to be a function of the unknown velocity
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u, and ¢, the porosity of the medium takes the value 1 in €2° and allowed to be
between 0 and 1 in Q7. The tensor ﬁ(u) equals to dIl in the Stokes region, where I is
the identity matrix, and d is the diffusion coefficient in Q% and to D(u) in the Darcy
region where D(u) denotes the diffusion dispersion tensor in Q7. All of these changes
make the model strongly coupled and nonlinear and complicate the analysis.

The newly introduced functions g; and g, denote the source and sink terms
related to injection and production wells and ¢y is the injected concentration.

We will use v/, p/, and ¢/, to denote the part of the velocity, pressure and
concentration, respectively, in subdomain QJ, j = s, d.

For methods which do not satisfy mass conservation, skew-symmetry of the
term V - (cu) needs to be preserved in the discretization. This can be achieved by

rewriting eq. (4.1d) in the following form as in [40,47]:
0+ V - (Feu — D(w)Ve) + gu- Ve + §xalgi + gp)e = Xacrgi-  (4.2)

This way the term is skew-symmetric regardless of what V - is in Q¢. The HDG
scheme we present in this paper is mass conserving by construction, so we don’t
need to use this form.

On the interface T/, we choose the unit normal vector, still denoted by n, to
be the one pointing from 2° to 0 and prescribe the following interface conditions

on Il x J:

u’-n=u"-n, (4.3a)

p* = (2u(c®)e(uf)n) - n = p, (4.3b)
—2e(®)n) -t =~ -7t ¢=1,...  dim—1, on I x J, (4.3¢)
&= (4.3d)

dvet -n = Duhvel - n, (4.3e)



o
where 7¢ ,£=1,...,dim — 1 denote the unit tangent vectors on r! , 76 =

7l krt
and o > 0 is a parameter determined by experimentation.

These conditions enforce continuity of the normal velocity (4.3a), normal
component of the normal stress (4.3b), concentration (4.3d) and concentration flux
(4.3e). Equation (4.3c), where a > 0 is an experimentally determined parameter, is
the called the Beavers—Joseph—Saffman law which enforces a condition on the

tangential component of the normal stress [6,48].

Finally, we assume the following initial conditions:

u®(x,0) = ug(x) in Q°, (4.4a)

c(z,0) = co(x) in . (4.4b)

4.1.1 Assumptions

The dispersion-diffusion tensor D(u) in Q¢ satisfies for u, v € RU™;
Dininl€* < €7 D(u) ¢ € RE™, (4.5)
[ D(u)| < C(1 4+ [ul), (4.5b)
ID(w) - D(v)| < Clu— ], (4.50)
D(0) = Dy, (4.5d)
where Dpin, Do, and C are positive constants and | - | denotes the Euclidean norm.

We assume that ¢ € L°°(Q2) and p(c) is bounded, monotone and Lipschitz
continuous with Lipschitz constant uj for all ¢ € R, and there exists

G, &F, s, w* > 0 such that

s < ¢(x) < ¢* Vx € Q, (4.6a)

ps < pfc) < p* Ve e R. (4.6Db)
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Note also that in 2%, ¢ = 1. The permeability matrix x is symmetric, uniformly

bounded and elliptic, that is, there exists positive constants k4, < x* such that
ke €]2 < T k(m)E < K2 VEERT, vzedur! (4.7)

From (4.6b) and (4.7), we deduce that

K¢ < €TK(e,2)¢ < K*[¢ VEeRY, V(e,x)e0,1]xQPuT!,  (48)
*

where Ky = H—: and K* = E The body force functions f* and fd are assumed to
Mo

be Lipschitz continuous in ¢ with Lipschitz constants L; and L?. Note that f* and
fd depend on x and ¢ but do not depend explicitly on ¢t. Finally we assume that

9is9p > 0, i, gp € L®(I; L2(2)) and

/Qd(gi(x, t) —gp(z,t))de =0 Vte J

and the injected concentration satisfies 0 < ¢y <1 a.e. in 4.

A weak formulation of the problem defined by (4.1), (4.3), (4.4) was
presented in [47] and the analysis for a weak solution of a more complicated version
of the problem where the free fluid flow is governed by the Navier-Stokes equations

can be found in [17].

4.2 The numerical method

To avoid repetition, we point out that we reuse the notation from Section 2.3
to describe the mesh on 2. The continuous and discrete function spaces and their
associated norms and semi-norms also carry over from Section 2.3. We only update
k =k and the norm eq. (2.10) on V(h) slightly to accommodate for the tensor

structure of the permeability x. Here define
dim

2. 2 2 s )2
VI = VI s + 1oll,g + D719 72 (4.9)
j=1
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The discontinuous Galerkin finite element function spaces on ) for the

concentration and its trace are

Ch={ch € L*(Q): ¢y € P (K), VK €T},

Cs ={cp, € L*(Q°) : ¢, € B (K), ¥V K € T*},

(4.10)

Cp = {&, € L*(Ty) : & € Py (F)V F € F},

Cs ={e, € L*(T§) : & € Py (F)V F e F*},
where ke = k¢ —1,ky. Let us briefly discuss the choice for k.. We recall that for the
flow and transport schemes to be compatible in the sense of [23], the approximate
velocity field must be globally conservative and the method should be zeroth-order
accurate, that is, it should preserve the constant concentration solution and this is
crucial to avoid instabilities. The choice ky = k. — 1 was shown to produce a
compatible scheme for the one-way coupled Stokes-Darcy-transport problem in [15].
Therefore, in our numerical experiments we will use ke = kg — 1.

We introduce C}, = C), x Cy,, C(h) := Cj, + H(Q) and C; = C; x C and
we use cj, = (cp, ¢p,) to denote elements in C}, or in Cj. We define the following
semi-norms on C, and Cy:

2 2 1 2
llwnlle = Y (IVwnllF + hi llwn — @nll55)
KeT

2 2 -1 _ 2
lwpllzs = > (IVwpllF + by llwy, — @1 55)-
KeTs

Note that |||wy,|||c is the same as in Section 3.3. The semi-discrete form for the
Stokes—Darcy part of the problem in egs. (4.1) and (4.3) is as follows: for ¢ > 0, find

((up(t), pp(1)), ep(t)) € Xy, x C}, such that

> /&sUh-vhderBZd(Ch;(umph),(vh,%))=/ foep) - vpdr (4.11)
KeTs /K @

—1—/QdK_l(Ch)fd(Ch)-vhd$+ Z /K(gp—gi)%d$ V(vp, qp) € Xp,
KeTd
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> / ¢ Ogep (t)wy, d + B/ (Uhachawh)‘i‘/dgpchwh da
KeT Q@

= Z /KCIgiwhdJZ Ywy, € Cp, (4.12)
KeTd

where the bilinear form B,Sld in eq. (4.11) takes care of the discretization of the
Stokes-Darcy momentum and mass conservation equations and is defined as follows:

B (ep; (wp, pp), (v, qp)) = ap(epiup,vp) + Y (v, (P} on) + by (7). 1))
j=s,d

+ Z bj qhauh)+b (Qhauh)) (413>
j=s,d

Note that Bfld is the same form as in [16] except that here u depends on the
approximate concentration wherever it appears. Therefore bilinear form ay, (-, ) in

eq. (4.13) is defined as

ap(c;u,v) = aj(c;u,v) —|—a%(c u,v) +a{L( w,v), (4.14)
where
2
(c;u,v) Z /2,u v)dzx + Z / 5;“ —u)-(v—"2)ds
KeTs KeTs /oK K
(4.15a)
- Z/ 2p(c) (v—1)ds — Z/ 2p(c) % (u—u)ds,
Kers /oK rers oK
a%(c; u,v) ::/ K (c)u - vde, (4.15b)
dim—1
Z / (@) (- 7)Y (v - 77) ds, (4.15¢)

and where 55 > 0 is a penalty parameter. The bilinear forms b;L(, -) and bé’j (-,+) in

eq. (4.13) are as defined in eq. (2.25). The term BZ’"(u; c(t), w) in eq. (4.12) consists
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of the discretization of the advective and diffusive parts of the transport equation,

that is,

By (u(t); e(t), w) = Bii(u(t); e(t), w) + Bjl(u(t); e(t), w), (4.16)

where the advective part Bf is defined as in eq. (3.9), but the diffusive part B}‘f
needs to modified to accommodate for the dependence of the dispersion/diffusion

tensor D on the velocity u as follows:

Bg(u; c,w) = Z /KD(U)VC-VUJ dr — Z

KeT KeT

+>2 [ [Dnl(e— - wn s

KeT K

/ [D(u)Vd] - n(w — @) ds
oK

S /aK[D(u)vw].n(c—c) ds. (4.17)

KeT

Here ¢ > 0 is a penalty parameter. To complete the discretization, we impose the
initial conditions by appropriate projections of ug and cq into Vj, and CY,

respectively.

Lemma 10 (Consistency). If ¢ € L?(0,T; H*(Q)), u € L?(0,T;V) and
p € L*(0,T;Q) solve the Stokes-Darcy-transport system eqs. (4.1) and (4.3), then

letting u = (u,y(w)) and p = (p,v(p*), 7(pd))’

+ | Kooy vdet+ Y /K(gp—gi)q dz V(v,q) € X(h). (4.18)

Z / ¢ Ope(t)w dx + BI" (u; ¢, w) +/ gpcw dz
K od

KeT

= Z /Kc]giwdm Vwe Cy.  (4.19)
KeTd
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where ¢ = (¢, ¢) with ¢ the restriction of ¢ to 10,

Proof. Integrating by parts and noting that u = «(u) on cell boundaries in 0, we

have

(cu,v) Z/Q,u ) dz — Z/ . (v—10)ds

KeTs KeTs
=— Z / V- (2u(c)e(u)) - v do + Z / 2u(c)e(u)n® - v ds.  (4.20)
KeTs'K KeT*s 0K
Using smoothness of u and ¢, continuity of u, single-valuedness of v, v = 0 on I'%,
dim—1 o
v=(v-n)n+ >, (v-7))77 and eq. (4.3¢), we note that
i=1
Z / 2u(c vds = /I 2u(c)e(u)n® - o ds
KeTS 0K r
dim—1 o
= / p(e)((2e(u)n® - n)n + Z (2e(u)n®-71)77) - v ds
r! ot
dim—1 ' . ‘
= — Z /I Yu(e)(u- 1) (0 77)ds + /I(nS 2u(c)e(u)n®)n® - v ds.
: T r
j=1
(4.21)
Plugging eq. (4.21) into eq. (4.20),
dim—1 . ‘
aj(c;u,v) = Z/ v de — Z/ V()@ ) (v-77)ds

KeTs

. /F (0" 2p(Q)e(w)n)n® - ds. (4.22)

Next, integrating by parts and noting that v(pj ) = pJ on cell boundaries in o , with
j=s,d, and n% = —n® on T/, we get
o 7 -
> @0+ 600 = Y [ Veevdrs [ o =p0en s
KeT

J=s,d
(4.23)
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Since 7°, g%, u® - n® and u® - n? are single-valued on interior facets, and
u -ns = —ud . nd
o I
> (@) + 0,7 (@ v (w))) (4.24)
j=s,d
=— Z / qV - u dzx + Z / q°u-n’ ds—/lcjsus'ns ds
KeTs’ K KeTs oK r
— Z / qV - u dx + Z / qdu-nd ds—/ cjdud-nd ds
1K 1/ OK r!
KeT KeT
= > /K(gp—gz')q dz. (4.25)
KeTd
Next, we have
ay(c;u,v) = dK_l(c)u v dz, (4.26)
Q
and
dim—1 _
b)) = 3 [ uea ) ds (127)
j=1

Therefore, combining equations eq. (4.20)-eq. (4.27),

> | owvdet Bile (wp). (v.q)
KeTs

= > [ (Bru—2V - (u(c)e(u)) + Vp)
KeTs’ K
+ > /K<K1<c>u+w>-vdw
KeTd

-v dx

+ AI(Qu(nS ~e(u)n®)n®) - v ds + /Fl(pd —p*)n®-vds+ Z /K(gp — ¢;)q dz.

KeTd
Using eqs. (4.1a), (4.1b) and (4.3b) in the equation above, we obtain eq. (4.18).

Since ¢ and u are smooth, w is single valued, u -n =0 on 02, c = ¢ on 0K,

using the interface conditions eq. (4.3d), and eq. (4.3a), the advective term
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simplifies to

By (u;c,w) = Z/cu deZB—I—Z/ cu-n(w—w) ds

KeT KeT
—Z/ n(c—¢)(w—w) ds
KeT 8Km
:_Z/cu deZB—I—Z/ cu-n(w—w) ds
KeT KeT
Z/V cuwd:E—Z/ -nw ds
KeT KeT
+ Z/ cu-n(w—w) ds
KeT
Z/V (cu)w dex,
KeT

and using eq. (4.3e), the diffusive part simplifies to

Bhucw Z/ u)Ve - de:r;—Z/ n(w —w) ds

KeT KeT
+Zﬁtr/ n)|(c —¢)(w — wnds—Z/ -n(c—c¢)ds
KeT hie aK KeT
Z/D )WVe- dex—Z/ n(w —w) ds
KeT KeT
:—2/ Vcwdx+2/ -nw ds
KeT KeT
— Z / [D(u)Vd] - n(w — @) ds
ke /oK
=— Z / w)Ve)w dx.
KeT
Therefore,
B (u; e, w) Z / (cu — D(u)Ve)w dz. (4.28)
KeT
This and eq. (4.1d) imply (4.19). O
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4.2 Properties of the scheme

Let K € 77 and suppose that uj, = iy, and pj, = p; weakly on OK. Let

v, =0, g5, = 0 and set vy, = 0 in 7\ K. Then by integration by parts, we have

B (epi(wy, pp). (Vi ap)) = af (cpsup, viy) + b3 (B, vp)
=/ 2pu(cp)e(up,) « €(vp) dx—/ 2pu(cp)e(up)n® - vy ds
K 0K
—/ oV vy, dx+/ pypn - vy, ds
K 0K
= —/ V- 2u(ep)e(up,)) - vy, da +/ Vpy, - vp, da.
K K

Thus, eq. (4.11) implies

/ 6tuh N dx — / AV (QM(Ch)E(uh)) N dz +/ Vph - Up dx
K K K
= / fo(ep) - vpda
K

for all vy, € V3,
It follows that eq. (4.1a) holds cell-wise.
Next, let K € T% and suppose that p;, = ﬁ% weakly on OK. This time we let

v, =0, g, =0 and v, =0 in T\K. Then by using integration by parts,

B (cps(wp, pp). (Vi ap)) = all(eps up, vy) + 05 (05, op)
:/ K~ (cp)up, - vy, da —/ ppV vy, do —|—/ ﬁ%nd -vp, ds
K K oK
= /K(K_l(ch)uh + Vpy,) - v, da.
Hence, eq. (4.11) implies
/K(Kl(ch)uh + Vpyp,) vy, dz = /KKl(ch)fd(ch) -, dz. (4.29)

It follows that eq. (4.1b) holds cell-wise.

66



Setting vy, =0, ¢, = 0 and g; = 0 in eq. (4.11), we have

Z / huh n? ds — / q;fﬂh n?ds=0 (4.30)
KeTd
for all (jg € Qz Then,
Z / qguh nd ds = Z / (jg[[uh -n] ds = 0. (4.31)
KeTd\r! oK perd\rl "

Since [uy, - n] € Py(F) for each F' € F?, choosing (jﬁ = [uy, - n], we get
— d\ I
[up, - n] =0 for all F € FU\F".

Similarly, we have

[up, - n] = 0 for all F e F5\F! (4.32)

by letting vj, =0, g5, = 0 and ¢f = 0 in eq. (4.11).
Since [uy, - n] =0 for all F' € ]-"j\]-"I, j =s, d, letting v;, =0, ¢, = 0, and

qﬁ =0 in eq. (4.11) again, we obtain

j J - _ - S .
_Z b qh,uh +b (qh,uh))—/rjqiuh-ns dS—AIQZuh'nS ds =0 (4.33)

for all g7 € Q‘;

Since (uj, — @) - n € Py(F) for each F € FI, choosing q; = (up, — up) - n, we

get
wy, -n=day-n on I', (4.34)
Therefore,
[up, -n] =0 Vee F, VFeF, (4.35a)
wyn =1y n VeeF, VFeFl (4.35b)
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Setting vy, = 0 and gqp, = 0 in eq. (4.11), we have

2
S / _52“(Ch)(uz_a3).@hds+ > / 2p1(ep)e(up)n® - oy ds
KeTs$ oK K KeTs oK

dim—1

Jilm N5 I\ . T de S~ 85 o —d—_d:
+ Zl /Flfy w(en)(ay, - ) (op, - ) ds /Flphvh n® ds /Flphvh n® ds = 0.
j:
(4.36)

This implies, by the single valuedness of p; and v, and since v, = 0 on I'?; that

Z /6K (2u(cp)e(up) — prl— QﬂshLlich)(uz —uj) ®@n)n- v, ds

KeTs
dim—1

+ ; /1“1 ~ (@) (ay, - ) (o, - 77) ds — /Fj_ﬁ%@h ndds=0. (4.37)
Assuming that —2(e(uj)n) - ) =~day, 17, j=1,...dim — 1 and

Py —n-2u(c )e(ug)n = ]5% weakly on I'/,

dim—1

> / Vju(éh)(ﬂh‘Tj)(@h'Tj)ds—/ pilop - nt ds
ot r! r!

= [ 2un)eti) + piDn oy, ds

This shows that the formulation imposes normal continuity weakly across facets of

the ‘numerical’ Stokes stress tensor:

_ 28 _
T R ey re U AL LI R AN
O-h = .
2u(ep)e(uy) — prll — QBZLI(;}L)(UZ —up)®n on !,

where I is the identity tensor, that is,

Z/ 17~6}5Ln5d5:/ v-0°n’® ds,
0K r!

KeTs

where 0 = 2u(cp)e(uj ) — ppl.
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To show pointwise mass conservation, we set v, =0 and g5 = q,‘f = 0. Then,

we have

Bi(ep; (up, p), (Vi q ij qh,Uh > > / qpV - up, dz.

j=s,d Jj=s,d T

Hence, by eq. (4.11),

) / apV up de =) / — gi) ap dw. (4.39)

Since V - uy, € Pr._1(K) for each K € T, by choosing
qn = XK(HQ(gi —gp) — V - uy) where yX is the characteristic function of K, the

numerical scheme imposes pointwise mass conservation, i.e.,
~ V-, =xMg(gp—gi) Ve e K, VK €T, (4.40)

where Ilg is the standard L%-projection operator onto Q h-

4.2.1 Theoretical results

4.2.1.1 Properties of the associated forms

Lemma 11 (Coercivity of ay). There exists a constant Cy > 0, independent of h

but dependent on K, s, and p*, and a constant B > 0 such that if Bs > 52, then
ap(cp;vp, vy) = Collvpllle Yo, € Vi, Ve, € Cy,. (4.41)

Proof. Since K is symmetric and uniformly positive definite, we have

(¢;vp,vp) / K™ (c)vy, - vp, dz > C’||vh|| (4.42)
Furthermore,
dim—1 ' ' _ dim—1 ‘ '
ay (&0, 0p) = Y /FIVJ#(C)(%'TJ)(%'TJ) ds > e Y 7‘7||17h'7‘7||%1, (4.43)
J=1 J=1
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and

aj,(c; vp, vp)

Z / 2u(c)e(vy,) : e(vy,) do + Z / 2sp1(c) (v, — o) - (vp, — Up,) ds

KeT$ Kes oK hic
- Z / 2u(c)e(vy)n® - (v, — vp,) ds — Z / 2u(c)e(vp)n® - (v, — vp,) ds
Kers /0K KeT$
2Bsp(c) N
= 3 @@l + Y D, 3
KeT$ KeT$ K
— Z 4p(c)e(vp)n® - (v, — vp,) ds. (4.44)
KeT?

Using Cauchy-Schwarz inequality and eq. (2.29), we get

‘ D Au(e)e(vp)n® - (v, — ) ds| < 4p*|le(vp)n’ okl — Ohllox

KeT*$
* 1/2 1 _
< Ap hg"lle(on)llox —75 llve — vnllox
1/
K
1 _
< 4 Cpalleon)lix 7 lon — onllox:
hi
Therefore,

2B
aj(copvp) > Y 2mallep)lie + Y v, — thll3k
KeT*$ KeT*$ hic

— > 4 Cpalle(op)lx 1/2||Uh unllox
KeT$

> o 3 (ns(vh)n%wﬁu(vh — o)l

KeTs

2u* 1 _
— —Cralle(n)llx =7 llvn — onllox |-
Hx h /
K
2
n—> 2
e+ for n > p#. Then
o ——— (@ +y?) forn>p
. _1/2 _ *
taking @ = [le(vp)| i, ¥y = b P|op, = onlloscs m = Bs, and B = Cr,1Y;, under the

Recall from [24, p. 129] that 22 — 2Bzy + ny® >
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.y *19 .
condition g > (CTvlllj_*) =: fp, we obtain

Bs — bo - _
cileronon) = 20 (B 0) T (o)l o+ nidllon - ol
KeT*$
It follows by eq. (2.41) that
S/ . >& BS_BO \v4 2 h—l =2 4.45
ap (¢ vp, vp) 2 == ) Y UVunllF + hgtllon — oul35)- (4.45)
R =

Combining with eq. (4.42), eq. (4.43) and eq. (4.45), we have

ap(c;vp,vp) > Cllvplllv-

Theorem 9 (Continuity of ap). There exists a constant C' > 0, independent of h,

such that for all u,v € V(h) and c € C(h),
ap(c;u,v) < Clluf] /ol -

Proof. Let v € V(h), ¢c € R. Then

(c;u,v) Z/Q,u v)dz + Z/ 2Bs11(c) —u)-(v—12)ds

KeTs Kers 'K I

- Z/ 2p(c) (v—10)ds — Z/ 2u(c) ¥ (u—1u)ds,
oK oK

KeTs KeTs

= J1+ o+ J3+ Jy.

We will bound each term separately. Using eq. (4.6b) and the Cauchy-Schwarz
inequality,
=] [ 2ueletu)cwyas] <2 3 Ikl
KeTs KeTs

<2 Y |VullgIVollg < 2 [llllolllollo.
KeTs
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and

| Ja| = ‘ Z / 2Bsule) —u) - (v—0) ds’

Kers /oK hK
—1/2 _ —1/2 _
<285 3 Pl —allgrh Pl - vllax ds
KeTs
1 2 \1/2 1 a2 \1/2
<2 Bs( Y lu—alde) (D sl -l )
KeTs K KeTs "R

< Cofllullolilofllo-

Next, using eq. (4.6b), the Cauchy-Schwarz inequality and the trace inequality

eq. (2.31),
=] 3 [ et (0= 0) a
KeTs
<2 3 (e ol = ollax
KeT$
1 ~ 1/2
<ot (Y nxle@l3e) (X 2l ol
KeTs KeTs K

* — 1/2 1 3 1/2
<2 (30 hrCralhid el + Pl 0) (32 5 -l = wli3x)

KeTs$ KeTs
_ 1/2 1 ~ 1/2
<o (32 Cralhi Colull s+ hicCaluls ) (32 4 -llo =l

KeT$ KeT*$
1/2 1 1/2
2 2 2 —112
<20 Y (Vullk +1klul i) (D Tl = vl )
KeT*$ KeTs K

< Cslllwlllllvllo-

Similarly, we get J4 < Cs|||ul|][|v]l|, by symmetry. Collecting all bounds and
noting that [[v[[l, < [Jvlll,s, we have aj (¢;u, v) < Cg|lulll/llv]ll,-

Using the Cauchy-Schwarz and by the assumption on K, we have

-1
af(cuv)= | K u-vdr < Crllullgallvllga < Crlllwlllollvffo-
0d
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Applying the Cauchy-Schwarz inequality once again, we obtain
dim—1 dim—1
[ L o .
TICTR) /F @@ )@y ds < it 3 e Pl Pl
J=1 J=1

< pllelibo v llo-
Combining all of the bounds above yields the result. ]

4.2.1.2 Fully discrete numerical scheme Solving the fully coupled problem

using an implicit monolithic scheme is computationally expensive. Instead we
decouple the Stokes-Darcy and transport problems by solving them sequentially as
we describe below in Algorithm 1. This linearizes the problem and is acceptable
since the Stokes-Darcy velocity-pressure evolution is expected to happen in a
different time scale than the evolution of the concentration. In the first step, given
an initial Stokes velocity defined only in the Stokes region, we solve the
Stokes-Darcy problem and obtain a velocity that lives in the entire region. Then this
velocity becomes an input for the concentration problem and we advance in time.
We partition the time interval [0,7] as: 0 =t < t! < ... <tV =T. For
simplicity we assume that the partition is uniform and "1 — " = At for

0 <n <N —1. We denote a function h(t) at time level ¢ by h"™ = h(t"). and for a

n_,n—1
sequence {u"} we denote by dyu" = *—<;— a first order difference operator.

In Algorithm 1, IT> denotes the L2-projection into C}, and I3, denotes the
BDM-interpolation into V. We note that IIj,ug preserves mass conservation and
zero jump across the interface.

As in eq. (4.35) and eq. (4.40), the scheme enjoys strong mass conservation
property

—V.uy = XdHQ(gg —g') Vee K, VKeT, (4.48)
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Algorithm 1: Sequential approach

input: Set u% = II{ruo, cg =g in QF.
forn=1,...,N do
1. Find (u},py) € X, such that

-1 —1
> AKdtUZ'UhdJJJrBZd(CZ ;(uzap@?(i’hﬂh))Z/m fiep ™) v da
KeT$
(4.46)

+/QdK_1(CZI)fd(CZI)thx+ > /K(g}.ﬁ‘—g?)qu Y(vp, qn) € X
KeTd

2. Find ¢jy € C}, such that

Z / ¢ dyciiwy, dx + BIT (uls )t wy,) + Z /ggc};‘whdx (4.47)

= Z /Kc]g?whdx Ywy, € Cy,.
KeTd

end for

and normal continuity of the discrete velocity at each time step:
[up -n] =0 Ve e F, VFeF, (4.49a)
up -n=1uy -n veeF, vFeFl (4.49b)

Theorem 10. Let 8 > [y be as in Lemma 11. Then given 02_1 e Cy, n>1, there

exists a unique solution (uy,py) € Xy, to eq. (4.46) satisfying

e s =+ I
Lt 1 I d n—1
< C( gzl MMl + 172 (s + P g + ealgy = ol ga)- - (4:50)

Proof. The proof is the same as in Theorem 3 since ay, is coercive by Lemma 11 and

the inf-sup condition Theorem 2 applies.
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Our existence proof for ¢;!, n > 1 depends on an L*°-bound on uZ_l and

therefore it is essential to prove an L2-convergence result for uzfl for any n > 1.
Therefore, assuming that ¢j € C7' is given, we will derive error estimates for

up —u" and py — p" for each n > 1.

Theorem 11 (Error equation for eq. (4.46)). There holds

Z/dtuh ™) - v, dw + ap (5 it vp)

KeTs

+ 57 O o) 0 (G )+ Y (W), ¢ + by (a), C)

j=s,d j=s,d
= ap(c) €0 vp) + ap(eu” vp) — ap () u vp)

S / £ (1) = ()] - oy de

KeTs

+ Y [ EG UG ~ K )] e (45D
KeTd
Proof. By Lemma 10, at time ¢ = t", for all (vj, q5) € X},

/atu Uhd[L'—f—B ( 7(’u’nap) vh7qh Z /f ’Uhdl’

KeTs KeTs
+ Z /KK LM ey vy da + Z / » — 9i)ap dz.
KeTd KeTd

Subtracting this equation from eq. (4.46), we obtain

Z / (dyuy — Opu") - vp do
KeT?$

+B ( nl (uh7ph vhth)) B ( 7<un>pn)’(vhaqh))

-y / — P vy da

KeTs

S / nLy pd( =1y K () ) oy e, (452)

KeTd
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for all (v, qp) € Xj,. Then, by eq. (2.51), the terms with Bid can be rewritten as

B (e~ (ufl, PR, (vp, qp)) — BRA(c"s (w”, p"), (v, q))
= Bj! (e} (uf, — u", pfl — p"), (v, q1))
+B ( 4 17( napn)>(vh7qh))_B}id<cn;(unvpn)>(vh>qh))
n—1.

- ah(ch ) uh una ’Uh)

+ > bj (" ) +b£’j(€:{;n,@h)) - > (%(ﬁp ,Uh)+b;€’j(fgn,?7h))

j=s,d j=s,d

+ Z bj qhaCu)+b J(Qha(u)) - Z (b] (qhafu)—i_b J(Qh7€u>)
j=s,d j=s,d

+ap (el vy) — ap(eu", vp)

= ap, (¢}~ Clvp) — ap (el €0 vp) +ap (el vy) — ap (e u, )

+ Z bj C +b J(C ’vh)) + Z (b] (qh7Cu)+b ,J<qh’<u)) (4'53>

j=s,d j=s,d
where we applied egs. (2.55) and (2.56). Combining this with eq. (4.52) yields the

result. O

The velocity error at each time step depends on the error in concentration
from the previous time step. Therefore, for the velocity error estimates, we will need
some auxiliary results related to the concentration error. To estimate the error of
the concentration, we use the continuous interpolant Zc € Cj, N C%() of ¢ [9], and

we set Ze(t) = Ze|o(t) € Cp,. Denoting the restriction of ¢ to I'? by &, we define
r h
& =" = Ic", (' =cp = Ic", e = (&, €0, (4.54)
& =" —TIc", &=y —Ic", e = (¢, ¢,
Furthermore, we split the error as follows.
ey =& -, ey =6 (L (4.55)
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The following interpolation estimates hold [9, Section 4.4].

1—
lellr e < CHEE T llelesn i (4.56)
[€ellroo, i < CHEE T llle1,00, 1 (4.57)
where r = 0,1 and 1 </ < k..
Theorem 12. Let ¢§ € Hket1(Q%), ¢8 € L2(0,T; HFt1(Q9)),
e HY(0,T; L2(Q%)) such that dyc® € L2(0,T, H (Q%)), and & = v(c) on Ty. Then
we have the following estimates:

Z Z h? ||C _Ch 1HlK

m=1KeTS

Sc(h2(At) ||at0||L2 OTHl(Qs +Atz Z h ||C _Ch 1||1K> (458)
m=1KeTS

n n
ALY e - a2 < oA Z etz
m=1 m=1

A0kl 2 g1 )+ AP 0l 1,05+ el ket s »)
(4.59)
and
n
A>T (S (e =)
m=1 KecT

< C((A0R101cI 3 2y + 5 D0 (3 1€ =13 (a0
m=1 KecT

Proof. We first estimate eq. (4.58). By the triangle inequality,

2 12 2 ) 1 12
S bl = Mg < >0 205 (I =T e+ 1 =GR k)
KeT*$ KeT*$

= > 2k (@02 g + 1l = R ).
KeT*$
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Multiplying this by At, summing from m = 1 to n, and using eq. (C.3), we obtain
eq. (4.58). Now we estimate eq. (4.59). We have

_ -m—1)2 = -m—1,2 -m—1  -m—1
le™ — e HIZp < 2(lle™ — e HE e = ). (4.61)

Since ¢ = cs\pI on T and (¢%)™ — (¢5)™~1 € HY(Q®), by eq. (2.35), the first term

on the right side of eq. (4.61) is bounded as follows.
_ _m—12 —1y2 2 2
o™ —emL2; < Clle™ = Y2 o = CAD ™2 e (4.6

Splitting the second term on the right side of eq. (4.61) using Zc = Zc for any
F e FI gives
-m—1 _ -m—1)2 1 12 -m—1 7. m—12
et — a2y < 2t T R e )

= 2l Y2, + IC Y2 )). (4.63)

The first term above is bounded by eq. (2.31) and eq. (4.56)

—1)2 —1)2 —1yjpm—1)2 —1)2
M2 < Y0 1€ Bk < D Cralhg 168 Ik + hrlléd™ I &)

KeTs$ KeT?5
1 2(ke+1) —12 2k —142
< > Ol e R g+ a0
KeT*$

< ORI TR L s (4.64)

Using eq. (2.37) and the definition of ||| - |||,

12 < 20068 = @™ MR+ 1™ )
2(h > W = T B + IR ) < CUC I (4.65)

KeT*
Collecting egs. (4.61) to (4.65), we obtain

- -1 2 2 2kc+1 —12 —12
o — a2, < O((A02lde™ I gs + WM TYR L gs + IICETHIZ),
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Multiplying this inequality by At¢, summing from 1 to n, and using eq. (C.3), we

obtain

n
A3 I = 1H2I<0(At2 et

2he+1 2ke+1
+ At o171y s+ le])?

+ (A1) gel[7 OT.HL(05)) 02 OTchH(QS)))

We next prove eq. (4.60). By the triangle inequality,

-1 —12 1 -1
Yol = < D0 2l = M+ e = )

KeT KeT

<) 2((A0Aldc™|| % + ™ = %) (4.66)
KeT

Multiplying this by At, summing from m = 1 to n, and using eq. (C.3), we obtain
eq. (4.60). O

Now that the auxiliary result is established, we proceed with the proof of the

velocity error.

Theorem 13. Let ¢ and u be the solutions of eqs. (4.1) and (4.3) such that

ut € L2(0, 3 [H' T @) m) 0 2200, 7 [whee () ),
ug € [H3 (%)) 7.0 =0,
Oru® € L2(0,T; [HEF ()] 4™), oy € L2(0, T3 [22(07)] 1),
ut € L2(0,7; [H"F (@) 4m) 10, 7; (1% () 4im),
p € L*(0,T; L*(9)), Vp? € L(0,T; [ (Q)4m),
¢® € L2(0,T; HR et (%)), 85¢® € L2(0, T; H(9%)), ¢ € HYH1(Q%),
e L2(0,T: L2 (0%)), 8, € L(0, T; L2(Q%)),
and let k¢, ke > dim — 1, and n > 1. Suppose that u%, e ,uz_l eV and
C(i)v . ,cz_l € C},, the solutions of eq. (4.47) and eq. (4.46) with kf,ke > dim —1,
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respectively, are already obtained and satisfy for 1 <i <n,
)
et =R+ ALY et = e HIZ < C((An)? + BT 4 hPe), (4.67)

where C' is a generic constant that is independent of h. Then ()} satisfies the

following estimates:

n n
2k
161G + (A8 Y NG s + A Y NICHIE < C' (A7 + 17 + h2he),

(4.68)
1G24 < C"((AD2 + h*F 4 p2ke), (4.69)

where the constants depend on pu*, Ky, i, LS Ld Zdim 1 ~J, and the regularity of

ug, u, ¢, and ¢ but are independent of the mesh size.

Proof. Proof of eq. (4.68):
Setting (vy, qp) = (€3, —Cp) in Theorem 11, and using
ala —b) = (a — b2 + (a — b)?), and the coercivity of a;, in Lemma 11 yields
1 1,42 At 9
(G — 162 ) + 221 + Call I

< Z / (dCy) - G Az + ap (e} “Lenen

KeTs
Z / (Opu" — dp Tyu™) - ) da
KeTs
+ah(cz_1§€ZaCZ) [ah(c ;u”t Cu) _ah< 7 aCu)]
+ [l - e s
QS
+ [~ KA G s
Qd
=11 +...+1I5. (4.70)
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Using eq. (2.40), and employing Young’s inequality for some € > 0,

Z / (Opu" — d Tyu™) - () do

KeT$
=Y / (Opu™ — dpu™) - (ldz+ Y /dtgu ¢ da
KeTs KeTs

<0k u” = diu™llos 16y los + ldiy llas 1S llos

< Clloyu™ — dealos ¢l + Cllde s Il
02
< o (100 ™ = dyu B + [ldi€Iys) + €ll G- (4.71)

It follows from Theorem 9 and Young’s inequality, that
Iy = ap(c) €. Ch)
< Cll&ll 1S llo

02
< 4—€|||€Z|||§/ +ell¢nllz- (4.72)

To bound I3, we first write out all of its terms.

I3 = ap(c";u", Cy) — ah(CZ’l; u”, C)

-y / (e De(u) : (1) da

KeTs$
- — (e e(wMn® - (- C)ds
KEZTS /8K "
+ [ R~ K GG e
dim—1 o .
3 [ = eI )G ) s
=131+ ...+ I34. (4.73)

The first term on the right side of I3 can be bounded as follows using the generalized
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Holder’s inequality for integrals and sums and then the Young’s inequality:

1
Bi= Y0 [ 2 =l e £ <(¢) da
KeTs
-1

<2 37 () = (e Hlliee(™) o e s (G

KeTs

—1
<2pp 30 11" = e clle (™o sl VEE e
KeTs
1/2 1/2
—12 2
<2 lle@lloons (30 I =7 %) (X0 IvE)
KeT*$ KeT*$
1/2
< 20|V o sos (3 Nl =i M%) T ICHI
KeTs

2

K 2 12 2
< LIV s Do e = I + ellCull: (4.74)

KeT*$

Next, we bound I32. By the Lipschitz continuity of p, eq. (2.31), Lemma 4 (iv.),

generalized Holder’s inequality and Young’s inequality,

—1 =
32l <2up ) Ml = e Hlor IVullo,00 511G — i loxe

KeTs
1/2 _ 1/2
—12 -1 2
<2V lopens (D0 Rl = Bk) (D0 mtlch - Gl )
KeTs KeTs
1/2
-1 —12
< 200 [V oo (D (e = Mk + e = MR k) Il
KeTs
C2N% 2 -1 12 2
n— n
< = LLYTuE s 30 (e = M+ e — R o) + el G,
KeTs
(4.75)
We bound I33 by using the assumption on K given in eq. (4.7).
KL -1 n
I33 < "=l = e lgallu™lly oo oall Sulle
(k5 'pr)? 2 2
< Ml = R g el (4.76)

- 4e 0,00,92
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Again by the Lipschitz property of x4 and Holder’s inequality,

dim—1
. . | o
T el VA S Gl (el A [/ RE )
j=1
dim—1 . . 1/2
n—1 1/2 d 1
<l = e (3 )P o pr (LI G 72, )
dim—1

_n—1
<plle" = e (3 27) Y210 008 1€ o
=

2 dim-1
HT, : el
<5 0 2 G oo sl = e Iy el (4.77)
j:

Combining eqgs. (4.73) to (4.77),

C*u 2 1 —12
I3 STLHVUnHo,oo,Qs (e =G g + bl = ¢ 11 %)

KeTs
(kx 'ur)? | o 1
+Tllu || lelc —c ||
N% dim -1 j n —n 112 n
FELS ) 3 ol = G2 -+ el (479)

j_
Since f#% is Lipschitz continuous in ¢ with Lipschitz constant L%, and recalling

eq. (2.40),

L= [ @G = £ 6 o < L1 = llgs G s

< Lilleg =" = llas ¢l

(L%)?
4e

IN

lep ™ = s + KRz (4.79)
We have
I = /Q JETHGTH UG KT G da
- /Q SETEGETIGT = S+ KT G ~KTHE) - G de
= [ R TDIAGTY = FUE + il = iR ) - ¢ da

0d
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Since fd and p are Lipschitz continuous in ¢ with Lipschitz continuity constants L?

and pj,, respectively,

1 -1
I5 < (2 L4+ BRI g o ) I = @ llgallCi lga

1,1 KLy od 2 -1 2 2
<L ( Lf+ *||f (Cn)||0,m79d> e = "lliga + €llli€ullly- (4.80)

Adding eqs. (4.70) to (4.73), egs. (4.78) and (4.80) we obtain

1 2 ~12 At 2 2

i (1GRs — 16E M 1s ) + S lldeCit s + CallGRIN3
2 2 2 2
<SelllCill2 +C (1r u™ — dyu s + 1€ s + INER N2

-1
SV B e 5 Rl =R

_ 1rdy . MLy .d 2 —1y2
+(ff* MLHunHO,OO’Qd—{_K* (Lf>+/€_*||f (Cn)HO’OO,Qd> I =™ i a

dim—1 1
+ 17 ( 21 PG .05 E" =21 H
]_

2 2 2 -1 2
(52 + 1BV 2 o e et = s,

C
Letting € = 1—g (Cy is the coercivity constant), we get

1 2 12 At 2 , C 2
Q—N(HCZLHQS — ¢ lgs) + 7“6&(3”98 + TQHICZ‘”’U

<C(10ru" = du s + IdeglIFs + NERN
-1
IV s T Hl =k
2
— d d 12
(sl o+ KEH + BRI ) 1 =6
dim—1
HE (8 IR sl
j_

2, 2 2 1 2
+(( ;) +ML||VUn||o,OO,QS)||CZ —c"|lgs-

1
[

Then multiplying by 2At, summing from 1 to n, noting that Cg = 0, and applying
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egs. (C.2) and (C.3), we obtain

n n
GG + (A2 1deCi 1Gs + Cast Y IS
m=1

m=1

C[(At> HattuHLQ 0 TLQ(QS + HatguHLQ 0 TLQ(QS)) + 2At Z ’|’€umm2

m=1
n

80 (IR s 30 B3l — R )

m=1 KeT$

n
_1 1,rdy . MLy .d 2 1
+Atz (fi* MLHUHH()’OO,QWFK* (Lf)+K—*Hf (Cn)\!()?m@d) [ — ) H

m=1

n
2 ~ -1
+ A "G s €™ =T

m=1
n

2 2 2 -1 2
ALY (L2 i IV R o)l = ]

m=1

where C' depends on uy,, ks, Kk, yj, and L;. Note that using Lemma 4 iv., we have
k
||at§u ||L2(O,T;L2(QS)) <Ch ”8tu HLQ(O,T;ka (©Q5)

Furthermore, ||fd(c”)\|07oo79d < “unHO,oo,Qd + K*HVanO,oo,Qd' Therefore,

162 1Gs + (A1) Z ||dt<z”||gs+0aAtZ ICTIE < C[(ae2louul, OT:L2(09)

m=1 m=1
2k 2 2 2
L (16 o+ | + lu .
<” ' HL?m,T;[H’“f(andlm I ”62<0,T;H’“f“<98>> | ”62<07T;[H’“f<ﬂd>1dlm>>
n
+IVullfoorzocisndt > > (WEklle™ =i k)
m=1KeTS

-1
(HUHLOO(OTLoo(Qd + HVPH OTLOO(Qd)) + 1 At Z HC - Ch ||

m=1

n
9 y 1
+ llullzo0 (0,7; 000 (25 A D llem gy ||

m=1

n
+ (1 + HVUHLOO(O’T;LOO(QS)))At Z ™ — Czl_lus%]
m=1
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Equation (4.68) follows by eqs. (4.58) to (4.60), and assumption eq. (4.67).
Proof of eq. (4.69):

Let v7 =0, v, = 0, and qj, = 0 in eq. (4.51). Then

-1 d
afy (e Gl on) + (¢ vn)

= af (e fummah(c s, vy) — af (e, o)
s / n=1y pd( =1y K () fA) oy de. (481)
KeTd

On the other hand, letting v;, = 0 and g; = 0 in eq. (4.51), we have
bl (afl. ) + b, @, G = 0
This implies that
it ) = b G = [ aic s (1.8

From [29, Lemma 3.2|, since u® — uj € HYV(Q3), there exists w € HUY(QD) such

that
V-w=0in Q% w-n=00onT% and w-n?= (fy(us)—ufl)~nd on I'L.
With this choice of w, and using Lemma 4 i., ii., and iii. we observe that
b%(q%, Myw) = /FI cj;il(us —uj) - n?ds. (4.83)

Adding eqs. (4.82) and (4.83), and recalling eq. (4.49), the definition of IIj,, and
Lemma 4 ii., we obtain

b (qfl, Gl + Tyw) = 0. (4.84)

This points us to the correct choice of vg to test eq. (4.81) with. Letting
vl‘f = ()} + Iyw in eq. (4.81) and using egs. (4.8) and (4.84) yields
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2 d -1
G2 < a1 ¢ G = —afeh G Tyw)
+af (e G Tyw) + (e, ¢ + Tyw) — af (e, G + Ty w)

" Z/ ) pd ey — KN U] - (G + Tyw) da

KeTd
= A1+ As+ A3+ Ay. (4.85)

Below, we will bound Ay to A4 by a series of Cauchy-Schwarz, Holder’s, triangle,
and Young’s inequalities together with the properties of 1 and k.

First,

1
n—1. n n
Ay = —ay(cy 5 Gy yw) < K. HCu”QdHHVwHQd

2
< eGPy +

d/ n—1 1
Ag = ap (5 &y, G + Myw) < —||§3||Qd||df + 1y wlga
< N2+ el + € g Ty g
4e K2 K Q Q

Following the proof of eq. (4.76),

= 3 [ R~ KD (G Ty da
KeTd
Knr, 1
< = H n_ch HQdHunHOOOQdHCu +HVw||Qd
HL\ n n—1 n n
< /{_*HC — ¢ HQdHu ||07OO’Qd(||Cu||Qd+HHVwHQd)
2
< FLoe — e 2 g2 o el
= 46%% h Od O,oo,Qd ullnd

BL, n n—1 n
L ol ol
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As in the proof of eq. (4.80),

Ar= 3" [ RGO AGT =K )] (G Tyw) de
Kerd”’ ™
KLy ediom 1 d n—1 n n
(BRI o g0 + 7 L) I = lgall G+ Tywllgq
IL\( pd L od\ 1
<(BEN My o0+ 7 L) = a1 ga + IMTyellga)

1

IL\ pd L 2a\2) n-1_ ny2 |2
<o (BN g et 3 L) I =l + el

KLy edn L oa\yn-1 n
(B s 00 + 77 L) 67 = lgalTyelga.

To conclude the proof we need a bound for |[IIyw||,q which is straightforward to

deduce from Lemma 4 iv. and [16, Lemma 10].

1
My wllga < Cllwllge < ChY (Hunka—i—l,QS+||U||kf7Qd+||gp_9i||kf79d)‘ (4.86)

Combining this with the bounds of A1 to A4, choosing € = and applying

1
SK*’
another set of Young’s inequalities, we obtain

2 2 -1
IG212,0 < COMpwl 2 + €012, + e = &2,

where C' depends on the problem parameters ry, Ki, K*, uy, L f’ and the regularity

of u,p and c¢. Then eq. (4.86), Lemma 4 iv., and eq. (4.66) implies

9 2k ¢+2 2) ) 2
IRy < ¢ (R ()3 g IR o+l = ill ga)
2k 2 1 —12
AR gt (0P G + e = o] 12,4)-

The result is a consequence of the assumptions on the regularity of the exact

solution and eq. (4.67).

The following is a straightforward consequence of Theorem 13.
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Corollary 1. Let u™ and uy be as defined in Theorem 13. Then for alln > 1,

™ — ull < C(At + BEF 4 hke) (4.87)

S gl — 3 < CUAD? + b2 4 p2ke), (4.88)
KETh

Proof. By the triangle inequality, Lemma 4 iv., and eqs. (4.68) and (4.69),

[u" = upllo < lulle + 1< 1lo

< Cnt ;.0 + C(A) + WRF 4 hkey < o((At) + BFF 4 RFe.

Now we prove eq. (4.88). Using egs. (2.29), (2.31), (2.51), (4.68) and (4.69) together

with Lemma 4 iv., we obtain

2 2 2
> bl =il <€ Y hi(I€5 15k + 160H5x)
KeTy, KeTy,

<C Y (Il + PR IRls g + I 1%)
KETh

< C((A1)? + B2FF 4 p2hey,

This completes the proof.

Before moving on to the next section, we note another consequence of
egs. (4.68) and (4.69) that we will use to prove the results about the discrete

concentration solution. The proof is the same as in [15, Lemma 1].

Corollary 2. Let u denote the velocity solution to egs. (4.1) and (4.3) satisfying the
assumptions in Theorem 13 with kg, ke > dim — 1. Suppose At < C’hgifmﬂ. Then
for each n > 1, the discrete velocity uy that solves eq. (4.46) satisfies

lup llo,00,0 < C, (4.89)
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where C' depends on pu*, ks, p, L?, L‘}7 Zdim_l

=1 A, and the regularity of ug,u, cp,

and ¢ but is independent of h, n or At.
Proof. Using eqs. (4.68) and (4.69), we have
ICHIIE < (AL + b + hZhe). (4:90)

Combining the above estimate with eq. (2.39) and Lemma 4 iv., for each K € T, we

have

g 0,005 < < ll0,00.5 + [Ty "0 00 K

—dim/2

< Chye NGl + 1My u™o,00, &

< Ch™ P ((A8) + B ) g oo

< Ch™ 2 () + 1 4 BRe) 4 flull poo o 200 (50

The result eq. (4.89) follows by using the assumption on At and by taking the

maximum over K € T. O

Remark 2. We can achieve order kg convergence in the energy norm if we restrict
ke = kp > dim — 1. However, this is not a big restriction since kg =2 coincides
with the standard Taylor-Hood approximation for the velocity-pressure and for DG
methods, higher order polynomial approximations are easy to implement.
Furthermore, this restriction is not necessary if we assume that |D(u)| < D for
some positive constant D as in [46, 2.12]. It is also possible to avoid it by using an
approach involving a cutoff operator on the velocity solution as in [50, 51] if one is
interested in lower order approximations. On the other hand, compatibility, as
defined in [23], can be achieved by choosing k. = kg—1, ky > dim while the order of
convergence in the energy norm reduces to ky — 1. We note that, when dim = 3, our

theory supports compatibility only for k § = 3 due to the restriction ke > dim — 1.
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4.2.1.3 Error estimate for the pressure In this section, we briefly discuss the

a priori estimate for the pressure approximation.

Lemma 12. Suppose that the assumptions in Theorem 13 holds and p and {pZ} are
the pressure components of the solution of egs. (4.1), (4.3), (4.4) and (4.46),

respectively. Then

n n n n
At Y ICIE < C<At MGG + At > i ligs + At Y eIz

m=1 m=1 m=1 m=1
n n
-1 -1y2 2 -1 —12
FAY D e e+ Al D D bl =
m=1KeT m=1KeT?$
n
+ A3 (e = @2 4 (Aan? 4 hP 4 h2k0+1> . (4.91)
m=1

Proof. Setting qj, = 0 in the error equation in Theorem 11, we obtain

S (€D on) + 077G )

j=s,d

=(ap(c) €8 vp) — ap(c) ¢l vp))

T (ap(€u, o) — ap(€h Yl vp)) + / (@Y — ()] - op e

Os
+ [ G K ) - o
0d
— Z / (dtuZ—atu”)-vh der =: Hi + ...+ Hs. (4.92)
Kers K
By Theorem 9 and Young’s inequality, and noting that || - |||, and ||| - |||/ are

equivalent on V', we have

Hy = (ap(e) "5 €0 vp) — an(eh ™' ¢ on))
<C

(N €ellto + M) Mlvpllo- (4.93)
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Following the proof of eq. (4.78), we can show that
Hy = (ap(c™;u",vp) — ap(c) ™ u" vy,))

—12 2
sc(uannnows( > (e = Ml + b lle” = o
KeTs

-1 -1
+ Ky :ULHunHO’oo’QdHCn_CZ HQd
dim—1 i 12 n 0 1
+pr( Zl ) e o o0 ™ = pr | llonlle:
]:

As in eq. (4.79), we have
By = [ [P = £ o do
QS
< Lfcllcz_1 — c"aslllvpllly-

Next from eq. (4.80), it follows that

_ 1/2
"1 .x))

(4.94)

(4.95)

= [ NG =R ) e

pL 1 B
< (BL Uy i + 7 EDIGE = lgallonlle: (4.96)

K, [

Using Cauchy-Schwarz inequality and Lemma 4 iv.,

H5:— Z /K(dtuZ—(‘?tu")'vh dz

KeTs

= — Z / deC)} - vy, do — Z / (deIlyu™ — Oy u™) - vy, do
K K

KeTs KeTs

+ Z /8t§3~vhdx
K

KeTs

< (et llas + lldellyu™ — Ly u™ | os + |0t las) lonllas

k
< (lldeGi s + l[deIlyu” — STy u"|lqs + Ch f”atunukf,ﬁs)|||Uh|||v- (4.97)

Therefore, combining (4.92)-(4.97), dividing both sides by ||vy,]||v, taking the

supremum over vj,, and using Theorem 2, we get
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(¢ L o
> imsd (S vp) + 0,7 (G, 7))
cllSplly < sup ==

o eV, Tonll
’Uh%O

§C<II|CZ|||v + 1€

1/2
1 -1
+p Ve o e.0s (D0 (e = M + W le” = M )

KeTs
dim—1
1 —1
+ar(C 3 ) Pllu o po slle” — &Y pr + Lller ™ = s
P

KLy od L g, 1 -1
+(/<;_*”f (cn>||07oo7Qd+ELf+’i* ML||un||O7OO7Qd>HCZ — || ya

k
+ |de ) Nl os + ldedTyu™ — Odlyu"||gs + Ch fHatunka,QS)

Squaring both sides, multiplying by (¢, f)_2At, summing from 1 to n, using
eq. (C.2),

A eI < C(At ST ISR + i)

m=1 m=1
n
2 2 -1 —-1y2
LAY VU § a5 D (™ = T+ R ™ = e IT k)
m=1 KeTs
-m—1
+AtZuL Zl V)™ G oo s lle™ = e 12, + At E(LS) ey ™" = eI
]_
n 1 1
Ly ¢ed d -1 1_ 2
+ At Zl(;*||f (g sesat + T2+ 55 0™ g oo )l = M2
m

+ At Z HdtCLnHQS + (At) ||attHVu||L2 0,T; [L2(QS)]d1Hl)

m=1

2k 2
+ Ath™"f |0, e
1900 o s (98>1d1m>

This implies by eq. (2.53), stability of Iy, and under the assumption that
us e LOO(O,T; [WLOO(QS)]dim)’ ud c LOO(O’T; [LOO(Qd)]dim)’
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Vpt e L0, T; [Lo°(Q4)]dm) that

n n n
At NI < C<At D MGG + A Y 1A s

m=1 m=1 m=1
n
LAty Y Hcm_chm—lugﬁmz > hlle™ =R g
m=1 KeT m=1KeT?
n
+ALY e =
m=1
2k 2 2
+h7 (|| _ Fu ,
2k
f 2
+ (A1)? HaﬁuHLQOT[LQ(QSHdIm)+Am H«%uHEQ(O’T’[ f(wdim)

Then by egs. (4.58) to (4.60),

n n n n
ALY G < C<At > GG + At Z IdeCiMGys + At > eI
m=1 m=1

n
PAY Y e e A Y S AR -

m=1KeT m=1KeTS
2k 2 2
Rt +
(HUHEQ(O T.[ka+1(QS)]dim) HUHLQ(O T'[ka (Qd)]dim)>

( ) <HattUHL2 0,T; [LQ(QS)]dlm + HatC”LZ OTHI(QS + HatCHLZ OTLQ(Q))>

2k 2
+ Ath“" T |0
196l i 0 g s iy

+ Ath2k0+1 HCO ||kc+1,Q5

2ke+1
+h ||C||L2 OTchJrl(QS)))

Therefore, the result follows under the assumptions on the exact solution given in

Theorem 13.

Remark 3. An immediate consequence of this lemma and Theorem 13 is
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n n
—1,,2k —
AL ICHIE < O (At + (A0 TH 4 a%e) + ac Y e )2

m=1 m=1
n n
-1 —12 2 -1 —12
N S D et ([ S S 3 e (S
m=1KeT m=1KeTS$

This loss of At is due to At i ||dthT||%zs in eq. (4.91). There is a need to
bound this term which can be obtainngglby testing eq. (4.51) with vy, = d¢Cl)' if one
needs an improved estimate. One can then proceed by multiplying by At, summing
from m =1 to n and employing a summation by parts on the terms on the right
hand side that contains ay(+;-, d¢Cy') to transfer the discrete time derivative on
diCy)t to the other terms. This and assuming that the exact solution is sufficiently

n
smooth in time would provide the much needed bound for At ||dt(5n|\%s, that is,

m=1

n
A S ldiCMBs < CF 4 B2 4 (An)?).

m=1

We do not provide the details of this proof here and refer to [18, p.42] for a similar

discussion.

4.2.1.4 Existence and uniqueness of ¢ € Cj  In this section, we will prove

existence and uniqueness of the discrete concentration solution. First observe that,

the assumption eq. (4.5b) on D implies that for v € [L>(Q®)]dim,

1Dy g < CL+ ol o ) (1.98)
and for v € [WLoo(K)4M K € T by eq. (2.30)
I1D(0)]l0,00,05 < C(1+ [[0ll0,00,0K) < C, (4.99)

where C' depends on [|v||] 0 f-
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We have

T L
ID@lg i 0 2
< max{d, D) . a} (1.100)
Similarly,
ID(ui) 0,000k < max{d, 1Dy o o002y (4.101)

Therefore by eqs. (4.89) and (4.98) to (4.101), there exists a constant Dyax > 0

that depends on d and the upper bound in eq. (4.89) such that

ID(u) 0,000 < Dmaxs 1D (uf)llo,00,0K < Dimax- (4.102)

With eq. (4.102), the following coercivity result can be proved following the same

steps in |15, Lemma 2, Lemma 3|.

Theorem 14 (Coercivity of Bzr(uz; wy, wy,)). There exists a constant By > 0 such

that if By > I, then for all wy, € Cp,,

2

1
Bl (s wnwon) = CullwlF +5 Y0 [ 9-ujuf da. (4.103)
KeTd

where Cyr > 0 is a constant that depends on d, Dy, and the upper bound in
eq. (4.89).

Now that we have coercivity, we proceed with the existence and stability

proof for the discrete concentration.

Theorem 15. Let ¢y € L2(Q), g; € L?(0,T; L2(Q9)), g; — gp € L=(0,T; L>®(04))
(or V -u e L®(0,T; L2(Q%)). Let n > 1 and assume that uy is the solution of

eq. (4.46) satisfying eqs. (4.68) and (4.69). If dyAt < 1, where
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dp =: %(1 +Cllgl' — gg“O,oo,Qd)’ then there exists a unique solution ¢y € C, to
eq. (4.47). Furthermore,

n
2 2 KA 2 2
Sl + Cordt S N2 < X2 ullcoly + llZe g o) (4109

m=1
-~ d
where K 1= ) =AM
m=1
Proof. Let wy, = ¢} in eq. (4.47). From the algebraic inequality

(a —b)a > %(a2 —b%), eq. (4.103), and the assumption that 0 < ¢; < 1 a.e., we have

o P) —12 2 2
s (I = 16571 13) + Corllefl2 + [ b (eh)? e

1
< Z /chg?chx—E Z [[{V-UZ(CZ)Q dz

KeTd KeTd

1 2
< llgi'llgallenllga + §||V ' UZHO?OO?QdHCZHQd‘

Multiplying this inequality by 2At, summing from m = 1 to n, noting that g, > 0,

and recalling eq. (4.48) with stability of the L?-projections IIs, and Ig, we obtain

n
Sxllcpll + 2Cu At > eIz (4.105)
m=1
n n
02 2
< dulleplliq +2At ) g "lgallen'llga + At > IV -up'l] allep' 1o
Q Q 0,00,02 Q
m=1 m=1
n n
02 2 2 2
< Gl + At S (g 13 + 1120 + A 3 Mgl — 5 g oo gl 12
m=1 m=1

n

2 2 2
< bulleolldy + 197" I 2ty A D (14 Clgi™ = 3l o) 1

m=1
Applying Lemma C.2, we obtain eq. (4.104). This stability bound implies the
existence of a unique solution since the system is finite dimensional and linear.
Indeed, let n > 1 and assume that ¢ and ¢j € C}, both solve eq. (4.47). Then,

{e} }n, where e} = c}! — &} solves eq. (4.47) with c% =0, g;' = 0. Therefore, by
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eq. (4.104),
n
Sullen e + AL D llefllz < o. (4.106)

m=1

Hence, owing to the fact that ¢. >0, e} =0, i.e, ¢} = ¢&}.

4.2.1.5 Error estimate for the discrete concentration

We start by deriving an error equation.

Lemma 13 (Error equation for eq. (4.47)).

S [ it de+ BY (i Glown) + [ s (4.107)
KeT

= Z / ¢ dp&lwy, do — Z / ¢ (dic™ — Opc™Ywy, da + BIT (ul; €7, wy,)
KeT 'K KeT 'K

+ B (u" — ufls " wyp) + Bil(u"; " wy,) — Bjl(uf; " wy) + /Qd gp&c wpdz.

Proof. By Lemma 10, for t = t",

Z / ¢ Opc"wy, do + BzT(un;cn,'wh) + /dggcnwh dz
KeT 'K &

= Z / cr g wpdr Vwy € Cp, (4.108)
K
KeTd
where ¢" = (', c").

Subtracting eq. (4.108) from eq. (4.47) yields

Z / ¢ (dicll — Oy Ywy, dx + BIT (ul; €t wy) — BY (u™; €™, wy,)
Ker 7K

+ /d gp (e, — Mwpde =0 Vwy € Cp,. (4.109)
Q

Next, we rewrite the terms with BZT in eq. (4.109) by observing that B]tf is linear in

the second slot and also its advective part is linear with respect to the first slot.
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BT (ul; et wy,) — B (u"; €, wy,) (4.110)
Bh (up;cp — " wp) + [Bh (up; ", wy) — Bzr(un;cn,wh)]
=B (u}; e — ", wy) + Bl (ufl —u"™; ", wy,)

- [B,‘f(uz, " wy) — Bg(u"; " wy)].
Using eq. (4.55), the linearity of BZT in the second slot, and egs. (4.109) and (4.110)
completes the proof. n

Theorem 16. In addition to the assumptions in Theorem 13, suppose that
co € H*(Q), ce L*(0,T; H5 () n L0, T; WhH>(Q)),
Orc € L*(0,T; HY(Q)),  dye € L*(0,T; LA(Q)), g5, 9p € L(0,T; L=(Q7)).

Then
n
ICRIR + At 3 2 < (™S + n¥ke + (An)?), (4.111)

m=1
where C' depends on ¢«, ¢*,d, D and the regularity of the solution but is independent
of h or At.

2_32
Proof. Setting wy, = ¢ in Lemma 13, using inequality a(a — b) > 2 Eb and the

coercivity in Theorem 14,

P IGEIB = 162 + ol + [ 2P
<Y [ odgcrins Y [ 0@ - de) o+ B (ufs€2.C)

KeT KeT
+ BW — i, ¢ + B €, ¢) - Bil(up e, ¢

_ 2 Z /v ut ()2 d:c+/ 9pée e dx

Ker

=0h+...+1I7. (4.112)
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Using eq. (4.6a), Cauchy—Schwarz inequality, Young’s inequality with constant ~,
and eq. (4.56),

1t
= n: n < k(| _— n
Il IgT\/I(QSdtgc Cc dx >~ QZS At /tn—l (9,5&; dtHQHCC ”Q (4113)

« 1 "
qb* 2 n|2

Again by eq. (4.6a), this time integrating by parts in terms of ¢ and applying

Young’s inequality,

i -
37 foa =" o] 1o

n—1

=Y [ 60" —dic") dz < ¢*
KET/K

*
< OXWAN
1204

The following series of inequalities is dedicated to finding an upper bound for /3. By

Hattc||i?(tn—1’tn;L2(Q)) + 7(¢*HC?H?2) (4'114)

definition of BZ’",
Iy = By (uf; €2,€2) = Bii(up; €2, C2) + Bil(uj; €2, €2)- (4.115)

We will bound By’ and B}‘f separately. We start by Bjl. Noting that &' — £ vanishes

on facets, we have

B €r. ¢l = — 3 /K g v det

KeT KeT

| e =)@ - ds
0K
+ ) /31( Ehu-n(¢l = () ds =: I311 + I312 + I313. (4.116)

KeT

The term I317 is bounded easily by Holder’s inequality, eqs. (4.56) and (4.89):

k
I311 < Cllupllosc,0llée oIV o < CRE | ke, all e Nle- (4.117)
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By Holder’s inequality, assuming ¢ € L°(0, T’; Wl’OO(Q)) and using eqs. (2.30),

(4.56) and (4.88),

I319 = Z —u")-n(¢ — ) ds
KeT
< D 1Mo sc0x luh = u"llox IC — & llax
KeT
1/2 B _ 1/2
<C( X bl —u"3r) (D0 Ik - Q)
KeT KeT
n n|2 1/2 n
<O( X huclhf =13k ) " HCE e
KeT

Using Holder’s inequality, assuming u € L°°(0,7; W1%°(Q)) and this time

employing egs. (2.31) and (4.56),

Iz = Y & loxcllu™ o000k 16 = Cllok

KeT
2
<o e+ me i) (3 metler - i)
KeT KeT

k
< Ch¥|[ ||k, 0lCE e

Putting eqs. (4.116) to (4.119) together, we get

1/2
B wp)l < C(( Y hrcllu = 35) 2 + 15l o) NCE e
KeT
02 2% 2
< (X2 hicllup = "3 + BN, ) + el
KeT

Now we focus on Bg in eq. (4.115). Since &7 — €7 =0 on 0K,

B (ul; €7, ¢

(4.118)

(4.119)

(4.120)

Z/Duh vfc VCC dz — Z/ uh vﬁc (Cg_g_g) ds

KeT KeT

=: I391 + I399.
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By Holder’s inequality, eq. (4.102), and eq. (4.56),
I391 < Dinax|IVEL 0lIVE! o < CR¥lle] s 1,0 M1CE e (4.122)

Again by Holder’s inequality and this time using eqs. (2.31), (4.56) and (4.102),

ol < Do (3 hicIVE23) (Z I - 1)

KeT
< Do Y CralIV€21 + 119213 100) €2 e

KeT

1/2
2k
<32 W) G
KeT

< CHFl|e o1, 0l CE Nle- (4.123)

Hence, a combination of egs. (4.121) to (4.123) with Young’s inequality gives
di,n.en #n ke .n n C? 2ke)|,m 2 ny2
By (up; e, Ce) < Ch™lle ket allCellle < =h™ el [k 1.0 +ellCelle. (4.124)
Therefore, from eqs. (4.120) and (4.124)
2k 2 2
I3 < ORI 1,0 + 2€llCE N (4.125)
Since ¢ = ¢ on 0K,

Iy = Bp(u" — ujs ", )

S / ")V dr+ Y / u —up) (G = () ds
KeT KeT
= Iy + Lo (4.126)

Holder’s and Young’s inequalities give

Iy < [l*llo,co0llu”™ = upllalVESTla < lu™ —upliallc™llo,0o,nlle e

1 2 2 2
< 4—E||Cn||o,oo,9||un —uy g + el Nz, (4.127)
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and

Ly < Cll"oen D hK||u"—uZ||%K)1/2( > hlie =& ”3K>1/2

n n n12 1/2 n
< Clle HO,oo,Q( Z hye||lu —uh||3K> <™l
KETh
C? 9 ) )
< N oo Do bl — w3 + ellC2E (4.128)
KETh

Collecting egs. (4.126) to (4.128) leads to

2 2 2 2
12 < 261G+ Clle IR e (10" = I+ D7 el = w3 )
KeTy,

Since ¢ = ¢ on element boundaries, and D(u") — D(u%) =0 in O,

Iy= > /[D(u")—D(uZ)]vc”-vgg da
gerd” ™

_ Z — D(up))V"] - n (¢ — () ds

Kerd”?
=:I51 + I59. (4.129)

Using Lipschitz property eq. (4.5¢) of D, Holder’s and Young’s inequalities,

I51 < CHun - UZHQdHVCnHomﬂdHVCgHQd

c? 9 ) )
< 2Vl e qalle” = wiliga + €llCEle. (4.130)

To bound I59, we first rearrange it as follows using eq. (4.54):

Ip= Y / (up)VE] - n (¢ = (') ds

KeTd

s / [(D(uf) = D) VI - n (G2~ C2) ds
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From eq. (4.123),

Ipi= > / (up ) VEL] - m (¢ = (') ds

KeTd
k
< Cnte el pallle w131)

Using Lipschitz property eq. (4.5¢) of D, Holder’s inequality, eq. (4.57), and

eq. (4.88),
Ipp= Y _ / D(u")VZc"] - n(¢ = (') ds
KeTd
< 3 Ol = wtllor VI o.00 i IGE = CElloxc
KeTd
n ny 2 1 1 (|12 1/2
<Oy g 3 bl =3 ) (O gt - i)
KeTd KeTd
2
<Oy a2 bl =3 ) UG (4.132)
KeTd

Using Hoélder’s inequality, egs. (2.31), (4.56) and (4.102),

Ip3= ) / MVE - n( — ) ds

KeTd
~ n2 1 2\ 12

<D ax( Z hK"v€c"8K> ( Z h HCC Cc H(‘?K)

KeTd KeTd

/2

< D (2 Cra(IVer + mver 1 ) ez

KeTd
< ChkCIIC”HkCH,Qd|||C?|||c- (4.133)

Combining eqgs. (4.131) to (4.133) and using Young’s inequality, we have

2k 2
Iy < (W2 | a2 a Do e I = ufl3 ) + ellC2 I
KeTd

(4.134)
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Therefore, substituting eqs. (4.130) and (4.134) in eq. (4.129) yields

2k 2 2
Iy < 2¢||CNIZ + C<h C||Cn||k 1104 + ||Cn||1 .0 Z hi lu" —upll5x
KeTd

2 2
FIVER gl = upl2,). (4135)

By eq. (4.48), the stability of the L?-projection I and Holder’s inequality,

> /v a2 d

Ker
:__Z/HQ e
KeTd
1
< 3198 = 5l 0162120 < 5598 = g o @I IR). (4.136)

Finally, using Holder’s inequality, eq. (4.56), and Young’s inequality,

17 < 1198l e IR gl g

k
< OHE g2y o ", qallClga
O2h2k

2
< rgn 19515 e all" 7, i + V(@IICE1): (1137

C
Collecting all bounds, choosing € = 1—7; (Cyy is the coercivity constant), v = 6 and

recalling g > 0, we get

O

C
w(ncc 18 = 1162 18) + =5 I I

¢ At H t HL2 tn ltn HkC<Q))

HattCH (4.138)

L2(tn—1m.12(q))

2k 2 2 2 2
+ iR+ ||c”||1,oo,g(||u” —uplf+ Y ke — i3 )
KeT
2kc 1

h 2 N 1 n n n|12
+ Eng 1,000l Hk Qd) + 5(@“% = 9pllgped + 1) (@«[I¢c M1
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Multiplying by 2At, summing over m, and using Corollary 1,

n
0IC2 NG + Crr e Y IS NI

m= 1
02 2k
<eullC NG + c[h c( Ha CHL2 orstkeqy) T 10 ket 1)
qb*
Qb (At) ||8ttC||L2 0 TLQ(Q))
n
DN xR VR [CHE
m=1 *
n
+ A (™3 e (A2 + WEf 4 p2ke)
m=1
"1
2k mi2 m
+h CAth:l 195 ™7 gal

Note that using [24, Lemma 1.58| and eq. (4.56),
12110 = lIch — Zeollg < [ITeco — colla + lleo — Zeollo < Ch¥ellcollg,.q-  (4.139)
Therefore, assuming that At is sufficiently small and using Lemma C.2 with
an = 0ulEIB: bo = Crll U2 dn = (67 9" — 97l o + 1):

2 2 2k 2k, 2ke 1 —1 2
n = 113 e (M) + B2 - 2Fe) 4 2R Ygm)2 |2,

B = C(thc ((b*HCOH%C,Q + ||atC”L2 OTHkC( + ||CH€2 OTch—l—l(Q)))

¢>k
+ ¢_( ) ||8ttc||L2 OTLQ(Q))>
we obtain
n
SullCE 1 + Ot 37 ICIZ < € ((A0)% 4 125 02 (4140)

m=1

where C' depends on the regularity of the exact solution and the parameters of the

problem. O
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4.2.2 Numerical experiments

In this section, we use the NGSolve finite element library [49] to implement
the numerical examples for the convergence analysis. Let Q = [0,1]? be the unit
square with two subregions Q% = [0,1] x [0,0.5] and Q° = [0, 1] x [0.5,1] and [0, 1]

be the time interval.

4.2.2.1 Example 1: one-way coupling with constant u, x, D

We consider ks =3, ke =k —1=2. Let a = /k(1 + 47?)/2, and

0.01 0.005
D= . We solve the Stokes-Darcy-transport problem with the

0.005 0.02

exact solution given by

U = (-% sin(mray + t)e(@2+0)/2, % cos(rzy + )2t/ T (4.141a)
u = (—2sin(ray + t)el@210)/2) % cos(mzy + t)el@2 /)T (4.141b)
p’ = /{pﬁ; 2 cos(may + t)el@2tt)/2, (4.141c)
pd = —% cos(mxy + t)e(xQH)/z, (4.141d)

¢ =sin(2mw(x1 —t)) cos(2m(xg — t)). (4.141e)

For penalty parameters, we use 85 = 6k?= and [ = 6kg.
Note that this exact solution is chosen to satisfy all of the interface conditions
and V - u® =0 in Qf but it does not satisfy homogeneous boundary conditions. In
the computation we add extra terms on the right hand side to make them equal.
We present three cases: k =1, yu = 1076, k = 103, U= 10~% and w=r=1.
Tables 4.1, 4.3 and 4.5 present computed errors in the velocity and the
pressure in Q% and 0% for k = 103, W= 1076, k=1, = 106 and k =1, =1,
respectively. We observe optimal rates of convergence for all unknowns, independent

of the value of the viscosity and permeability. Furthermore, the magnitude of the
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Table 4.1: Table of convergence for the HDG method with k¢ =3, ke = ky — 1,
At = 10_4, T=01 k= 103, W= 10_6, using BDF2 method in Example 1,
Section 4.2.2.1

Stokes solution (£29)

h Cells |lu—upllgs Order |p—ppllgs Order INEETTRIIE
1/2 8 2.4e-04 - 4.2e-06 - 5.7e-10
1/4 28 2.2e-05 3.9 7.3e-07 2.5 2.1e-12
1/8 152 6.0e-07 5.2 5.7e-08 3.7 7.5e-15
1/16 576 3.3e-08 4.2 6.4e-09 3.2 4.5e-15
1/32 2348 2.0e-09 4.1 7.9e-10 3.0 1.4e-13

Darcy solution (Q%)
h  Cells |ju— uh||Qd Order ||p — ph||Qd Order ||V -uy + HdiHQd

1/2 8 1.9e-03 - 4.2e-06 - 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-07 3.0 2.2e-12
1/8 152 3.6e-06 0.1 4.0e-08 3.8 8.2e-13
1/16 576 2.2e-07 4.0 5.1e-09 3.0 3.1e-12
1/32 2348 1.3e-08 4.1 6.1e-10 3.1 1.2e-11

pressure error is affected by the reduction of the permeability % from 103 to 1
assuming a fixed small viscosity p = 1075, However, the pressure robustness of the
method shields the velocity error from this change in the pressure error. Moreover,
the last columns in the tables demonstrate that pointwise mass conservation is
satisfied in both regions.

The error in L2 norm and rates of convergence for concentration at final time
t = 0.1 are presented in Tables 4.2, 4.4 and 4.6 with x = 103, p = 1075, k =1,

W= 108 and k =1, i = 1, respectively. We obtain optimal rates of convergence for
ch-

4.2.2.2 Example 2: one-way coupling with constant i, x velocity dependent

D In this example, we add the influence of the velocity on the dispersion-diffusion
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Table 4.2: Table of convergence by the HDG method for concentration with k¢ = 3,
ke=2, At=10"% T=0.1, k=103, = 1075, using BDF2 in Example 1,
Section 4.2.2.1.

h  Cells |lc—cpllg Order
12 8 12001 -
1/4 28 2.1e-02 2.5
1/8 152 18¢-03 3.6
1/16 576 2.2e-04 3.0
1/32 2348 2.5e-05 3.1

tensor and define

1—|—u% 0
D(u) =
0 1+u%

The source terms and boundary conditions for the Stokes-Darcy-transport problem
(4.1) are chosen such that the exact solution is given by eq. (4.141). We set ky = 3,
ke =2, At = 10_4, T = 0.1, We present our results for either small viscosity or
small permeability as they can potentially cause issues.

Tables 4.7, 4.9 and 4.11 present computed errors in the velocity and the
pressure in % and 0 for k = 1, p=1Lr=1 pu= 1076, and x = 103, W= 109,
respectively. We see that for three cases, the rates of convergence for the velocity
and the pressure are optimal, independent of the value of the viscosity and
permeability. We also obtain optimal rates of convergence for cj, as shown in
Tables 4.8, 4.10 and 4.12 for all considered cases. In addition, pointwise satisfaction
of machine precision in the mass equation is observed through the last columns in

Tables 4.7, 4.9 and 4.11 in both Stokes and Darcy regions.
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Table 4.3: Table of convergence for the HDG method with k¢ =3, ke = ky — 1,
At = 10_4, T=01r=1 u= 106, using BDF2 method in Example 1,
Section 4.2.2.1

Stokes solution (£29)

h Cells |lu—upllgs Order |p—ppllgs Order INEETTRIIE
1/2 8 2.5e-04 - 3.5e-03 - 5.7e-10
1/4 28 2.2e-05 3.9 6.9e-04 2.3 2.0e-12
1/8 152 6.1e-07 5.2 5.6e-05 3.6 3.8e-15
1/16 576 3.3e-08 4.2 6.4e-06 3.1 8.8e-14
1/32 2348 2.0e-09 4.1 7.7e-07 3.1 9.4e-14

Darcy solution (Q%)
h  Cells |ju— uh||Qd Order ||p — ph||Qd Order ||V -uy + HdiHQd

1/2 8 1.9e-03 - 4.2e-03 - 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-04 3.0 2.2e-12
1/8 152 3.5e-06 0.1 4.0e-05 3.8 7.2e-13
1/16 576 2.2e-07 4.0 5.1e-06 3.0 3.0e-12
1/32 2348 1.3e-08 4.1 6.1e-07 3.1 1.2e-11

4.2.2.3 Example 3: two-way coupling with constant , concentration

dependent u, velocity dependent D

Changing p from a constant to a concentration dependent function will have
serious consequences on the rate of convergence for the velocity. Indeed, we see this
effect in our a priori estimate in the energy norm. The convergence rate of the
velocity approximation cannot exceed the convergence rate dictated by the
concentration convergence rate. Since we prefer compatible discretizations
(ke =k - 1), for the velocity we can only expect an order of k § — 1 in the energy
norm and ky in the L2-norm. In this example we assume that the viscosity is

defined by the quarter-power mixing rule:

u(e) = po((no/pm) e+ (1= ) (4.142)
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Table 4.4: Table of convergence by the HDG method for concentration with k¢ = 3,
ke=2, At=10"%T=0.1,rk=1, p =105, using BDF2 in Example 1,
Section 4.2.2.1.

h  Cells |lc—cpllg Order
12 8 120l -
1/4 28 2.1e-02 2.5
1/8 152 18e03 3.6
1/16 576 2.2e-04 3.0
1/32 2348 2.5e-05 3.1

where pg = 0.9, u1 = 1.3. The figure on the left in Figure 4.1 shows a plot of u(c) as

a function of ¢. The dispersion/diffusion tensor D(u) is defined as in Section 4.2.2.2.

15

1.5e+03

B W I
(. n’o\an& [

Figure 4.1: The viscosity function pu(c) (left) defined by eq. (4.142) for
Sections 4.2.2.3 and 4.2.2.4 and the permeablhty field (rlght) descrlbed by
eq. (4.144) in the Darcy region [0,1] x [0, 0.5] for Section 4.2.2.4.

N

o

We set kf =2, ke =1, At =107, T = 0.1, 5 = L. In this example, we use BDF3
instead of BDF2. BDF3 is not A-stable but it is close. In fact, its absolute stability

region contains the entire negative real line. So it still works as well as the A-stable

111



Table 4.5: Table of convergence for the HDG method with k¢ =3, ke = ky — 1,
At = 10_4, T=0.1, k=1, p=1, using BDF2 method in Example 1,
Section 4.2.2.1

Stokes solution (£29)

h Cells |lu—upllgs Order |p—ppllgs Order INEETTRIIE
1/2 8 4.3e-04 - 3.1e-02 - 5.7e-10
1/4 28 5.6e-05 3.0 4.6e-03 2.8 2.0e-12
1/8 152 1.4e-06 5.3 2.1e-04 4.4 1.7e-14
1/16 576 7.1e-08 4.3 2.1e-05 3.4 9.3e-14
1/32 2348 3.6e-09 4.3 2.3e-06 3.2 1.0e-13

Darcy solution (Q%)
h  Cells |ju— uh||Qd Order ||p — ph||Qd Order ||V -uy + HdiHQd

1/2 8 2.0e-03 - 4.2e-03 - 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-04 3.0 2.2e-12
1/8 152 3.6e-06 0.1 4.0e-05 3.8 7.2e-13
1/16 576 2.2e-07 4.0 5.1e-06 3.0 3.0e-12
1/32 2348 1.3e-08 4.1 6.1e-07 3.1 1.2e-11

methods BE and BDF2. We initialize BDF3 by solving a step of BE, then a step of
BDF2.
We introduce the BDF3 operator d§3) such that, for all m € {3,..., N},

11u™ — 18 n—1 9 n72_2 n—3
Sy = 2 =220 6&“ v (4.143)

In Tables 4.13 and 4.14 and Tables 4.15 and 4.16, we present the results for
computed errors in the velocity, the pressure and concentration using BDF3 with
ky =2 and ky = 3, respectively. The approximate concentration converges with an
order of k¢ + 1 =k and the approximate velocity converges with an order of at
least ky as expected in both cases. The velocity field uj, is pointwise divergence-free

on the cells.
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Table 4.6: Table of convergence by the HDG method for concentration with k¢ = 3,
ke=2 At=10"4T=01,r=1, p =1, using BDF2 in Example 1,
Section 4.2.2.1.

h  Cells |lc—cpllg Order
12 8 12001 -
1/4 28 2.1e-02 2.5
1/8 152 18¢-03 3.6
1/16 576 2.2e-04 3.0
1/32 2348 2.5e-05 3.1

4.2.2.4 Example 4: Realistic example

In this section, we now test our method on a more realistic example where
the solution is not known and the permeability field in the Darcy region is highly
heterogeneous. The domain and the boundary conditions for the flow problem are

as defined in Section 2.3.2.2 and we set the permeability to

k(2,y) = 700(140.5(sin(107z) cos(20my?) + cos(6.47x) cos(6.47z) sin(9.2my) )) + 100,

(4.144)
and p(c) as in eq. (4.142) as seen in Figure 4.1. The porosity takes different values
in the Stokes and Darcy regions, that is, ¢ = 1 in 2° and ¢ = 0.4 in Q. The
dispersion /diffusion tensor is

o1, in %,
D(u) =

¢dmI + d|u|T + dyJu|(I—T), in Q9
where dj, d¢, and dy;, represent longitudinal and transverse dispersivities and the
molecular diffusivity, respectively, I denotes the identity matrix, and T = wu? / \u|2
and u? is the transpose of the vector u. Under the assumption of d; > d¢, D(u)

satisfies the assumptions that we made in our analysis |25, 50].
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Table 4.7: Table of convergence for the HDG method with k¢ =3, ke = ky — 1,
At = 10_4, T=0.1, k=1, p=1, using BDF2 method in Example 2,
Section 4.2.2.2

Stokes solution (£29)

h Cells |lu—upllgs Order |p—ppllgs Order INEETTRIIE
1/2 8 4.3e-04 - 3.1e-02 - 5.7e-10
1/4 28 5.6e-05 3.0 4.6e-03 2.8 2.0e-12
1/8 152 1.4e-06 5.3 2.1e-04 4.4 1.7e-14
1/16 576 7.1e-08 4.3 2.1e-05 3.4 9.3e-14
1/32 2348 3.6e-09 4.3 2.3e-06 3.2 1.0e-13

Darcy solution (Q%)
h  Cells |ju— uh||Qd Order ||p — ph||Qd Order ||V -uy + HdiHQd

1/2 8 2.0e-03 - 4.2e-03 - 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-04 3.0 2.2e-12
1/8 152 3.6e-06 0.1 4.0e-05 3.8 7.2e-13
1/16 576 2.2e-07 4.0 5.1e-06 3.0 3.0e-12
1/32 2348 1.3e-08 4.1 6.1e-07 3.1 1.2e-11

In this numerical experiment, we choose § = 1079, d,,, = 1.e — 5,
d; = 1l.e—5, and d; = 1.e — 5 and assume that the initial concentration of the plume

of contaminant is

0.95 if \/(z1 —0.2)2 + (9 — 0.7)2 < 0.1,
co(r) =
0.05 otherwise.
Finally, we set k=3, ke =2, a = 0.5, T =20, At = 1073, h = 1/80 and all of the
source/sink terms to zero. The results are obtained by using BDF2 time stepping.
Figure 4.2 shows the computed velocity field after one time step and at the
final time. In the Darcy region Q¢ the flow field avoids the areas with low
permeability.
Figure 4.3 presents the plume of contaminant spreading through the surface

water region and infiltrating the porous medium with snapshots at 6 different
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Table 4.8: Table of convergence by the HDG method for concentration with k¢ = 3,
ke=2, At=10"% T=0.1, k=1, p = 1, using BDF2 in Example 2,
Section 4.2.2.2.

h  Cells |lc—¢pllg Order
1/2 8 1.2e-01 -
1/4 28 2.8e-02 2.9
1/8 152 2.3e03 3.6
1/16 576 2.5e-04 3.2
1/32 2348 2.6e-05 3.2

1.1e01
0.1

0.08

— 0.06

— 004

0.02

5.3e-12

Figure 4.2: The velocity field after one time step (left) and at the final time (right).
The color represents the magnitude of the velocity.

instances in time. The contaminant plume stays compact while in the surface water
region. Once it reaches the subsurface region it spreads out following a path dictated

by the heterogeneous permeability structure of the porous medium as we expected.
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Table 4.9: Table of convergence for the HDG method with k¢ =3, ke = ky — 1,
At=10"%T=01,k=1, W= 106, using BDF2 method in Example 2,
Section 4.2.2.2

Stokes solution (£29)

h Cells |lu—upllgs Order |p—ppllgs Order IV - upllos
1/2 8 2.5e-04 - 3.5e-03 - 5.7e-10
1/4 28 2.2e-05 3.9 6.9e-04 2.3 2.0e-12
1/8 152 6.1e-07 5.2 5.6e-05 3.6 3.8e-15
1/16 576 3.3e-08 4.2 6.4e-06 3.1 8.8e-14
1/32 2348 2.0e-09 4.1 7.7e-07 3.1 9.4e-14

Darcy solution (Q%)
h  Cells |ju— UhHQd Order ||p — thQd Order ||V - uy, + HdiHQd

1/2 8 1.9¢-03 - 4.2e-03 - 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-04 3.0 2.2e-12
1/8 152 3.5e-06 0.1 4.0e-05 3.8 7.2e-13
1/16 576 2.2e-07 4.0 5.1e-06 3.0 3.0e-12
1/32 2348 1.3e-08 4.1 6.1e-07 3.1 1.2e-11

Table 4.10: Table of convergence by the HDG method for concentration with
k=3, ke=2, At = 1074 T =01, s =1, p = 1075, using BDF2 in Example 2,
Section 4.2.2.2.

h  Cells |lc—cpllg Order
12 8  12e01 -
1/4 28 2.8e-02 2.9
1/8 152 23e03 3.6
1/16 576 2.5e-04 3.2
1/32 2348 2.6e-05 3.2
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Table 4.11: Table of convergence for the HDG method with ky = 3, ke = ky — 1,
At=10"% T =0.1, k = 10, W= 1076, using BDF2 method in Example 2,
Section 4.2.2.2

Stokes solution (£29)

h Cells |lu—upllgs Order |p—ppllgs Order IV - upllos
1/2 8 2.4e-04 - 4.2e-06 - 5.7e-10
1/4 28 2.2e-05 3.9 7.3e-07 2.5 2.1e-12
1/8 152 6.0e-07 5.2 0.7e-08 3.7 7.5e-15
1/16 576 3.3e-08 4.2 6.4e-09 3.2 4.5e-15
1/32 2348 2.0e-09 4.1 7.9e-10 3.0 1.4e-13

Darcy solution (Q%)
h  Cells |ju— UhHQd Order ||p — thQd Order ||V - uy, + HdiHQd

1/2 8 1.9¢-03 - 4.2e-06 - 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-07 3.0 2.2e-12
1/8 152 3.6e-06 0.1 4.0e-08 3.8 8.2e-13
1/16 576 2.2e-07 4.0 5.1e-09 3.0 3.1e-12
1/32 2348 1.3e-08 4.1 6.1e-10 3.1 1.2e-11

Table 4.12: Table of convergence by the HDG method for concentration with
k=3, ke=2, At = 1074 T =0.1, k = 103, 1 = 1076, using BDF?2 in Example 2,
Section 4.2.2.2.

h  Cells |lc—cpllg Order
12 8  12e01 -
1/4 28 2.8e-02 2.9
1/8 152 23e03 3.6
1/16 576 2.5e-04 3.2
1/32 2348 2.6e-05 3.2
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Table 4.13: Table of convergence for the HDG method with ky = 2, k. = 1,
At=10°T=01,k=1, pu= p(c), using BDF3 method in Example 3,
Section 4.2.2.3

Stokes solution (£29)

h Cells |lu—upllgs Order |p—ppllgs Order IV - upllos
12 8 11603 - 0.7e-02 - 2.0e-07
1/4 28 9.4e-04 2.1 3.3e-02 1.6 2.9e-09
1/8 152 9.3e-05 3.3 5.6e-03 2.5 4.5e-11
1/16 576 1.9e-05 2.3 1.3e-03 2.1 7.0e-13
1/32 2348 4.7e-06 2.0 3.3e-04 2.0 8.0e-14

Darcy solution (Q%)
h  Cells |ju— UhHQd Order ||p — thQd Order ||V - uy, + HdiHQd

1/2 8 7.0e-02 - 2.3e-02 - 1.3e-06
1/4 28 3.1e-02 1.2 9.4e-03 1.3 5.4e-08
1/8 152 6.6e-03 2.2 1.4e-03 2.7 2.7e-10
1/16 576 1.4e-03 2.3 3.8e-04 1.9 5.4e-12
1/32 2348 3.5e-04 2.0 8.6e-05 2.1 4.8e-12

Table 4.14: Table of convergence by the HDG method for concentration with
kp=2ke=1 At = 1072, T=0.1, k = 1, & = pu(c), using BDF3 in Example 3,
Section 4.2.2.3.

h  Cells |lc—cpllg Order
12 8  2.6e01 -
1/4 28  10e01 14
1/8 152 1.9e-02 24
1/16 576 4.3e-03 2.1
1/32 2348 1.0e-03 2.1
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Table 4.15: Table of convergence for the HDG method with ky = 3, ke = 2,
At=10%T=01, k=1, pu= p(c), using BDF3 method in Example 3,
Section 4.2.2.3

Stokes solution (£29)

h Cells |lu—upllgs Order |p—ppllgs Order IV - upllos
1/2 8 7.7e-04 - 5.2e-02 - 5.7e-10
1/4 28 9.7e-05 3.0 8.2e-03 2.7 2.1e-12
1/8 152 4.1e-06 4.6 3.8e-04 4.4 3.2e-14
1/16 576 2.1e-07 4.3 4.0e-05 3.3 2.2e-14
1/32 2348 2.2e-08 3.3 4.7e-06 3.1 9.1e-14

Darcy solution (Q%)
h  Cells |ju— UhHQd Order ||p — thQd Order ||V - uy, + HdiHQd

1/2 8 2.3e-02 - 6.0e-03 - 5.7e-10
1/4 28 3.6e-03 2.7 6.4e-04 3.2 2.2e-12
1/8 152 3.3e-04 3.4 4.1e-05 4.0 8.1e-13
1/16 576 3.8e-05 3.1 5.1e-06 3.0 2.9e-12
1/32 2348 4.5e-06 3.1 6.4e-07 3.0 1.2e-11

Table 4.16: Table of convergence by the HDG method for concentration with
k=3, ke=2, At = 1076, 7=0.1, kK = 1, & = pu(c), using BDF3 in Example 3,
Section 4.2.2.3.

h  Cells |lc—cpllg Order
12 8  10e0l -
1/4 28 1.4e-02 2.9
1/8 152 1.2e-03 3.6
1/16 576 1.2e-04 3.2
1/32 2348 1.3e-05 3.2
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(a) The plume at t = 0. (b) The plume at ¢ = 2.5.
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(d) The plume at t = 5.0. (e) The plume at t = 7.5.

—04
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0.0e+00

Figure 4.3: The plume of contaminant at times ¢t = 0,2.5,5,7.5,10, 15. The color
represents the concentration values at time .

(g) The plume at t = 10. (h) The plume at t = 15.
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CHAPTER FIVE

CONCLUSIONS AND FUTURE WORK

In this thesis, we studied a partial differential equations system, namely the
fully coupled time-dependent Stokes-Darcy-transport problem, describing the
transport of a chemical species via the coupled free flow and porous media flow.
This system consists of two main ingredients: the time-dependent Stokes-Darcy
problem, and the time-dependent advection-diffusion problem.

In Chapter 2, we analyzed an HDG discretization for the time-dependent
Stokes-Darcy problem which models the interaction between free flow governed by
the Stokes equations and porous media flow governed by Darcy’s equations. After
deriving the fully-discrete strongly mass conservative HDG discretization for this
problem, we established its well-posedness and carried out an a priori error analysis
in the energy norm. We provided a series of numerical examples demonstrating
strong mass conservation, robustness with respect to the problem parameters for the
viscosity and permeability, and optimal convergence rates in the L2-norm.

In Chapter 3, we analyzed an HDG discretization for the time-dependent
advection-diffusion equation that models the diffusion and advection of a chemical
species under the influence of a given velocity field. After introducing the
semi-discretization, we proved the existence and uniqueness of the solution as well
as a priori error estimates in the energy norm. Numerical experiments exhibiting
optimal convergence rates for different boundary conditions were presented.

In Chapter 4, we analyzed a numerical discretization for the fully coupled
time-dependent Stokes—Darcy-transport problem where the fluid viscosity and

source/sink terms depend on the concentration and the dispersion/diffusion tensor
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depends on the fluid velocity. We have employed a sequential strategy in which we
used HDG methods to solve the Stokes/Darcy and transport subproblems at each
time step. Strong mass conservation and pressure robustness properties of the flow
discretization are crucial to provide a velocity input to approximate the
concentration accurately without artificial mass. We proved well-posedness and a
priori error estimates for the velocity and the concentration in the energy norm. We
presented numerical experiments that demonstrate optimal convergence.

We close this chapter by listing some extensions of this work that may be
interesting to pursue. A natural extension is to derive and analyze HDG methods
for the time-dependent coupled Navier-Stokes/Darcy problem. The nonlinearity of
the Navier-Stokes equations need to be treated correctly and more assumptions on
the data would be required for the analysis. The strong mass conservation property
of our method will prove to be quite useful in each iteration. Then including the full
coupling of this to the transport equation would be a highly nontrivial extension.
Especially its analysis will require a technical proof in proving existence and
uniqueness.

Our numerical algorithm preserves high order convergence rate for smooth
solutions and the analysis for low regularity solutions is still open. An extra weight
in the penalty term can be used to relax the requirement on the polynomial degree
due to unbounded dispersion-diffusion tensor. For realistic numerical experiments, it
may be worthwhile to investigate the effect of additional stabilization techniques
involving cut-off functions [50], diffusion upwinding [42,45], streamline diffusion [11],
or slope limiters. Different decoupling techniques and time stepping schemes will

also be investigated.
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APPENDIX A
ABSTRACT THEORY FOR SADDLE POINT PROBLEMS
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In this section, we list some results on saddle point problems. Let X and M
be two reflexive Banach spaces, f € X', g € M’, and consider two bilinear forms
a€ L(X x X;R)and b e L(X x M;R). We consider the following problem: Find

u € X and p € M such that

a(u,v) +b(v,p) = f(v), YveX,
(A1)

b(u,q) =glg), Vg€ M.
Theorem A.1 ( |26, Theorem 2.34| ). Problem eq. (A.1) is well-posed if and only if

Ja > 0, inf sup a(u,v) «,

u€Ker(B) ycKer(B) lulx vl = (A.2)

(Vu € Ker(B), a(u,v) =0) = (v=0),

and

38 >0, inf sup b(v, q)

A% (A.3)
4o e TollxTlallar

where Ker(B) = {v € X; Vg € M, b(v,q) = 0}. Furthermore, the following a priori
estimates hold:

lullx < erllfllxr + callgllppr

Ipllar < esllfllxr + callgllpe,

where c1,c9,c3 and cq4 are constants depending on o, 5 and a.

The next theorem is on twofold saddle point problems and is necessary for

the the proof of the inf-sup condition Theorem 2.

Theorem A.2 ( |34, Theorem 3.1| ). Let U, Py, and Py be reflexive Banach spaces,
and let by : PL x U — R, and by : Po x U — R be bilinear and continuous. Then the

following are equivalent:
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1. There exists ¢ > 0 such that

b1(p1,v) + ba(p2,v
sup LPLO H0202.0) o i 4 lp,), V(o p) € P x Py (A)
vel o]ty

2. There exists ¢ > 0 such that

b b
sup 1pLo) clpillpy, Vp1 € Py and sup 2(p2,0)

i = clp2llp,y; Vo2 € P,
vezy, vl ve vl

(A.5)
where Zy, = {v €U :by(pa,v) =0 for all py € Pr}.
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APPENDIX B
PROOF OF THE INF-SUP CONDITION
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This section includes the proof of Theorem 2 [16, Theorem 1|. Here we
present it with a minor modification for completeness. We start by splitting the

velocity-pressure coupling term bgl(qgl, vy,) in eq. (2.25a) into two parts as follows:
o o 2
by (ar,vn) = by (ap, vp) + 0,7 (q) , o),

where for j = s,d,

W == ¥ [ aV-ude. @)= X [ doen as
0K

KeTJ KeTJ

We will prove intermediate results for b7 (qp,vy,) and bj’ (qh, vp) + b (q%(cj‘g, o)
and then combine them by using an inf-sup condition for twofold saddle point

problems. We introduce the following space for these results.

2, Ijig - _ 5 © A
V) = {vh eV Y (B, vn) + b, (@, o) =0 V(g).q)) € Qf x Q%}-
j:S,d

Lemma B.1. There exists a constant ci,¢ > 0, independent of h, such that for any

qn € Qp,
> v anovn) -2 2 [ eV v de
j=s,d j:S,dKeTj
utllanllo = sub T s lFonl
thV% Uhllv ”hev(i)z ol
v, 20 vp#0

Proof. Let q5, € Qp, C L%(Q) By the surjectivity of the divergence operator,

see [24, Theorem 6.5], there exists a v € [H&(Q)]dim such that
Vv =gy and 3ol 1 < lanlo (B.1)
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Then, noting that ¢, € Pr._1(K) for all K € T, Lemma 4(i.) implies that

lanll?, = /Q (=Y -v) dz = — /Q ¥ - Ty do. (B.2)

By the triangle inequality and using Lemma 4(iv.) with £ = = 1, we bound the

Stokes part of the norm as follows:
IVITy o)l < llv—Hyollg + llvllx < Cllolh k- (B.3)

By eq. (B.3) and eq. (2.49) with ¢ = 1, we have

— -1 =
@@y, Dyo)2 s = > (IVIyo) |k + kit ITyo — Ty ol 3)
KeTs

<C 3 ol g = Cllol gs. (BA)
KeTs

For the Darcy part of the norm, using the triangle inequality and Lemma 4(iv.), we
get

1My olga < ITyo = vllgq + lellga < Cllell, a (B.5)

Also, by the trace inequalities eq. (2.31) and eq. (2.35), and by Lemma 4(iv.), the

interface term in the norm is bounded as follows:

dim—1 dim—1 dim—1
T 1112 ] 112 ] 2
S Al P = S ) 2 < (S Al
j=1 j=1 j=1
2 2
< O(I(TTyv)* = %)% + [0*11%)

2 2
<C( ) Myv —vl3x) + Cllvllzr
KeTs

<O hillolfp ) + CllvlEy < Clivliigs: (B6)
KeT*$
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From egs. (B.4) to (B.6) and the definition of |||.||,, we have

Iy, Ty o)l < Cllvfl g (B.7)

Now observe that (ITy v, IIyv) € V?L. Indeed, by Lemma 4(iii.) and since cj{b is

single-valued,
2 Ti =
> (6@, myv) + 0y (@), Ty o))

j=s,d
_ o J ds — 7 J
= ¢ yv-n’ ds / ¢ yv-n ds)
¥ (X [ n

J=s,d KeTJ)

= Z </IQ‘}7;HVU-nj ds—/l(jﬁﬂvv-nj ds) =0.
r r

j=s,d

Hence, by egs. (B.1) and (B.2),

9
— JoanV -vp de = oV -TIyv dz |y v
s fﬂmv [ mffﬂ Tyl 2 Olula 2 clole:
opeV? wlll v, Hy o) [lo 1.0
’Uh#o
This completes the proof by letting ¢;, ¢ = % O

For the second intermediate result, we define
Ri(0K) := {g € L*(OK), G € P,(F), VF € 0K}

and let L : R, (0K) — [P,(K)]%™ be the BDM local lifting operator which satisfies
for all g5, € Rp(0K) the following [10]:

_ _ _ 1/2, _
(Lgy) - n = @, ILanlx < ChiPlanllox (B.8)
_ 2 1= 112 — 12 — 12
IV(La)l% < Chi a2k 1Lan )25 < Cllanl 3 (B.9)
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Lemma B.2. There exists a constant ¢, > 0, independent of h, such that for any

(7. a)) € Q5 x QF,

2, ] Tj . -
Ed (b‘z (@7, vn) + by (@, Uh))
S

: 1/2 £
_ ~7112 J ’
<Cinf > D hKthHaK) Svsg; ol . (B.10)
J=sd KeTI Iclh#()h

Proof. Let cj% € Q] and set wh = th for j = s,d. Since wh € [P (K)]9™ for all
K e Tj? j = 87 d?
wp  in QF

wh =
w% in Q4

belongs to [Py (K)]4™ for all K € 7. Using eq. (B.9), we get

wn O)lZs = > (IVEG)I% +h 1L, — 0l 3x)
KeTs

<C Y gk (B.11)
KeTs$

Using eq. (B.8), we have

2 d2 ~d |12
lonlg = lwfl2g = > 1LafI%

KeTd
—d2 —11=d12
<C Z hillgyllge < C Z he 1@ 15K (B.12)
KeTd KeTd

where we used hp < C’hI_{l.

From egs. (B.11) and (B.12), we obtain

Il wn, O)IZ = Mwn )3 + lwnlZg <€ - (D bt lale).  (B13)

Jj=sd KeTJ
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Using eq. (B.8), we have w‘}jl ‘n = q’i, j=s,d. Then

,zd(b%h,vmb (] o)
J=s,

sup
o€V, lonllo
’Uh;éo

X (X fathUh n’ ds—fFIQhUh n’ ds)
J=sd KecTJ
= sup
vV, lvplllo
vh7é0
DY A,
J=s,d KecTJ
>
G Ol
> (2 _H(IiLH%K)

Jj=sd KeT]

(T X nldlzet?

J=s,d KeTJ

hax 2 (X hilla) 3g)

J SdKET] (
( min Z Z hK” h||8K)1/2

J=sd KeT

> Chuinhms( Y. > hiclla] 1302, (B.14)
J=$d KeTJ

(choosing v}, = (wy,0))

>

(by eq. (B.13))

since hpin < b < Amax)

where Ay, and hApax denote the minimum and maximum diameter over all cells,

respectively. Setting cinf = ChminPimax, €d. (B.10) follows. O

Proof of Theorem 2. Let U =V, P = Qj, and Py = Q‘;L X Q% and define
j,1 1,2 /-9 Ij, J -
)= 3 B ) mdba) = 3 (2000 + 07, 0). By
J=S, J1=Ss,
Lemmas B.1 and B.2, the conditions in eq. (A.5) are satisfied. Therefore, by the

equivalence of eq. (A.5) and eq. (A.4) in Theorem A.2, and the definition of || - |||,

the result follows. O]
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APPENDIX C
MORE USEFUL RESULTS
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We have the following discrete integration by parts:

N

Z m+1 m m _ xN-i—l xOyO + Z m+1 m—l—l‘ (C.l)
m=0

As a result of Taylor’s theorem, we have

Theorem C.1 ( [12, Lemma 3.2|). For a function z defined on D x [0,T], assuming

enough reqularity, we have the following results

k
Atz 02" dthHD < C(At) HattZHLZ (0,T;L2(D))’

mz 142" 20,0 < 0062125 gy =001 (C.3)

n=1

1/2
where |l 2070 = (Jo 1FOI%)

Lemma C.1 (Gronwall’s inequality, |4, Corollary 1.2|). Let f(t), g(t), h(t) be
continuous functions defined on [0,T] such that g(t) is non-negative and h(t) is

nondecreasing in [0,T]. Let k be a nonnegative constant. If

t t
f(t)+/og(s)d5§h(t)+/0 kf(s)ds vtel0,T],

then

f(t) + /Ot g(s)ds < h(t)e¥t vt e [0, T). (CA4)

Lemma C.2 (Discrete Gronwall’s inequality, [39, Lemma 27|). Let At, B > 0 and

let {an}n, {bn}n, {cn}n,{dn}tn be sequences of nonnegative numbers satisfying

n n n
Vn >1, an+AtZbm§B+Atdeam+Athm.
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If dyp At < 1 for all n, then

n
d
" At X T=Rtdm U
V>l an+ ALY by <e m=1 tm<B+At§:cm>.
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