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ABSTRACT

A HYBRIDIZED DISCONTINUOUS GALERKIN SCHEME FOR THE
COUPLED STOKES-DARCY FLOW AND TRANSPORT

by

DINH DONG PHAM

Adviser: Aycil Cesmelioglu, Ph.D.

The main focus of this thesis is on finding highly accurate and robust

numerical methods to solve a complex flow and transport problem governed by the

fully-coupled time-dependent Stokes-Darcy-transport equations. This problem has

many applications one of which is groundwater contamination by pollutants

transported via surface/subsurface flow. It consists of two main ingredients; the

time-dependent Stokes-Darcy equations describing the flow, and the time-dependent

advection-diffusion equation for the transport of chemicals via this flow.

Therefore, the first part of this thesis is dedicated to studying the

time-dependent Stokes-Darcy problem that describes the free flow and porous media

flow on two different parts of a domain and their interaction at the common

interface. We introduce a hybridized discontinuous Galerkin (HDG) method which

provides exact mass conservation and pressure robustness and handles the interface

conditions via facet unknowns. We prove well-posedness and a priori error estimates

in the energy norm, and provide numerical experiments that show optimal

convergence and robustness of the method with respect to the problem parameters.

The second part deals with the time-dependent advection-diffusion equation

where we again use an HDG method for the spatial discretization. We show the
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existence and uniqueness of the semi-discrete transport problem and prove a priori

error estimates in the energy norm. A number of numerical experiments are

presented for different boundary conditions and we observe optimal rates of

convergence in each case.

Combining the two parts by a sequential algorithm, we solve the fully

coupled time-dependent Stokes-Darcy-transport problem. The coupling of the flow

and transport is introduced by the dependence of the fluid viscosity and source/sink

terms on the concentration and by the dependence of the dispersion/diffusion tensor

in the porous media domain on the advective fluid velocity. Our sequential

algorithm employs a linearizing decoupling strategy based on the backward Euler

time-stepping where the Stokes-Darcy and the transport equations are solved

sequentially by time-lagging the concentration. The well-posedness results and a

priori error estimates for the velocity and the concentration in the energy norm are

presented and numerical examples demonstrating optimal convergence and mass

conservation are provided.
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CHAPTER ONE

INTRODUCTION

1.1 The Stokes-Darcy and transport problems

The coupled Stokes and Darcy problem is defined by a system of partial

differential equations consisting of the Stokes equations for free flow and the Darcy

equations for porous media flow. These equations are coupled at the interface

separating the free flow and porous media flow regions via appropriate interface

conditions. The model has various applications, for example, it can be used to

describe blood flow in vessels in biomedical engineering, groundwater flow in

environmental engineering [5], or flow in the industrial filtration processes [33].

Coupling the Stokes-Darcy equations to an advection-diffusion equation results in a

mathematical model that describes the transport of chemicals by surface/subsurface

flow in groundwater contamination problem, or by blood flow in vessels in the

biochemical transport problem [22].

Different mass-conserving finite element methods have been proposed to

discretize the Stokes-Darcy equations. In [37], Kanschat and Rivière proposes a

finite element method in which the Stokes equations are discretized by a

discontinuous Galerkin (DG) method using divergence-conforming finite elements

for the velocity, and the Darcy equation is discretized by using a mixed finite

element method resulting in a strongly mass conservative scheme. In [28], a strongly

conservative hybridized discontinuous Galerkin (HDG)/mixed discretization for the

Stokes-Darcy problem is presented where a divergence-conforming HDG method is

used for the velocity and a mixed finite element method is used for the Darcy flow.

In [16], a mass conserving embedded–hybridized discontinuous Galerkin
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(EDG-HDG) discretization for the coupled Stokes-Darcy system was introduced by

using the EDG method for the Stokes equations with continuous Stokes velocity

trace unknown and the HDG method for the Darcy equation.

Similarly, different stable numerical methods have been developed to

discretize the transport equation, for instance, streamline upwind Petrov-Galerkin

methods [11], DG [21], [41], and EDG methods [53].

However, combining a stable and accurate discretization for the

Stokes–Darcy problem and a stable and accurate discretization for the transport

problem does not directly ensure that the discretization for the coupled

Stokes–Darcy–transport problem will inherit stability and accuracy. It is known

that [45] if the velocity approximation is not local mass conservative, the numerical

solution of the coupled flow and transport problems in porous media will be

unstable and may present unphysical oscillations. Furthermore, compatibility in the

sense of [23] is desirable to avoid loss of accuracy or loss of global conservation.

Therefore, the specifics of the combination must be determined carefully.

There are only a few papers in the literature on a special case of this coupled

problem, where the coupling is only one-way. In this loosely coupled problem, the

Stokes-Darcy flow is assumed to be unaffected by the changes in the concentration.

The first of these papers, [52], uses a combination of mixed finite element and local

discontinuous Galerkin methods. Then [46] uses discontinuous Galerkin

methods, [36] uses the mixed finite element method and Streamline Upwind

Petrov–Galerkin method, and [12] uses the embedded-hybridized discontinuous

Galerkin method. The published literature about the fully coupled

Stokes–Darcy-transport problem is very sparse. Within our knowledge, there are

only two papers that studied the fully coupled Stokes-Darcy-transport problem.

The first one [17] is a theoretical paper analyzing a weak solution for the
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(Navier-)Stokes/Darcy-transport problem. The second one [47] uses the mixed finite

element method for the Stokes-Darcy problem and classical piecewise linear finite

element for the concentration problem.

In this thesis, we propose a sequential algorithm that decouples the problem

into two subproblems (Stokes-Darcy and transport) which are both solved by the

HDG method. This method maintains the nice properties of the DG method such

as local mass conservation while having fewer degrees of freedom for high order

polynomials. Furthermore, the HDG method for the Stokes-Darcy subproblem

produces strong mass conservation and pressure robustness, and by selecting the

polynomial degrees carefully we achieve compatibility and avoid loss of accuracy.

1.2 A brief introduction to HDG methods

Among many techniques developed for the approximate solution of partial

differential equations (PDEs), the continuous Galerkin (CG) Method is often used.

The CG method is based on a weak formulation of the PDEs that is defined on an

infinite-dimensional space. The solution is approximated by using a finite

dimensional subspace of the infinite-dimensional space such as the space of

piecewise polynomials that are continuous across element interfaces. One drawback

of the standard formulations of the CG method is that it does not perform well with

convection-dominated problems and it lacks local mass conservation property which

is crucial for transport problems.

A method that overcomes these drawbacks of the CG method is the

discontinuous Galerkin Method (DG) which was first introduced in [43] in 1973 for

the linear hyperbolic problems and was later extended to other types of PDEs [2, 3].

It is also built on a weak formulation, but the continuity requirement on the

finite-dimensional subspace is relaxed and inter element continuity is imposed
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weakly. There are many advantages of the DG method. For example, it is locally

mass conservative, can handle discontinuous parameters, is highly parallelizable and

is ideal for adaptivity and parallel computing because of the relaxed continuity

requirement. It allows for flexibility in the choice of approximation spaces compared

to mixed finite element methods and can achieve high order accuracy by using high

degree approximating polynomials easily.

A disadvantage of the DG methods is that they produce more degrees of

freedom than the continuous Galerkin (CG) methods. In order to reduce the

computational cost associated with the DG methods, the hybridized discontinuous

Galerkin (HDG) methods were introduced and applied to a variety of problems, for

instance, second order elliptic problems [20], Stokes problems [19,44], Navier-Stokes

problems [13], etc. The HDG method introduces trace unknowns that approximate

the solution on the element boundaries and numerical fluxes that allow inter

element communication only via these trace unknowns. This makes it possible to

apply static condensation thus reducing the system to a system for only the

single-valued trace unknowns. After solving this reduced system for the trace

unknowns, the main unknowns can be obtained independently inside each element.

The trace system has less globally coupled degrees of freedom compared to a

standard DG system especially for high orders [35], thus it requires less

computational time and memory. For higher order approximations, after static

condenstation, the HDG system is comparable in size to the standard CG

system [38,54]. Figure 1.1 illustrates the degrees of freedom for the CG method, the

DG method, and the HDG method in a four-element mesh. The blue nodes

represent the degrees of freedom of the approximate solution, while the red nodes

represent the degrees of freedom of the trace of solution.
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1.3 Thesis Approach

This thesis presents a high order numerical scheme based on the hybridizable

discontinuous Galerkin methods to solve the fully coupled time-dependent

Stokes-Darcy-transport problem. There are two components of this problem; the

time-dependent Stokes-Darcy problem which provides the velocity by which a

contaminant is transported and that affects how the contaminant disperses and

diffuses, and the transport problem which provides the concentration of the

contaminant affecting the viscosity and the source and sink terms in the

Stokes-Darcy problem.

We first solve the Stokes-Darcy problem without the coupling to the

transport equation by extending the work in [16] to the time dependent case. We

derive an HDG formulation for time dependent Stokes-Darcy problem. The main

reason to consider this discretization is its strong mass conservation property and

robustness. We prove the well-posedness of the method by using an inf-sup

condition and present its a priori error analysis.

Next, we present the time-dependent transport problem assuming a given

divergence-free velocity field neglecting the coupling to the Stokes-Darcy problem.

We discretize the transport equation by an HDG method based on the one defined

in [53] for the scalar advection-diffusion-reaction equation. The main motivation is

that HDG methods are as effective as DG methods for convection dominated

problems while being more efficient. We show the existence and uniqueness of the

semi-discrete transport solution and prove a priori error estimates in the energy

norm.

In the final step, we combine the Stokes-Darcy discretization and the

transport discretization to obtain the solution to the fully coupled time-dependent

Stokes-Darcy problem. The proposed algorithm solves the Stokes-Darcy and
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transport problems sequentially by time-lagging the concentration solution and

therefore linearizes the nonlinear problem. In each Stokes-Darcy solve, our HDG

method provides a divergence-free and divergence-conforming velocity, the error

estimates for the velocity do not depend on the approximation error of the pressure.

In each part, we provide numerical examples to substantiate the attractive

properties of the numerical methods.

1.4 Thesis Outline

The remainder of this thesis is organized as follows. In Chapter 2, we

investigate a numerical method for the time-dependent coupled Stokes-Darcy

problem. Chapter 3 deals with the time-dependent advection-diffusion type

transport problem driven by a given divergence-free velocity field. Chapter 4

discusses the full coupling of the transport problem with the Stokes-Darcy problem.

The final chapter states some conclusions and possible extensions of this research.
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(a) CG (b) DG

(c) HDG

Figure 1.1: An illustration of the degrees of freedom for the CG method, the DG
method, and the HDG method on a four-element mesh of triangles in 2D using
cubic polynomial approximation.
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CHAPTER TWO

TIME-DEPENDENT STOKES-DARCY PROBLEM

In this chapter, we focus on the time-dependent Stokes-Darcy problem that

describes the coupling of free flow and porous media flow on different parts of a

domain and their interaction at the common interface. Let Ω ⊂ Rdim, dim = 2, 3 be

a domain consisting of two disjoint subdomains, Ωs and Ωd, such that Ω = Ωs ∪ Ωd.

Each subdomain is assumed to be a polygonal/polyhedral region. On the

boundaries ∂Ω of Ω and ∂Ωi of Ωi, i = s, d, we denote the outward unit normal by n

and ni, i = s, d, respectively. We will use n to denote also the unit normal vector on

ΓI pointing from Ωs to Ωd, that is, n = ns = −nd on ΓI the polygonal interface

between Ωs and Ωd. We denote the external boundary of Ωs by Γs := ∂Ω ∩ ∂Ωs,

and the external boundary of Ωd by Γd := ∂Ω ∩ ∂Ωd.

2.1 Time-dependent Stokes-Darcy system

Let J = [0, T ] be a time interval of interest. The time-dependent

Stokes-Darcy problem is given by the following set of PDEs:

∂tu−∇ · (2µε(u)) +∇p = fs in Ωs × J, (2.1a)

κ−1u+∇p = 0 in Ωd × J, (2.1b)

−∇ · u = χdgd in Ω× J, (2.1c)

u = 0 on Γs × J, (2.1d)

u · n = 0 on Γd × J, (2.1e)

where ε(u) := (∇u+ (∇u)T )/2 is the strain tensor and χd is the characteristic

function of Ωd. The coefficient µ > 0 is the kinematic viscosity, κ > 0 is the

8



Γs

Γs

Γs

Γd

Γd

Γd

Ωd

Ωs

ΓIn

Figure 2.1: A sample domain for the Stokes–Darcy problem

permeability constant, fs : Ωs × J → Rdim is the body force, and gd : Ωd × J → R

is the source or sink term in the porous medium. Whenever there is a need to

differentiate the values of a function on Stokes and Darcy parts of the domain, we

will use superscripts. That is, for a function v defined on Ω, vs := v|Ωs , vd := v|
Ωd

.

On the interface ΓI × J , we assume the following interface conditions:

us · n = ud · n, (2.2a)

ps − 2µε(us)n · n = pd, (2.2b)

−2µ(ε(us)n)t = ακ−1/2(us)t, (2.2c)

where the tangential component of a vector w is denoted by (w)t := w − (w · n)n

and α > 0 is an experimentally determined parameter. Equation (2.2a) and (2.2b)

represent the flux continuity and the equilibrium of normal forces on the interface

ΓI × J , respectively. Note that (2.2b) is a consequence of the balance of the normal

9



forces that is given by

σsns · ns + σdnd · nd = 0 on ΓI × J,

where σs = −psI + 2µε(us) in Ωs × J and σd = psI in Ωd × J . The condition on the

tangential fluid velocity on ΓI × J described by (2.2c) is called the

Beavers-Joseph-Saffman condition. It is a modification by Saffman [48] of the

proportionality assumption made by Beavers and Joseph [6] on the slip velocity and

the shear stress.

Finally, we prescribe the following initial condition:

us(x, 0) = us0(x) in Ωs. (2.3)

2.2 The weak formulation

In this thesis, we use the notation from [27] and [1] for the Sobolev spaces.

To describe the weak formulation, we introduce the following spaces

Hdiv(Ω) =
{
v ∈ [L2(Ω)]dim : ∇ · v ∈ L2(Ω)

}
.

Then the function spaces for the weak formulation is

V =
{
v ∈ Hdiv(Ω) : v|Ωs ∈ H1(Ωs), v = 0 on Γs, v · n = 0 on Γd

}
,

Q =

{
q ∈ L2(Ω) :

∫
Ω
q dx = 0

}
.

With these definitions, we now derive the weak formulation. Taking the scalar

product of (2.1a) and (2.1b) with any test function v ∈ V and integrating on Ωs

and Ωd, respectively, we have∫
Ωs
∂tu · v dx−

∫
Ωs

(∇ · 2µε(u)) · v dx+

∫
Ωs
∇p · v dx =

∫
Ωs
fs · v dx∫

Ωd
κ−1u · v dx+

∫
Ωd
∇p · v dx = 0.

10



Integrating by parts and noting that v = 0 on Γs and, v · n = 0 on Γd, we obtain∫
Ωs
∂tu · v dx+

∫
Ωs

2µε(u) : ε(v) dx−
∫

ΓI
2µε(us)ns · v ds

−
∫

Ωs
p∇ · v dx+

∫
ΓI
psns · vs ds =

∫
Ωs
fs · v dx, (2.5a)∫

Ωd
κ−1u · v dx−

∫
Ωd

p∇ · v dx+

∫
ΓI
pdnd · vd ds = 0, (2.5b)

where for A ∈ Rm,n and B ∈ Rm,n, A : B is defined as

A : B =
m∑
i=1

n∑
j=1

AijBij .

Observe that multiplying (2.2b) with n = ns, then adding to (2.2c), we have

psns − 2µε(us)ns = pdns +
α√
κ

(us)t on ΓI × J. (2.6)

Also note that since v ∈ V ⊂ Hdiv(Ω), v · n is continuous. Then recalling that

vs · ns = vd · ns and nd = −ns on ΓI , the sum of all interface integrals in (2.5) can

be simplified as follows:

−
∫

ΓI
2µε(us)ns·vs ds+

∫
ΓI
psns · vs ds+

∫
ΓI
pdnd · vd ds

=

∫
ΓI

(pdns +
α√
κ

(us)t) · vs ds−
∫

ΓI
pdvd · ns ds

=

∫
ΓI
pd[vs · ns − vd · ns] ds+

∫
ΓI

α√
κ

(us)t · vs ds

=

∫
ΓI

α√
κ

(us)t(vs)t ds.

(2.7)

By summing (2.5a) and (2.5b), and by using (2.7), we have∫
Ωs
∂tu · v dx+ a(u, v) + b(v, p) =

∫
Ωs
fs · vs dx,

where the bilinear forms are defined as follows:

aD(u, v) =

∫
Ωd

κ−1u · v dx ∀u, v ∈ V,
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aS(u, v) =

∫
Ωs

2µε(u) : ε(v) dx ∀u, v ∈ V,

aI(u, v) =

∫
ΓI
ακ−1/2(us)t(vs)t ds ∀u, v ∈ V,

a(u, v) = aD(u, v) + aS(u, v) + aI(u, v) ∀u, v ∈ V,

b(v, q) = −
∫

Ω
q∇ · v dx ∀v ∈ V, ∀q ∈ Q.

Similarly, by multiplying (2.1c) with a test function q ∈ Q, then integrating over Ω,

we obtain

b(u, q) =

∫
Ωd

gdq dx.

Then the weak formulation of the time-dependent Stokes-Darcy problem reads: find

(u, p) ∈ L2(0, T ;V ×Q) such that for a.e. t ∈ J∫
Ωs
∂tu · v dx+ a(u, v) + b(v, p) =

∫
Ωs
fs · vs dx, ∀v ∈ V, (2.8a)

b(u, q) =

∫
Ωd

gdq dx, ∀q ∈ Q (2.8b)

us(x) = us0 in Ωs. (2.8c)

To complete this section, we state the following theorem [14, Remark 3.6] about the

existence and uniqueness of the solution to (2.8). For the steady-state case, the

well-posedness of (2.8) can be found in [29, Proposition 2.1].

Theorem 1. Given fs ∈ L2(0, T, L2(Ωs)) and gd ∈ L2(0, T, L2(Ωd)), problem (2.8)

is well-posed.

2.3 The numerical method

In this section, we first present a semi-discrete scheme to solve eq. (2.8). Our

semi-discrete scheme is based on the hybridized discontinuous Galerkin (HDG)

method as introduced in [16] for the stationary Stokes–Darcy problem.
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We denote by T j := {K} a mesh of Ωj , j = s, d, with non-overlapping

elements K and assume that T s and T d match at the interface ΓI . Let

T := T s ∪ T d. The diameter of an element K ∈ T is denoted by hK and n denotes

the outward unit normal vector on the boundary ∂K of K. We set

h := maxK∈T hK . We denote by F i and Fb the set of all interfaces and the set of

all boundary faces, respectively, and we set F := F i ∪ Fb. The union of all facets is

denoted by Γ0 and the union of all facets in Ω
j is denoted by Γ

j
0, j = s, d. Finally,

we denote the set of all facets that lie on ΓI and all facets that lie in Ω
j by FI and

Fj , j = s, d, respectively.

We introduce the following finite element function spaces on Ω,

Vh :=
{
vh ∈ [L2(Ω)]dim : vh ∈ [Pk(K)]dim ∀K ∈ T

}
,

Qh :=
{
qh ∈ L2(Ω) : qh ∈ Pk−1(K) ∀K ∈ T

}
∩ L2

0(Ω),

Q
j
h

:=
{
qh ∈ L2(Ωj) : qh ∈ Pk−1(K) ∀ K ∈ T j

}
, j = s, d,

where Pk(D) denotes the space of polynomials of degree at most k on D. On Γs0

and Γd0, we consider the following spaces.

V̄h :=
{
v̄h ∈ [L2(Γs0)]dim : v̄h ∈ [Pk(F )]dim ∀F ∈ Fs, v̄h = 0 on Γs

}
,

Q̄
j
h

:=
{
q̄
j
h ∈ L

2(Γ
j
0) : q̄

j
h ∈ Pk(F ) ∀ F ∈ Fj

}
, j = s, d.

Note that the facet velocity field is defined only in Γs0 while the facet pressure is

defined separately in both Γs0 and Γd0 so that p̄s 6= p̄d on ΓI , and thus the interface

condition eq. (2.2b) is not violated. For ease of notation, we use boldface notation

and define V h := Vh × V̄h, Qh := Qh × Q̄sh × Q̄
d
h and Qj

h
:= Q

j
h × Q̄

j
h for j = s, d.

Consequently, the elements in Vh, Qh and Q
j
h, for j = s, d, are represented by
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vh := (vh, v̄h) ∈ Vh, qh := (qh, q̄
s
h, q̄

d
h) ∈ Qh and q

j
h

:= (qh, q̄
j
h) ∈ Q

j
h, j = s, d. We

also set Xh := Vh ×Qh.

Next, let

V :=
{
v ∈ L2(Ω) : vs ∈ [H2(Ωs)]dim, vd ∈ [H1(Ωd)]dim,

v = 0 on Γs, v · n = 0 on Γd, vs · n = vd · n on ΓI
}
,

Q :=
{
q ∈ L2

0(Ω) : qs ∈ H1(Ωs), qd ∈ H2(Ωd)
}
,

where L2
0(Ω) is the space of L2-functions with zero mean value. We set X := V ×Q

and denote by V̄ and Q̄ the trace space of V , restricted to Γs0 and the trace space of

Q restricted to Γ0, respectively. We introduce the trace operator γV : V → V̄ to

restrict functions in V to Γs0, and the trace operators γ
Qj

: Qj → Q̄j to restrict

functions in Qj to Γ
j
0, j = s, d. Consistent with the previous notation, we set

V := V × V̄ , Q := Q× Q̄ and define the extended spaces

V(h) := Vh + V, Q(h) := Qh + Q, X(h) := V(h)×Q(h).

The restrictions of V(h) and Q(h) to Ωj will be specified by superscripts, that is, by

Vj(h) and Qj(h), j = s, d. For ease of notation, we write ‖ · ‖m,p,D instead of

‖ · ‖Wm,p(D) with the following simplifications. When m = 0, W 0,p(D) coincides

with Lp(D) and when p = 2, Hm(D) = Wm,p(D). For p = 2, we use ‖ · ‖m,D to

denote ‖ · ‖
Wm,2(D)

and for m = 0, p = 2, we use ‖ · ‖D instead of ‖ · ‖0,D even for

vector valued functions. We refer the reader to [1] for the definitions of the standard

Sobolev spaces Wm,p(D) and the norms corresponding to them ‖ · ‖Wm,p(D).

On Vs(h), we define the norms

‖‖v‖‖2v,s :=
∑
K∈T s

(‖∇v‖2K + h−1
K ‖v − v̄‖

2
∂K),
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and

‖‖v‖‖2
v′,s := ‖‖v‖‖2v,s +

∑
K∈T s

h2
K |v|

2
H2(K)

.

On V(h), we define

‖‖v‖‖2v := ‖‖v‖‖2v,s + ‖v‖2
Ωd

+ ‖v̄t‖2
ΓI
, (2.9)

and

‖‖v‖‖2
v′ := ‖‖v‖‖2v +

∑
K∈T s

h2
K |v|

2
H2(K)

= ‖‖v‖‖2
v′,s + ‖v‖2

Ωd
+ ‖v̄t‖2

ΓI
. (2.10)

Finally, for qj ∈ Qj(h), j = s, d, and for q ∈ Q(h), we define

‖‖qj‖‖2p,j := ‖q‖2
Ωj

+
∑
K∈T j

hK‖q̄j‖2∂K , ‖‖q‖‖2p :=
∑
j=s,d

‖‖qj‖‖2p,j .

Next, we derive the semi-discrete scheme. Let σs = 2µε(us)− psI denote the Stokes

stress tensor. Then multiplying (2.1a) by a test function v ∈ Vh, integrating over an

element K, using integration by parts and summing over all elements, we get

∑
K∈T s

∫
K
∂tu

s ·v dx+
∑
K∈T s

∫
K
σs : ∇v dx−

∑
K∈T s

∫
∂K

σ̂sn ·v ds =
∑
K∈T s

∫
K
fs ·v dx,

(2.11)

where the flux σ̂s in the third term is replaced with the numerical flux

σ̂s = 2µε(us)− p̄sI− 2µβ

h
(us − ū)⊗ n. (2.12)

In other words,

∑
K∈T s

∫
K
∂tu · v dx+

∑
K∈T s

∫
K

2µε(u) : ε(v) dx−
∑
K∈T s

∫
K
p∇ · v dx

−
∑
K∈T s

∫
∂K

2µε(u)n · v ds+
∑
K∈T s

∫
∂K

2βµ

h
(u− ū) · v ds

+
∑
K∈T s

∫
∂K

p̄v · n ds =
∑
K∈T s

∫
K
fs · v dx. (2.13)
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To guarantee the continuity of the normal flux, we impose

∑
K∈T s

∫
∂K

v̄ · σ̂sn ds =

∫
ΓI
v̄ · σsn ds.

Using eq. (2.6),

σsns = −pdns − ακ−1/2(us)t on ΓI × J.

Therefore, due to the fact that v̄ · ūt = (v̄)t · ūt, and switching from pd to p̄d and us

to ū,

−
∑
K∈T s

∫
∂K

v̄ · σ̂sn ds =

∫
ΓI
v̄ · nsp̄d ds+

∫
ΓI
ακ−1/2v̄t · ūt ds. (2.14)

Plugging σ̂s into (2.14), we get

∑
K∈T s

∫
∂K

v̄ · np̄s ds−
∑
K∈T s

∫
∂K

2µε(u)n · v̄ ds

+
∑
K∈T s

∫
∂K

2βµ

h
(u− ū) · v̄ ds

=

∫
ΓI
v̄ · nsp̄d ds+

∫
ΓI
ακ−1/2v̄t · ūt ds. (2.15)

Since v̄ · n and p̄s are single-valued on interior facets and v̄ = 0 on Γs,

∑
K∈T s

∫
∂K

v̄ · nsp̄s ds =

∫
Γs∪ΓI

v̄ · nsp̄s ds =

∫
ΓI
v̄ · nsp̄s ds.

Thus, we can rewrite (2.15) as

∫
ΓI
v̄ · nsp̄s ds−

∑
K∈T s

∫
∂K

2µε(us)ns · v̄ ds

+
∑
K∈T s

∫
∂K

2βµ

h
(u− ū) · v̄ ds

=

∫
ΓI
v̄ · nsp̄d ds+

∫
ΓI
ακ−1/2v̄t · ūt ds. (2.16)
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After subtracting (2.16) from (2.13) and adding a consistent symmetrizing term, we

obtain

∑
K∈T s

∫
K
∂tu · v dx+

∑
K∈T s

∫
K

2µε(u) : ε(v) dx−
∑
K∈T s

∫
K
p∇ · v dx

−
∑
K∈T s

∫
∂K

2µε(u)n · (v − v̄) ds−
∑
K∈T s

∫
∂K

2µε(v)n · (u− ū) ds

+
∑
K∈T s

∫
∂K

2βµ

h
(u− ū) · (v − v̄) ds+

∑
K∈T s

∫
∂K

p̄sv · n ds

−
∫

ΓI
p̄sv̄ · ns ds+

∫
ΓI
p̄dv̄ · ns ds+

∫
ΓI
ακ−1/2v̄t · ūt ds

=
∑
K∈T s

∫
K
fs · v dx.

Multiplying (2.1c) by a test function q ∈ Qh, then integrating on each element

K ∈ T s, we get ∑
K∈T s

∫
K
q∇ · u dx = 0. (2.17)

To impose normal continuity of the Stokes velocity, we set

0 =
∑
K∈T s

∫
∂K

q̄s(u− ū) · n ds

=
∑
K∈T s

∫
∂K

q̄su · n ds−
∑
K∈T s

∫
∂K

q̄sū · n ds

=
∑
K∈T s

∫
∂K

q̄su · n ds−
∫

ΓI
q̄sū · ns ds,

where we used single-valuedness of ū, q̄s and ū = 0 on Γs. Therefore, combining the

previous two equations, we have

−
∑
K∈T s

∫
K
q∇ · u dx+

∑
K∈T s

∫
∂K

q̄su · n ds−
∫

ΓI
q̄sū · ns ds = 0. (2.18)

Multiplying (2.1b) by a test function v ∈ Vh and integrating over an element

K ∈ T d, using integration by parts, replacing pd with p̄d, and summing over all
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elements in T d yield

∑
K∈T d

∫
K
κ−1u · v dx−

∑
K∈T d

∫
K
p∇ · v dx+

∑
K∈T d

∫
∂K

p̄dv · n dx = 0.

Next, multiplying (2.1c) by a test function q ∈ Qh and integrating over an element

K, summing over all elements on Ωd, we obtain

−
∑
K∈T d

∫
K
qd∇ · ud dx =

∑
K∈T d

∫
K
gdqd dx.

To impose normal continuity of the Darcy velocity, we set

∑
K∈T d

∫
∂K

q̄u · n ds =

∫
ΓI
q̄dud · nd ds.

Therefore, combining the last three equations, we have

∑
K∈T d

∫
K
κ−1u · v dx−

∑
K∈T d

∫
K
p∇ · v dx+

∑
K∈T d

∫
∂K

p̄dv · n dx = 0, (2.19)

and

−
∑
K∈T d

∫
K
qd∇·ud dx+

∑
K∈T d

∫
∂K

q̄dud ·nd ds−
∫

ΓI
q̄dud ·nd ds =

∑
K∈T d

∫
K
gdqd dx.

(2.20)

Adding (2.18) and (2.20), we obtain

−
∑
K∈T d

∫
K
qd∇ · ud dx+

∑
K∈T d

∫
∂K

q̄dud · nd ds−
∫

ΓI
q̄dud · nd ds

−
∑
K∈T s

∫
K
qs∇ · us dx+

∑
K∈T s

∫
∂K

q̄sus · ns ds−
∫

ΓI
q̄sūs · ns ds

=
∑
K∈T d

∫
K
gdqd dx. (2.21)

Gathering what we have so far, we propose the following semi-discrete scheme for

the time-dependent Stokes–Darcy system defined by eqs. (2.1) to (2.3): for t > 0,
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find
(
uh(t),ph(t)

)
∈Xh such that

∑
K∈T s

∫
K
∂tuh(t) · vh dx+Bh((uh(t),ph(t)), (vh, qh))

=
∑
K∈T s

∫
K
fs(t) · vh dx+

∑
K∈T d

∫
K
gd(t)qh dx ∀(vh, qh) ∈Xh (2.22)

with initial condition uh(0) = πhu0 where πh denotes an appropriate projection into

Vh. Here,

Bh((uh,ph), (vh,qh)) := ah(uh,vh) +
∑
j=s,d

b
j
h(p

j
h, vh) + b

I,j
h (p̄

j
h, v̄h)

+
∑
j=s,d

b
j
h(q

j
h, uh) + b

I,j
h (q̄

j
h, ūh), (2.23)

where the bilinear form ah(·, ·) is defined as

ah(uh,vh) := ash(uh,vh) + adh(uh, vh) + aIh(ūh, v̄h), (2.24)

with

ash(u,v) :=
∑
K∈T s

∫
K

2µε(u) : ε(v) dx+
∑
K∈T s

∫
∂K

2βµ

hK
(u− ū) · (v − v̄) ds

−
∑
K∈T s

∫
∂K

2µε(u)n · (v − v̄) ds−
∑
K∈T s

∫
∂K

2µε(v)n · (u− ū) ds,

adh(u, v) :=

∫
Ωd

κ−1u · v dx,

aIh(ū, v̄) :=

∫
ΓI
ακ−1/2ūt · v̄t ds,

and where β > 0 is a penalty parameter. The bilinear forms bjh(·, ·) and bI,jh (·, ·) are

given by

b
j
h(pj , v) := −

∑
K∈T j

∫
K
p∇ · v dx+

∑
K∈T j

∫
∂K

p̄jv · n ds, (2.25a)

b
I,j
h (p̄j , v̄) := −

∫
ΓI
p̄j v̄ · nj ds. (2.25b)
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Using the same technique as in [16, Section 3.3], we obtain for t > 0

−∇ · uh = χdΠQg
d ∀x ∈ K, ∀K ∈ T , (2.26a)

Juh · nK = 0 ∀x ∈ F, ∀F ∈ F\FI , (2.26b)

u
j
h · n = ūh · n ∀x ∈ F, ∀F ∈ FI , j = s, d, (2.26c)

where J·K is the usual jump operator and n the unit normal vector on F . To

discretize in time the space semi-discrete problem eq. (2.22), we introduce a

partition of (0, T ) into N intervals of length ∆t (the time step) so that N∆t = T ;

more generally, a variable time step can be considered. For n ∈ {0, . . . , N}, a

superscript n indicates the value of a function at the discrete time tn := n∆t. For a

sequence {vn}, we introduce the first order difference operator dt such that, for all

n ∈ {1, . . . , N},

dtv
n =

vn − vn−1

∆t
. (2.27)

Then the fully discrete scheme is obtained by applying the backward Euler scheme

to eq. (2.22): for n ≥ 1, find (unh,p
n
h) ∈Xh such that

∑
K∈T s

∫
K
dtu

n
h · vh dx+Bh((unh,p

n
h), (vh, qh))

=
∑
K∈T s

∫
K
fs(tn) · vh dx+

∑
K∈T d

∫
K
gd(tn)qh dx ∀(vh, qh) ∈Xh, (2.28)

where the initial condition u0
h is obtained by a suitable projection of u0 into Vh.

2.3.1 Theoretical results

In this section, we present the consistency and well-posedness properties of

the numerical scheme and also prove a priori error estimates in the energy norm.

However, first we need to recall a sequence of well-known inequalities fundamental

to our proofs and introduce the interpolants to quantify the approximation error.
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2.3.1.1 Useful inequalities

Discrete trace inequality [24, Lemma 1.46, Remark 1.47]:

‖v‖∂K ≤ CT,1h
−1/2
K ‖v‖K ∀v ∈ Pk(K). (2.29)

From [9, Theorem 1.6.6], we also have

‖v‖0,∞,∂K ≤ C‖v‖0,∞,K ∀v ∈ W 1
∞(K). (2.30)

Continuous trace inequalities from [24, Lemma 1.49] and [9, Theorem 1.6.6]:

‖v‖2∂K ≤ CT,2(h−1
K ‖v‖

2
K + hK‖v‖21,K) ∀v ∈ H1(K), (2.31)

‖v‖∂Ωs ≤ C‖v‖1,Ωs ∀v ∈ H1(Ωs), (2.32)

By the Poincaré inequality eq. (2.32) further implies

‖v‖∂Ωs ≤ Cc,T ‖∇v‖Ωs ∀v ∈ {v ∈ H1(Ωs) : v = 0 on Γs}. (2.33)

Here K ∈ T , and CT,1, CT,2, Cc,T > 0 are constants that are independent of hK .

Regarding the trace on the interface, we have [30, (1.24)], [9, Theorem 1.6.6]:

‖v‖
ΓI
≤ CT,4 ‖∇v‖Ωs ∀v ∈

{
v ∈ H1(Ωs) : v = 0 on Γs

}
, (2.34)

‖v‖
ΓI
≤ CT,5 ‖v‖1,Ωs ∀v ∈ H1(Ωs). (2.35)

Furthermore, by [30, Theorem 4.4], for any vh ∈ V h, k ≥ 1,

‖vsh‖ΓI ≤ C‖‖vh‖‖v,s ≤ C‖‖vh‖‖v. (2.36)

By a slight modification of the proof in [30, Theorem 4.4], we have a similar result

for the discrete concentration space in Ωs. That is, for any wh ∈ Csh, ` ≥ 1,

‖wh‖ΓI ≤ C‖‖wh‖‖c,s ≤ ‖‖wh‖‖c. (2.37)
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Inverse inequalities from [24, Lemma 1.44, Lemma 1.50]:

‖∇v‖K ≤ Cinvh
−1
K ‖v‖K ∀v ∈ Pk(K), (2.38)

‖v‖0,∞,K ≤ Cinvh
−dim/2
K ‖v‖K ∀v ∈ Pk(K), (2.39)

where Cinv > 0 is independent of hK . From [30, Proposition 4.5], [7, Remark 1.1],

for any v ∈ H1(T sh ), and for any µ ∈ V̄h, there exists a positive constant C such

that the following Poincaré-type inequality holds

‖v‖2Ωs ≤ C‖‖(v, v̄)‖‖2v,s. (2.40)

The following version of Korn’s first inequality is a consequence

of [8, (1.19)], [45, p.100], [30, Proposition 4.7]:

‖‖vh‖‖v,s ≤ CK
∑
K∈T s

(‖ε(vh)‖2K + h−1
K ‖vh − v̄h‖

2
∂K), (2.41)

for some positive constant CK .

We next state coercivity and continuity properties of ah that will be useful in

energy norm estimates.

Lemma 1 (Coercivity of ah, [16, Lemma 2]). There exists a constant Ca > 0,

independent of h, and a constant β0 > 0 such that for β > β0 and for all vh ∈ V h,

ah(vh,vh) ≥ Ca‖‖vh‖‖2v. (2.42)

Lemma 2 (Continuity of ah, [16, Lemma 3]). There exists a generic constant

C > 0, independent of h, such that for all u,v ∈ V (h),

ah(u,v) ≤ C‖‖u‖‖v′‖‖v‖‖v′ . (2.43)

In our analysis we will need the following inf-sup condition on the discrete

spaces which can be found in [16, Theorem 1]. A proof is provided in the appendix

for completeness.
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Theorem 2 (inf-sup condition). There exists a constant c∗inf > 0, independent of h,

such that for any qh ∈ Qh,

c?inf‖‖qh‖‖p ≤ sup
vh∈V h
vh 6=0

∑
j=s,d

(
b
j
h(q

j
h, vh) + b

I,j
h (q̄

j
h, v̄h)

)
‖‖vh‖‖v

.

Now we are ready to proceed with our proofs.

2.3.1.2 Well-posedness and consistency To prove the existence and

uniqueness of (unh,p
n
h) and related error estimates we rewrite eq. (2.28) as follows.

Theorem 3. There exists a constant β0 > 0 such that if β > β0, there exists a

unique solution (unh,p
n
h) ∈Xh to eq. (2.28) satisfying

‖‖unh‖‖v + ‖‖pnh‖‖p ≤ C
( 1

∆t
‖un−1
h ‖Ωs + ‖fs(tn−1)‖Ωs + ‖gd(tn−1)‖

Ωd

)
, (2.44)

where C > 0 is a constant independent of h.

Proof. The result is a straightforward consequence of the abstract theory for saddle

point problems stated in Theorem A.1 which applies due to the coercivity of

ah(uh,vh) [16, Lemma 2] in V h, and therefore of

a(uh,vh) :=
1

∆t

∑
K∈T s

∫
K

uh · vh dx+ ah(uh,vh),

and the inf-sup condition given in Theorem 2.

A trivial consequence of [16, Lemma 1] is the following result.

Lemma 3 (Consistency). If (u, p) ∈ X solves the Stokes–Darcy system eq. (2.1),

then letting u = (u, γ(u)) and p = (p, γ(ps), γ(pd)), there holds

∑
K∈T s

∫
K
∂tu · v dx+Bh((u,p), (v, q)) =

∫
Ωs
fs · v dx+

∫
Ωd

gdq dx, (2.45)
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for all (v, q) ∈X(h).

2.3.1.3 A priori estimates From this consistency result and eq. (2.1), we

obtain the following error equation that will be used to derive the a priori error

estimates.

Theorem 4 (Error equation). If (u, p) ∈ X solves the Stokes–Darcy system

eq. (2.1) and (unh,p
n
h) ∈Xh is the solution of eq. (2.28), then

∑
K∈T s

∫
K

(dtu
n
h−∂t u

n)·vh dx+Bh((unh,p
n
h), (vh, qh))−Bh((un,pn), (vh, qh)) = 0,

(2.46)

for any (vh, qh) ∈Xh.

Proof. Using the consistency equation in Lemma 3 at time t = tn,

∑
K∈T s

∫
K
∂tu

n · vh dx+Bh((un,pn), (vh, qh)) =
∑
K∈T s

∫
K
fs(tn) · vh dx

+
∑
K∈T d

∫
K
gd(tn)qh dx,

for all (vh, qh) ∈Xh.

Subtracting this equation from eq. (2.28) yields

∑
K∈T s

∫
K

(dtu
n
h−∂t u

n)·vh dx+Bh((unh,p
n
h), (vh, qh))−Bh((un,pn), (vh, qh)) = 0

(2.47)

for all (vh, qh) ∈Xh.

The standard approach in a priori error estimation is by measuring the error

projected on the discrete space and then combining it with the approximation
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properties of the interpolant. For the velocity error, we use the BDM interpolation

operator [32, Lemma 7] that satisfies the following properties:

Lemma 4 (BDM interpolation operator). There is an interpolation operator

ΠV : [H1(Ω)]
dim → Vh, such that if u ∈ [Hk+1(K)]

dim, K ∈ T , then

i.
∫
K
q(∇ · u−∇ · ΠV u) dx = 0 for all q ∈ Pk−1(K),

ii.
∫
F
q̄(u−ΠV u) · n ds = 0 for all q̄ ∈ Pk(F ), where F is an edge if dim = 2 and

a face if dim = 3 on ∂K.

iii. Jn · ΠV uK = 0, where J·K is the usual jump operator.

iv. ‖u− ΠV u‖m,K ≤ Ch`−mK ‖u‖`,K with m = 0, 1, 2 and m ≤ ` ≤ k + 1.

v.
∥∥∇ · (u− ΠV u)

∥∥
m,K ≤ Ch`−mK ‖∇ · u‖`,K with m = 0, 1 and m ≤ ` ≤ k.

Furthermore, for u ∈ W 1,∞(K), [31, (2.33)],

‖u− ΠV u‖∞,K + hK‖∇(u− ΠV u)‖∞,K ≤ ChK‖u‖1,∞,K . (2.48)

Let PV̄ be the L2-projection into V̄h and define the interpolant Π̄V : L2(Ωs)→ V̄h

by tweaking PV̄ at the interface as follows:

Π̄V u =

 (PV̄ u)|F if F ∈ Fs\FI ,

(ΠV u)s|F if F ∈ FI .

It is straightforward to deduce the following estimate using eq. (2.31), the

approximation properties of the L2-projection, and Lemma 4(iv.): For

v ∈ [H`(Ωs)]
dim, 1 ≤ ` ≤ k + 1,

‖v − Π̄V v‖∂K ≤ Ch
`−1/2
K ‖v‖`,K . (2.49)
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Next, we split the error into two parts:

ξnu := un − ΠV u
n, ζnu := unh − ΠV u

n, (2.50a)

ξnp := pn − ΠQp
n, ζnp := pnh − ΠQp

n, (2.50b)

ξ̄nu := γ(usn)− Π̄V u
sn, ζ̄nu := ūnh − Π̄V u

sn, (2.50c)

ξ̄
jn
p := γ(pjn)− Π̄

j
Qp

jn, ζ̄
jn
p := p̄

jn
h − Π̄

j
Qp

jn, (2.50d)

where j = s, d.

Then we can write

un − unh = ξnu − ζnu , γ(un)− ūnh = ξ̄nu − ζ̄nu , (2.51)

pn − pnh = ξnp − ζnp , γ(pjn)− p̄jnh = ξ̄
jn
p − ζ̄jnp , j = s, d,

and we use the notation ξnu := (ξnu , ξ̄
n
u), ξnp := (ξnp , ξ̄

sn
p , ξ̄dnp ), and ξjnp := (ξnp , ξ̄

jn
p ),

j = s, d.

Similarly, ζnu := (ζnu , ζ̄
n
u ), ζnp := (ζnp , ζ̄

sn
p , ζ̄dnp ), and ζjnp := (ζnp , ζ̄

jn
p ), j = s, d

consistent with the notation introduced before for simplicity.

The following result is a consequence of [16, Lemma 7, Lemma 8].

Theorem 5. Suppose that u is such that usn ∈ (H`(Ωs))dim, and

udn ∈ (H`−1(Ωd))dim, 2 ≤ ` ≤ k + 1. Then

‖‖ξnu‖‖v′,s ≤ Ch`−1‖un‖
H`(Ωs)

, (2.52)

‖‖ξnu‖‖v′ ≤ Ch`−1(‖un‖
H`(Ωs)

+ ‖un‖
H`−1(Ωd)

). (2.53)

Furthermore, for j = s, d, if pjn ∈ H`(Ωj), 0 ≤ ` ≤ k, then

‖‖ξjnp ‖‖p,j ≤ Ch`‖pn‖
H`(Ωj)

. (2.54)

The following lemma demonstrates that the BDM interpolant simplifies the

analysis by eliminating some terms from the error equation.
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Lemma 5. For any n ≥ 1, (ζnu, ζ
n
p ) and (ξnu, ξ

n
p ) as defined in eq. (2.50) satisfy

∑
j=s,d

(b
j
h(q

j
h, ξ

n
u) + b

I,j
h (q̄

j
h, ξ̄

n
u) = 0, ∀qh ∈ Qh, (2.55)

∑
j=s,d

(b
j
h(ξ

jn
p , vh) + b

I,j
h (ξ̄

jn
p , v̄h)) = 0, ∀vh ∈ V h. (2.56)

Proof. This result is a consequence of the mass conservation properties of the

discrete velocity uh eq. (2.26), the properties of the BDM projection ΠV in

Lemma 4, the definition of Π̄V , and the properties of L2-projections ΠQ, Π̄
j
Q.

Indeed, to prove eq. (2.55), let qh = (qh, q̄
s
h, q̄

d
h) ∈ Qh. Then, noting that

qh ∈ Pk−1(K), q̄h ∈ Pk(K), using Lemma 4(i.), Lemma 4(ii.), and the definition of

Π̄V on ΓI ,∑
j=s,d

(
b
j
h(q

j
h, ξ

n
u) + b

I,j
h (q̄

j
h, ξ̄

n
u)
)

=
∑
j=s,d

(
−
∑
K∈T j

∫
K
qh∇ · (un − ΠV u

n) dx

+
∑
K∈T j

∫
∂K

q̄
j
h(un − ΠV u

n) · nj ds−
∫

ΓI
q̄
j
h(γ(usn)− Π̄V u

sn) · nj ds
)

=
∑
j=s,d

(
−
∫

ΓI
q̄
j
h(γ(usn)− ΠV u

sn) · nj ds
)

= 0. (2.57)

To prove eq. (2.56), let vh ∈ V h. Noting that ∇ · vh ∈ Pk−1(K), vh · nj , v̄h · nj
∈ Pk(F ), and using the definition of L2-projections ΠQ and Π̄

j
Q, j = s, d, we have

∑
j=s,d

(
b
j
h(ξ

jn
p , vh) + b

I,j
h (ξ̄

jn
p , v̄h)

)
= −

∑
j=s,d

(
−
∑
K∈T j

∫
K
ξnp∇ · vh dx

+
∑
K∈T j

∫
∂K

ξ̄
jn
p vh · nj ds−

∫
ΓI
ξ̄
jn
p v̄h · nj ds

)
=
∑
j=s,d

(
−
∑
K∈T j

∫
K

(pn − ΠQp
n)∇ · vh dx

+
∑
K∈T j

∫
∂K

(γ(pjn)− Π̄
j
Qp

jn)vh · nj ds−
∫

ΓI
(γ(pjn)− Π̄

j
Qp

jn)v̄h · nj ds
)

= 0.
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We define the discrete-in-time norm to estimate the velocity error:

‖f‖
`2(0,T ;X)

=
(
∆t

n∑
m=1

‖fm‖2X
)1/2

. (2.58)

Theorem 6 (Velocity error). Let (u, p) ∈ X be the solution of the Stokes–Darcy

system eqs. (2.1) and (2.2) such that

us ∈ L2(0, T ; [Hk+1(Ωs)]dim), ∂tu
s ∈ L2(0, T ; [Hk(Ωs)]dim),

∂ttu
s ∈ L2(0, T ; [L2(Ωs)]dim), ud ∈ L2(0, T ; [Hk(Ωd)]dim), k ≥ 1.

Define u0
h = ΠV u0 ∈ Vh and let (unh,p

n
h) ∈Xh solve eq. (2.28). Then ζnu satisfies

the following estimate

‖ζnu‖2Ωs + (∆t)2
n∑

m=1

‖dtζmu ‖2Ωs + Ca∆t
n∑

m=1

‖‖ζmu ‖‖2v ≤ C ′
(
(∆t)2 + h2k). (2.59)

Proof. We start splitting the error in eq. (2.46) by using eq. (2.50) as follows:

∑
K∈T s

∫
K
dtu

n
h · vh dx+Bh((ζnu, ζ

n
p ), (vh, qh)) = Bh((ξnu, ξ

n
p ), (vh, qh)), (2.60)

for any (vh, qh) ∈Xh.

Setting (vh, qh) = (ζnu,−ζnp ) in eq. (2.60), using

a(a− b) =
1

2
(a2 − b2 + (a− b)2)

and the coercivity of ah eq. (2.42) yields

1

2∆t
(‖ζnu‖2Ωs − ‖ζ

n−1
u ‖2Ωs) +

∆t

2
‖dtζnu‖2Ωs + Ca‖‖ζnu‖‖2v

≤
∑
K∈T s

∫
K

(dtζ
n
u ) · ζnu dx+ ah(ζnu, ζ

n
u)

=
∑
K∈T s

∫
K

(∂t u
n − dt ΠV u

n) · ζnu dx+Bh((ξnu, ξ
n
p ), (ζnu,−ζnp ))

=:I1 + I2. (2.61)
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Using eq. (2.40), and employing Young’s inequality for some ε > 0,

I1 =
∑
K∈T s

∫
K

(∂t u
n − dt ΠV u

n) · ζnu dx

=
∑
K∈T s

∫
K

(∂t u
n − dtun) · ζnu dx+

∑
K∈T s

∫
K
dtξ

n
u · ζnu dx

≤ ‖∂t un − dtun‖Ωs‖ζnu‖Ωs + ‖dtξnu‖Ωs‖ζnu‖Ωs

≤ C‖∂t un − dtun‖Ωs‖‖ζnu‖‖v + C‖dtξnu‖Ωs‖‖ζnu‖‖v

≤ C
(
‖∂t un − dtun‖2Ωs + ‖dtξnu‖2Ωs

)
+ ε‖‖ζnu‖‖2v. (2.62)

We have by eqs. (2.55) and (2.56), the continuity of ah eq. (2.43), and Young’s

inequality,

I2 = Bh((ξnu, ξ
n
p ), (ζnu,−ζnp ))

= ah(ξnu, ζ
n
u) +

∑
j=s,d

(
b
j
h(ξ

jn
p , ζnu ) + b

I,j
h (ξ̄

jn
p , ζ̄nu )

)
−
∑
j=s,d

(
b
jn
h (ζ

jn
p , ξnu) + b

I,j
h (ζ̄

jn
p , ξ̄nu)

)
= ah(ξnu, ζ

n
u)

≤ C‖‖ζnu‖‖v‖‖ξnu‖‖v′ ≤ C‖‖ξnu‖‖2v′ + ε‖‖ζnu‖‖2v. (2.63)

Using eqs. (2.62) and (2.63) in eq. (2.61), we obtain

1

2∆t

(
‖ζnu‖2Ωs − ‖ζ

n−1
u ‖2Ωs

)
+

∆t

2
‖dtζnu‖2Ωs + Ca‖‖ζnu‖‖2v

≤ 2ε‖‖ζnu‖‖2v + C
(
‖∂t un − dtun‖2Ωs + ‖dtξnu‖2Ωs + ‖‖ξnu‖‖2v′

)
.

Letting ε =
Ca
4

(Ca is the coercivity constant), we get

1

2∆t
(‖ζnu‖2Ωs−‖ζ

n−1
u ‖2Ωs) +

∆t

2
‖dtζnu‖2Ωs +

Ca
2
‖‖ζnu‖‖2v

≤C
(
‖∂t un − dtun‖2Ωs + ‖dtξnu‖2Ωs + ‖‖ξnu‖‖2v′

)
.
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Then multiplying by 2∆t, summing from 1 to n, noting that ζ0
u = 0, and applying

eqs. (C.2) and (C.3), we obtain

‖ζnu‖2Ωs + (∆t)2
n∑

m=1

‖dtζmu ‖2Ωs + Ca∆t
n∑

m=1

‖‖ζmu ‖‖2v

≤ C

(
(∆t)2‖∂ttu‖2L2(0,T ;[L2(Ωs)]dim)

+ ‖∂tξu‖2L2(0,T ;[L2(Ωs)dim)
+ ∆t

n∑
m=1

‖‖ξmu ‖‖2v′

)
.

Note that using Lemma 4 iv., we have

‖∂tξu‖L2(0,T ;[L2(Ωs)]dim)
≤ Chk‖∂tu‖L2(0,T ;[Hk(Ωs)]dim)

.

Therefore using Theorem 5,

‖ζnu‖2Ωs + (∆t)2
n∑

m=1

‖dtζmu ‖2Ωs + Ca∆t
n∑

m=1

‖‖ζmu ‖‖2v

≤C(∆t)2‖∂ttu‖2L2(0,T ;[L2(Ωs)]dim))
+ Ch2k‖∂tu‖2L2(0,T ;[Hk(Ωs)]dim)

+ Ch2k
(
‖u‖2

`2(0,T ;[Hk+1(Ωs)]dim)
+ ‖u‖2

`2(0,T ;[Hk(Ωd)]dim)

)
≤C
(
(∆t)2 + h2k), (2.64)

where the last constant C depends on the regularity of the solution but is

independent of h.

Note that using a suitable dual problem, it is possible to obtain optimal a

priori estimates but it is beyond the scope of this thesis. The proof in the

steady-state case can be found in [16].

2.3.2 Numerical experiments

In this section, we provide a numerical convergence analysis of the HDG

method by demonstrating that we achieve optimal convergence using a
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manufactured solution. The NGSolve finite element library [49] is used for the

implementation. We will use the unit square domain Ω = [0, 1]2 consisting of two

rectangular subdomains Ωd = [0, 1]× [0, 0.5] and Ωs = [0, 1]× [0.5, 1]. Even though

we fully discretized the scheme using the first order backward Euler method for

simplicity in the analysis, we are not bound by that choice in our computations. We

choose to use the second order backward difference method (BDF2) here but

Crank-Nicolson method can also be used. We initialize BDF2 by using a single step

of backward Euler method.

The fully discrete form using BDF2 is as follows: For a sequence {vn}, we

introduce the BDF2 operator d(2)
t such that, for all n ∈ {2, . . . , N},

d
(2)
t vn =

3vn − 4vn−1 + vn−2

2∆t
. (2.65)

Then the fully discrete scheme is obtained by applying the BDF2 scheme to

eq. (2.22): for n ≥ 2, find (unh,p
n
h) ∈Xh such that

∑
K∈T s

∫
K
d

(2)
t unh · vh dx+Bh((unh,p

n
h), (vh, qh))

=
∑
K∈T s

∫
K
fs(tn) · vh dx+

∑
K∈T d

∫
K
gd(tn)qh dx ∀(vh, qh) ∈Xh, (2.66)

where the initial condition u0
h is a suitable projection of u0 into Vh and u1

h is

obtained by solving a single step of the backward Euler scheme in the beginning.

2.3.2.1 Example 1 Let α = µ
√
κ(1 + 4π2)/2. We solve the Stokes-Darcy

problem with the exact solution given by

us = (− 1

2π2
sin(πx1 + t)e(x2+t)/2,

1

π
cos(πx1 + t)e(x2+t)/2)T ,

ud = (−2 sin(πx1 + t)e(x2+t)/2,
1

π
cos(πx1 + t)e(x2+t)/2)T ,
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ps =
κµ− 2

κπ
cos(πx1 + t)e(x2+t)/2,

pd = − 2

κπ
cos(πx1 + t)e(x2+t)/2.

In the numerical experiments, we used sufficiently small time steps to observe the

high order convergence rates even though BDF2 requires no restriction on the time

step.

We present our numerical solutions for k = 2, ` = k − 1 = 1 with different

combinations of κ and µ to show robustness with respect to the parameters.

Tables 2.1 to 2.4 presents computed errors in the velocity and the pressure on Ωs

and on Ωd for different values of µ and κ given by κ = µ = 1 in Table 2.1,

κ = 1, µ = 10−6 in Table 2.2, κ = 103, µ = 1 in Table 2.3, and κ = 103, µ = 10−6 in

Table 2.4.

We observe optimal rates of convergence for all unknowns, independent of

the value of the viscosity and permeability. It can also be seen that there is a

variance in the error of the pressure when µ and κ changes but the error in the

velocity is not affected by this change significantly due to the pressure robustness of

our scheme even in the case of small viscosity. In addition, the last columns in the

tables show that pointwise mass conservation is satisfied in both regions. Similar

conclusions can be drawn from Tables 2.5 and 2.6 for k = 3 with κ = 1, µ = 10−6,

and κ = 103, µ = 10−6, respectively.

2.3.2.2 Example 2 In this numerical example, we accept the same boundary

conditions as in [16] which imposes a parabolic velocity profile on the left boundary

of the Stokes region Γs1. Let the boundary of the Stokes region be partitioned as

Γs = Γs1 ∪ Γs2 ∪ Γs3 where

Γs1 :=
{
x ∈ Γs : x1 = 0

}
, Γs2 :=

{
x ∈ Γs : x1 = 1

}
, Γs3 :=

{
x ∈ Γs : x2 = 1

}
.

32



Table 2.1: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 2, ∆t = 10−4, T = 0.1, µ = 1,
κ = 1 in Section 2.3.2.1.

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 3.5e-03 – 8.9e-02 – 2.0e-07
1/4 28 6.4e-04 2.4 2.7e-02 1.7 2.9e-09
1/8 152 6.0e-07 5.2 5.7e-08 3.7 7.5e-15
1/16 576 4.4e-06 3.4 1.2e-03 2.1 7.0e-13
1/32 2348 5.2e-07 3.1 3.0e-04 2.0 7.1e-15

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 1.3e-02 – 2.3e-02 – 1.3e-06
1/4 28 3.1e-03 2.0 9.1e-03 1.3 5.4e-08
1/8 152 1.9e-04 4.0 1.4e-03 2.7 2.7e-10
1/16 576 2.5e-05 2.9 3.7e-04 1.9 5.5e-12
1/32 2348 2.7e-06 3.2 8.4e-05 2.1 3.8e-12

Table 2.2: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 2, ∆t = 10−4, T = 0.1, µ = 10−6,
κ = 1 in Section 2.3.2.1.

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 1.0e-03 – 3.9e-02 – 2.0e-07
1/4 28 3.1e-03 2.1 9.1e-03 1.3 5.4e-08
1/8 152 2.0e-05 3.7 1.9e-03 2.6 4.5e-11
1/16 576 2.2e-06 3.2 4.5e-04 2.1 6.9e-13
1/32 2348 2.7e-07 3.1 1.1e-04 2.1 2.2e-14

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 1.3e-02 – 2.3e-02 – 1.3e-06
1/4 28 3.1e-03 2.0 9.1e-03 1.3 5.4e-08
1/8 152 1.9e-04 4.0 1.4e-03 2.7 2.7e-10
1/16 576 2.5e-05 2.9 3.7e-04 1.9 5.5e-12
1/32 2348 2.7e-06 3.2 8.4e-05 2.1 3.8e-12
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Table 2.3: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 2, ∆t = 10−4, T = 0.1, µ = 1,
κ = 103 in Section 2.3.2.1.

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 3.4e-03 – 8.9e-02 – 2.0e-07
1/4 28 6.3e-04 2.4 2.7e-02 1.7 2.9e-09
1/8 152 4.8e-05 3.7 5.3e-03 2.3 4.5e-11
1/16 576 4.4e-06 3.4 1.2e-03 2.1 1.1e-12
1/32 2348 5.2e-07 3.1 3.0e-04 2.0 1.4e-12

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 1.3e-02 – 2.3e-05 – 1.3e-06
1/4 28 3.1e-03 2.0 9.1e-06 1.3 5.4e-08
1/8 152 1.9e-04 4.0 1.4e-06 2.7 2.7e-10
1/16 576 2.5e-05 2.9 3.7e-07 1.9 2.7e-11
1/32 2348 2.7e-06 3.2 8.4e-08 2.1 1.1e-10

Table 2.4: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 2, ∆t = 10−4, T = 0.1, µ = 10−6,
κ = 103 in Section 2.3.2.1.

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 9.1e-04 – 6.4e-05 – 2.0e-07
1/4 28 2.5e-04 1.9 1.3e-05 2.3 2.9e-09
1/8 152 2.0e-05 3.6 1.9e-06 2.8 4.5e-11
1/16 576 2.2e-06 3.2 4.5e-07 2.1 7.0e-13
1/32 2348 2.6e-07 3.1 1.1e-07 2.1 9.0e-14

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 1.3e-02 – 2.3e-05 – 1.3e-06
1/4 28 3.1e-03 2.1 9.1e-06 1.3 5.4e-08
1/8 152 1.9e-04 4.0 1.4e-06 2.7 2.7e-10
1/16 576 2.5e-05 2.9 3.7e-07 1.9 5.5e-12
1/32 2348 2.7e-06 3.2 8.4e-08 2.1 3.8e-12
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Table 2.5: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 3, ∆t = 10−4, T = 0.1, µ = 10−6,
κ = 1 in Section 2.3.2.1.

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 2.5e-04 – 3.5e-03 – 5.7e-10
1/4 28 2.2e-05 3.5 6.9e-04 2.3 2.0e-12
1/8 152 6.1e-07 5.2 5.6e-05 3.6 3.8e-15
1/16 576 3.3e-08 4.2 6.4e-06 3.1 8.8e-14
1/32 2348 2.0e-09 4.1 7.7e-07 3.1 9.4e-14

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 1.9e-03 – 4.2e-03 – 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-04 3.0 2.2e-12
1/8 152 3.5e-06 5.1 4.0e-05 3.8 7.2e-13
1/16 576 2.2e-07 4.0 5.1e-06 3.0 3.0e-12
1/32 2348 1.3e-08 4.1 6.1e-07 3.1 1.2e-11

Table 2.6: Table of convergence by the HDG method for the solutions in the
time-dependent Stokes-Darcy problem using k = 3, ∆t = 10−4, T = 0.1, µ = 10−6,
κ = 103 in Section 2.3.2.1.

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 2.4e-04 – 4.2e-06 – 5.7e-10
1/4 28 2.2e-05 3.5 7.3e-07 2.5 2.1e-12
1/8 152 6.0e-07 5.2 5.7e-08 3.7 7.5e-15
1/16 576 3.3e-08 4.2 6.4e-09 3.2 4.5e-15
1/32 2348 2.0e-09 4.1 7.9e-10 3.0 1.4e-13

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 1.9e-03 – 4.2e-06 – 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-07 3.0 2.2e-12
1/8 152 3.6e-06 5.1 4.0e-08 3.8 8.2e-13
1/16 576 2.2e-07 4.0 5.1e-09 3.0 3.1e-12
1/32 2348 1.3e-08 4.1 6.1e-10 3.1 1.2e-11
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Similarly, let Γd = Γd1 ∪ Γd2 where

Γd1 :=
{
x ∈ Γd : x1 = 0 or x1 = 1

}
, Γd2 :=

{
x ∈ Γd : x2 = 0

}
.

We impose the following boundary conditions:

u = (x2(3/2− x2)/5, 0) on Γs1,

(−2µε(u) + pI)n = 0 on Γs2,

u · n = 0 and (−2µε(u) + pI)t = 0 on Γs3,

u · n = 0 on Γd1,

p = −0.05 on Γd2.

We set the permeability to

κ = 500 sin(5πx) cos(8πy2) + cos(3πx) cos(2πx) sin(8πy) + 500.

Other parameters in eqs. (2.1) and (2.2) are set as µ = 0.1, α = 0.5, k = 2,

β = 10k2, h = 1/32, ∆t = 10−3, T = 1, fs = (0, 0)T and gd = 0. At the final time,

‖∇ · uh‖Ωs = 2.04e−15, ‖∇ · uh‖Ωd = 2.14e−10 which shows that the numerical

solution is pointwise divergence-free.

Figure 2.2 shows the permeability, and the computed velocity field. High

permeability regions are represented by red and low permeability regions are

resresented by blue. As expected, in the Darcy region Ωd the flow fluid flows much

slower in the areas of low permeability and tries to avoid them by flowing towards

highly permeable regions and flows more freely there.
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Figure 2.2: Solution at the final time T = 1 for the test case using h = 1/32,
∆t = 10−3 in Section 2.3.2.2
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CHAPTER THREE

TIME-DEPENDENT TRANSPORT PROBLEM

In this chapter, we will focus on the time-dependent advection-diffusion

equation which can be used to model the transport of a chemical species via a given

velocity field. We will use an HDG method based on the one defined in [53] for the

steady-state case. The HDG methods were introduced with the purpose of reducing

the high number of degrees of freedom associated with DG methods, while retaining

their desirable properties which make them an excellent choice for

advection-diffusion problems. In fact, the HDG methods just like the DG methods

satisfy local conservativity, high order accuracy, and achieve stabilization through

the interelement jumps.

3.1 Time-dependent advection-diffusion equation

Let Ω ⊂ Rdim, dim = 2, 3 be a polygonal/polyhedral domain. On the

boundary Γ = ∂Ω, we denote by n the unit outward normal vector to the domain Ω.

For a given finite time T > 0, we consider J = (0, T ]. The

advection-diffusion-reaction equation in the conservative form reads:

∂tc+∇ · (u c−D∇c) = f in Ω× J, (3.1)

where c : Ω× J → R is the concentration of a contaminant, D > 0 is a constant,

u : Ω→ Rdim is a divergence-free vector field that is Lipschitz continuous on Ω and

satisfies ‖u‖L∞(Ω) ≤ 1, and f : Ω× J → R is a source term.

We denote the outflow portions of the boundary where u · n ≥ 0 and inflow

portions where u · n < 0 by Γ+, and Γ−, respectively, and denote by ζ the function

that is defined on the boundary such that ζ = 0 on Γ+ and ζ = 1 on Γ−.
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We assume that the boundary is split into two parts ΓN and ΓD such that

ΓN ∩ ΓD = ∅ and ΓN ∪ ΓD = ∂Ω and prescribe the boundary conditions

(−ζc u+D∇c) · n = 0 on ΓN × J, (3.2a)

c = 0 on ΓD × J, (3.2b)

Finally, we impose the following initial condition:

c(x, 0) = c0(x) in Ω. (3.3)

Remark 1. It is possible to consider no diffusion case (D = 0) by assuming that

ΓD = ∅, ΓN = ∂Ω = Γ− and imposing the boundary condition

c u · n = 0 on Γ× J. (3.4)

We can also consider the nonhomogeneous boundary condition

(−ζc u+D∇c) · n = g where g : ΓN × J → R is a given suitably smooth function by

adding an extra term
∫

ΓN
gw ds to the right hand side of the weak formulation.

3.2 The weak formulation

Let H1
ΓD

(Ω) = {w ∈ H1(Ω) : w = 0 on ΓD}. Multiplying equation (3.1) by

w ∈ H1
ΓD

(Ω), integrating on Ω and using integrating by parts, we get∫
Ω
∂tcw dx−

∫
Ω

(cu−D∇c) · ∇w dx+

∫
∂Ω

(cu−D∇c) · nw ds =

∫
Ω
fw dx. (3.5)

Using the boundary conditions in eq. (3.2), we obtain the following weak

formulation: Find c ∈ L2(0, T ;H1
ΓD

(Ω)) such that for a.e. t ∈ J ,∫
Ω
∂tcw dx−

∫
Ω

(cu−D∇c) · ∇w dx+

∫
Γ+

cu · nw ds

=

∫
Ω
fw dx ∀w ∈ H1

ΓD
(Ω), (3.6)
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and c(0) = c0 in Ω.

3.3 The numerical method

We will now describe the HDG method to solve the transport problem

defined by equations eqs. (3.1) to (3.3). Let

Ch = {ch ∈ L2(Ω) : ch ∈ Pk(K), ∀K ∈ T }, (3.7)

C̄h = {c̄h ∈ L2(Γ0) : c̄h ∈ Pk(F ), ∀F ∈ F}. (3.8)

We define Ch = Ch × C̄h and an element in Ch will be denoted by wh = (wh, w̄h).

On Ch, we define the following semi-norm:

‖‖wh‖‖2c =
∑
K∈T

(
‖∇wh‖2K + h−1

K ‖wh − w̄h‖
2
∂K

)
+ ‖|u · n|1/2 w̄h‖2∂Ω, ∀wh ∈ Ch.

In our HDG method, we discretize the advective term by

Bah(c,w) = −
∑
K∈T

∫
K
cu · ∇w dx+

∑
K∈T

∫
∂K

cu · n(w − w̄) ds

−
∑
K∈T

∫
∂Kin

u · n(c− c̄)(w − w̄) ds+

∫
Γ+

u · n c̄ w̄ ds, (3.9)

where ∂K in is the inflow part of boundary ∂K on which u · n < 0. The diffusive

term is discretized by

Bdh(c,w) =
∑
K∈T

∫
K
D∇c · ∇w dx−

∑
K∈T

∫
∂K

D∇c · n(w − w̄) ds

+
∑
K∈T

βc
hK

∫
∂K

D(c− c̄)(w − w̄) ds

−
∑
K∈T

∫
∂K

D∇w · n(c− c̄) ds, (3.10)

where βc > 0 is a penalty parameter.
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Together, Bah and Bdh describe the bilinear form as

Bh(c,w) = Bah(c,w) +Bdh(c,w). (3.11)

The semi-discretization of the problem is defined as follows: For a.e. t ∈ J , find

ch(t) ∈ Ch such that∫
Ω
∂tch(t)wh dx+Bh(ch(t),wh) =

∫
Ω
f(t)wh dx ∀wh ∈ Ch. (3.12)

To explain the bilinear form Bh, we consider K ∈ T and wh ∈ Ch. Then

wh = (whχK , 0) satisfies

Bh(ch,wh) =

∫
K

[−chu+D∇ch] · ∇wh dx−
∫
∂K

(ch − c̄h)D∇wh · n ds

−
∫
∂K

[
−chu+D∇ch +

(
ζKu−

βc
hK

n

)
(ch − c̄h)

]
· nwh ds,

where ζK = 0 on the outflow portion of ∂K and ζK = 1 on the inflow portion ∂K in

of ∂K. Therefore eq. (3.12) on a single cell can be viewed as: given c̄h ∈ C̄h, find

ch ∈ Ch such that for all wh ∈ Ch:∫
K
∂tch(t)wh dx+

∫
K
σ(ch) · ∇wh dx−

∫
∂K

σ̂(ch) · nwh ds =

∫
K
f(t)wh dx,

where σ(c) = −cu+D∇c is the standard flux and the numerical flux is

σ̂(c) = −cu+D∇c+

(
ζKu−

βc
hK

n

)
(c− c̄). We note that the advective part of the

numerical flux is upwinded as ζK vanishes on the outflow portions of the element

boundaries and the interior penalty type term βc
hK

n(ch− c̄h) penalizes the jumps [2].

For the time discretization, we use the same notation as in Section 2.3. Our fully

discrete scheme searches for {cnh}n≥1 such that

∑
K∈T

∫
K
dtc

n
hwh dx+Bh(cnh,wh) =

∑
K∈T

∫
K
fnwh dx, (3.13)

for all wh ∈ Ch. We initialize by using the L2-projection of c0 onto Ch.
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3.3.1 Theoretical results

First, we show stability and existence and uniqueness of the solution to the

semi-discrete scheme eq. (3.12). The proof from [53] is reproduced here for

completeness.

Lemma 6 (Coercivity). There exists a constant β0 > 0 such that if βc > β0, then

for all wh ∈ Ch

Bh(wh,wh) ≥ C‖‖wh‖‖2c . (3.14)

Proof. By definition of Bdh eq. (3.10), we have

Bdh(wh,wh) =
∑
K∈T

∫
K
D∇wh · ∇wh dx−

∑
K∈T

∫
∂K

D∇wh · n(wh − w̄h) ds

=
∑
K∈T

∫
K
D∇wh · ∇wh dx− 2

∑
K∈T

∫
∂K

D∇wh · n(wh − w̄h) ds

+
∑
K∈T

βc
hK

∫
∂K

D(wh − w̄h)(wh − w̄h) ds

=: J1 + J2 + J3.

We have

J1 =
∑
K∈T

∫
K
D∇wh · ∇wh dx =

∑
K∈T

D‖∇wh‖2K .

Next by the Cauchy-Schwarz, Young’s, trace eq. (2.29) inequalities as follows:

|J2| ≤ 2
∑
K∈T

∫
∂K

D∇wh · n(wh − w̄h) ds

≤
∑
K∈T

2(DhK)1/2‖∇wh · n‖∂K
( D
hK

)1/2‖wh − w̄h‖∂K
≤
∑
K∈T

(
εDhK‖∇wh · n‖2∂K +

D

εhK
‖wh − w̄h‖2∂K

)
≤
∑
K∈T

(
εCD‖∇wh‖2K +

D

εhK
‖wh − w̄h‖2∂K

)
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where ε > 0 is the parameter for Young’s inequality.

It is clear that

J3 =
∑
K∈T

βc
hK

∫
∂K

D(wh − w̄h)(wh − w̄h) ds =
∑
K∈T

Dβc
hK
‖wh − w̄h‖2∂K .

Combining the bounds for J1, |J2| and J3, we obtain

Bdh(wh,wh) ≥
∑
K∈T

(D − εCD)‖∇wh‖2K +
∑
K∈T

(Dβc −
D

ε
)

1

hK
‖wh − w̄h‖2∂K .

Choosing ε = 1
2C , we have

Bdh(wh,wh) ≥
∑
K∈T

D

2
‖∇wh‖2K +

∑
K∈T

(Dβc − 2CD)
1

hK
‖wh − w̄h‖2∂K .

If β0 = 2C and βc > β0, then we have

Bdh(wh,wh) ≥ C

∑
K∈T

‖∇wh‖2K +
∑
K∈T

h−1
K ‖wh − w̄h‖

2
∂K

 . (3.15)

We now prove that

Bah(wh,wh) =
1

2

∑
K∈T s

‖|u · n|1/2(wh − w̄h)‖2∂K +
1

2

∫
∂Ω
|u · n| w̄2

h ds. (3.16)

From eq. (3.9),

Bah(wh,wh) = −
∑
K∈T

∫
K
whu · ∇wh dx+

∑
K∈T

∫
∂K

wh (u · n)(wh − w̄h) ds

−
∑
K∈T

∫
∂Kin

u · n (wh − w̄h)2 ds+

∫
Γ+

u · n w̄2
h ds. (3.17)

Using integration by parts and noting that ∇ · u = 0 in K ∈ T , we can rewrite the

first term on the right hand side of eq. (3.17) as

−
∑
K∈T

∫
K
whu · ∇wh dx = −1

2

∑
K∈T

∫
K
u · ∇w2

h dx

=
1

2

∑
K∈T

∫
K
∇ · uw2

h dx− 1

2

∑
K∈T

∫
∂K

w2
hu · n ds = −1

2

∑
K∈T

∫
∂K

w2
hu · n ds.
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Using the algebraic identity a(a− b) =
1

2
(a2 − b2 + (a− b)2) with a = wh, b = w̄h,

the second term on the right hand side of eq. (3.17) simplifies as

∑
K∈T

∫
∂K

wh (u · n)(wh − w̄h) ds =
1

2

∑
K∈T

∫
∂K

u · n(w2
h − w̄

2
h + (wh − w̄h)2) ds.

Hence, using the simplifications above, eq. (3.17) reduces to

Bah(wh,wh) = −1

2

∑
K∈T

∫
∂K

u · nw̄2
h ds+

1

2

∑
K∈T

∫
∂K\∂Kin

u · n(wh − w̄h)2 ds

− 1

2

∑
K∈T

∫
∂Kin

u · n(wh − w̄h)2 ds+

∫
Γ+

u · n w̄2
h ds.

Since w̄h and u · n are single-valued on element boundaries, and |u · n| = u · n on

∂K\∂K in and |u · n| = −u · n on ∂K in, we have

Bah(wh,wh) =− 1

2

∑
K∈T

∫
∂K

u · nw̄2
h ds+

1

2

∑
K∈T

∫
∂K
|u · n|(wh − w̄h)2 ds

+

∫
Γ+

u · n w̄2
h ds

=
1

2

∑
K∈T

∫
∂K
|u · n|(wh − w̄h)2 ds+

1

2

∫
∂Ω
|u · n| w̄2

h ds.

This implies that eq. (3.16) holds, and hence using eq. (3.15), we obtain

Bh(wh,wh) ≥ C‖‖wh‖‖2c . (3.18)

Theorem 7 (Existence and uniqueness). The semi-discrete scheme eq. (3.12) has a

unique solution ch ∈ Ch.

Proof. Let t > 0 and take wh = ch(t) in eq. (3.12). Then

∑
K∈T

(∂tch(t), ch(t))K +Bh(ch(t), ch(t)) =
∑
K∈T

(f(t), ch(t))K . (3.19)
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By eq. (3.14) and the Cauchy–Schwarz inequality,

1

2

d

dt

∥∥ch(t)
∥∥2

Ω + C‖‖ch(t)‖‖2c ≤
∑
K∈T

(f(t), ch(t))K ≤
∥∥f(t)

∥∥
Ω

∥∥ch(t)
∥∥

Ω . (3.20)

Integrating eq. (3.20) from 0 to t for some 0 < t ≤ T , and applying the

Cauchy–Schwarz and Young’s inequalities,

1

2

∥∥ch(t)
∥∥2

Ω + C

∫ t

0
‖‖ch(s)‖‖2c ds ≤ 1

2

∥∥ch(0)
∥∥2

Ω

+
1

2

∫ t

0

∥∥f(s)
∥∥2

Ω ds+
1

2

∫ t

0

∥∥ch(s)
∥∥2

Ω ds.

Using eq. (C.4) and recalling that ch(0) is the L2-projection of c0 into Ch, we have

∥∥ch(t)
∥∥2

Ω +

∫ t

0
‖‖ch(s)‖‖2c ds ≤ C

(
‖c0‖2Ω +

∫ t

0

∥∥f(s)
∥∥2

Ω ds
)
∀t ∈ [0, T ].

The existence and uniqueness follows by setting c0 = 0 and f = 0.

To estimate convergence rates in the energy norm, we introduce the

continuous interpolant Ic ∈ Ch ∩ C0(Ω̄) of c from [9] and we set

Īc(t) = Ic|
Γ0(t) ∈ C̄h. Note that we can use other interpolants but this choice

makes the analysis simpler by eliminating the ξc − ξ̄c terms. Let c̄ be the restriction

of c to Γ0 (the union of all facets). We split the errors as follows:

c− ch = ξc − ζc and c̄− c̄h = ξ̄c − ζ̄c,

where

ξc = c− Ic, ξ̄c = c̄− Īc, ξc = (ξc, ξ̄c),

ζc = ch − Ic, ζ̄c, = c̄h − Īc, ζc = (ζc, ζ̄c).

The following interpolation estimates hold [9, Chapter 4]:

‖ξc‖r,K ≤ Chs−rK ‖c‖s,K , r = 0, 1, 2 ≤ s ≤ k, (3.21)
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and

‖ξc‖r,∞,K ≤ Chs−rK ‖c‖s,∞,K , r = 0, 1, 1 ≤ s ≤ k. (3.22)

Using r = 1 in eq. (3.21), and observing that ξc − ξ̄c = 0 on element boundaries ∂K,

we obtain

‖‖ξc(t)‖‖c =
( ∑
K∈T

‖∇ξc(t)‖2K
)1/2

≤ Chs−1‖c(t)‖s,Ω, 2 ≤ s ≤ k. (3.23)

Lemma 7. Let c ∈ L2(0, T ;Hk(Ω)) be the solution to eq. (3.1). Then for any

0 ≤ t ≤ T ,

Bh(ξc(t),wh) ≤ Chk−1 ‖c(t)‖k,Ω ‖‖wh‖‖c, (3.24)

for all wh ∈ Ch and k > 1.

Proof. By definition of Bh eq. (3.11),

Bh(ξc,wh) = Bah(ξc,wh) +Bdh(ξc,wh).

Since ξc − ξ̄c vanishes on facets, we have by eq. (3.9)

Bah(ξc,wh) = −
∑
K∈T

∫
K
ξcu · ∇wh dx+

∑
K∈T

∫
∂K

ξc (u · n)(wh − w̄h) ds

+

∫
Γ+

(u · n) ξ̄cw̄h ds.

=: J1 + J2 + J3.

Next, we estimate J1, J2 and J3, respectively. We start by bounding J1. By

eq. (3.21), we have

J1 ≤ C‖u‖0,∞,Ω‖ξc‖Ω‖∇wh‖Ω

≤ Chk‖u‖0,∞,Ω‖c‖k,Ω ‖‖wh‖‖c.

46



By eq. (3.21) and [9, Theorem 1.6.6],

J2 ≤ C‖u‖0,∞,Ω

∑
K∈T

hK‖ξc‖2∂K

1/2∑
K∈T

h−1
K ‖wh − w̄h‖

2
∂K

1/2

≤ C‖u‖0,∞,Ω

∑
K∈T

hK(h−1
K ‖ξc‖

2
K + hK |ξc|21,K)

1/2∑
K∈T

h−1
K ‖wh − w̄h‖

2
∂K

1/2

≤ Chk‖c‖k,Ω ‖‖wh‖‖c.

Applying the Cauchy-Schwarz inequality and eq. (2.31),

J3 =

∫
Γ+

(u · n) ξ̄cw̄h ds

≤
∥∥∥|u · n|1/2 ξ̄c∥∥∥

∂Ω

∥∥∥|u · n|1/2 w̄h∥∥∥
∂Ω

≤‖u‖1/20,∞,Ω

∑
K∈T

(h−1
K ‖ξc‖

2
K + hK |ξc|21,K)

1/2∥∥∥|u · n|1/2 w̄h∥∥∥
∂Ω

≤ Chk−1‖u‖1/20,∞,Ω‖c‖k,Ω ‖‖wh‖‖c.

Combining the bounds for J1 − J3 and using the boundedness assumption of u, we

obtain

Bah(ξc,wh) ≤ Chk−1‖c‖k,Ω ‖‖wh‖‖c. (3.25)

Noting that ξc − ξ̄c vanishes on facets, we have

Bdh(ξc,wh) =
∑
K∈T

∫
K
D∇ξc · ∇w dx−

∑
K∈T

∫
∂K

[D∇ξc] · n(wh − w̄h) ds

+
∑
K∈T

βc
hK

∫
∂K

D(ξc − ξ̄c)(wh − w̄h) ds

−
∑
K∈T

∫
∂K

D∇w · n(ξc − ξ̄c) ds

=
∑
K∈T

∫
K
D∇ξc · ∇w dx−

∑
K∈T

∫
∂K

D∇w · n(ξc − ξ̄c) ds.
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Using [9, Theorem 1.6.6] again and eq. (3.21),

Bdh(ξc,wh) ≤D‖∇ξc‖Ω ‖‖wh‖‖c

+D

∑
K∈T

hK‖∇ξc‖2∂K

1/2∑
K∈T

h−1
K ‖wh − w̄h‖

2
∂K

1/2

≤Chk−1‖c‖k,Ω ‖‖wh‖‖c. (3.26)

The result eq. (3.24) follows by combining eqs. (3.25) and (3.26).

Lemma 8 (Consistency). If c ∈ H1(0, T ;H2(Ω)) solves eq. (3.1), then for all

t ∈ (0, T ],

∑
K∈T

∫
K
∂tc(t)wh dx+Bh(c(t),wh) =

∑
K∈T

∫
K
f(t)wh dx ∀wh ∈ Ch. (3.27)

Proof. Since c and u are smooth, w̄ is single valued, and c = c̄ on ∂K, the advective

term simplifies to

Bah(c,wh) = −
∑
K∈T

∫
K
c u · ∇wh dx+

∑
K∈T

∫
∂K

c u · n(wh − w̄h) ds

−
∑
K∈T

∫
∂Kin

u · n (c− c̄)(wh − w̄h) ds+

∫
Γ+

u · n c̄ w̄h ds

= −
∑
K∈T

∫
K
c u · ∇wh dx+

∑
K∈T

∫
∂K

c u · n(wh − w̄h) ds

+

∫
Γ+

u · n c w̄h ds

=
∑
K∈T

∫
K
∇ · (c u)wh dx−

∑
K∈T

∫
∂K

(c u) · nwh ds

+
∑
K∈T

∫
∂K

c u · n(wh − w̄h) ds+

∫
Γ+

u · n c w̄h ds

=
∑
K∈T

∫
K
∇ · (c u)wh dx−

∑
K∈T

∫
∂K

c u · nw̄h ds+

∫
Γ+

u · n c w̄h ds,
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and the diffusive part simplifies to

Bdh(c,wh) =
∑
K∈T

∫
K
D∇c · ∇wh dx−

∑
K∈T

∫
∂K

[D∇c] · n(wh − w̄h) ds

+
∑
K∈T

βc
hK

∫
∂K

D(c− c̄)(wh − w̄h) ds−
∑
K∈T

∫
∂K

[D∇wh] · n(c− c̄) ds

=
∑
K∈T

∫
K
D∇c · ∇wh dx−

∑
K∈T

∫
∂K

[D∇c] · n(wh − w̄h) ds

= −
∑
K∈T

∫
K
∇ · (D∇c)wh dx+

∑
K∈T

∫
∂K

[D∇c] · nwh ds

−
∑
K∈T

∫
∂K

[D∇c] · n(wh − w̄h) ds

= −
∑
K∈T

∫
K
∇ · (D∇c)wh dx+

∑
K∈T

∫
∂K

[D∇c] · nw̄h ds.

Therefore, combining the terms of Bdh and Bah from above, using the smoothness of

the solution, and since w̄h is single valued and w̄h = 0 on ΓD,

Bh(c,wh) =
∑
K∈T

∫
K
∇ · (c u−D∇c)wh dx

+

∫
Γ+

u · n c w̄h ds+

∫
∂Ω

[−cu+D∇c] · nw̄h ds

=
∑
K∈T

∫
K
∇ · (c u−D∇c)wh dx+

∫
ΓN

[−ζcu+D∇c] · nw̄h ds.

This, eq. (3.1), and eq. (3.2) imply eq. (3.27).

Lemma 9. Let c ∈ L2(0, T ;Hk(Ω)) be the solution to eq. (3.1) such that

∂tc ∈ L2(0, T ;Hk(Ω)) and c0 ∈ Hk(Ω). Then,

∥∥ζc(t)∥∥2
Ω +

∫ t

0
‖‖ζc(s)‖‖2c ds ≤ Ch2(k−1) ∀t ∈ [0, T ]. (3.28)

Proof. Subtracting eq. (3.27) from eq. (3.12), we have∫
Ω
∂t[ch(t)− c(t)]wh dx+Bh(ch(t)− c(t),wh) = 0 ∀wh ∈ Ch.
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Splitting the error, we get

∑
K∈T

∫
K
∂tζcwh dx+Bh(ζc,wh) =

∑
K∈T

∫
K
∂tξcwh dx+Bh(ξc,wh).

Setting wh = ζc(t), using coercivity eq. (3.14),

1

2

d

dt

∥∥ζc(t)∥∥2
Ω + C‖‖ζc(s)‖‖2c ≤

∑
K∈T

∫
K

(∂tζc)ζc dx+Bh(ζc, ζc)

=
∑
K∈T

∫
K

(∂tξc)ζc dx+Bh(ξc, ζc).

Integrating from 0 to t, where 0 ≤ t ≤ T , we obtain

1

2

∥∥ζc(t)∥∥2
Ω + C

∫ t

0
‖‖ζc(s)‖‖2c ds ≤ 1

2

∥∥ζc(0)
∥∥2

Ω +

∫ t

0

∑
K∈T

∫
K
∂tξc(s)ζc(s) dx ds

+

∫ t

0
Bh(ξc(s), ζc(s)) ds =: I1 + I2 + I3.

Using eq. (3.21) and since ch(0) is the L2-projection of c0 into Ch,

I1 =
1

2

∥∥ζc(0)
∥∥2

Ω ≤ ‖ch(0)− c0‖2Ω +‖c0 − Ic0‖2Ω ≤ Ch2k‖c0‖2k,Ω .

Using eq. (3.21) and Cauchy–Schwarz and Young’s inequalities,

I2 =

∫ t

0

∑
K∈T

∫
K
∂tξc(s)ζc(s) dx ds ≤

∫ t

0

∥∥∂tξc(s)∥∥Ω

∥∥ζc(s)∥∥Ω ds

≤
∫ t

0
Chk‖∂tc‖k,Ω

∥∥ζc(s)∥∥Ω ds

≤ C

2
h2k‖∂tc‖2L2(0,t;Hk(Ω))

+
C

2

∫ t

0

∥∥ζc(s)∥∥2
Ω ds.

Next, by eq. (3.24) and Young’s inequality,

I3 =

∫ t

0
Bh(ξc(s), ζc(s)) ds ≤ C

∫ t

0
hk−1

∥∥c(s)∥∥k,Ω ‖‖ζc(s)‖‖c ds

≤ Ch2(k−1)‖c‖2
L2(0,t;Hk(Ω))

+ δ

∫ t

0
‖‖ζc(s)‖‖2c ds,

with δ > 0 a constant.
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Choosing δ small enough and combining the above bounds, we obtain

∥∥ζc(t)∥∥2
Ω +

∫ t

0
‖‖ζc(s)‖‖2c ds

≤ Ch2(k−1)
(
‖c0‖2k,Ω +‖∂tc‖2L2(0,t;Hk(Ω))

+‖c‖2
L2(0,t;Hk(Ω))

)
+

∫ t

0
C
∥∥ζc(s)∥∥2

Ω ds.

The result eq. (3.28) follows by applying Gronwall’s inequality eq. (C.4).

Theorem 8. Let c ∈ L2(0, T ;Hk(Ω)) be the solution to eq. (3.1) such that

∂tc ∈ L2(0, T ;Hk(Ω)) and c0 ∈ Hk(Ω). Then

∥∥c(t)− ch(t)
∥∥2

Ω +

∫ t

0
‖‖c(s)− ch(s)‖‖2c ds ≤ Ch2(k−1) ∀t ∈ [0, T ].

Proof. Using eqs. (3.21) and (3.23), we obtain

∥∥ξc(t)∥∥2
Ω +

∫ t

0
‖‖ξc(s)‖‖2c ≤ Ch2k‖c‖2k,Ω + Ch2(k−1)‖c‖2

L2(0,t;Hk(Ω))
. (3.29)

Noting that

∥∥c(t)− ch(t)
∥∥2

Ω +

∫ t

0
‖‖c(s)− ch(s)‖‖2c ds

≤ 2

(∥∥ξc(t)∥∥2
Ω +

∫ t

0
‖‖ξc(s)‖‖2c ds

)
+ 2

(∥∥ζc(t)∥∥2
Ω +

∫ t

0
‖‖ζc(s)‖‖2c ds

)
,

the result follows by using eq. (3.28).

It can be shown by using a similar analysis as in [15] that there exists a

unique solution ch ∈ Ch to (3.12) and given that u, c and c0 are sufficiently smooth,

‖c− ch‖L2(0,T ;L2(Ω))
≤ Chk+1,

for some constant C > 0 that is independent of the mesh size and where k ≥ 1.

3.3.2 Numerical experiments

In this section, we use the NGSolve finite element library [49] to implement

our method and apply it to demonstrate optimal convergence in space for different
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boundary conditions and in time using the backward Euler and Crank-Nicolson

time-stepping schemes. Let Ω = [0, 1]2 and [0, 1] be the time interval. We solve the

transport equation with the exact solution given by

c(x, t) = sin(2π(x− t)) cos(2π(y − t)).

For the transport equation with mixed boundary condition, we use

ΓD := {x ∈ ∂Ω : x1 = 1 or x2 = 1} and ΓN := {x ∈ ∂Ω : x1 = 0 or x2 = 0}.

We also applied the second order Crank-Nicolson scheme for the time

discretization given below:

∑
K∈T

∫
K
dtc

n+1
h wh dx+Bh(c

n+1/2
h ,wh) =

∑
K∈T

∫
K
fn+1/2wh dx, (3.30)

for all wh ∈ Ch. Figure 3.1 shows the computed solution with h = 1/128,

Figure 3.1: Solution at time t = 0.1 for the mixed boundary case with the
Crank-Nicolson method using h = 1/128, ∆t = 0.0125
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Table 3.1: Table of convergence using the HDG method (3.13) for the transport
problem with Dirichlet boundary condition (ΓN = ∅) using polynomial degree
k = 2, time step ∆t = h3.

h DOFs ||c− ch||Ω Order
1/2 75 3.4e-01 –
1/4 381 2.3e-02 3.3
1/8 1560 1.9e-03 3.5
1/16 6501 2.1e-04 3.2
1/32 24993 2.6e-05 3.0

Table 3.2: Table of convergence using the HDG method (3.13) for the transport
problem with Neumann boundary condition (ΓD = ∅) using polynomial degree
k = 2, time step ∆t = h3.

h DOFs ||c− ch||Ω Order
1/2 75 2.9e-01 –
1/4 381 2.4e-02 3.6
1/8 1560 2.1e-03 3.5
1/16 6501 2.3e-04 3.2
1/32 24993 2.9e-05 3.0

∆t = 0.0125 to the transport problem with mixed boundary condition. The figures

for the other cases look identical.

The observed spatial orders of convergence at final time t = 1 are presented

in Tables 3.1 to 3.3. Optimal rate of convergence, which is three, for the

concentration in each case of boundary conditions are observed as expected.

The convergence rates in time with the backward Euler and Crank-Nicolson

schemes for time discretization are shown in Tables 3.4 and 3.5, respectively. The

temporal convergence rate is observed to be 1 and 2 in Tables 3.4 and 3.5 as

expected.
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Table 3.3: Table of convergence using the HDG method (3.13) for the transport
problem with the mixed boundary condition (ΓD,ΓN 6= ∅) using polynomial degree
k = 2, time step ∆t = h3.

h DOFs ||c− ch||Ω Order
1/2 75 2.8e-01 –
1/4 381 2.3e-02 3.6
1/8 1560 2.0e-03 3.5
1/16 6501 2.2e-04 3.2
1/32 24993 2.8e-05 3.0

Table 3.4: Table of temporal convergence using the HDG method (3.13) and the
backward Euler method for the mixed boundary condition case using k = 2,
h = 1/128 at time t = 1.

∆t ||c− ch||Ω Order
0.1 3.4e-02 –
0.05 1.9e-02 0.843
0.025 1.0e-02 0.915
0.0125 5.2e-03 0.955

Table 3.5: Table of temporal convergence by the Crank-Nicolson method for the
mixed boundary condition case using k = 2, h = 1/128 at time t = 1.

∆t ||c− ch||Ω Order
0.1 1.1e-02 –
0.05 2.4e-03 2.2
0.025 5.8e-04 2.0
0.0125 1.4e-04 2.0
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Table 3.6: Table of convergence using the HDG method (3.13) with the
Crank-Nicolson method for the transport problem with the mixed boundary
condition (ΓD,ΓN 6= ∅) using polynomial degree k = 3, time step ∆t = h3.

h DOFs ||c− ch||Ω Order
1/2 112 2.7e-01 –
1/4 608 1.5e-03 4.2
1/8 2336 1.2e-04 3.6
1/16 9696 4.5e-06 4.8
1/32 38560 2.7e-07 4.1

Table 3.7: Table of temporal convergence by the Crank-Nicolson method for the
mixed boundary condition case using k = 3, h = 1/128 at time t = 1.

∆t ||c− ch||Ω Order
0.1 1.1e-02 –
0.05 2.4e-03 2.2
0.025 5.8e-04 2.0
0.0125 1.4e-04 2.0

Tables 3.6 and 3.7 show our numerical results by using k = 3, and the

Crank-Nicolson time-stepping. We observe optimal spatial (4) and temporal (2)

convergence rates.
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CHAPTER FOUR

TIME-DEPENDENT STOKES-DARCY-TRANSPORT PROBLEM

4.1 Stokes-Darcy-transport: fully coupled system

Let Ω ⊂ Rdim, dim = 2, 3 be the domain described in Section 1.4 consisting of

two disjoint subdomains, Ωs and Ωd and J = [0, T ] be the time interval of interest.

The Stokes–Darcy–transport system for the velocity field u : Ω× J → Rdim,

pressure p : Ω× J → R and concentration c : Ω× J → R is given by

∂tu−∇ · (2µ(c)ε(u)) +∇p = fs(c) in Ωs × J, (4.1a)

K−1(c)u+∇p = K−1(c)fd(c) in Ωd × J, (4.1b)

−∇ · u = χd(gp − gi) in Ω× J, (4.1c)

φ∂tc+∇ · (cu− D̃(u)∇c) = χd(cIgi − cgp) in Ω× J, (4.1d)

u = 0 on Γs × J, (4.1e)

u · n = 0 on Γd × J, (4.1f)

D̃(u)∇c · n = 0 on ∂Ω× J. (4.1g)

Compared to eq. (2.1), the Stokes-Darcy equations defined by eqs. (4.1a), (4.1c),

(4.1e) and (4.1f) allow the fluid viscosity µ, and the body force terms fs and fd

(which is now nonzero) to be concentration dependent. Furthermore, κ, the

permeability of the porous medium is no longer assumed to be a constant but is a

tensor and we set K = κ
µ . Compared to the advection diffusion equation eq. (3.1),

eq. (4.1d) is now defined on a subdivided domain, instead of taking a constant

divergence-free velocity field it now takes the unknown velocity determined by

eqs. (4.1a), (4.1c), (4.1e) and (4.1f) as the convective velocity, the

dispersion-diffusion tensor is now allowed to be a function of the unknown velocity
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u, and φ, the porosity of the medium takes the value 1 in Ωs and allowed to be

between 0 and 1 in Ωd. The tensor D̃(u) equals to dI in the Stokes region, where I is

the identity matrix, and d is the diffusion coefficient in Ωs and to D(u) in the Darcy

region where D(u) denotes the diffusion dispersion tensor in Ωd. All of these changes

make the model strongly coupled and nonlinear and complicate the analysis.

The newly introduced functions gi and gp denote the source and sink terms

related to injection and production wells and cI is the injected concentration.

We will use uj , pj , and cj , to denote the part of the velocity, pressure and

concentration, respectively, in subdomain Ωj , j = s, d.

For methods which do not satisfy mass conservation, skew-symmetry of the

term ∇ · (cu) needs to be preserved in the discretization. This can be achieved by

rewriting eq. (4.1d) in the following form as in [40,47]:

φ∂tc+∇ · (1
2cu− D̃(u)∇c) + 1

2u · ∇c+ 1
2χd(gi + gp)c = χdcIgi. (4.2)

This way the term is skew-symmetric regardless of what ∇ · u is in Ωd. The HDG

scheme we present in this paper is mass conserving by construction, so we don’t

need to use this form.

On the interface ΓI , we choose the unit normal vector, still denoted by n, to

be the one pointing from Ωs to Ωd and prescribe the following interface conditions

on ΓI × J :

us · n = ud · n, (4.3a)

ps − (2µ(cs)ε(us)n) · n = pd, (4.3b)

−2(ε(us)n) · τ ` = γ`us · τ `, ` = 1, . . . , dim− 1, on ΓI × J, (4.3c)

cs = cd, (4.3d)

d∇cs · n = D(ud)∇cd · n, (4.3e)
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where τ `, ` = 1, . . . , dim− 1 denote the unit tangent vectors on ΓI , γ` =
α√

τ ` · κτ `
and α > 0 is a parameter determined by experimentation.

These conditions enforce continuity of the normal velocity (4.3a), normal

component of the normal stress (4.3b), concentration (4.3d) and concentration flux

(4.3e). Equation (4.3c), where α > 0 is an experimentally determined parameter, is

the called the Beavers–Joseph–Saffman law which enforces a condition on the

tangential component of the normal stress [6, 48].

Finally, we assume the following initial conditions:

us(x, 0) = us0(x) in Ωs, (4.4a)

c(x, 0) = c0(x) in Ω. (4.4b)

4.1.1 Assumptions

The dispersion-diffusion tensor D(u) in Ωd satisfies for u, v ∈ Rdim:

Dmin|ξ|2 ≤ ξTD(u)ξ ∀ξ ∈ Rdim, (4.5a)

|D(u)| ≤ C(1 + |u|), (4.5b)

|D(u)−D(v)| ≤ C|u− v|, (4.5c)

D(0) = D0, (4.5d)

where Dmin, D0, and C are positive constants and | · | denotes the Euclidean norm.

We assume that φ ∈ L∞(Ω) and µ(c) is bounded, monotone and Lipschitz

continuous with Lipschitz constant µL for all c ∈ R, and there exists

φ∗, φ∗, µ∗, µ∗ > 0 such that

φ∗ ≤ φ(x) ≤ φ∗ ∀x ∈ Ω, (4.6a)

µ∗ ≤ µ(c) ≤ µ∗ ∀c ∈ R. (4.6b)
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Note also that in Ωs, φ = 1. The permeability matrix κ is symmetric, uniformly

bounded and elliptic, that is, there exists positive constants κ∗ < κ∗ such that

κ∗|ξ|2 ≤ ξTκ(x)ξ ≤ κ∗|ξ|2 ∀ξ ∈ Rd, ∀x ∈ Ωd ∪ ΓI . (4.7)

From (4.6b) and (4.7), we deduce that

K∗|ξ|2 ≤ ξTK(c, x)ξ ≤ K∗|ξ|2 ∀ξ ∈ Rd, ∀(c, x) ∈ [0, 1]× Ωd ∪ ΓI , (4.8)

where K∗ =
κ∗
µ∗

and K∗ =
κ∗

µ∗
. The body force functions fs and fd are assumed to

be Lipschitz continuous in c with Lipschitz constants Lsf and Ldf . Note that fs and

fd depend on x and c but do not depend explicitly on t. Finally we assume that

gi, gp ≥ 0, gi, gp ∈ L∞(I;L2(Ωd)) and∫
Ωd

(gi(x, t)− gp(x, t)) dx = 0 ∀t ∈ J,

and the injected concentration satisfies 0 ≤ cI ≤ 1 a.e. in Ωd.

A weak formulation of the problem defined by (4.1), (4.3), (4.4) was

presented in [47] and the analysis for a weak solution of a more complicated version

of the problem where the free fluid flow is governed by the Navier-Stokes equations

can be found in [17].

4.2 The numerical method

To avoid repetition, we point out that we reuse the notation from Section 2.3

to describe the mesh on Ω. The continuous and discrete function spaces and their

associated norms and semi-norms also carry over from Section 2.3. We only update

k = kf and the norm eq. (2.10) on V(h) slightly to accommodate for the tensor

structure of the permeability κ. Here define

‖‖v‖‖2v := ‖‖v‖‖2v,s + ‖v‖2
Ωd

+
dim∑
j=1

γj‖v̄ · τj‖2ΓI , (4.9)
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The discontinuous Galerkin finite element function spaces on Ω for the

concentration and its trace are

Ch = {ch ∈ L2(Ω) : ch ∈ Pkc(K), ∀ K ∈ T } ,

Csh = {ch ∈ L2(Ωs) : ch ∈ Pkc(K), ∀ K ∈ T s} ,

C̄h = {c̄h ∈ L2(Γ0) : c̄h ∈ Pkc(F ) ∀ F ∈ F} ,

C̄sh = {c̄h ∈ L2(Γs0) : c̄h ∈ Pkc(F ) ∀ F ∈ Fs} ,

(4.10)

where kc = kf − 1, kf . Let us briefly discuss the choice for kc. We recall that for the

flow and transport schemes to be compatible in the sense of [23], the approximate

velocity field must be globally conservative and the method should be zeroth-order

accurate, that is, it should preserve the constant concentration solution and this is

crucial to avoid instabilities. The choice kf = kc − 1 was shown to produce a

compatible scheme for the one-way coupled Stokes-Darcy-transport problem in [15].

Therefore, in our numerical experiments we will use kc = kf − 1.

We introduce Ch = Ch × C̄h, C(h) := Ch +H1(Ω) and Cs
h = Csh × C̄

s
h and

we use ch = (ch, c̄h) to denote elements in Ch or in Cs
h. We define the following

semi-norms on Ch and Cs
h:

‖‖wh‖‖2c =
∑
K∈T

(‖∇wh‖2K + h−1
K ‖wh − w̄h‖

2
∂K)

‖‖wh‖‖2c,s =
∑
K∈T s

(‖∇wh‖2K + h−1
K ‖wh − w̄h‖

2
∂K).

Note that ‖‖wh‖‖c is the same as in Section 3.3. The semi-discrete form for the

Stokes–Darcy part of the problem in eqs. (4.1) and (4.3) is as follows: for t > 0, find

((uh(t),ph(t)), ch(t)) ∈Xh ×Ch such that∑
K∈T s

∫
K
∂tuh · vh dx+Bsdh (ch; (uh,ph), (vh, qh)) =

∫
Ωs
fs(ch) · vh dx (4.11)

+

∫
Ωd

K−1(ch)fd(ch) · vh dx+
∑
K∈T d

∫
K

(gp − gi) qh dx ∀(vh, qh) ∈Xh,
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∑
K∈T

∫
K
φ ∂tch(t)wh dx+Btrh (uh; ch,wh) +

∫
Ωd

gpchwh dx

=
∑
K∈T d

∫
K
cI giwh dx ∀wh ∈ Ch, (4.12)

where the bilinear form Bsdh in eq. (4.11) takes care of the discretization of the

Stokes-Darcy momentum and mass conservation equations and is defined as follows:

Bsdh (ch; (uh,ph), (vh, qh)) := ah(ch;uh,vh) +
∑
j=s,d

(
b
j
h(p

j
h, vh) + b

I,j
h (p̄

j
h, v̄h)

)
+
∑
j=s,d

(
b
j
h(q

j
h, uh) + b

I,j
h (q̄

j
h, ūh)

)
. (4.13)

Note that Bsdh is the same form as in [16] except that here µ depends on the

approximate concentration wherever it appears. Therefore bilinear form ah(·, ·) in

eq. (4.13) is defined as

ah(c;u,v) := ash(c;u,v) + adh(c;u, v) + aIh(c; ū, v̄), (4.14)

where

ash(c;u,v) :=
∑
K∈T s

∫
K

2µ(c)ε(u) : ε(v) dx+
∑
K∈T s

∫
∂K

2βsµ(c)

hK
(u− ū) · (v − v̄) ds

(4.15a)

−
∑
K∈T s

∫
∂K

2µ(c)ε(u)ns · (v − v̄) ds−
∑
K∈T s

∫
∂K

2µ(c)ε(v)ns · (u− ū) ds,

adh(c;u, v) :=

∫
Ωd

K−1(c)u · v dx, (4.15b)

aIh(c̄; ū, v̄) :=
dim−1∑
j=1

∫
ΓI
γjµ(c̄)(ū · τ j)(v̄ · τ j) ds, (4.15c)

and where βs > 0 is a penalty parameter. The bilinear forms bjh(·, ·) and bI,jh (·, ·) in

eq. (4.13) are as defined in eq. (2.25). The term Btrh (u; c(t),w) in eq. (4.12) consists
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of the discretization of the advective and diffusive parts of the transport equation,

that is,

Btrh (u(t); c(t),w) = Bah(u(t); c(t),w) +Bdh(u(t); c(t),w), (4.16)

where the advective part Bah is defined as in eq. (3.9), but the diffusive part Bdh

needs to modified to accommodate for the dependence of the dispersion/diffusion

tensor D on the velocity u as follows:

Bdh(u; c,w) =
∑
K∈T

∫
K
D̃(u)∇c · ∇w dx−

∑
K∈T

∫
∂K

[D̃(u)∇c] · n(w − w̄) ds

+
∑
K∈T

βtr
hK

∫
∂K

[D̃(u)n](c− c̄)(w − w̄)n ds

−
∑
K∈T

∫
∂K

[D̃(u)∇w] · n(c− c̄) ds. (4.17)

Here βtr > 0 is a penalty parameter. To complete the discretization, we impose the

initial conditions by appropriate projections of u0 and c0 into Vh and Ch,

respectively.

Lemma 10 (Consistency). If c ∈ L2(0, T ;H2(Ω)), u ∈ L2(0, T ;V ) and

p ∈ L2(0, T ;Q) solve the Stokes–Darcy–transport system eqs. (4.1) and (4.3), then

letting u = (u, γ(u)) and p = (p, γ(ps), γ(pd)),

∑
K∈T s

∫
K
∂tu · v dx+Bsdh (c; (u,p), (v, q)) =

∫
Ωs
fs(c) · v dx

+

∫
Ωd

K−1(c)fd(c) · v dx+
∑
K∈T d

∫
K

(gp − gi)q dx ∀(v, q) ∈X(h). (4.18)

∑
K∈T

∫
K
φ ∂tc(t)w dx+Btrh (u; c,w) +

∫
Ωd

gpcw dx

=
∑
K∈T d

∫
K
cI giw dx ∀w ∈ Ch. (4.19)
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where c = (c, c̄) with c̄ the restriction of c to Γ0.

Proof. Integrating by parts and noting that u = γ(u) on cell boundaries in Ω
s, we

have

ash(c;u,v) =
∑
K∈T s

∫
K

2µ(c)ε(u) : ε(v) dx−
∑
K∈T s

∫
∂K

2µ(c)ε(u)ns · (v − v̄) ds

= −
∑
K∈T s

∫
K
∇ · (2µ(c)ε(u)) · v dx+

∑
K∈T s

∫
∂K

2µ(c)ε(u)ns · v̄ ds. (4.20)

Using smoothness of u and c, continuity of µ, single-valuedness of v̄, v̄ = 0 on Γs,

v = (v · n)n+
dim−1∑
j=1

(v · τ j)τ j and eq. (4.3c), we note that

∑
K∈T s

∫
∂K

2µ(c)ε(u)ns · v̄ ds =

∫
ΓI

2µ(c)ε(u)ns · v̄ ds

=

∫
ΓI
µ(c)((2ε(u)ns · n)n+

dim−1∑
j=1

(2ε(u)ns · τ j)τ j) · v̄ ds

= −
dim−1∑
j=1

∫
ΓI
γjµ(c)(u · τ j)(v̄ · τ j) ds+

∫
ΓI

(ns · 2µ(c)ε(u)ns)ns · v̄ ds.

(4.21)

Plugging eq. (4.21) into eq. (4.20),

ash(c;u,v) = −
∑
K∈T s

∫
K
∇ · (2µ(c)ε(u)) · v dx−

dim−1∑
j=1

∫
ΓI
γjµ(c)(ū · τ j)(v̄ · τ j) ds

+

∫
ΓI

(ns · 2µ(c)ε(u)ns)ns · v̄ ds. (4.22)

Next, integrating by parts and noting that γ(pj) = pj on cell boundaries in Ω
j , with

j = s, d, and nd = −ns on ΓI , we get

∑
j=s,d

(b
j
h(pj , v) + b

I,j
h (γ(pj), v̄)) =

∑
K∈T

∫
K
∇p · v dx+

∫
ΓI

(pd − ps)v̄ · ns ds.

(4.23)
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Since q̄s, q̄d, us · ns and ud · nd are single-valued on interior facets, and

us · ns = −ud · nd,

∑
j=s,d

(b
j
h(qj , u) + b

I,j
h (q̄j , γ(us))) (4.24)

=−
∑
K∈T s

∫
K
q∇ · u dx+

∑
K∈T s

∫
∂K

q̄su · ns ds−
∫

ΓI
q̄sus · ns ds

−
∑
K∈T d

∫
K
q∇ · u dx+

∑
K∈T d

∫
∂K

q̄du · nd ds−
∫

ΓI
q̄dud · nd ds

=
∑
K∈T d

∫
K

(gp − gi)q dx. (4.25)

Next, we have

adh(c;u, v) =

∫
Ωd

K−1(c)u · v dx, (4.26)

and

aIh(c̄; γ(us), v̄) =
dim−1∑
j=1

∫
ΓI
γjµ(c)(ū · τ j)(v̄ · τ j) ds. (4.27)

Therefore, combining equations eq. (4.20)-eq. (4.27),

∑
K∈T s

∫
∂K

∂tu · v dx+Bsdh (c; (u,p), (v, q))

=
∑
K∈T s

∫
K

(∂tu− 2∇ · (µ(c)ε(u)) +∇p) · v dx

+
∑
K∈T d

∫
K

(K−1(c)u+∇p) · v dx

+

∫
ΓI

(2µ(ns · ε(u)ns)ns) · v̄ ds+

∫
ΓI

(pd − ps)ns · v̄ ds+
∑
K∈T d

∫
K

(gp − gi)q dx.

Using eqs. (4.1a), (4.1b) and (4.3b) in the equation above, we obtain eq. (4.18).

Since c and u are smooth, w̄ is single valued, u · n = 0 on ∂Ω, c = c̄ on ∂K,

using the interface conditions eq. (4.3d), and eq. (4.3a), the advective term
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simplifies to

Bah(u; c,w) = −
∑
K∈T

∫
K
c u · ∇w dx+

∑
K∈T

∫
∂K

c u · n(w − w̄) ds

−
∑
K∈T

∫
∂Kin

u · n (c− c̄)(w − w̄) ds

= −
∑
K∈T

∫
K
c u · ∇w dx+

∑
K∈T

∫
∂K

c u · n(w − w̄) ds

=
∑
K∈T

∫
K
∇ · (c u)w dx−

∑
K∈T

∫
∂K

(c u) · nw ds

+
∑
K∈T

∫
∂K

c u · n(w − w̄) ds

=
∑
K∈T

∫
K
∇ · (c u)w dx,

and using eq. (4.3e), the diffusive part simplifies to

Bdh(u; c,w) =
∑
K∈T

∫
K
D̃(u)∇c · ∇w dx−

∑
K∈T

∫
∂K

[D̃(u)∇c] · n(w − w̄) ds

+
∑
K∈T

βtr
hK

∫
∂K

[D̃(u)n](c− c̄)(w − w̄)n ds−
∑
K∈T

∫
∂K

[D̃(u)∇w] · n(c− c̄) ds

=
∑
K∈T

∫
K
D̃(u)∇c · ∇w dx−

∑
K∈T

∫
∂K

[D̃(u)∇c] · n(w − w̄) ds

= −
∑
K∈T

∫
K
∇ · (D̃(u)∇c)w dx+

∑
K∈T

∫
∂K

[D̃(u)∇c] · nw ds

−
∑
K∈T

∫
∂K

[D̃(u)∇c] · n(w − w̄) ds

= −
∑
K∈T

∫
K
∇ · (D̃(u)∇c)w dx.

Therefore,

Btr
h (u; c,w) =

∑
K∈T

∫
K
∇ · (c u− D̃(u)∇c)w dx. (4.28)

This and eq. (4.1d) imply (4.19).
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4.2 Properties of the scheme

Let K ∈ T s and suppose that uh = ūh and ph = p̄sh weakly on ∂K. Let

v̄h = 0, qh = 0 and set vh = 0 in T \K. Then by integration by parts, we have

Bsdh (ch;(uh,ph), (vh,qh)) = ash(ch;uh,vh) + bsh(psh, vh)

=

∫
K

2µ(ch)ε(uh) : ε(vh) dx−
∫
∂K

2µ(ch)ε(uh)ns · vh ds

−
∫
K
ph∇ · vh dx+

∫
∂K

p̄shn · vh ds

= −
∫
K
∇ · (2µ(ch)ε(uh)) · vh dx+

∫
K
∇ph · vh dx.

Thus, eq. (4.11) implies∫
K
∂tuh · vh dx−

∫
K
∇ · (2µ(ch)ε(uh)) · vh dx+

∫
K
∇ph · vh dx

=

∫
K
fs(ch) · vh dx

for all vh ∈ Vh.

It follows that eq. (4.1a) holds cell-wise.

Next, let K ∈ T d and suppose that ph = p̄dh weakly on ∂K. This time we let

v̄h = 0, qh = 0 and vh = 0 in T \K. Then by using integration by parts,

Bsdh (ch;(uh,ph), (vh,qh)) = adh(ch;uh, vh) + bsh(psh, vh)

=

∫
K
K−1(ch)uh · vh dx−

∫
K
ph∇ · vh dx+

∫
∂K

p̄dhn
d · vh ds

=

∫
K

(K−1(ch)uh +∇ph) · vh dx.

Hence, eq. (4.11) implies∫
K

(K−1(ch)uh +∇ph) · vh dx =

∫
K
K−1(ch)fd(ch) · vh dx. (4.29)

It follows that eq. (4.1b) holds cell-wise.
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Setting vh = 0, qh = 0 and q̄sh = 0 in eq. (4.11), we have

∑
K∈T d

∫
∂K

q̄dhuh · n
d ds−

∫
ΓI
q̄dhūh · n

d ds = 0 (4.30)

for all q̄dh ∈ Q̄
d
h. Then,∑
K∈T d\ΓI

∫
∂K

q̄dhuh · n
d ds =

∑
F∈Fd\FI

∫
F
q̄dhJuh · nK ds = 0. (4.31)

Since Juh · nK ∈ Pk(F ) for each F ∈ Fd, choosing q̄dh = Juh · nK, we get

Juh · nK = 0 for all F ∈ Fd\FI .

Similarly, we have

Juh · nK = 0 for all F ∈ Fs\FI (4.32)

by letting vh = 0, qh = 0 and q̄dh = 0 in eq. (4.11).

Since Juh · nK = 0 for all F ∈ Fj\FI , j = s, d, letting vh = 0, qh = 0, and

q̄dh = 0 in eq. (4.11) again, we obtain

∑
j=s,d

(
b
j
h(q

j
h, uh) + b

I,j
h (q̄

j
h, ūh)

)
=

∫
ΓI
q̄shuh · n

s ds−
∫

ΓI
q̄shūh · n

s ds = 0 (4.33)

for all q̄sh ∈ Q̄
s
h.

Since (uh − ūh) · n ∈ Pk(F ) for each F ∈ FI , choosing q̄sh = (uh − ūh) · n, we

get

uh · n = ūh · n on ΓI . (4.34)

Therefore,

Juh · nK = 0 ∀x ∈ F, ∀F ∈ F , (4.35a)

uh · n = ūh · n ∀x ∈ F, ∀F ∈ FI . (4.35b)
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Setting vh = 0 and qh = 0 in eq. (4.11), we have

−
∑
K∈T s

∫
∂K

2βsµ(ch)

hK
(ush − ū

s
h) · v̄h ds+

∑
K∈T s

∫
∂K

2µ(ch)ε(uh)ns · v̄h ds

+
dim−1∑
j=1

∫
ΓI
γjµ(c̄h)(ūh · τ j)(v̄h · τ j) ds−

∫
ΓI
p̄shv̄h · n

s ds−
∫

ΓI
p̄dhv̄h · n

d ds = 0.

(4.36)

This implies, by the single valuedness of p̄sh and v̄h and since v̄h = 0 on Γs, that

∑
K∈T s

∫
∂K

(
2µ(ch)ε(uh)− p̄shI−

2βsµ(ch)

hK
(ush − ū

s
h)⊗ n

)
n · v̄h ds

+
dim−1∑
j=1

∫
ΓI
γjµ(c̄h)(ūh · τ j)(v̄h · τ j) ds−

∫
ΓI
p̄dhv̄h · n

d ds = 0. (4.37)

Assuming that −2(ε(ush)n) · τ j = γj ūh · τ j , j = 1, . . . dim− 1 and

p̄sh − n · 2µ(c̄sh)ε(ush)n = p̄dh weakly on ΓI ,

dim−1∑
j=1

∫
ΓI
γjµ(c̄h)(ūh · τ j)(v̄h · τ j) ds−

∫
ΓI
p̄dhv̄h · n

d ds

=

∫
ΓI

(−2µ(c̄h)ε(ush) + p̄shI)n
s · v̄h ds

This shows that the formulation imposes normal continuity weakly across facets of

the ‘numerical’ Stokes stress tensor:

σ̂sh :=


2µ(ch)ε(ush)− p̄shI−

2βsµ(ch)
hK

(ush − ū
s
h)⊗ n on Γs0\Γ

I ,

2µ(c̄h)ε(ush)− p̄shI−
2βsµ(ch)
hK

(ush − ū
s
h)⊗ n on ΓI ,

(4.38)

where I is the identity tensor, that is,

∑
K∈T s

∫
∂K

v̄ · σ̂shn
s ds =

∫
ΓI
v̄ · σsns ds,

where σs = 2µ(ch)ε(ush)− pshI.
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To show pointwise mass conservation, we set vh = 0 and q̄sh = q̄dh = 0. Then,

we have

Bsdh (ch; (uh,p), (vh,q)) =
∑
j=s,d

b
j
h(q

j
h, uh) =

∑
j=s,d

∑
K∈T j

∫
K
qh∇ · uh dx.

Hence, by eq. (4.11),

∑
K∈T

∫
K
qh∇ · uh dx =

∑
K∈T d

∫
K

(gp − gi) qh dx. (4.39)

Since ∇ · uh ∈ Pk−1(K) for each K ∈ T , by choosing

qh = χK(ΠQ(gi − gp)−∇ · uh) where χK is the characteristic function of K, the

numerical scheme imposes pointwise mass conservation, i.e.,

−∇ · uh = χdΠQ(gp − gi) ∀x ∈ K, ∀K ∈ T , (4.40)

where ΠQ is the standard L2-projection operator onto Qh.

4.2.1 Theoretical results

4.2.1.1 Properties of the associated forms

Lemma 11 (Coercivity of ah). There exists a constant Ca > 0, independent of h

but dependent on κ∗, µ∗, and µ∗, and a constant βs0 > 0 such that if βs > β0
s , then

ah(ch;vh,vh) ≥ Ca‖‖vh‖‖v ∀vh ∈ V h, ∀ch ∈ Ch. (4.41)

Proof. Since K is symmetric and uniformly positive definite, we have

adh(c;vh,vh) =

∫
Ωd

K−1(c)vh · vh dx ≥ C‖vh‖2Ωd . (4.42)

Furthermore,

aIh(c̄; v̄h, v̄h) =
dim−1∑
j=1

∫
ΓI
γjµ(c̄)(v̄h · τ j)(v̄h · τ j) ds ≥ µ∗

dim−1∑
j=1

γj‖v̄h · τ j‖2ΓI , (4.43)
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and

ash(c;vh,vh)

=
∑
K∈T s

∫
K

2µ(c)ε(vh) : ε(vh) dx+
∑
K∈T s

∫
∂K

2βsµ(c)

hK
(vh − v̄h) · (vh − v̄h) ds

−
∑
K∈T s

∫
∂K

2µ(c)ε(vh)ns · (vh − v̄h) ds−
∑
K∈T s

∫
∂K

2µ(c)ε(vh)ns · (vh − v̄h) ds

=
∑
K∈T s

2µ(c)‖ε(vh)‖2K +
∑
K∈T s

2βsµ(c)

hK
‖vh − v̄h‖2∂K

−
∑
K∈T s

4µ(c)ε(vh)ns · (vh − v̄h) ds. (4.44)

Using Cauchy-Schwarz inequality and eq. (2.29), we get∣∣∣ ∑
K∈T s

4µ(c)ε(vh)ns · (vh − v̄h) ds
∣∣∣ ≤ 4µ∗‖ε(vh)ns‖∂K‖vh − v̄h‖∂K

≤ 4µ∗h1/2
K ‖ε(vh)‖∂K

1

h
1/2
K

‖vh − v̄h‖∂K

≤ 4µ∗CT,1‖ε(vh)‖K
1

h
1/2
K

‖vh − v̄h‖∂K .

Therefore,

ash(c;vh,vh) ≥
∑
K∈T s

2µ∗‖ε(vh)‖2K +
∑
K∈T s

2βsµ∗
hK

‖vh − v̄h‖2∂K

−
∑
K∈T s

4µ∗CT,1‖ε(vh)‖K
1

h
1/2
K

‖vh − v̄h‖∂K

≥ 2µ∗
∑
K∈T s

(
‖ε(vh)‖2K +

βs
hK
‖(vh − v̄h)‖2∂K

− 2µ∗

µ∗
CT,1‖ε(vh)‖K

1

h
1/2
K

‖vh − v̄h‖∂K

)
.

Recall from [24, p. 129] that x2 − 2βxy + ηy2 ≥ η − β2

1 + η
(x2 + y2) for η > β2. Then

taking x = ‖ε(vh)‖K , y = h
−1/2
K ‖vh − v̄h‖∂K , η = βs, and β = CT,1

µ∗
µ∗ , under the
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condition βs > (CT,1
µ∗
µ∗ )2 =: β0, we obtain

ash(c;vh,vh) ≥ 2µ∗

(
βs − β0

1 + βs

) ∑
K∈T s

(‖ε(vh)‖2K + h−1
K ‖vh − v̄h‖

2
∂K).

It follows by eq. (2.41) that

ash(c;vh,vh) ≥ µ∗
CK

(
βs − β0

1 + βs
)
∑
K∈T s

(‖∇vh‖2K + h−1
K ‖vh − v̄h‖

2
∂K). (4.45)

Combining with eq. (4.42), eq. (4.43) and eq. (4.45), we have

ah(c;vh,vh) ≥ C‖‖vh‖‖v.

Theorem 9 (Continuity of ah). There exists a constant C > 0, independent of h,

such that for all u,v ∈ V (h) and c ∈ C(h),

ah(c;u,v) ≤ C‖‖u‖‖v′‖‖v‖‖v′ .

Proof. Let v ∈ V (h), c ∈ R. Then

ash(c;u,v) =
∑
K∈T s

∫
K

2µ(c)ε(u) : ε(v) dx+
∑
K∈T s

∫
∂K

2βsµ(c)

hK
(u− ū) · (v − v̄) ds

−
∑
K∈T s

∫
∂K

2µ(c)ε(u)ns · (v − v̄) ds−
∑
K∈T s

∫
∂K

2µ(c)ε(v)ns · (u− ū) ds,

=: J1 + J2 + J3 + J4.

We will bound each term separately. Using eq. (4.6b) and the Cauchy-Schwarz

inequality,

|J1| =
∣∣∣ ∑
K∈T s

∫
K

2µ(c)ε(u) : ε(v) dx
∣∣∣ ≤ 2µ∗

∑
K∈T s

‖ε(u)‖K‖ε(v)‖K

≤ 2µ∗
∑
K∈T s

‖∇u‖K‖∇v‖K ≤ 2µ∗‖‖u‖‖v‖‖v‖‖v,
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and

|J2| =
∣∣∣ ∑
K∈T s

∫
∂K

2βsµ(c)

hK
(u− ū) · (v − v̄) ds

∣∣∣
≤ 2µ∗βs

∑
K∈T s

h
−1/2
K ‖u− ū‖∂Kh

−1/2
K ‖v − v̄‖∂K ds

≤ 2µ∗βs
( ∑
K∈T s

1

hK
‖u− ū‖2∂K

)1/2( ∑
K∈T s

1

hK
‖v − v̄‖2∂K

)1/2

≤ C2‖‖u‖‖v‖‖v‖‖v.

Next, using eq. (4.6b), the Cauchy-Schwarz inequality and the trace inequality

eq. (2.31),

|J3| =
∣∣∣ ∑
K∈T s

∫
∂K

2µ(c)ε(u)ns · (v − v̄) ds
∣∣∣

≤ 2µ∗
∑
K∈T s

‖ε(u)ns‖∂K‖v − v̄‖∂K

≤ 2µ∗
( ∑
K∈T s

hK‖ε(u)‖2∂K
)1/2( ∑

K∈T s

1

hK
‖v − v̄‖2∂K

)1/2

≤ 2µ∗
( ∑
K∈T s

hKCT,2(h−1
K ‖ε(u)‖2K + hK‖ε(u)‖21,K)

)1/2( ∑
K∈T s

1

hK
‖v − v̄‖2∂K

)1/2

≤ 2µ∗
( ∑
K∈T s

hKCT,2(h−1
K C3|u|21,K + hKC4|u|22,K)

)1/2( ∑
K∈T s

1

hK
‖v − v̄‖2∂K

)1/2

≤ 2µ∗C
( ∑
K∈T s

(‖∇u‖2K + h2
K |u|

2
2,K)

)1/2( ∑
K∈T s

1

hK
‖v − v̄‖2∂K

)1/2

≤ C5‖‖u‖‖v′‖‖v‖‖v.

Similarly, we get J4 ≤ C5‖‖u‖‖v‖‖v‖‖v′ by symmetry. Collecting all bounds and

noting that ‖‖v‖‖v ≤ ‖‖v‖‖v′ , we have ash(c;u,v) ≤ C6‖‖u‖‖v′‖‖v‖‖v′ .

Using the Cauchy-Schwarz and by the assumption on K, we have

adh(c;u, v) =

∫
Ωd

K−1(c)u · v dx ≤ C7‖u‖Ωd‖v‖Ωd ≤ C7‖‖u‖‖v‖‖v‖‖v.
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Applying the Cauchy-Schwarz inequality once again, we obtain

aIh(c̄; ū, v̄) =
dim−1∑
j=1

∫
ΓI
γjµ(c̄)(ū · τ j)(v̄ · τ j) ds ≤ µ∗

dim−1∑
j=1

γj‖ū · τ j‖
ΓI
‖v̄ · τ j‖

ΓI

≤ µ∗‖‖u‖‖v‖‖v‖‖v.

Combining all of the bounds above yields the result.

4.2.1.2 Fully discrete numerical scheme Solving the fully coupled problem

using an implicit monolithic scheme is computationally expensive. Instead we

decouple the Stokes-Darcy and transport problems by solving them sequentially as

we describe below in Algorithm 1. This linearizes the problem and is acceptable

since the Stokes-Darcy velocity-pressure evolution is expected to happen in a

different time scale than the evolution of the concentration. In the first step, given

an initial Stokes velocity defined only in the Stokes region, we solve the

Stokes-Darcy problem and obtain a velocity that lives in the entire region. Then this

velocity becomes an input for the concentration problem and we advance in time.

We partition the time interval [0, T ] as: 0 = t0 < t1 < . . . < tN = T . For

simplicity we assume that the partition is uniform and tn+1 − tn = ∆t for

0 ≤ n ≤ N − 1. We denote a function h(t) at time level tn by hn = h(tn). and for a

sequence {un} we denote by dtun = un−un−1

∆t a first order difference operator.

In Algorithm 1, ΠC denotes the L2-projection into Ch and ΠsV denotes the

BDM-interpolation into V sh . We note that ΠsV u0 preserves mass conservation and

zero jump across the interface.

As in eq. (4.35) and eq. (4.40), the scheme enjoys strong mass conservation

property

−∇ · unh = χdΠQ(gnp − gni ) ∀x ∈ K, ∀K ∈ T , (4.48)
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Algorithm 1: Sequential approach
input: Set u0

h = ΠsV u0, c0h = ΠCc0 in Ωs.
for n = 1, . . . , N do

1. Find (unh,p
n
h) ∈Xh such that

∑
K∈T s

∫
∂K

dtu
n
h · vh dx+Bsdh (cn−1

h ; (unh,p
n
h), (vh, qh)) =

∫
Ωs
fs(cn−1

h ) · vh dx

(4.46)

+

∫
Ωd

K−1(cn−1
h )fd(cn−1

h )qh dx+
∑
K∈T d

∫
K

(gnp − gni ) q dx ∀(vh, qh) ∈Xh.

2. Find cnh ∈ Ch such that

∑
K∈T

∫
K
φ dtc

n
hwh dx+Btrh (unh; cnh,wh) +

∑
K∈T d

∫
K
gnp c

n
hwh dx (4.47)

=
∑
K∈T d

∫
K
cIg

n
i wh dx ∀wh ∈ Ch.

end for

and normal continuity of the discrete velocity at each time step:

Junh · nK = 0 ∀x ∈ F, ∀F ∈ F , (4.49a)

unh · n = ūnh · n ∀x ∈ F, ∀F ∈ FI . (4.49b)

Theorem 10. Let β > β0 be as in Lemma 11. Then given cn−1
h ∈ Ch, n ≥ 1, there

exists a unique solution (unh,p
n
h) ∈Xh to eq. (4.46) satisfying

‖‖unh‖‖v + ‖‖pnh‖‖p

≤ C
( 1

∆t
‖un−1
h ‖Ωs + ‖fs(cn−1

h )‖Ωs +
µ∗

κ∗
‖fd(cn−1

h )‖
Ωd

+ c4‖gnp − gni ‖Ωd
)
. (4.50)

Proof. The proof is the same as in Theorem 3 since ah is coercive by Lemma 11 and

the inf-sup condition Theorem 2 applies.
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Our existence proof for cnh, n ≥ 1 depends on an L∞-bound on un−1
h and

therefore it is essential to prove an L2-convergence result for un−1
h for any n ≥ 1.

Therefore, assuming that cnh ∈ C
n
h is given, we will derive error estimates for

unh − u
n and pnh − p

n for each n ≥ 1.

Theorem 11 (Error equation for eq. (4.46)). There holds

∑
K∈T s

∫
K

(dtu
n
h − ∂tu

n) · vh dx+ ah(cn−1
h ; ζnu,vh)

+
∑
j=s,d

(
b
j
h(ζ

jn
p , vh) + b

I,j
h (ζ̄

jn
p , v̄h)

)
+
∑
j=s,d

(
b
j
h(q

j
h, ζ

n
u ) + b

I,j
h (q̄

j
h, ζ̄

n
u )
)

= ah(cn−1
h ; ξnu,vh) + ah(cn;un,vh)− ah(cn−1

h ;un,vh)

+
∑
K∈T s

∫
K

[fs(cn−1
h )− fs(cn)] · vh dx

+
∑
K∈T d

∫
K

[K−1(cn−1
h )fd(cn−1

h )−K−1(cn)fd(cn)] · vh dx. (4.51)

Proof. By Lemma 10, at time t = tn, for all (vh, qh) ∈Xh,

∑
K∈T s

∫
K
∂tu

n · vh dx+Bsdh (cn; (un,pn), (vh, qh)) =
∑
K∈T s

∫
K
fs(cn) · vh dx

+
∑
K∈T d

∫
K
K−1(cn)fd(cn) · vh dx+

∑
K∈T d

∫
K

(gnp − gni )qh dx.

Subtracting this equation from eq. (4.46), we obtain∑
K∈T s

∫
K

(dtu
n
h − ∂t u

n) · vh dx

+Bsdh (cn−1
h ; (unh,p

n
h), (vh, qh))−Bsdh (cn; (un,pn), (vh, qh))

=
∑
K∈T s

∫
K

[fs(cn−1
h )− fs(cn)] · vh dx

+
∑
K∈T d

∫
K

[K−1(cn−1
h )fd(cn−1

h )−K−1(cn)fd(cn)] · vh dx, (4.52)
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for all (vh, qh) ∈Xh. Then, by eq. (2.51), the terms with Bsdh can be rewritten as

Bsdh (cn−1
h ; (unh,p

n
h), (vh, qh))−Bsdh (cn; (un,pn), (vh, qh))

= Bsdh (cn−1
h ; (unh − u

n,pnh − p
n), (vh, qh))

+Bsdh (cn−1
h ; (un,pn), (vh, qh))−Bsdh (cn; (un,pn), (vh, qh))

= ah(cn−1
h ;unh − u

n,vh)

+
∑
j=s,d

(
b
j
h(ζ

jn
p , vh) + b

I,j
h (ζ̄

jn
p , v̄h)

)
−
∑
j=s,d

(
b
j
h(ξ

jn
p , vh) + b

I,j
h (ξ̄

jn
p , v̄h)

)
+
∑
j=s,d

(
b
j
h(q

j
h, ζ

n
u ) + b

I,j
h (q̄

j
h, ζ̄

n
u )
)
−
∑
j=s,d

(
b
j
h(q

j
h, ξ

n
u) + b

I,j
h (q̄

j
h, ξ̄

n
u)
)

+ ah(cn−1
h ;un,vh)− ah(cn;un,vh)

= ah(cn−1
h ; ζnu,vh)− ah(cn−1

h ; ξnu,vh) + ah(cn−1
h ;un,vh)− ah(cn;un,vh)

+
∑
j=s,d

(
b
j
h(ζ

jn
p , vh) + b

I,j
h (ζ̄

jn
p , v̄h)

)
+
∑
j=s,d

(
b
j
h(q

j
h, ζ

n
u ) + b

I,j
h (q̄

j
h, ζ̄

n
u )
)
. (4.53)

where we applied eqs. (2.55) and (2.56). Combining this with eq. (4.52) yields the

result.

The velocity error at each time step depends on the error in concentration

from the previous time step. Therefore, for the velocity error estimates, we will need

some auxiliary results related to the concentration error. To estimate the error of

the concentration, we use the continuous interpolant Ic ∈ Ch ∩ C0(Ω̄) of c [9], and

we set Īc(t) = Ic|
Γ0(t) ∈ C̄h. Denoting the restriction of c to Γ0 by c̄, we define

ξnc = cn − Icn, ζnc = cnh − Ic
n, ξnc = (ξnc , ξ̄

n
c ), (4.54)

ξ̄nc = c̄n − Īcn, ζ̄nc = c̄nh − Īc
n, ζnc = (ζnc , ζ̄

n
c ).

Furthermore, we split the error as follows.

cn − cnh = ξnc − ζnc , c̄n − c̄nh = ξ̄nc − ζ̄nc . (4.55)
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The following interpolation estimates hold [9, Section 4.4].

‖ξc‖r,K ≤ Ch`+1−r
K ‖c‖`+1,K , (4.56)

‖ξc‖r,∞,K ≤ Ch`+1−r
K ‖c‖`+1,∞,K , (4.57)

where r = 0, 1 and 1 ≤ ` ≤ kc.

Theorem 12. Let cs0 ∈ H
kc+1(Ωs), cs ∈ L2(0, T ;Hkc+1(Ωs)),

cd ∈ H1(0, T ;L2(Ωd)) such that ∂tcs ∈ L2(0, T,H1(Ωs)), and c̄ = γ(c) on Γ0. Then

we have the following estimates:

∆t
n∑

m=1

∑
K∈T s

h2
K‖c

m − cm−1
h ‖21,K

≤ C
(
h2(∆t)2‖∂tc‖2L2(0,T ;H1(Ωs))

+ ∆t
n∑

m=1

∑
K∈T s

h2
K‖c

m−1 − cm−1
h ‖21,K

)
, (4.58)

∆t
n∑

m=1

‖c̄m − c̄m−1
h ‖2

ΓI
≤ C

(
∆t

n∑
m=1

‖‖ζm−1
c ‖‖2c

+(∆t)2‖∂tc‖2L2(0,T ;H1(Ωs))
+∆th2kc+1‖c0‖2kc+1,Ωs+h2kc+1‖c‖2

`2(0,T ;Hkc+1(Ωs))

)
,

(4.59)

and

∆t
n∑

m=1

( ∑
K∈T

(‖cm − cm−1
h ‖2K

)
≤ C

(
(∆t)2‖∂tc‖2L2(0,T ;L2(Ω))

+ ∆t
n∑

m=1

( ∑
K∈T

‖cm−1 − cm−1
h ‖2K

))
. (4.60)

Proof. We first estimate eq. (4.58). By the triangle inequality,

∑
K∈T s

h2
K‖c

m − cm−1
h ‖21,K ≤

∑
K∈T s

2h2
K(‖cm − cm−1‖21,K + ‖cm−1 − cm−1

h ‖21,K)

=
∑
K∈T s

2h2
K

(
(∆t)2‖dtcm‖21,K + ‖cm−1 − cm−1

h ‖21,K
)
.
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Multiplying this by ∆t, summing from m = 1 to n, and using eq. (C.3), we obtain

eq. (4.58). Now we estimate eq. (4.59). We have

‖c̄m − c̄m−1
h ‖2

ΓI
≤ 2(‖c̄m − c̄m−1‖2

ΓI
+ ‖c̄m−1 − c̄m−1

h ‖2
ΓI

). (4.61)

Since c̄ = cs|ΓI on ΓI , and (cs)m − (cs)m−1 ∈ H1(Ωs), by eq. (2.35), the first term

on the right side of eq. (4.61) is bounded as follows.

‖c̄m − c̄m−1‖2
ΓI
≤ C‖cm − cm−1‖21,Ωs = C(∆t)2‖dtcm‖21,Ωs . (4.62)

Splitting the second term on the right side of eq. (4.61) using Ic = Īc for any

F ∈ FI gives

‖c̄m−1 − c̄m−1
h ‖2

ΓI
≤ 2(‖cm−1 − Icm−1‖2

ΓI
+ ‖c̄m−1

h − Īcm−1‖2
ΓI

)

= 2(‖ξm−1
c ‖2

ΓI
+ ‖ζ̄m−1

c ‖2
ΓI

). (4.63)

The first term above is bounded by eq. (2.31) and eq. (4.56)

‖ξm−1
c ‖2

ΓI
≤
∑
K∈T s

‖ξm−1
c ‖2∂K ≤

∑
K∈T s

CT,2(h−1
K ‖ξ

m−1
c ‖2K + hK‖ξm−1

c ‖21,K)

≤
∑
K∈T s

C(h−1
K h

2(kc+1)
K ‖cm−1‖2kc+1,K + hKh

2kc
K ‖c

m−1‖2kc+1,K)

≤ Ch2kc+1‖cm−1‖2kc+1,Ωs . (4.64)

Using eq. (2.37) and the definition of ‖‖ · ‖‖c,

‖ζ̄m−1
c ‖2

ΓI
≤ 2
(
‖ζ̄m−1
c − (ζsc )m−1‖2

ΓI
+ ‖(ζsc )m−1‖2

ΓI

)
≤ 2
(
h
∑
K∈T s

h−1
K ‖ζ̄

m−1
c − ζm−1

c ‖2∂K + ‖ζm−1
c ‖2

ΓI

)
≤ C‖‖ζm−1

c ‖‖2c . (4.65)

Collecting eqs. (4.61) to (4.65), we obtain

‖c̄m − c̄m−1
h ‖2

ΓI
≤ C

(
(∆t)2‖dtcm‖21,Ωs + h2kc+1‖cm−1‖2kc+1,Ωs + ‖‖ζm−1

c ‖‖2c
)
.
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Multiplying this inequality by ∆t, summing from 1 to n, and using eq. (C.3), we

obtain

∆t
n∑

m=1

‖c̄m − c̄m−1
h ‖2

ΓI
≤ C

(
∆t

n∑
m=1

‖‖ζm−1
c ‖‖2c

+(∆t)2‖∂tc‖2L2(0,T,H1(Ωs))
+∆th2kc+1‖c0‖2kc+1,Ωs+h2kc+1‖c‖2

`2(0,T,Hkc+1(Ωs))

)
.

We next prove eq. (4.60). By the triangle inequality,

∑
K∈T

‖cm − cm−1
h ‖2K ≤

∑
K∈T

2
(
‖cm − cm−1‖2K + ‖cm−1 − cm−1

h ‖2K
)

≤
∑
K∈T

2
(
(∆t)2‖dtcm‖2K + ‖cm−1 − cm−1

h ‖2K
)
. (4.66)

Multiplying this by ∆t, summing from m = 1 to n, and using eq. (C.3), we obtain

eq. (4.60).

Now that the auxiliary result is established, we proceed with the proof of the

velocity error.

Theorem 13. Let c and u be the solutions of eqs. (4.1) and (4.3) such that

us ∈ L2(0, T ; [H
kf+1

(Ωs)]dim) ∩ L∞(0, T ; [W 1,∞(Ωs)]dim),

u0 ∈ [H1
0 (Ωs)]dim,∇ · u0 = 0,

∂tu
s ∈ L2(0, T ; [H

kf (Ωs)]dim), ∂ttu
s ∈ L2(0, T ; [L2(Ωs)]dim),

ud ∈ L2(0, T ; [H
kf (Ωd)]dim) ∩ L∞(0, T ; [L∞(Ωd)]dim),

p ∈ L2(0, T ;L2(Ω)),∇pd ∈ L∞(0, T ; [L∞(Ωd)]dim),

cs ∈ L2(0, T ;Hkc+1(Ωs)), ∂tc
s ∈ L2(0, T ;H1(Ωs)), cs0 ∈ H

kc+1(Ωs),

cd ∈ L2(0, T ;L2(Ωd)), ∂tc
d ∈ L∞(0, T ;L2(Ωd)),

and let kf , kc ≥ dim− 1, and n ≥ 1. Suppose that u0
h, . . . , u

n−1
h ∈ Vh and

c0
h, . . . , c

n−1
h ∈ Ch, the solutions of eq. (4.47) and eq. (4.46) with kf , kc ≥ dim− 1,
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respectively, are already obtained and satisfy for 1 ≤ i ≤ n,

‖ci−1
h − ci−1‖2Ω + ∆t

i∑
m=1

‖‖cm−1
h − cm−1‖‖2c ≤ C

(
(∆t)2 + h

2kf + h2kc
)
, (4.67)

where C is a generic constant that is independent of h. Then ζnu satisfies the

following estimates:

‖ζnu‖2Ωs + (∆t)2
n∑

m=1

‖dtζmu ‖2Ωs + ∆t
n∑

m=1

‖‖ζmu ‖‖2v ≤ C ′
(
(∆t)2 + h

2kf + h2kc
)
,

(4.68)

‖ζnu‖2Ωd ≤ C ′′
(
(∆t)2 + h

2kf + h2kc
)
, (4.69)

where the constants depend on µ∗, κ∗, µL, Lsf , L
d
f ,
∑dim−1
j=1 γj, and the regularity of

u0, u, c0, and c but are independent of the mesh size.

Proof. Proof of eq. (4.68):

Setting (vh, qh) = (ζnu,−ζnp ) in Theorem 11, and using

a(a− b) = 1
2(a2 − b2 + (a− b)2), and the coercivity of ah in Lemma 11 yields

1

2∆t
(‖ζnu‖2Ωs − ‖ζ

n−1
u ‖2Ωs) +

∆t

2
‖dtζnu‖2Ωs + Ca‖‖ζnu‖‖2v

≤
∑
K∈T s

∫
K

(dtζ
n
u ) · ζnu dx+ ah(cn−1

h ; ζnu, ζ
n
u)

=
∑
K∈T s

∫
K

(∂t u
n − dt ΠV u

n) · ζnu dx

+ ah(cn−1
h ; ξnu, ζ

n
u) + [ah(cn;un, ζnu)− ah(cn−1

h ;un, ζnu)]

+

∫
Ωs

[fs(cn−1
h )− fs(cn)] · ζnu dx

+

∫
Ωd

[K−1(cn−1
h )fd(cn−1

h )−K−1(cn)fd(cn)] · ζnu dx

=:I1 + . . .+ I5. (4.70)
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Using eq. (2.40), and employing Young’s inequality for some ε > 0,

I1 =
∑
K∈T s

∫
K

(∂t u
n − dt ΠV u

n) · ζnu dx

=
∑
K∈T s

∫
K

(∂t u
n − dtun) · ζnu dx+

∑
K∈T s

∫
K
dtξ

n
u · ζnu dx

≤ ‖∂t un − dtun‖Ωs‖ζnu‖Ωs + ‖dtξnu‖Ωs‖ζnu‖Ωs

≤ C‖∂t un − dtun‖Ωs‖‖ζnu‖‖v + C‖dtξnu‖Ωs‖‖ζnu‖‖v

≤ C2

2ε

(
‖∂t un − dtun‖2Ωs + ‖dtξnu‖2Ωs

)
+ ε‖‖ζnu‖‖2v. (4.71)

It follows from Theorem 9 and Young’s inequality, that

I2 = ah(cn−1
h ; ξnu, ζ

n
u)

≤ C‖‖ξnu‖‖v′‖‖ζ
n
u‖‖v

≤ C2

4ε
‖‖ξnu‖‖2v′ + ε‖‖ζnu‖‖2v. (4.72)

To bound I3, we first write out all of its terms.

I3 = ah(cn;un, ζnu)− ah(cn−1
h ;un, ζnu)

=
∑
K∈T s

∫
K

2[µ(cn)− µ(cn−1
h )]ε(un) : ε(ζnu ) dx

−
∑
K∈T s

∫
∂K

2[µ(cn)− µ(cn−1
h )]ε(un)ns · (ζnu − ζ̄nu ) ds

+

∫
Ωd

[K−1(cn)−K−1(cn−1
h )]un · ζnu dx

+
dim−1∑
j=1

∫
ΓI
γj [µ(cn)− µ(c̄n−1

h )](usn · τ j)(ζ̄nu · τ j) ds

=: I31 + . . .+ I34. (4.73)

The first term on the right side of I3 can be bounded as follows using the generalized
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Hölder’s inequality for integrals and sums and then the Young’s inequality:

I31 =
∑
K∈T s

∫
K

2[µ(cn)− µ(cn−1
h )]ε(un) : ε(ζnu ) dx

≤ 2
∑
K∈T s

‖µ(cn)− µ(cn−1
h )‖K‖ε(un)‖0,∞,K‖ε(ζnu )‖K

≤ 2µL
∑
K∈T s

‖cn − cn−1
h ‖K‖ε(un)‖0,∞,K‖∇ζnu‖K

≤ 2µL‖ε(un)‖0,∞,Ωs
( ∑
K∈T s

‖cn − cn−1
h ‖2K

)1/2( ∑
K∈T s

‖∇ζnu‖2K
)1/2

≤ 2µL‖∇un‖0,∞,Ωs
( ∑
K∈T s

‖cn − cn−1
h ‖2K

)1/2
‖‖ζnu‖‖v

≤
µ2
L

ε
‖∇un‖20,∞,Ωs

∑
K∈T s

‖cn − cn−1
h ‖2K + ε‖‖ζnu‖‖2v. (4.74)

Next, we bound I32. By the Lipschitz continuity of µ, eq. (2.31), Lemma 4 (iv.),

generalized Hölder’s inequality and Young’s inequality,

|I32| ≤ 2µL
∑
K∈T s

‖cn − cn−1
h ‖∂K‖∇un‖0,∞,K‖ζnu − ζ̄nu‖∂K

≤ 2µL‖∇un‖0,∞,Ωs
( ∑
K∈T s

hK‖cn − cn−1
h ‖2∂K

)1/2( ∑
K∈T s

h−1
K ‖ζ

n
u − ζ̄nu‖2∂K

)1/2

≤ 2CµL‖∇un‖0,∞,Ωs
( ∑
K∈T s

(‖cn − cn−1
h ‖2K + h2

K‖c
n − cn−1

h ‖21,K)
)1/2
‖‖ζnu‖‖v

≤
C2µ2

L

ε
‖∇un‖20,∞,Ωs

∑
K∈T s

(‖cn − cn−1
h ‖2K + h2

K‖c
n − cn−1

h ‖21,K) + ε‖‖ζnu‖‖2v.

(4.75)

We bound I33 by using the assumption on K given in eq. (4.7).

I33 ≤
µL
κ∗
‖cn − cn−1

h ‖
Ωd
‖un‖

0,∞,Ωd‖‖ζ
n
u‖‖v

≤ (κ−1
∗ µL)2

4ε
‖un‖2

0,∞,Ωd‖c
n − cn−1

h ‖2
Ωd

+ ε‖‖ζnu‖‖2v. (4.76)
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Again by the Lipschitz property of µ and Hölder’s inequality,

I34 ≤ µL‖cn − c̄n−1
h ‖

ΓI

dim−1∑
j=1

(
γj‖usn · τ j‖

0,∞,ΓI‖ζ̄
n
u · τ j‖ΓI

)
≤ µL‖cn − c̄n−1

h ‖
ΓI
( dim−1∑

j=1
γj
)1/2‖usn‖

0,∞,ΓI
(∑dim−1

j=1 γj‖ζ̄nu · τ j‖2ΓI
)1/2

≤ µL‖cn − c̄n−1
h ‖

ΓI
( dim−1∑

j=1
γj
)1/2‖un‖0,∞,Ωs‖‖ζnu‖‖v

≤
µ2
L

4ε

( dim−1∑
j=1

γj
)
‖un‖20,∞,Ωs‖c

n − c̄n−1
h ‖2

ΓI
+ ε‖‖ζnu‖‖2v. (4.77)

Combining eqs. (4.73) to (4.77),

I3 ≤
C2µ2

L

ε
‖∇un‖20,∞,Ωs

∑
K∈T s

(‖cn − cn−1
h ‖2K + h2

K‖c
n − cn−1

h ‖21,K)

+
(κ−1
∗ µL)2

4ε
‖un‖2

0,∞,Ωd‖c
n − cn−1

h ‖2
Ωd

+
µ2
L

4ε

( dim−1∑
j=1

γj
)
‖un‖20,∞,Ωs‖c

n − c̄n−1
h ‖2

ΓI
+ 4ε‖‖ζnu‖‖2v. (4.78)

Since fs is Lipschitz continuous in c with Lipschitz constant Lsf , and recalling

eq. (2.40),

I4 =

∫
Ωs

[fs(cn−1
h )− fs(cn)] · ζnu dx ≤ Lsf‖c

n−1
h − cn‖Ωs‖ζnu‖Ωs

≤ Lsf‖c
n−1
h − cn‖Ωs‖‖ζnu‖‖v

≤
(Lsf )2

4ε
‖cn−1
h − cn‖2Ωs + ε‖‖ζnu‖‖2v. (4.79)

We have

I5 =

∫
Ωd

[K−1(cn−1
h )fd(cn−1

h )−K−1(cn)fd(cn)] · ζnu dx

=

∫
Ωd

(
K−1(cn−1

h )[fd(cn−1
h )− fd(cn)] + [K−1(cn−1

h )−K−1(cn)]fd(cn)
)
· ζnu dx

=

∫
Ωd

K−1(cn−1
h )[fd(cn−1

h )− fd(cn)] + [µ(cn−1
h )− µ(cn)]κ−1fd(cn)

)
· ζnu dx.
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Since fd and µ are Lipschitz continuous in c with Lipschitz continuity constants Ldf

and µL, respectively,

I5 ≤
( 1

K∗
Ldf +

µL
κ∗
‖fd(cn)‖

0,∞,Ωd
)
‖cn−1
h − cn‖

Ωd
‖ζnu‖Ωd

≤ 1

4ε

( 1

K∗
Ldf +

µL
κ∗
‖fd(cn)‖

0,∞,Ωd
)2
‖cn−1
h − cn‖2

Ωd
+ ε‖‖ζnu‖‖2v. (4.80)

Adding eqs. (4.70) to (4.73), eqs. (4.78) and (4.80) we obtain

1

2∆t

(
‖ζnu‖2Ωs − ‖ζ

n−1
u ‖2Ωs

)
+

∆t

2
‖dtζnu‖2Ωs + Ca‖‖ζnu‖‖2v

≤8ε‖‖ζnu‖‖2v + C
(
‖∂t un − dtun‖2Ωs + ‖dtξnu‖2Ωs + ‖‖ξnu‖‖2v′

+ µ2
L‖∇u

n‖20,∞,Ωs
∑

K∈T s
h2
K‖c

n − cn−1
h ‖21,K

+
(
κ−1
∗ µL‖un‖0,∞,Ωd +K−1

∗ (Ldf ) +
µL
κ∗
‖fd(cn)‖

0,∞,Ωd
)2
‖cn − cn−1

h ‖2
Ωd

+ µ2
L

( dim−1∑
j=1

γj
)
‖un‖20,∞,Ωs‖c̄

n − c̄n−1
h ‖2

ΓI

+
(
(Lsf )2 + µ2

L‖∇u
n‖20,∞,Ωs

)
‖cn−1
h − cn‖2Ωs .

Letting ε =
Ca
16

(Ca is the coercivity constant), we get

1

2∆t
(‖ζnu‖2Ωs − ‖ζ

n−1
u ‖2Ωs) +

∆t

2
‖dtζnu‖2Ωs +

Ca
2
‖‖ζnu‖‖2v

≤C
(
‖∂t un − dtun‖2Ωs + ‖dtξnu‖2Ωs + ‖‖ξnu‖‖2v′

+ µ2
L‖∇u

n‖20,∞,Ωs
∑

K∈T s
h2
K‖c

n − cn−1
h ‖21,K

+
(
κ−1
∗ µL‖un‖0,∞,Ωd +K−1

∗ (Ldf ) +
µL
κ∗
‖fd(cn)‖

0,∞,Ωd
)2
‖cn − cn−1

h ‖2
Ωd

+ µ2
L

( dim−1∑
j=1

γj
)
‖un‖20,∞,Ωs‖c̄

n − c̄n−1
h ‖2

ΓI

+
(
(Lsf )2 + µ2

L‖∇u
n‖20,∞,Ωs

)
‖cn−1
h − cn‖2Ωs .

Then multiplying by 2∆t, summing from 1 to n, noting that ζ0
u = 0, and applying
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eqs. (C.2) and (C.3), we obtain

‖ζnu‖2Ωs + (∆t)2
n∑

m=1

‖dtζmu ‖2Ωs + Ca∆t
n∑

m=1

‖‖ζmu ‖‖2v

≤ C
[
(∆t)2‖∂ttu‖2L2(0,T ;L2(Ωs))

+ ‖∂tξu‖2L2(0,T ;L2(Ωs))
+ 2∆t

n∑
m=1

‖‖ξmu ‖‖2v′

+ ∆t
n∑

m=1

(
‖∇um‖20,∞,Ωs

∑
K∈T s

h2
K‖c

m − cm−1
h ‖21,K

)
+ ∆t

n∑
m=1

(
κ−1
∗ µL‖un‖0,∞,Ωd +K−1

∗ (Ldf ) +
µL
κ∗
‖fd(cn)‖

0,∞,Ωd
)2
‖cm − cm−1

h ‖2
Ωd

+ ∆t
n∑

m=1

‖um‖20,∞,Ωs‖c̄
m − c̄m−1

h ‖2
ΓI

+ ∆t
n∑

m=1

(
(Lsf )2 + µ2

L‖∇u
n‖20,∞,Ωs

)
‖cm−1
h − cm‖2Ωs

]
,

where C depends on µL, κ∗, K∗, γj , and Lsf . Note that using Lemma 4 iv., we have

‖∂tξnu‖L2(0,T ;L2(Ωs))
≤ Ch

kf ‖∂tun‖
L2(0,T ;H

kf (Ωs))
.

Furthermore, ‖fd(cn)‖
0,∞,Ωd ≤ ‖u

n‖
0,∞,Ωd +K∗‖∇pn‖

0,∞,Ωd . Therefore,

‖ζnu‖2Ωs + (∆t)2
n∑

m=1

‖dtζmu ‖2Ωs + Ca∆t
n∑

m=1

‖‖ζmu ‖‖2v ≤ C
[
(∆t)2‖∂ttu‖2L2(0,T ;L2(Ωs))

+ h
2kf
(
‖∂tu‖2

L2(0,T ;[H
kf (Ωs)]dim)

+ ‖u‖2
`2(0,T ;H

kf+1
(Ωs))

+ ‖u‖2
`2(0,T ;[H

kf (Ωd)]dim)

)
+ ‖∇u‖2L∞(0,T ;L∞(Ωs))∆t

n∑
m=1

∑
K∈T s

(
h2
K‖c

m − cm−1
h ‖21,K

)
+
(
‖u‖2

L∞(0,T ;L∞(Ωd))
+ ‖∇p‖2

L∞(0,T ;L∞(Ωd))
+ 1
)
∆t

n∑
m=1

‖cm − cm−1
h ‖2

Ωd

+ ‖u‖2L∞(0,T ;L∞(Ωs))∆t
n∑

m=1

‖c̄m − c̄m−1
h ‖2

ΓI

+
(
1 + ‖∇u‖L∞(0,T ;L∞(Ωs))

)
∆t

n∑
m=1

‖cm − cm−1
h ‖2Ω

]
.
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Equation (4.68) follows by eqs. (4.58) to (4.60), and assumption eq. (4.67).

Proof of eq. (4.69):

Let vsh = 0, v̄h = 0, and qh = 0 in eq. (4.51). Then

adh(cn−1
h ; ζnu , vh) + bdh(ζdnp , vh)

= adh(cn−1
h ; ξnu , vh) + adh(cn;un, vh)− adh(cn−1

h ;un, vh)

+
∑
K∈T d

∫
K

[K−1(cn−1
h )fd(cn−1

h )−K−1(cn)fd(cn)] · vh dx. (4.81)

On the other hand, letting vh = 0 and qsh = 0 in eq. (4.51), we have

bdh(qdh, ζ
n
u ) + b

I,d
h (q̄dh, ζ̄

n
u ) = 0.

This implies that

bdh(qdh, ζ
n
u ) = −bI,dh (q̄dh, ζ̄

n
u ) =

∫
ΓI
q̄dhζ̄

n
u · nd ds (4.82)

From [29, Lemma 3.2], since us − ush ∈ H
div(Ωs), there exists w ∈ Hdiv(Ωd) such

that

∇ · w = 0 in Ωd, w · n = 0 on Γd, and w · nd = (γ(us)− ush) · nd on ΓI .

With this choice of w, and using Lemma 4 i., ii., and iii. we observe that

bdh(qdh,ΠV w) =

∫
ΓI
q̄dh(us − ush) · nd ds. (4.83)

Adding eqs. (4.82) and (4.83), and recalling eq. (4.49), the definition of Π̄V , and

Lemma 4 ii., we obtain

bdh(qdh, ζ
n
u + ΠV w) = 0. (4.84)

This points us to the correct choice of vdh to test eq. (4.81) with. Letting

vdh = ζnu + ΠV w in eq. (4.81) and using eqs. (4.8) and (4.84) yields
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1

K∗
‖ζnu‖2Ωd ≤ adh(cn−1

h ; ζnu , ζ
n
u ) = −adh(cn−1

h ; ζnu ,ΠV w)

+ adh(cn−1
h ; ξnu , ζ

n
u + ΠV w) +

(
adh(cn;un, ζnu + ΠV w)− adh(cn−1

h ;un, ζnu + ΠV w)
)

+
∑
K∈T d

∫
K

[K−1(cn−1
h )fd(cn−1

h )−K−1(cn)fd(cn)] · (ζnu + ΠV w) dx

=: A1 + A2 + A3 + A4. (4.85)

Below, we will bound A1 to A4 by a series of Cauchy-Schwarz, Hölder’s, triangle,

and Young’s inequalities together with the properties of µ and κ.

First,

A1 = −adh(cn−1
h ; ζnu ,ΠV w) ≤ 1

K∗
‖ζnu‖Ωd‖ΠV w‖Ωd

≤ ε‖ζnu‖2Ωd +
1

4εK2∗
‖ΠV w‖2Ωd ,

and

A2 = adh(cn−1
h ; ξnu , ζ

n
u + ΠV w) ≤ 1

K∗
‖ξnu‖Ωd‖ζ

n
u + ΠV w‖Ωd

≤ 1

4εK2∗
‖ξnu‖2Ωd + ε‖ζnu‖2Ωd +

1

K∗
‖ξnu‖Ωd‖ΠV w‖Ωd .

Following the proof of eq. (4.76),

A3 =
∑
K∈T d

∫
K

[K−1(cn)−K−1(cn−1
h )]un · (ζnu + ΠV w) dx

≤ µL
κ∗
‖cn − cn−1

h ‖
Ωd
‖un‖

0,∞,Ωd‖ζ
n
u + ΠV w‖Ωd

≤ µL
κ∗
‖cn − cn−1

h ‖
Ωd
‖un‖

0,∞,Ωd
(
‖ζnu‖Ωd + ‖ΠV w‖Ωd

)
≤

µ2
L

4εκ2∗
‖cn − cn−1

h ‖2
Ωd
‖un‖2

0,∞,Ωd + ε‖ζnu‖2Ωd

+
µL
κ∗
‖cn − cn−1

h ‖
Ωd
‖un‖

0,∞,Ωd‖ΠV w‖Ωd .
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As in the proof of eq. (4.80),

A4 =
∑
K∈T d

∫
K

[K−1(cn−1
h )fd(cn−1

h )−K−1(cn)fd(cn)] · (ζnu + ΠV w) dx

≤
(µL
κ∗
‖fd(cn)‖

0,∞,Ωd +
1

K∗
Ldf

)
‖cn−1
h − cn‖

Ωd
‖ζnu + ΠV w‖Ωd

≤
(µL
κ∗
‖fd(cn)‖

0,∞,Ωd +
1

K∗
Ldf

)
‖cn−1
h − cn‖

Ωd

(
‖ζnu‖Ωd + ‖ΠV w‖Ωd

)
≤ 1

4ε

(µL
κ∗
‖fd(cn)‖

0,∞,Ωd +
1

K∗
Ldf

)2
‖cn−1
h − cn‖2

Ωd
+ ε‖ζnu‖2Ωd

+
(µL
κ∗
‖fd(cn)‖

0,∞,Ωd +
1

K∗
Ldf

)
‖cn−1
h − cn‖

Ωd
‖ΠV w‖Ωd .

To conclude the proof we need a bound for ‖ΠV w‖Ωd which is straightforward to

deduce from Lemma 4 iv. and [16, Lemma 10].

‖ΠV w‖Ωd ≤ C‖w‖
Ωd
≤ Ch

kf+1(‖un‖kf+1,Ωs +‖u‖
kf ,Ω

d +‖gp−gi‖kf ,Ωd
)
. (4.86)

Combining this with the bounds of A1 to A4, choosing ε =
1

8K∗
, and applying

another set of Young’s inequalities, we obtain

‖ζnu‖2Ωd ≤ C
(
‖ΠV w‖2Ωd + ‖ξnu‖2Ωd + ‖cn − cn−1

h ‖2
Ωd

)
,

where C depends on the problem parameters κ∗, K∗, K∗, µL, Ldf , and the regularity

of u, p and c. Then eq. (4.86), Lemma 4 iv., and eq. (4.66) implies

‖ζnu‖2Ωd ≤ C
(
h

2kf+2(‖un‖2kf+1,Ωs + ‖un‖2
kf ,Ω

d + ‖gp − gi‖2kf ,Ωd
)

+ h
2kf ‖un‖2

kf ,Ω
d + (∆t)2‖dtcn‖2Ωd + ‖cn−1 − cn−1

h ‖2
Ωd

)
.

The result is a consequence of the assumptions on the regularity of the exact

solution and eq. (4.67).

The following is a straightforward consequence of Theorem 13.
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Corollary 1. Let un and unh be as defined in Theorem 13. Then for all n ≥ 1,

‖un − unh‖Ω ≤ C(∆t+ h
kf + hkc) (4.87)∑

K∈Th

hK‖un − unh‖
2
∂K ≤ C((∆t)2 + h

2kf + h2kc). (4.88)

Proof. By the triangle inequality, Lemma 4 iv., and eqs. (4.68) and (4.69),

‖un − unh‖Ω ≤ ‖ξ
n
u‖Ω + ‖ζnu‖Ω

≤ Ch
kf ‖un‖kf ,Ω + C((∆t) + h

kf + hkc) ≤ C((∆t) + h
kf + hkc).

Now we prove eq. (4.88). Using eqs. (2.29), (2.31), (2.51), (4.68) and (4.69) together

with Lemma 4 iv., we obtain

∑
K∈Th

hK‖un − unh‖
2
∂K ≤ C

∑
K∈Th

hK(‖ξnu‖2∂K + ‖ζnu‖2∂K)

≤ C
∑
K∈Th

(‖ξnu‖2K + h2
K‖ξ

n
u‖21,K + ‖ζnu‖2K)

≤ C((∆t)2 + h
2kf + h2kc).

This completes the proof.

Before moving on to the next section, we note another consequence of

eqs. (4.68) and (4.69) that we will use to prove the results about the discrete

concentration solution. The proof is the same as in [15, Lemma 1].

Corollary 2. Let u denote the velocity solution to eqs. (4.1) and (4.3) satisfying the

assumptions in Theorem 13 with kf , kc ≥ dim− 1. Suppose ∆t ≤ Ch
dim/2
kf

. Then

for each n ≥ 1, the discrete velocity unh that solves eq. (4.46) satisfies

‖unh‖0,∞,Ω ≤ C, (4.89)
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where C depends on µ∗, κ∗, µL, Lsf , L
d
f ,
∑dim−1
j=1 γj, and the regularity of u0, u, c0,

and c but is independent of h, n or ∆t.

Proof. Using eqs. (4.68) and (4.69), we have

‖ζnu‖2Ω ≤ C((∆t)2 + h
2kf + h2kc). (4.90)

Combining the above estimate with eq. (2.39) and Lemma 4 iv., for each K ∈ T , we

have

‖unh‖0,∞,K ≤ ‖ζ
n
u‖0,∞,K + ‖ΠV un‖0,∞,K

≤ Ch
−dim/2
K ‖ζnu‖K + ‖ΠV un‖0,∞,K

≤ Ch
−dim/2
K

(
(∆t) + h

kf + hkc
)

+ ‖un‖0,∞,K

≤ Ch
−dim/2
K

(
(∆t) + h

kf + hkc
)

+ ‖u‖L∞(0,T ;L∞(K).

The result eq. (4.89) follows by using the assumption on ∆t and by taking the

maximum over K ∈ T .

Remark 2. We can achieve order kf convergence in the energy norm if we restrict

kc = kf ≥ dim− 1. However, this is not a big restriction since kf = 2 coincides

with the standard Taylor-Hood approximation for the velocity-pressure and for DG

methods, higher order polynomial approximations are easy to implement.

Furthermore, this restriction is not necessary if we assume that |D(u)| ≤ D̄ for

some positive constant D̄ as in [46, 2.12]. It is also possible to avoid it by using an

approach involving a cutoff operator on the velocity solution as in [50,51] if one is

interested in lower order approximations. On the other hand, compatibility, as

defined in [23], can be achieved by choosing kc = kf − 1, kf ≥ dim while the order of

convergence in the energy norm reduces to kf − 1. We note that, when dim = 3, our

theory supports compatibility only for kf ≥ 3 due to the restriction kc ≥ dim− 1.
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4.2.1.3 Error estimate for the pressure In this section, we briefly discuss the

a priori estimate for the pressure approximation.

Lemma 12. Suppose that the assumptions in Theorem 13 holds and p and {pnh} are

the pressure components of the solution of eqs. (4.1), (4.3), (4.4) and (4.46),

respectively. Then

∆t
n∑

m=1

‖‖ζmp ‖‖2p ≤ C

(
∆t

n∑
m=1

‖‖ζmu ‖‖2v + ∆t
n∑

m=1

‖dtζmu ‖2Ωs + ∆t
n∑

m=1

‖‖ζm−1
c ‖‖2c

+ ∆t
n∑

m=1

∑
K∈T

‖cm−1 − cm−1
h ‖2K + ∆t

n∑
m=1

∑
K∈T s

h2
K‖c

m−1 − cm−1
h ‖21,K

+ ∆t
n∑

m=1

‖cm−1 − c̄m−1
h ‖2

ΓI
+ (∆t)2 + h

2kf + h2kc+1

)
. (4.91)

Proof. Setting qh = 0 in the error equation in Theorem 11, we obtain

∑
j=s,d

(
b
j
h(ζ

jn
p , vh) + b

I,j
h (ζ̄

jn
p , v̄h)

)
=
(
ah(cn−1

h ; ξnu,vh)− ah(cn−1
h ; ζnu,vh)

)
+
(
ah(cn;un,vh)− ah(cn−1

h ;un,vh)
)

+

∫
Ωs

[fs(cn−1
h )− fs(cn)] · vh dx

+

∫
Ωd

[K−1(cn−1)fd(cn−1
h )−K−1(cn)fd(cnh)] · vh dx

−
∑
K∈T s

∫
K

(dtu
n
h − ∂t u

n) · vh dx =: H1 + . . .+H5. (4.92)

By Theorem 9 and Young’s inequality, and noting that ‖‖ · ‖‖v and ‖‖ · ‖‖v′ are

equivalent on V h, we have

H1 =
(
ah(cn−1

h ; ξnu,vh)− ah(cn−1
h ; ζnu,vh)

)
≤ C(‖‖ζnu‖‖v + ‖‖ξnu‖‖v′)‖‖vh‖‖v. (4.93)
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Following the proof of eq. (4.78), we can show that

H2 =
(
ah(cn;un,vh)− ah(cn−1

h ;un,vh)
)

≤ C

(
µL‖∇un‖0,∞,Ωs

( ∑
K∈T s

(‖cn − cn−1
h ‖2K + h2

K‖c
n − cn−1

h ‖21,K)
)1/2

+ κ−1
∗ µL‖un‖0,∞,Ωd‖c

n − cn−1
h ‖

Ωd

+ µL
( dim−1∑

j=1
γj
)1/2‖un‖0,∞,Ωs‖cn − c̄n−1

h ‖
ΓI

)
‖‖vh‖‖v. (4.94)

As in eq. (4.79), we have

H3 =

∫
Ωs

[fs(cn−1
h )− fs(cn)] · vh dx

≤ Lsf‖c
n−1
h − cn‖Ωs‖‖vh‖‖v. (4.95)

Next from eq. (4.80), it follows that

H4 =

∫
Ωd

[K−1(cn−1
h )fd(cn−1

h )−K−1(cn)fd(cn)] · vh dx

≤
(µL
κ∗
‖fd(cn)‖

0,∞,Ωd +
1

K∗
Ldf
)
‖cn−1
h − cn‖

Ωd
‖‖vh‖‖v. (4.96)

Using Cauchy-Schwarz inequality and Lemma 4 iv.,

H5 = −
∑
K∈T s

∫
K

(dtu
n
h − ∂t u

n) · vh dx

= −
∑
K∈T s

∫
K
dtζ

n
u · vh dx−

∑
K∈T s

∫
K

(dtΠV u
n − ∂tΠV un) · vh dx

+
∑
K∈T s

∫
K
∂tξ

n
u · vh dx

≤
(
‖dtζnu‖Ωs + ‖dtΠV un − ∂tΠV un‖Ωs + ‖∂tξnu‖Ωs

)
‖vh‖Ωs

≤
(
‖dtζnu‖Ωs + ‖dtΠV un − ∂tΠV un‖Ωs + Ch

kf ‖∂tun‖kf ,Ωs
)
‖‖vh‖‖v. (4.97)

Therefore, combining (4.92)-(4.97), dividing both sides by ‖‖vh‖‖v, taking the

supremum over vh, and using Theorem 2, we get
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c?inf‖‖ζ
n
p‖‖p ≤ sup

vh∈V h
vh 6=0

∑
j=s,d(b

j
h(ζ

jn
p , vh) + b

I,j
h (ζ̄

jn
p , v̄h))

‖‖vh‖‖v

≤C

(
‖‖ζnu‖‖v + ‖‖ξnu‖‖v′

+ µL‖∇un‖0,∞,Ωs
( ∑
K∈T s

(‖cn − cn−1
h ‖2K + h2

K‖c
n − cn−1

h ‖21,K)
)1/2

+ µL
( dim−1∑

j=1
γj
)1/2‖un‖0,∞,Ωs‖cn − c̄n−1

h ‖
ΓI

+ Lsf‖c
n−1
h − cn‖Ωs

+
(µL
κ∗
‖fd(cn)‖

0,∞,Ωd +
1

K∗
Ldf + κ−1

∗ µL‖un‖0,∞,Ωd
)
‖cn−1
h − cn‖

Ωd

+ ‖dtζnu‖Ωs + ‖dtΠV un − ∂tΠV un‖Ωs + Ch
kf ‖∂tun‖kf ,Ωs

)
.

Squaring both sides, multiplying by (c∗inf )−2∆t, summing from 1 to n, using

eq. (C.2),

∆t
n∑

m=1

‖‖ζmp ‖‖2p ≤ C

(
∆t

n∑
m=1

(‖‖ζmu ‖‖2v + ‖‖ξmu ‖‖2v′)

+ µ2
L∆t

n∑
m=1

‖∇um‖20,∞,Ωs
∑
K∈T s

(‖cm − cm−1
h ‖2K + h2

K‖c
m − cm−1

h ‖21,K)

+ ∆t
n∑

m=1

µ2
L

( dim−1∑
j=1

γj
)
‖um‖20,∞,Ωs‖c

m − c̄m−1
h ‖2

ΓI
+ ∆t

n∑
m=1

(Lsf )2‖cm−1
h − cm‖2Ωs

+ ∆t
n∑

m=1

(µL
κ∗
‖fd(cm)‖

0,∞,Ωd +
1

K∗
Ldf + κ−1

∗ µL‖um‖0,∞,Ωd
)2‖cm−1

h − cm‖2
Ωd

+ ∆t
n∑

m=1

‖dtζmu ‖2Ωs + (∆t)2‖∂ttΠV u‖2L2(0,T ;[L2(Ωs)]dim)

+ ∆th
2kf ‖∂tu‖2

`2(0,T ;[H
kf (Ωs)]dim

)
.

This implies by eq. (2.53), stability of ΠV and under the assumption that

us ∈ L∞(0, T ; [W 1,∞(Ωs)]dim), ud ∈ L∞(0, T ; [L∞(Ωd)]dim),
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∇pd ∈ L∞(0, T ; [L∞(Ωd)]dim) that

∆t
n∑

m=1

‖‖ζmp ‖‖2p ≤ C

(
∆t

n∑
m=1

‖‖ζmu ‖‖2v + ∆t
n∑

m=1

‖dtζmu ‖2Ωs

+ ∆t
n∑

m=1

∑
K∈T

‖cm − cm−1
h ‖2K + ∆t

n∑
m=1

∑
K∈T s

h2
K‖c

m − cm−1
h ‖21,K

+ ∆t
n∑

m=1

‖cm − c̄m−1
h ‖2

ΓI

+ h
2kf
(
‖u‖2

`2(0,T ;[H
kf+1

(Ωs)]dim)
+ ‖u‖2

L2(0,T ;[H
kf (Ωd)]dim)

)
+ (∆t)2‖∂ttu‖2L2(0,T ;[L2(Ωs)]dim)

+ ∆th
2kf ‖∂tu‖2

`2(0,T ;[H
kf (Ωs)]dim

)
.

Then by eqs. (4.58) to (4.60),

∆t
n∑

m=1

‖‖ζmp ‖‖2p ≤ C

(
∆t

n∑
m=1

‖‖ζmu ‖‖2v + ∆t
n∑

m=1

‖dtζmu ‖2Ωs + ∆t
n∑

m=1

‖‖ζm−1
c ‖‖2c

+ ∆t
n∑

m=1

∑
K∈T

‖cm−1 − cm−1
h ‖2K + ∆t

n∑
m=1

∑
K∈T s

h2
K‖c

m−1 − cm−1
h ‖21,K

+ h
2kf
(
‖u‖2

`2(0,T ;[H
kf+1

(Ωs)]dim)
+ ‖u‖2

L2(0,T ;[H
kf (Ωd)]dim)

)
+ (∆t)2

(
‖∂ttu‖2L2(0,T ;[L2(Ωs)]dim)

+ ‖∂tc‖2L2(0,T ;H1(Ωs))
+ ‖∂tc‖2L2(0,T ;L2(Ω))

)
+ ∆th

2kf ‖∂tu‖2
`2(0,T ;[H

kf (Ωs)]dim)

+ ∆th2kc+1‖c0‖2kc+1,Ωs

+ h2kc+1‖c‖2
L2(0,T ;Hkc+1(Ωs))

)
.

Therefore, the result follows under the assumptions on the exact solution given in

Theorem 13.

Remark 3. An immediate consequence of this lemma and Theorem 13 is
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∆t
n∑

m=1

‖‖ζmp ‖‖2p ≤ C
(

∆t+ (∆t)−1(h
2kf + h2kc) + ∆t

n∑
m=1

‖‖ζm−1
c ‖‖2c

+ ∆t
n∑

m=1

∑
K∈T

‖cm−1 − cm−1
h ‖2K + ∆t

n∑
m=1

∑
K∈T s

h2
K‖c

m−1 − cm−1
h ‖21,K

)
.

This loss of ∆t is due to ∆t
n∑

m=1
‖dtζmu ‖2Ωs in eq. (4.91). There is a need to

bound this term which can be obtained by testing eq. (4.51) with vh = dtζ
m
u if one

needs an improved estimate. One can then proceed by multiplying by ∆t, summing

from m = 1 to n and employing a summation by parts on the terms on the right

hand side that contains ah(·; ·, dtζmu ) to transfer the discrete time derivative on

dtζ
m
u to the other terms. This and assuming that the exact solution is sufficiently

smooth in time would provide the much needed bound for ∆t
n∑

m=1
‖dtζmu ‖2Ωs, that is,

∆t
n∑

m=1

‖dtζmu ‖2Ωs ≤ C(h
2kf + h2kc + (∆t)2).

We do not provide the details of this proof here and refer to [18, p.42] for a similar

discussion.

4.2.1.4 Existence and uniqueness of cnh ∈ Ch In this section, we will prove

existence and uniqueness of the discrete concentration solution. First observe that,

the assumption eq. (4.5b) on D implies that for v ∈ [L∞(Ωd)]dim,

‖D(v)‖
0,∞,Ωd ≤ C(1 + ‖v‖

0,∞,Ωd). (4.98)

and for v ∈ [W 1,∞(K)]dim, K ∈ T , by eq. (2.30)

‖D(v)‖0,∞,∂K ≤ C(1 + ‖v‖0,∞,∂K) ≤ C, (4.99)

where C depends on ‖v‖1,∞,K .
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We have

‖D̃(unh)‖0,∞,Ω =


‖dI‖0,∞,Ωs in Ωs

‖D(unh)‖
0,∞,Ωd in Ωd

≤ max{d, ‖D(unh)‖
0,∞,Ωd}. (4.100)

Similarly,

‖D̃(unh)‖0,∞,∂K ≤ max{d, ‖D(unh)‖
0,∞,(∂K∩Ωd)

} (4.101)

Therefore by eqs. (4.89) and (4.98) to (4.101), there exists a constant D̃max > 0

that depends on d and the upper bound in eq. (4.89) such that

‖D̃(unh)‖0,∞,Ω ≤ D̃max, ‖D̃(unh)‖0,∞,∂K ≤ D̃max. (4.102)

With eq. (4.102), the following coercivity result can be proved following the same

steps in [15, Lemma 2, Lemma 3].

Theorem 14 (Coercivity of Btrh (unh;wh,wh)). There exists a constant β0 > 0 such

that if βtr > βtr0 , then for all wh ∈ Ch,

Btrh (unh;wh,wh) ≥ Ctr‖‖wh‖‖2c +
1

2

∑
K∈T d

∫
K
∇ · unhw

2
h dx, (4.103)

where Ctr > 0 is a constant that depends on d,Dmin, and the upper bound in

eq. (4.89).

Now that we have coercivity, we proceed with the existence and stability

proof for the discrete concentration.

Theorem 15. Let c0 ∈ L2(Ω), gi ∈ L2(0, T ;L2(Ωd)), gi − gp ∈ L∞(0, T ;L∞(Ωd))

(or ∇ · u ∈ L∞(0, T ;L∞(Ωd))). Let n ≥ 1 and assume that unh is the solution of

eq. (4.46) satisfying eqs. (4.68) and (4.69). If dn∆t < 1, where

96



dn =: 1
φ(1 + C‖gni − g

n
p ‖0,∞,Ωd), then there exists a unique solution cnh ∈ Ch to

eq. (4.47). Furthermore,

φ∗‖cnh‖
2
Ω + Ctr∆t

n∑
m=1

‖‖cmh ‖‖
2
c ≤ eK∆t(φ∗‖c0‖2Ω + ‖gi‖2`2(0,T ;L2(Ωd))

)
, (4.104)

where K :=
n∑

m=1

dm
1−∆tdm

.

Proof. Let wh = cnh in eq. (4.47). From the algebraic inequality

(a− b)a ≥ 1
2(a2 − b2), eq. (4.103), and the assumption that 0 ≤ cI ≤ 1 a.e., we have

φ∗
2∆t

(
‖cnh‖

2
Ω − ‖c

n−1
h ‖2Ω

)
+ Ctr‖‖cnh‖‖

2
c +

∫
Ωd

gnp (cnh)2 dx

≤
∑
K∈T d

∫
K
cIg

n
i c
n
h dx− 1

2

∑
K∈T d

∫
K
∇ · unh(cnh)2 dx

≤ ‖gni ‖Ωd‖c
n
h‖Ωd +

1

2
‖∇ · unh‖0,∞,Ωd‖c

n
h‖

2
Ωd
.

Multiplying this inequality by 2∆t, summing from m = 1 to n, noting that gp ≥ 0,

and recalling eq. (4.48) with stability of the L2-projections ΠC , and ΠQ, we obtain

φ∗‖cnh‖
2
Ω + 2Ctr∆t

n∑
m=1

‖‖cmh ‖‖
2
c (4.105)

≤ φ∗‖c0h‖
2
Ω + 2∆t

n∑
m=1

‖gmi ‖Ωd‖c
m
h ‖Ωd + ∆t

n∑
m=1

‖∇ · umh ‖0,∞,Ωd‖c
m
h ‖

2
Ωd

≤ φ∗‖c0h‖
2
Ω + ∆t

n∑
m=1

(‖gmi ‖
2
Ωd

+ ‖cmh ‖
2
Ωd

) + ∆t
n∑

m=1

‖ΠQ(gmi − g
m
p )‖

0,∞,Ωd‖c
m
h ‖

2
Ωd

≤ φ∗‖c0‖2Ω + ‖gmi ‖
2
`2(0,T ;L2(Ωd))

+ ∆t
n∑

m=1

(1 + C‖gmi − g
m
p ‖0,∞,Ωd)‖cmh ‖

2
Ω.

Applying Lemma C.2, we obtain eq. (4.104). This stability bound implies the

existence of a unique solution since the system is finite dimensional and linear.

Indeed, let n ≥ 1 and assume that cnh and c̃nh ∈ Ch both solve eq. (4.47). Then,

{enh}n, where e
n
h = cnh − c̃

n
h solves eq. (4.47) with c0h = 0, gni = 0. Therefore, by
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eq. (4.104),

φ∗‖enh‖
2
Ω + ∆t

n∑
m=1

‖‖emh ‖‖
2
c ≤ 0. (4.106)

Hence, owing to the fact that φ∗ > 0, enh = 0, i.e, cnh = c̃nh.

4.2.1.5 Error estimate for the discrete concentration

We start by deriving an error equation.

Lemma 13 (Error equation for eq. (4.47)).

∑
K∈T

∫
K
φ dtζ

n
c wh dx+Btrh (unh; ζnc ,wh) +

∫
Ωd

gnp ζ
n
c whdx (4.107)

=
∑
K∈T

∫
K
φ dtξ

n
c wh dx−

∑
K∈T

∫
K
φ (dtc

n − ∂tcn)wh dx+Btrh (unh; ξnc ,wh)

+Bah(un − unh; cn,wh) +Bdh(un; cn,wh)−Bdh(unh; cn,wh) +

∫
Ωd

gnp ξ
n
c whdx.

Proof. By Lemma 10, for t = tn,

∑
K∈T

∫
K
φ ∂tc

nwh dx+Btrh (un; cn,wh) +

∫
Ωd

gnp c
nwh dx

=
∑
K∈T d

∫
K
cI g

n
i wh dx ∀wh ∈ Ch, (4.108)

where cn = (cn, c̄n).

Subtracting eq. (4.108) from eq. (4.47) yields

∑
K∈T

∫
K
φ (dtc

n
h − ∂tc

n)wh dx+Btrh (unh; cnh,wh)−Btrh (un; cn,wh)

+

∫
Ωd

gnp (cnh − c
n)wh dx = 0 ∀wh ∈ Ch. (4.109)

Next, we rewrite the terms with Btrh in eq. (4.109) by observing that Btrh is linear in

the second slot and also its advective part is linear with respect to the first slot.

98



Btrh (unh; cnh,wh)−Btrh (un; cn,wh) (4.110)

=Btrh (unh; cnh − c
n,wh) +

[
Btrh (unh; cn,wh)−Btrh (un; cn,wh)

]
=Btrh (unh; cnh − c

n,wh) +Bah(unh − u
n; cn,wh)

+
[
Bdh(unh; cn,wh)−Bdh(un; cn,wh)

]
.

Using eq. (4.55), the linearity of Btrh in the second slot, and eqs. (4.109) and (4.110)

completes the proof.

Theorem 16. In addition to the assumptions in Theorem 13, suppose that

c0 ∈ Hkc(Ω), c ∈ L2(0, T ;Hkc+1(Ω)) ∩ L∞(0, T ;W 1,∞(Ω)),

∂tc ∈ L2(0, T ;Hkc(Ω)), ∂ttc ∈ L2(0, T ;L2(Ω)), gi, gp ∈ L∞(0, T ;L∞(Ωd)).

Then

‖ζnc ‖2Ω + ∆t
n∑

m=1

‖‖ζmc ‖‖2c ≤ C(h
2kf + h2kc + (∆t)2), (4.111)

where C depends on φ∗, φ∗, d,D and the regularity of the solution but is independent

of h or ∆t.

Proof. Setting wh = ζnc in Lemma 13, using inequality a(a− b) ≥ a2−b2
2 and the

coercivity in Theorem 14,

φ∗
2∆t

(‖ζnc ‖2Ω − ‖ζ
n−1
c ‖2Ω) + Ctr‖‖ζnc ‖‖2c +

∫
Ωd

gnp (ζnc )2dx

≤
∑
K∈T

∫
K
φ dtξ

n
c ζ

n
c dx+

∑
K∈T

∫
K
φ (∂tc

n − dtcn)ζnc dx+Btrh (unh; ξnc , ζ
n
c )

+Bah(un − unh; cn, ζnc ) +
[
Bdh(un; cn, ζnc )−Bdh(unh; cn, ζnc )

]
− 1

2

∑
K∈T d

∫
K
∇ · unh(ζnc )2 dx+

∫
Ωd

gnp ξ
n
c ζ

n
c dx

:= I1 + . . .+ I7. (4.112)
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Using eq. (4.6a), Cauchy–Schwarz inequality, Young’s inequality with constant γ,

and eq. (4.56),

I1 =
∑
K∈T

∫
K
φ dtξ

n
c ζ

n
c dx ≤ φ∗

∥∥∥ 1

∆t

∫ tn

tn−1
∂tξc dt

∥∥∥
Ω
‖ζnc ‖Ω (4.113)

≤ φ∗
1√
∆t
‖∂tξc‖L2(tn−1,tn,L2(Ω))

‖ζnc ‖Ω

≤ φ∗

4φ∗γ∆t
‖∂tξc‖2L2(tn−1,tn;L2(Ω))

+ γ(φ∗‖ζnc ‖2Ω)

≤ φ∗h2kc

4φ∗γ∆t
‖∂tc‖2L2(tn−1,tn,Hkc(Ω))

+ γ(φ∗‖ζnc ‖2Ω).

Again by eq. (4.6a), this time integrating by parts in terms of t and applying

Young’s inequality,

I2 =
∑
K∈T

∫
K
φ (∂tc

n − dtcn)ζnc dx ≤ φ∗
∥∥∥ 1

∆t

∫ tn

tn−1
(t− tn−1)∂ttc dt

∥∥∥
Ω
‖ζnc ‖Ω

≤ φ∗∆t
12φ∗γ

‖∂ttc‖2L2(tn−1,tn;L2(Ω))
+ γ(φ∗‖ζnc ‖2Ω). (4.114)

The following series of inequalities is dedicated to finding an upper bound for I3. By

definition of Btrh ,

I3 = Btrh (unh; ξnc , ζ
n
c ) = Bah(unh; ξnc , ζ

n
c ) +Bdh(unh; ξnc , ζ

n
c ). (4.115)

We will bound Bah and Bdh separately. We start by Bah. Noting that ξnc − ξ̄nc vanishes

on facets, we have

Bah(unh; ξnc , ζ
n
c ) = −

∑
K∈T

∫
K
ξnc u

n
h ·∇ζ

n
c dx+

∑
K∈T

∫
∂K

ξnc (unh−u
n) ·n(ζnc − ζ̄nc ) ds

+
∑
K∈T

∫
∂K

ξnc u
n · n(ζnc − ζ̄nc ) ds =: I311 + I312 + I313. (4.116)

The term I311 is bounded easily by Hölder’s inequality, eqs. (4.56) and (4.89):

I311 ≤ C‖unh‖0,∞,Ω‖ξ
n
c ‖Ω‖∇ζnc ‖Ω ≤ Chkc‖cn‖kc,Ω‖‖ζ

n
c ‖‖c. (4.117)

100



By Hölder’s inequality, assuming c ∈ L∞(0, T ;W 1,∞(Ω)) and using eqs. (2.30),

(4.56) and (4.88),

I312 =
∑
K∈T

∫
∂K

ξnc (unh − u
n) · n(ζnc − ζ̄nc ) ds

≤
∑
K∈T

‖ξnc ‖0,∞,∂K‖unh − u
n‖∂K‖ζnc − ζ̄nc ‖∂K

≤ C
( ∑
K∈T

hK‖unh − u
n‖2∂K

)1/2( ∑
K∈T

h−1
K ‖ζ

n
c − ζ̄nc ‖2∂K

)1/2

≤ C
( ∑
K∈T

hK‖unh − u
n‖2∂K

)1/2
‖‖ζnc ‖‖c. (4.118)

Using Hölder’s inequality, assuming u ∈ L∞(0, T ;W 1,∞(Ω)) and this time

employing eqs. (2.31) and (4.56),

I313 =
∑
K∈T

‖ξnc ‖∂K‖un‖0,∞,∂K‖ζnc − ζ̄nc ‖∂K

≤ C
( ∑
K∈T

(‖ξnc ‖2K + h2
K‖ξ

n
c ‖21,K)

)1/2( ∑
K∈T

h−1
K ‖ζ

n
c − ζ̄nc ‖2∂K

)1/2
(4.119)

≤ Chkc‖cn‖kc,Ω‖‖ζ
n
c ‖‖c.

Putting eqs. (4.116) to (4.119) together, we get

|Bah(unh; ξnc ,wh)| ≤ C
(( ∑

K∈T
hK‖unh − u

n‖2∂K
)1/2

+ hkc‖cn‖kc,Ω
)
‖‖ζnc ‖‖c

≤ C2

4ε

( ∑
K∈T

hK‖unh − u
n‖2∂K + h2kc‖cn‖2kc,Ω

)
+ ε‖‖ζnc ‖‖2c (4.120)

Now we focus on Bdh in eq. (4.115). Since ξnc − ξ̄nc = 0 on ∂K,

Bdh(unh; ξnc , ζ
n
c )

=
∑
K∈T

∫
K
D̃(unh)∇ξnc · ∇ζnc dx−

∑
K∈T

∫
∂K

[D̃(unh)∇ξnc ] · n(ζnc − ζ̄nc ) ds

=: I321 + I322. (4.121)
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By Hölder’s inequality, eq. (4.102), and eq. (4.56),

I321 ≤ D̃max‖∇ξnc ‖Ω‖∇ζnc ‖Ω ≤ Chkc‖c‖kc+1,Ω‖‖ζnc ‖‖c. (4.122)

Again by Hölder’s inequality and this time using eqs. (2.31), (4.56) and (4.102),

|I322| ≤ D̃max

( ∑
K∈T

hK‖∇ξnc ‖2∂K
)1/2( ∑

K∈T
h−1
K ‖ζ

n
c − ζ̄nc ‖2∂K

)1/2

≤ D̃max

( ∑
K∈T

CT,2(‖∇ξnc ‖2K + h2
K‖∇ξ

n
c ‖21,K)

)1/2
‖‖ζnc ‖‖c

≤ C
( ∑
K∈T

h2kc
K ‖c

n‖2kc+1,K

)1/2
‖‖ζnc ‖‖c

≤ Chkc‖cn‖kc+1,Ω‖‖ζnc ‖‖c. (4.123)

Hence, a combination of eqs. (4.121) to (4.123) with Young’s inequality gives

Bdh(unh; ξnc , ζ
n
c ) ≤ Chkc‖cn‖kc+1,Ω‖‖ζnc ‖‖c ≤

C2

4ε
h2kc‖cn‖2kc+1,Ω + ε‖‖ζnc ‖‖2c . (4.124)

Therefore, from eqs. (4.120) and (4.124)

I3 ≤ Ch2kc‖cn‖2kc+1,Ω + 2ε‖‖ζnc ‖‖2c . (4.125)

Since c = c̄ on ∂K,

I4 = Bah(un − unh; cn, ζnc )

= −
∑
K∈T

∫
K
cn (un − unh) · ∇ζnc dx+

∑
K∈T

∫
∂K

cn (un − unh) · n(ζnc − ζ̄nc ) ds

=: I41 + I42. (4.126)

Hölder’s and Young’s inequalities give

I41 ≤ ‖cn‖0,∞,Ω‖un − unh‖Ω‖∇ζ
n
c ‖Ω ≤ ‖un − unh‖Ω‖c

n‖0,∞,Ω‖‖ζnc ‖‖c

≤ 1

4ε
‖cn‖20,∞,Ω‖u

n − unh‖
2
Ω + ε‖‖ζnc ‖‖2c , (4.127)
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and

I42 ≤ C‖cn‖0,∞,Ω
( ∑
K∈Th

hK‖un − unh‖
2
∂K

)1/2( ∑
K∈Th

h−1
K ‖ζ

n
c − ζ̄nc ‖2∂K

)1/2

≤ C‖cn‖0,∞,Ω
( ∑
K∈Th

hK‖un − unh‖
2
∂K

)1/2
‖‖ζnc ‖‖c

≤ C2

4ε
‖cn‖20,∞,Ω

∑
K∈Th

hK‖un − unh‖
2
∂K + ε‖‖ζnc ‖‖2c . (4.128)

Collecting eqs. (4.126) to (4.128) leads to

I4 ≤ 2ε‖‖ζnc ‖‖2c + C‖cn‖20,∞,Ω
(
‖un − unh‖

2
Ω +

∑
K∈Th

hK‖un − unh‖
2
∂K

)
.

Since c = c̄ on element boundaries, and D̃(un)− D̃(unh) = 0 in Ωs,

I5 =
∑
K∈T d

∫
K

[D(un)−D(unh)]∇cn · ∇ζnc dx

−
∑
K∈T d

∫
∂K

[(D(un)−D(unh))∇cn] · n (ζnc − ζ̄nc ) ds

=:I51 + I52. (4.129)

Using Lipschitz property eq. (4.5c) of D, Hölder’s and Young’s inequalities,

I51 ≤ C‖un − unh‖Ωd‖∇c
n‖

0,∞,Ωd‖∇ζ
n
c ‖Ωd

≤ C2

4ε
‖∇cn‖2

0,∞,Ωd‖u
n − unh‖

2
Ωd

+ ε‖‖ζnc ‖‖2c . (4.130)

To bound I52, we first rearrange it as follows using eq. (4.54):

I52 =
∑
K∈T d

∫
∂K

[D(unh)∇ξnc ] · n (ζnc − ζ̄nc ) ds

+
∑
K∈T d

∫
∂K

[(D(unh)−D(un))∇Icn] · n (ζnc − ζ̄nc ) ds

−
∑
K∈T d

∫
∂K

[D(un)∇ξnc )] · n (ζnc − ζ̄nc ) ds =: I521 + I522 + I523.
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From eq. (4.123),

I521 =
∑
K∈T d

∫
∂K

[D(unh)∇ξnc ] · n (ζnc − ζ̄nc ) ds

≤ Chkc‖cn‖
kc+1,Ωd

‖‖ζnc ‖‖c. (4.131)

Using Lipschitz property eq. (4.5c) of D, Hölder’s inequality, eq. (4.57), and

eq. (4.88),

I522 =
∑
K∈T d

∫
∂K

[(D(unh)−D(un))∇Icn] · n(ζnc − ζ̄nc ) ds

≤
∑
K∈T d

C‖un − unh‖∂K‖∇Ic
n‖0,∞,K‖ζnc − ζ̄nc ‖∂K

≤ C‖cn‖
1,∞,Ωd

( ∑
K∈T d

hK ‖un − unh‖
2
∂K

)1/2( ∑
K∈T d

h−1
K ‖ζ

n
c − ζ̄nc ‖2∂K

)1/2

≤ C‖cn‖
1,∞,Ωd

( ∑
K∈T d

hK ‖un − unh‖
2
∂K

)1/2
‖‖ζnc ‖‖c. (4.132)

Using Hölder’s inequality, eqs. (2.31), (4.56) and (4.102),

I523 =
∑
K∈T d

∫
∂K

[D(un)∇ξnc ] · n(ζnc − ζ̄nc ) ds

≤ D̃max

( ∑
K∈T d

hK‖∇ξnc ‖2∂K
)1/2( ∑

K∈T d
h−1
K ‖ζ

n
c − ζ̄nc ‖2∂K

)1/2

≤ D̃max

( ∑
K∈T d

CT,2
(
‖∇ξnc ‖2K + h2

K‖∇ξ
n
c ‖21,K

))1/2
‖‖ζnc ‖‖c

≤ Chkc‖cn‖
kc+1,Ωd

‖‖ζnc ‖‖c. (4.133)

Combining eqs. (4.131) to (4.133) and using Young’s inequality, we have

I52 ≤ C
(
h2kc‖cn‖2

kc+1,Ωd
+ ‖cn‖2

1,∞,Ωd
∑
K∈T d

hK ‖un − unh‖
2
∂K

)
+ ε‖‖ζnc ‖‖2c .

(4.134)
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Therefore, substituting eqs. (4.130) and (4.134) in eq. (4.129) yields

I5 ≤ 2ε‖‖ζnc ‖‖2c + C
(
h2kc‖cn‖2

kc+1,Ωd
+ ‖cn‖2

1,∞,Ωd
∑
K∈T d

hK ‖un − unh‖
2
∂K

+ ‖∇cn‖2
0,∞,Ωd‖u

n − unh‖
2
Ωd

)
. (4.135)

By eq. (4.48), the stability of the L2-projection ΠQ and Hölder’s inequality,

I6 = −1

2

∑
K∈T d

∫
K
∇ · unh(ζnc )2 dx

= −1

2

∑
K∈T d

∫
K

ΠQ(gni − g
n
p )(ζnc )2 dx

≤ 1

2
‖gni − g

n
p ‖0,∞,Ωd‖ζ

n
c ‖2Ωd ≤

1

2φ∗
‖gni − g

n
p ‖0,∞,Ωd(φ∗‖ζnc ‖2Ω). (4.136)

Finally, using Hölder’s inequality, eq. (4.56), and Young’s inequality,

I7 ≤ ‖gnp ‖0,∞,Ωd‖ξ
n
c ‖Ωd‖ζ

n
c ‖Ωd

≤ Chkc‖gnp ‖0,∞,Ωd‖c
n‖
kc,Ωd

‖ζnc ‖Ωd

≤ C2h2kc

4γφ∗
‖gnp ‖20,∞,Ωd‖c

n‖2
kc,Ωd

+ γ(φ∗‖ζnc ‖2Ω). (4.137)

Collecting all bounds, choosing ε =
Ctr
12

(Ctr is the coercivity constant), γ =
1

6
, and

recalling gnp ≥ 0, we get

φ∗
2∆t

(‖ζnc ‖2Ω − ‖ζ
n−1
c ‖2Ω) +

Ctr
2
‖‖ζnc ‖‖2c

≤ C

(
φ∗h2kc

φ∗∆t
‖∂tc‖2L2(tn−1,tn;Hkc(Ω))

+
φ∗∆t
φ∗
‖∂ttc‖2L2(tn−1,tn;L2(Ω))

(4.138)

+ h2kc‖cn‖2kc+1,Ω + ‖cn‖21,∞,Ω
(
‖un − unh‖

2
Ω +

∑
K∈T

hK‖un − unh‖
2
∂K

)
+
h2kc

φ∗
‖gnp ‖20,∞,Ωd‖c

n‖2
kc,Ωd

)
+

1

2

( 1

φ∗
‖gni − g

n
p ‖0,∞,Ωd + 1

)
(φ∗‖ζnc ‖2Ω).
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Multiplying by 2∆t, summing over m, and using Corollary 1,

φ∗‖ζnc ‖2Ω + Ctr∆t
n∑

m=1

‖‖ζmc ‖‖2c

≤φ∗‖ζ0
c ‖2Ω + C

[
h2kc

(φ∗
φ∗
‖∂tc‖2L2(0,T ;Hkc(Ω))

+ ‖c‖2
`2(0,T ;Hkc+1(Ω))

)
+
φ∗

φ∗
(∆t)2‖∂ttc‖2L2(0,T ;L2(Ω))

+ ∆t
n∑

m=1

( 1

φ∗
‖gmi − g

m
p ‖0,∞,Ωd + 1

)
(φ∗‖ζmc ‖2Ω)

+ ∆t
n∑

m=1

‖cm‖21,∞,Ω
(
(∆t)2 + h

2kf + h2kc
)

+ h2kc∆t
n∑

m=1

1

φ∗
‖gmp ‖20,∞,Ωd‖c

m‖2
kc,Ωd

]
.

Note that using [24, Lemma 1.58] and eq. (4.56),

‖ζ0
c ‖Ω = ‖c0h − Ic0‖Ω ≤ ‖ΠCc0 − c0‖Ω + ‖c0 − Ic0‖Ω ≤ Chkc‖c0‖kc,Ω. (4.139)

Therefore, assuming that ∆t is sufficiently small and using Lemma C.2 with

an = φ∗‖ζnc ‖2Ω, bn = Ctr‖‖ζnc ‖‖2c , dn =
(
φ−1
∗ ‖gmi − g

m
p ‖0,∞,Ωd + 1

)
,

cn = ‖cm‖21,∞,Ω
(
(∆t)2 + h2k + h2kc

)
+ h2kcφ−1

∗ ‖gmp ‖20,∞,Ωd‖c
m‖2

kc,Ωd
,

B = C
(
h2kc

(
φ∗‖c0‖2kc,Ω +

φ∗

φ∗
‖∂tc‖2L2(0,T ;Hkc(Ω))

+ ‖c‖2
`2(0,T ;Hkc+1(Ω))

)
+
φ∗

φ∗
(∆t)2‖∂ttc‖2L2(0,T ;L2(Ω))

)
,

we obtain

φ∗‖ζnc ‖2Ω + Ctr∆t
n∑

m=1

‖‖ζmc ‖‖2c ≤ C
(

(∆t)2 + h
2kf + h2kc

)
, (4.140)

where C depends on the regularity of the exact solution and the parameters of the

problem.
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4.2.2 Numerical experiments

In this section, we use the NGSolve finite element library [49] to implement

the numerical examples for the convergence analysis. Let Ω = [0, 1]2 be the unit

square with two subregions Ωd = [0, 1]× [0, 0.5] and Ωs = [0, 1]× [0.5, 1] and [0, 1]

be the time interval.

4.2.2.1 Example 1: one-way coupling with constant µ, κ, D

We consider kf = 3, kc = kf − 1 = 2. Let α =
√
κ(1 + 4π2)/2, and

D =

 0.01 0.005

0.005 0.02

. We solve the Stokes-Darcy-transport problem with the

exact solution given by

us = (− 1

2π2
sin(πx1 + t)e(x2+t)/2,

1

π
cos(πx1 + t)e(x2+t)/2)T , (4.141a)

ud = (−2 sin(πx1 + t)e(x2+t)/2,
1

π
cos(πx1 + t)e(x2+t)/2)T , (4.141b)

ps =
κµ− 2

κπ
cos(πx1 + t)e(x2+t)/2, (4.141c)

pd = − 2

κπ
cos(πx1 + t)e(x2+t)/2, (4.141d)

c = sin(2π(x1 − t)) cos(2π(x2 − t)). (4.141e)

For penalty parameters, we use βs = 6k2
f and βtr = 6k2

c .

Note that this exact solution is chosen to satisfy all of the interface conditions

and ∇ · us = 0 in Ωs but it does not satisfy homogeneous boundary conditions. In

the computation we add extra terms on the right hand side to make them equal.

We present three cases: κ = 1, µ = 10−6, κ = 103, µ = 10−6 and µ = κ = 1.

Tables 4.1, 4.3 and 4.5 present computed errors in the velocity and the

pressure in Ωs and Ωd for κ = 103, µ = 10−6, κ = 1, µ = 10−6 and κ = 1, µ = 1,

respectively. We observe optimal rates of convergence for all unknowns, independent

of the value of the viscosity and permeability. Furthermore, the magnitude of the
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Table 4.1: Table of convergence for the HDG method with kf = 3, kc = kf − 1,
∆t = 10−4, T = 0.1, κ = 103, µ = 10−6, using BDF2 method in Example 1,
Section 4.2.2.1

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 2.4e-04 – 4.2e-06 – 5.7e-10
1/4 28 2.2e-05 3.5 7.3e-07 2.5 2.1e-12
1/8 152 6.0e-07 5.2 5.7e-08 3.7 7.5e-15
1/16 576 3.3e-08 4.2 6.4e-09 3.2 4.5e-15
1/32 2348 2.0e-09 4.1 7.9e-10 3.0 1.4e-13

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 1.9e-03 – 4.2e-06 – 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-07 3.0 2.2e-12
1/8 152 3.6e-06 5.1 4.0e-08 3.8 8.2e-13
1/16 576 2.2e-07 4.0 5.1e-09 3.0 3.1e-12
1/32 2348 1.3e-08 4.1 6.1e-10 3.1 1.2e-11

pressure error is affected by the reduction of the permeability κ from 103 to 1

assuming a fixed small viscosity µ = 10−6. However, the pressure robustness of the

method shields the velocity error from this change in the pressure error. Moreover,

the last columns in the tables demonstrate that pointwise mass conservation is

satisfied in both regions.

The error in L2 norm and rates of convergence for concentration at final time

t = 0.1 are presented in Tables 4.2, 4.4 and 4.6 with κ = 103, µ = 10−6; κ = 1,

µ = 10−6 and κ = 1, µ = 1, respectively. We obtain optimal rates of convergence for

ch.

4.2.2.2 Example 2: one-way coupling with constant µ, κ velocity dependent

D In this example, we add the influence of the velocity on the dispersion-diffusion
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Table 4.2: Table of convergence by the HDG method for concentration with kf = 3,
kc = 2, ∆t = 10−4, T = 0.1, κ = 103, µ = 10−6, using BDF2 in Example 1,
Section 4.2.2.1.

h Cells ||c− ch||Ω Order
1/2 8 1.2e-01 –
1/4 28 2.1e-02 2.5
1/8 152 1.8e-03 3.6
1/16 576 2.2e-04 3.0
1/32 2348 2.5e-05 3.1

tensor and define

D(u) =

1 + u2
1 0

0 1 + u2
2

 .
The source terms and boundary conditions for the Stokes-Darcy-transport problem

(4.1) are chosen such that the exact solution is given by eq. (4.141). We set kf = 3,

kc = 2, ∆t = 10−4, T = 0.1, We present our results for either small viscosity or

small permeability as they can potentially cause issues.

Tables 4.7, 4.9 and 4.11 present computed errors in the velocity and the

pressure in Ωs and Ωd for κ = 1, µ = 1, κ = 1, µ = 10−6, and κ = 103, µ = 10−6,

respectively. We see that for three cases, the rates of convergence for the velocity

and the pressure are optimal, independent of the value of the viscosity and

permeability. We also obtain optimal rates of convergence for ch as shown in

Tables 4.8, 4.10 and 4.12 for all considered cases. In addition, pointwise satisfaction

of machine precision in the mass equation is observed through the last columns in

Tables 4.7, 4.9 and 4.11 in both Stokes and Darcy regions.
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Table 4.3: Table of convergence for the HDG method with kf = 3, kc = kf − 1,
∆t = 10−4, T = 0.1, κ = 1, µ = 10−6, using BDF2 method in Example 1,
Section 4.2.2.1

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 2.5e-04 – 3.5e-03 – 5.7e-10
1/4 28 2.2e-05 3.5 6.9e-04 2.3 2.0e-12
1/8 152 6.1e-07 5.2 5.6e-05 3.6 3.8e-15
1/16 576 3.3e-08 4.2 6.4e-06 3.1 8.8e-14
1/32 2348 2.0e-09 4.1 7.7e-07 3.1 9.4e-14

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 1.9e-03 – 4.2e-03 – 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-04 3.0 2.2e-12
1/8 152 3.5e-06 5.1 4.0e-05 3.8 7.2e-13
1/16 576 2.2e-07 4.0 5.1e-06 3.0 3.0e-12
1/32 2348 1.3e-08 4.1 6.1e-07 3.1 1.2e-11

4.2.2.3 Example 3: two-way coupling with constant κ, concentration

dependent µ, velocity dependent D

Changing µ from a constant to a concentration dependent function will have

serious consequences on the rate of convergence for the velocity. Indeed, we see this

effect in our a priori estimate in the energy norm. The convergence rate of the

velocity approximation cannot exceed the convergence rate dictated by the

concentration convergence rate. Since we prefer compatible discretizations

(kc = kf − 1), for the velocity we can only expect an order of kf − 1 in the energy

norm and kf in the L2-norm. In this example we assume that the viscosity is

defined by the quarter-power mixing rule:

µ(c) = µ0
(
(µ0/µ1)1/4c+ (1− c)

)−4
, (4.142)
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Table 4.4: Table of convergence by the HDG method for concentration with kf = 3,
kc = 2, ∆t = 10−4, T = 0.1, κ = 1, µ = 10−6, using BDF2 in Example 1,
Section 4.2.2.1.

h Cells ||c− ch||Ω Order
1/2 8 1.2e-01 –
1/4 28 2.1e-02 2.5
1/8 152 1.8e-03 3.6
1/16 576 2.2e-04 3.0
1/32 2348 2.5e-05 3.1

where µ0 = 0.9, µ1 = 1.3. The figure on the left in Figure 4.1 shows a plot of µ(c) as

a function of c. The dispersion/diffusion tensor D(u) is defined as in Section 4.2.2.2.

Figure 4.1: The viscosity function µ(c) (left) defined by eq. (4.142) for
Sections 4.2.2.3 and 4.2.2.4 and the permeability field (right) described by
eq. (4.144) in the Darcy region [0, 1]× [0, 0.5] for Section 4.2.2.4.

We set kf = 2, kc = 1, ∆t = 10−5, T = 0.1, κ = 1. In this example, we use BDF3

instead of BDF2. BDF3 is not A-stable but it is close. In fact, its absolute stability

region contains the entire negative real line. So it still works as well as the A-stable
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Table 4.5: Table of convergence for the HDG method with kf = 3, kc = kf − 1,
∆t = 10−4, T = 0.1, κ = 1, µ = 1, using BDF2 method in Example 1,
Section 4.2.2.1

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 4.3e-04 – 3.1e-02 – 5.7e-10
1/4 28 5.6e-05 3.0 4.6e-03 2.8 2.0e-12
1/8 152 1.4e-06 5.3 2.1e-04 4.4 1.7e-14
1/16 576 7.1e-08 4.3 2.1e-05 3.4 9.3e-14
1/32 2348 3.6e-09 4.3 2.3e-06 3.2 1.0e-13

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 2.0e-03 – 4.2e-03 – 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-04 3.0 2.2e-12
1/8 152 3.6e-06 5.1 4.0e-05 3.8 7.2e-13
1/16 576 2.2e-07 4.0 5.1e-06 3.0 3.0e-12
1/32 2348 1.3e-08 4.1 6.1e-07 3.1 1.2e-11

methods BE and BDF2. We initialize BDF3 by solving a step of BE, then a step of

BDF2.

We introduce the BDF3 operator d(3)
t such that, for all n ∈ {3, . . . , N},

d
(3)
t un =

11un − 18un−1 + 9un−2 − 2un−3

6∆t
. (4.143)

In Tables 4.13 and 4.14 and Tables 4.15 and 4.16, we present the results for

computed errors in the velocity, the pressure and concentration using BDF3 with

kf = 2 and kf = 3, respectively. The approximate concentration converges with an

order of kc + 1 = kf and the approximate velocity converges with an order of at

least kf as expected in both cases. The velocity field uh is pointwise divergence-free

on the cells.
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Table 4.6: Table of convergence by the HDG method for concentration with kf = 3,
kc = 2, ∆t = 10−4, T = 0.1, κ = 1, µ = 1, using BDF2 in Example 1,
Section 4.2.2.1.

h Cells ||c− ch||Ω Order
1/2 8 1.2e-01 –
1/4 28 2.1e-02 2.5
1/8 152 1.8e-03 3.6
1/16 576 2.2e-04 3.0
1/32 2348 2.5e-05 3.1

4.2.2.4 Example 4: Realistic example

In this section, we now test our method on a more realistic example where

the solution is not known and the permeability field in the Darcy region is highly

heterogeneous. The domain and the boundary conditions for the flow problem are

as defined in Section 2.3.2.2 and we set the permeability to

κ(x, y) = 700(1+0.5(sin(10πx) cos(20πy2)+cos(6.4πx) cos(6.4πx) sin(9.2πy)))+100,

(4.144)

and µ(c) as in eq. (4.142) as seen in Figure 4.1. The porosity takes different values

in the Stokes and Darcy regions, that is, φ = 1 in Ωs and φ = 0.4 in Ωd. The

dispersion/diffusion tensor is

D(u) =


δI, in Ωs,

φdmI + dl|u|T + dt|u|(I− T), in Ωd,

where dl, dt, and dm represent longitudinal and transverse dispersivities and the

molecular diffusivity, respectively, I denotes the identity matrix, and T = uuT /|u|2

and uT is the transpose of the vector u. Under the assumption of dl ≥ dt, D(u)

satisfies the assumptions that we made in our analysis [25,50].

113



Table 4.7: Table of convergence for the HDG method with kf = 3, kc = kf − 1,
∆t = 10−4, T = 0.1, κ = 1, µ = 1, using BDF2 method in Example 2,
Section 4.2.2.2

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 4.3e-04 – 3.1e-02 – 5.7e-10
1/4 28 5.6e-05 3.0 4.6e-03 2.8 2.0e-12
1/8 152 1.4e-06 5.3 2.1e-04 4.4 1.7e-14
1/16 576 7.1e-08 4.3 2.1e-05 3.4 9.3e-14
1/32 2348 3.6e-09 4.3 2.3e-06 3.2 1.0e-13

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 2.0e-03 – 4.2e-03 – 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-04 3.0 2.2e-12
1/8 152 3.6e-06 5.1 4.0e-05 3.8 7.2e-13
1/16 576 2.2e-07 4.0 5.1e-06 3.0 3.0e-12
1/32 2348 1.3e-08 4.1 6.1e-07 3.1 1.2e-11

In this numerical experiment, we choose δ = 10−6, dm = 1.e− 5,

dl = 1.e− 5, and dt = 1.e− 5 and assume that the initial concentration of the plume

of contaminant is

c0(x) =


0.95 if

√
(x1 − 0.2)2 + (x2 − 0.7)2 < 0.1,

0.05 otherwise.

Finally, we set kf = 3, kc = 2, α = 0.5, T = 20, ∆t = 10−3, h = 1/80 and all of the

source/sink terms to zero. The results are obtained by using BDF2 time stepping.

Figure 4.2 shows the computed velocity field after one time step and at the

final time. In the Darcy region Ωd, the flow field avoids the areas with low

permeability.

Figure 4.3 presents the plume of contaminant spreading through the surface

water region and infiltrating the porous medium with snapshots at 6 different
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Table 4.8: Table of convergence by the HDG method for concentration with kf = 3,
kc = 2, ∆t = 10−4, T = 0.1, κ = 1, µ = 1, using BDF2 in Example 2,
Section 4.2.2.2.

h Cells ||c− ch||Ω Order
1/2 8 1.2e-01 –
1/4 28 2.8e-02 2.9
1/8 152 2.3e-03 3.6
1/16 576 2.5e-04 3.2
1/32 2348 2.6e-05 3.2

Figure 4.2: The velocity field after one time step (left) and at the final time (right).
The color represents the magnitude of the velocity.

instances in time. The contaminant plume stays compact while in the surface water

region. Once it reaches the subsurface region it spreads out following a path dictated

by the heterogeneous permeability structure of the porous medium as we expected.
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Table 4.9: Table of convergence for the HDG method with kf = 3, kc = kf − 1,
∆t = 10−4, T = 0.1, κ = 1, µ = 10−6, using BDF2 method in Example 2,
Section 4.2.2.2

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 2.5e-04 – 3.5e-03 – 5.7e-10
1/4 28 2.2e-05 3.5 6.9e-04 2.3 2.0e-12
1/8 152 6.1e-07 5.2 5.6e-05 3.6 3.8e-15
1/16 576 3.3e-08 4.2 6.4e-06 3.1 8.8e-14
1/32 2348 2.0e-09 4.1 7.7e-07 3.1 9.4e-14

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 1.9e-03 – 4.2e-03 – 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-04 3.0 2.2e-12
1/8 152 3.5e-06 5.1 4.0e-05 3.8 7.2e-13
1/16 576 2.2e-07 4.0 5.1e-06 3.0 3.0e-12
1/32 2348 1.3e-08 4.1 6.1e-07 3.1 1.2e-11

Table 4.10: Table of convergence by the HDG method for concentration with
kf = 3, kc = 2, ∆t = 10−4, T = 0.1, κ = 1, µ = 10−6, using BDF2 in Example 2,
Section 4.2.2.2.

h Cells ||c− ch||Ω Order
1/2 8 1.2e-01 –
1/4 28 2.8e-02 2.9
1/8 152 2.3e-03 3.6
1/16 576 2.5e-04 3.2
1/32 2348 2.6e-05 3.2
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Table 4.11: Table of convergence for the HDG method with kf = 3, kc = kf − 1,
∆t = 10−4, T = 0.1, κ = 103, µ = 10−6, using BDF2 method in Example 2,
Section 4.2.2.2

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 2.4e-04 – 4.2e-06 – 5.7e-10
1/4 28 2.2e-05 3.5 7.3e-07 2.5 2.1e-12
1/8 152 6.0e-07 5.2 5.7e-08 3.7 7.5e-15
1/16 576 3.3e-08 4.2 6.4e-09 3.2 4.5e-15
1/32 2348 2.0e-09 4.1 7.9e-10 3.0 1.4e-13

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 1.9e-03 – 4.2e-06 – 5.7e-10
1/4 28 1.2e-04 4.0 5.4e-07 3.0 2.2e-12
1/8 152 3.6e-06 5.1 4.0e-08 3.8 8.2e-13
1/16 576 2.2e-07 4.0 5.1e-09 3.0 3.1e-12
1/32 2348 1.3e-08 4.1 6.1e-10 3.1 1.2e-11

Table 4.12: Table of convergence by the HDG method for concentration with
kf = 3, kc = 2, ∆t = 10−4, T = 0.1, κ = 103, µ = 10−6, using BDF2 in Example 2,
Section 4.2.2.2.

h Cells ||c− ch||Ω Order
1/2 8 1.2e-01 –
1/4 28 2.8e-02 2.9
1/8 152 2.3e-03 3.6
1/16 576 2.5e-04 3.2
1/32 2348 2.6e-05 3.2
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Table 4.13: Table of convergence for the HDG method with kf = 2, kc = 1,
∆t = 10−5, T = 0.1, κ = 1, µ = µ(c), using BDF3 method in Example 3,
Section 4.2.2.3

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 4.1e-03 – 9.7e-02 – 2.0e-07
1/4 28 9.4e-04 2.1 3.3e-02 1.6 2.9e-09
1/8 152 9.3e-05 3.3 5.6e-03 2.5 4.5e-11
1/16 576 1.9e-05 2.3 1.3e-03 2.1 7.0e-13
1/32 2348 4.7e-06 2.0 3.3e-04 2.0 8.0e-14

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 7.0e-02 – 2.3e-02 – 1.3e-06
1/4 28 3.1e-02 1.2 9.4e-03 1.3 5.4e-08
1/8 152 6.6e-03 2.2 1.4e-03 2.7 2.7e-10
1/16 576 1.4e-03 2.3 3.8e-04 1.9 5.4e-12
1/32 2348 3.5e-04 2.0 8.6e-05 2.1 4.8e-12

Table 4.14: Table of convergence by the HDG method for concentration with
kf = 2, kc = 1, ∆t = 10−5, T = 0.1, κ = 1, µ = µ(c), using BDF3 in Example 3,
Section 4.2.2.3.

h Cells ||c− ch||Ω Order
1/2 8 2.6e-01 –
1/4 28 1.0e-01 1.4
1/8 152 1.9e-02 2.4
1/16 576 4.3e-03 2.1
1/32 2348 1.0e-03 2.1
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Table 4.15: Table of convergence for the HDG method with kf = 3, kc = 2,
∆t = 10−6, T = 0.1, κ = 1, µ = µ(c), using BDF3 method in Example 3,
Section 4.2.2.3

Stokes solution (Ωs)
h Cells ‖u− uh‖Ωs Order ‖p− ph‖Ωs Order ‖∇ · uh‖Ωs
1/2 8 7.7e-04 – 5.2e-02 – 5.7e-10
1/4 28 9.7e-05 3.0 8.2e-03 2.7 2.1e-12
1/8 152 4.1e-06 4.6 3.8e-04 4.4 3.2e-14
1/16 576 2.1e-07 4.3 4.0e-05 3.3 2.2e-14
1/32 2348 2.2e-08 3.3 4.7e-06 3.1 9.1e-14

Darcy solution (Ωd)
h Cells ‖u− uh‖Ωd Order ‖p− ph‖Ωd Order ‖∇ · uh + ΠQg

d‖Ωd
1/2 8 2.3e-02 – 6.0e-03 – 5.7e-10
1/4 28 3.6e-03 2.7 6.4e-04 3.2 2.2e-12
1/8 152 3.3e-04 3.4 4.1e-05 4.0 8.1e-13
1/16 576 3.8e-05 3.1 5.1e-06 3.0 2.9e-12
1/32 2348 4.5e-06 3.1 6.4e-07 3.0 1.2e-11

Table 4.16: Table of convergence by the HDG method for concentration with
kf = 3, kc = 2, ∆t = 10−6, T = 0.1, κ = 1, µ = µ(c), using BDF3 in Example 3,
Section 4.2.2.3.

h Cells ||c− ch||Ω Order
1/2 8 1.0e-01 –
1/4 28 1.4e-02 2.9
1/8 152 1.2e-03 3.6
1/16 576 1.2e-04 3.2
1/32 2348 1.3e-05 3.2
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(a) The plume at t = 0. (b) The plume at t = 2.5.

(d) The plume at t = 5.0. (e) The plume at t = 7.5.

(g) The plume at t = 10. (h) The plume at t = 15.

Figure 4.3: The plume of contaminant at times t = 0, 2.5, 5, 7.5, 10, 15. The color
represents the concentration values at time t.
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CHAPTER FIVE

CONCLUSIONS AND FUTURE WORK

In this thesis, we studied a partial differential equations system, namely the

fully coupled time-dependent Stokes-Darcy-transport problem, describing the

transport of a chemical species via the coupled free flow and porous media flow.

This system consists of two main ingredients: the time-dependent Stokes-Darcy

problem, and the time-dependent advection-diffusion problem.

In Chapter 2, we analyzed an HDG discretization for the time-dependent

Stokes-Darcy problem which models the interaction between free flow governed by

the Stokes equations and porous media flow governed by Darcy’s equations. After

deriving the fully-discrete strongly mass conservative HDG discretization for this

problem, we established its well-posedness and carried out an a priori error analysis

in the energy norm. We provided a series of numerical examples demonstrating

strong mass conservation, robustness with respect to the problem parameters for the

viscosity and permeability, and optimal convergence rates in the L2-norm.

In Chapter 3, we analyzed an HDG discretization for the time-dependent

advection-diffusion equation that models the diffusion and advection of a chemical

species under the influence of a given velocity field. After introducing the

semi-discretization, we proved the existence and uniqueness of the solution as well

as a priori error estimates in the energy norm. Numerical experiments exhibiting

optimal convergence rates for different boundary conditions were presented.

In Chapter 4, we analyzed a numerical discretization for the fully coupled

time-dependent Stokes–Darcy-transport problem where the fluid viscosity and

source/sink terms depend on the concentration and the dispersion/diffusion tensor
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depends on the fluid velocity. We have employed a sequential strategy in which we

used HDG methods to solve the Stokes/Darcy and transport subproblems at each

time step. Strong mass conservation and pressure robustness properties of the flow

discretization are crucial to provide a velocity input to approximate the

concentration accurately without artificial mass. We proved well-posedness and a

priori error estimates for the velocity and the concentration in the energy norm. We

presented numerical experiments that demonstrate optimal convergence.

We close this chapter by listing some extensions of this work that may be

interesting to pursue. A natural extension is to derive and analyze HDG methods

for the time-dependent coupled Navier-Stokes/Darcy problem. The nonlinearity of

the Navier-Stokes equations need to be treated correctly and more assumptions on

the data would be required for the analysis. The strong mass conservation property

of our method will prove to be quite useful in each iteration. Then including the full

coupling of this to the transport equation would be a highly nontrivial extension.

Especially its analysis will require a technical proof in proving existence and

uniqueness.

Our numerical algorithm preserves high order convergence rate for smooth

solutions and the analysis for low regularity solutions is still open. An extra weight

in the penalty term can be used to relax the requirement on the polynomial degree

due to unbounded dispersion-diffusion tensor. For realistic numerical experiments, it

may be worthwhile to investigate the effect of additional stabilization techniques

involving cut-off functions [50], diffusion upwinding [42,45], streamline diffusion [11],

or slope limiters. Different decoupling techniques and time stepping schemes will

also be investigated.
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APPENDIX A

ABSTRACT THEORY FOR SADDLE POINT PROBLEMS
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In this section, we list some results on saddle point problems. Let X and M

be two reflexive Banach spaces, f ∈ X ′, g ∈M ′, and consider two bilinear forms

a ∈ L(X ×X;R) and b ∈ L(X ×M ;R). We consider the following problem: Find

u ∈ X and p ∈M such that


a(u, v) + b(v, p) = f(v), ∀v ∈ X,

b(u, q) = g(q), ∀q ∈M.

(A.1)

Theorem A.1 ( [26, Theorem 2.34] ). Problem eq. (A.1) is well-posed if and only if


∃α > 0, inf

u∈Ker(B)
sup

v∈Ker(B)

a(u,v)
‖u‖X‖v‖X

≥ α,

(∀u ∈ Ker(B), a(u, v) = 0) =⇒ (v = 0),

(A.2)

and

∃β > 0, inf
q∈M

sup
v∈X

b(v, q)

‖v‖X‖q‖M
, (A.3)

where Ker(B) = {v ∈ X; ∀q ∈M, b(v, q) = 0}. Furthermore, the following a priori

estimates hold: 
‖u‖X ≤ c1‖f‖X′ + c2‖g‖M ′ ,

‖p‖M ≤ c3‖f‖X′ + c4‖g‖M ′ ,

where c1, c2, c3 and c4 are constants depending on α, β and a.

The next theorem is on twofold saddle point problems and is necessary for

the the proof of the inf-sup condition Theorem 2.

Theorem A.2 ( [34, Theorem 3.1] ). Let U , P1, and P2 be reflexive Banach spaces,

and let b1 : P1 × U → R, and b2 : P2 × U → R be bilinear and continuous. Then the

following are equivalent:

124



1. There exists c > 0 such that

sup
v∈U

b1(p1, v) + b2(p2, v)

‖v‖U
≥ c(‖p1‖P1

+ ‖p2‖P2
), ∀(p1, p2) ∈ P1 × P2. (A.4)

2. There exists c > 0 such that

sup
v∈Zb2

b1(p1, v)

‖v‖U
≥ c‖p1‖P1

, ∀p1 ∈ P1 and sup
v∈U

b2(p2, v)

‖v‖U
≥ c‖p2‖P2

, ∀p2 ∈ P2,

(A.5)

where Zb2 = {v ∈ U : b2(p2, v) = 0 for all p2 ∈ P2}.
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APPENDIX B

PROOF OF THE INF-SUP CONDITION
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This section includes the proof of Theorem 2 [16, Theorem 1]. Here we

present it with a minor modification for completeness. We start by splitting the

velocity-pressure coupling term b
j
h(q

j
h, vh) in eq. (2.25a) into two parts as follows:

b
j
h(q

j
h, vh) = b

j,1
h (qh, vh) + b

j,2
h (q̄

j
h, vh),

where for j = s, d,

b
j,1
h (qh, vh) = −

∑
K∈T j

∫
K
qh∇ · vh dx, b

j,2
h (q̄

j
h, vh) =

∑
K∈T j

∫
∂K

q̄
j
hvh · n

j ds.

We will prove intermediate results for bj,1h (qh, vh) and bj,2h (q̄
j
h, vh) + b

I,j
h (q̄

j
h(q̄

j
h, v̄h)

and then combine them by using an inf-sup condition for twofold saddle point

problems. We introduce the following space for these results.

V 0
h :=

{
vh ∈ V h :

∑
j=s,d

(
b
j,2
h (q̄

j
h, vh) + b

I,j
h (q̄

j
h, v̄h)

)
= 0 ∀(q̄sh, q̄

d
h) ∈ Q̄sh × Q̄

d
h

}
.

Lemma B.1. There exists a constant cinf > 0, independent of h, such that for any

qh ∈ Qh,

cinf‖qh‖Ω ≤ sup
vh∈V

0
h

vh 6=0

∑
j=s,d

b
j,1
h (qh, vh)

‖‖vh‖‖v
= sup
vh∈V

0
h

vh 6=0

−
∑
j=s,d

∑
K∈T j

∫
K
qh∇ · vh dx

‖‖vh‖‖v
.

Proof. Let qh ∈ Qh ⊂ L2
0(Ω). By the surjectivity of the divergence operator,

see [24, Theorem 6.5], there exists a v ∈ [H1
0 (Ω)]dim such that

−∇ · v = qh and γ‖v‖
H1(Ω)

≤ ‖qh‖Ω. (B.1)
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Then, noting that qh ∈ Pk−1(K) for all K ∈ T , Lemma 4(i.) implies that

‖qh‖2Ω =

∫
Ω
qh(−∇ · v) dx = −

∫
Ω
qh∇ · ΠV v dx. (B.2)

By the triangle inequality and using Lemma 4(iv.) with k = l = 1, we bound the

Stokes part of the norm as follows:

‖∇(ΠV v)‖K ≤ ‖v − ΠV v‖1,K + ‖v‖1,K ≤ C‖v‖1,K . (B.3)

By eq. (B.3) and eq. (2.49) with ` = 1, we have

‖‖(ΠV v,ΠV v)‖‖2v,s =
∑
K∈T s

(
‖∇(ΠV v)‖2K + h−1

K ‖ΠV v − Π̄V v‖2∂K
)

≤ C
∑
K∈T s

‖v‖21,K = C‖v‖21,Ωs . (B.4)

For the Darcy part of the norm, using the triangle inequality and Lemma 4(iv.), we

get

‖ΠV v‖Ωd ≤ ‖ΠV v − v‖Ωd + ‖v‖
Ωd
≤ C‖v‖

1,Ωd
. (B.5)

Also, by the trace inequalities eq. (2.31) and eq. (2.35), and by Lemma 4(iv.), the

interface term in the norm is bounded as follows:

dim−1∑
j=1

γj‖Π̄V v · τ j‖2ΓI =
dim−1∑
j=1

γj‖(ΠV v)s · τ j‖2
ΓI
≤ (

dim−1∑
j=1

γj)‖(ΠV v)s‖2
ΓI

≤ C(‖(ΠV v)s − vs‖2
ΓI

+ ‖vs‖2
ΓI

)

≤ C(
∑
K∈T s

‖ΠV v − v‖2∂K) + C‖v‖2
ΓI

≤ C(
∑
K∈T s

hK‖v‖2H1(K)
) + C‖v‖2

ΓI
≤ C‖v‖21,Ωs . (B.6)
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From eqs. (B.4) to (B.6) and the definition of ‖‖.‖‖v, we have

‖‖(ΠV v, Π̄V v)‖‖v ≤ C‖v‖1,Ω. (B.7)

Now observe that (ΠV v, Π̄V v) ∈ V 0
h. Indeed, by Lemma 4(iii.) and since q̄jh is

single-valued,

∑
j=s,d

(
b
j,2
h (q̄

j
h,ΠV v) + b

I,j
h (q̄

j
h, Π̄V v)

)
=
∑
j=s,d

( ∑
K∈T j

∫
∂K

q̄
j
hΠV v · nj ds−

∫
ΓI
q̄
j
hΠV v · nj ds

)
=
∑
j=s,d

(∫
ΓI
q̄
j
hΠV v · nj ds−

∫
ΓI
q̄
j
hΠV v · nj ds

)
= 0.

Hence, by eqs. (B.1) and (B.2),

sup
vh∈V

0
h

vh 6=0

−
∫

Ω qh∇ · vh dx

‖‖vh‖‖v
≥
−
∫

Ω qh∇ · ΠV v dx

‖‖(ΠV v, Π̄V v)‖‖v
≥
‖qh‖2Ω
C‖v‖1,Ω

≥ γ

C
‖qh‖Ω.

This completes the proof by letting cinf = γ
C .

For the second intermediate result, we define

Rk(∂K) := {q̄ ∈ L2(∂K), q̄ ∈ Pk(F ), ∀F ∈ ∂K}

and let L : Rk(∂K)→ [Pk(K)]dim be the BDM local lifting operator which satisfies

for all q̄h ∈ Rk(∂K) the following [10]:

(Lq̄h) · n = q̄h, ‖Lq̄h‖K ≤ Ch
1/2
K ‖q̄h‖∂K (B.8)

‖∇(Lq̄h)‖2K ≤ Ch−1
K ‖q̄h‖

2
∂K , ‖Lq̄h‖2∂K ≤ C‖q̄h‖2∂K . (B.9)
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Lemma B.2. There exists a constant c̄inf > 0, independent of h, such that for any

(q̄sh, q̄
d
h) ∈ Q̄sh × Q̄

d
h,

(
c̄inf

∑
j=s,d

∑
K∈T j

hK‖q̄
j
h‖

2
∂K

)1/2
≤ sup
vh∈V h
vh 6=0

∑
j=s,d

(
b
j,2
h (q̄

j
h, vh) + b

I,j
h (q̄

j
h, v̄h)

)
‖‖vh‖‖v

. (B.10)

Proof. Let q̄jh ∈ Q̄
j
h and set wjh := Lq̄

j
h for j = s, d. Since wjh ∈ [Pk(K)]dim for all

K ∈ T j , j = s, d,

wh =

 wsh in Ωs,

wdh in Ωd

belongs to [Pk(K)]dim for all K ∈ T . Using eq. (B.9), we get

‖‖(wh, 0)‖‖2v,s =
∑
K∈T s

(‖∇(Lq̄sh)‖2K + h−1
K ‖Lq̄

s
h − 0‖2∂K)

≤ C
∑
K∈T s

h−1
K ‖q̄

s
h‖

2
∂K . (B.11)

Using eq. (B.8), we have

‖wh‖2Ωd = ‖wdh‖
2
Ωd

=
∑
K∈T d

‖Lq̄dh‖
2
K

≤ C
∑
K∈T d

hK‖q̄dh‖
2
∂K ≤ C

∑
K∈T d

h−1
K ‖q̄

d
h‖

2
∂K , (B.12)

where we used hK < Ch−1
K .

From eqs. (B.11) and (B.12), we obtain

‖‖(wh, 0)‖‖2v = ‖‖(wh, 0)‖‖2v,s + ‖wh‖2Ωd ≤ C
∑
j=s,d

( ∑
K∈T j

h−1
K ‖q̄

j
h‖

2
∂K

)
. (B.13)
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Using eq. (B.8), we have wjh · n = q̄
j
h, j = s, d. Then

sup
vh∈V h
vh 6=0

∑
j=s,d

(
b
j,2
h (q̄

j
h, vh) + b

I,j
h (q̄

j
h, v̄h)

)
‖‖vh‖‖v

= sup
vh∈V h
vh 6=0

∑
j=s,d

( ∑
K∈T j

∫
∂K q̄

j
hvh · n

j ds−
∫

ΓI
q̄
j
hv̄h · n

j ds
)

‖‖vh‖‖v

≥

∑
j=s,d

(
∑

K∈T j
‖q̄jh‖

2
∂K)

‖‖(wh, 0)‖‖v
(choosing vh = (wh, 0))

≥

∑
j=s,d

(
∑

K∈T j
‖q̄jh‖

2
∂K)

C
( ∑
j=s,d

∑
K∈T j

h−1
K ‖q̄

j
h‖

2
∂K

)1/2 (by eq. (B.13))

≥

h−1
max

∑
j=s,d

(
∑

K∈T j
hK‖q̄

j
h‖

2
∂K)

C
(
h−2

min

∑
j=s,d

∑
K∈T j

hK‖q̄
j
h‖

2
∂K

)1/2 (since hmin ≤ hK ≤ hmax)

≥ Chminh
−1
max(

∑
j=s,d

∑
K∈T j

hK‖q̄
j
h‖

2
∂K)1/2, (B.14)

where hmin and hmax denote the minimum and maximum diameter over all cells,

respectively. Setting cinf = Chminh
−1
max, eq. (B.10) follows.

Proof of Theorem 2. Let U = V h, P1 = Qh and P2 = Q̄sh × Q̄
d
h and define

b1(·, ·) =
∑
j=s,d

b
j,1
h (qh, vh) and b2(·, ·) =

∑
j=s,d

(
b
j,2
h (q̄

j
h, vh) + b

I,j
h (q̄

j
h, v̄h)

)
. By

Lemmas B.1 and B.2, the conditions in eq. (A.5) are satisfied. Therefore, by the

equivalence of eq. (A.5) and eq. (A.4) in Theorem A.2, and the definition of ‖‖ · ‖‖p,

the result follows.
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APPENDIX C

MORE USEFUL RESULTS
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We have the following discrete integration by parts:

N∑
m=0

(xm+1 − xm)ym = xN+1yN − x0y0 +
N−1∑
m=0

(ym − ym+1)xm+1. (C.1)

As a result of Taylor’s theorem, we have

Theorem C.1 ( [12, Lemma 3.2]). For a function z defined on D× [0, T ], assuming

enough regularity, we have the following results

∆t
k∑

n=1

‖∂tzn − dtzn‖2D ≤ C(∆t)2‖∂ttz‖2L2(0,T ;L2(D))
, (C.2)

∆t
k∑

n=1

‖dtzn‖2m,D ≤ ‖∂tz‖
2
L2(0,T ;Hm(D))

, m = 0, 1 (C.3)

where ‖f‖
L2(0,T ;X)

=
(∫ T

0 ‖f(t)‖2X
)1/2

.

Lemma C.1 (Grönwall’s inequality, [4, Corollary 1.2]). Let f(t), g(t), h(t) be

continuous functions defined on [0, T ] such that g(t) is non-negative and h(t) is

nondecreasing in [0, T ]. Let k be a nonnegative constant. If

f(t) +

∫ t

0
g(s) ds ≤ h(t) +

∫ t

0
kf(s) ds ∀t ∈ [0, T ],

then

f(t) +

∫ t

0
g(s) ds ≤ h(t)ekt ∀t ∈ [0, T ]. (C.4)

Lemma C.2 (Discrete Grönwall’s inequality, [39, Lemma 27]). Let ∆t, B > 0 and

let {an}n, {bn}n, {cn}n, {dn}n be sequences of nonnegative numbers satisfying

∀n ≥ 1, an + ∆t
n∑

m=1

bm ≤ B + ∆t
n∑

m=1

dmam + ∆t
n∑

m=1

cm.
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If dm∆t < 1 for all n, then

∀n ≥ 1, an + ∆t
n∑

m=1

bm ≤ e
∆t

n∑
m=1

dm
1−∆tdm

(
B + ∆t

n∑
m=1

cm

)
.

134



REFERENCES

[1] R. A. Adams, Sobolev Spaces, vol. 65 of Pure and Applied Mathematics,
Academic Press, 1975.

[2] D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini, Unified
analysis of discontinuous Galerkin methods for elliptic problems, SIAM J.
Numer. Anal., 39 (2002), pp. 1749–1779.

[3] C.-W. S. B. Cockburn, G. E. Karniadakis, Discontinuous Galerkin
Methods: Theory, Computation and Applications, vol. 11 of Lecture Notes in
Computational Science and Engineering, Springer–Verlag New York, 2000.

[4] D. D. Bainov and P. S. Simeonov., Integral inequalities and applications,
vol. 57 of Springer Series in Mathematics and Its Applications, Springer
Netherlands, 1992.

[5] J. Bear and A. H.-D. Cheng, Modeling groundwater flow and contaminant
transport, vol. 23 of Theory and Applications of Transport in Porous Media,
Springer, 2010.

[6] G. S. Beavers and D. D. Joseph, Boundary conditions at a naturally
impermeable wall, J. Fluid. Mech, 30 (1967), pp. 197–207.

[7] S. C. Brenner, Poincaré-Friedrichs inequalities for piecewise H1 functions,
SIAM J. Numer. Anal., 41 (2003), pp. 306–324.

[8] , Korn’s inequalities for piecewise H1 vector fields, Math. Comp., 73
(2004), pp. 1067–1087.

[9] S. C. Brenner and L. R. Scott, The Mathematical Theory of Finite
Element Methods, Springer, 3rd ed., 2010.

[10] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods,
vol. 15 of Springer Series in Computational Mathematics, Springer–Verlag New
York Inc., 1991.

[11] A. N. Brooks and T. J. R. Hughes., Streamline upwind Petrov–Galerkin
formulations for convection dominated flows with particular emphasis on the
incompressible Navier–Stokes equation, Comput. Meth. Appl. Mech. Engrg., 32
(1982), pp. 199–259.

[12] A. Cesmelioglu and P. Chidyagwai, Numerical analysis of the coupling of
free fluid with a poroelastic material, Numer Methods Partial Differential Eq.,
36 (2020), pp. 463–494.

135



[13] A. Cesmelioglu, B. Cockburn, and W. Qiu, Analysis of a hybridizable
discontinuous Galerkin method for the steady-state incompressible
Navier–Stokes equations, Math. Comp., 86 (2017), pp. 1643–1670.

[14] A. Cesmelioglu, V. Girault, and B. Riviere, Time-dependent coupling
of Navier–Stokes and Darcy flows, ESAIM: M2AN, 47 (2013), pp. 539 – 554.

[15] A. Cesmelioglu and S. Rhebergen, A compatible embedded-hybridized
discontinuous Galerkin method for the Stokes–Darcy-transport problem,
Commun. Appl. Math. Comput., (2021).

[16] A. Cesmelioglu, S. Rhebergen, and G. N. Wells, An
embedded–hybridized discontinuous Galerkin method for the coupled
Stokes–Darcy system, Journal of Computational and Applied Mathematics, 367
(2020), p. 112476.

[17] A. Cesmelioglu and B. Rivière, Existence of a weak solution for the fully
coupled Navier–Stokes/Darcy-transport problem, Journal of Differential
Equations, 252 (2012), pp. 4138–4175.

[18] N. Chaabane, V. Girault, C. Puelz, and B. Riviere, Convergence of
IPDG for coupled time-dependent Navier–Stokes and Darcy equations, J.
Comput. Appl. Math., 324 (2017), pp. 25–48.

[19] B. Cockburn and J. Gopalakrishnan, The derivation of hybridizable
discontinuous Galerkin methods for Stokes flow, SIAM J. Numer. Anal., 47
(2009), pp. 1092–1125.

[20] B. Cockburn, J. Gopalakrishnan, and R. Lazarov, Unified
hybridization of discontinuous Galerkin, mixed, and continuous Galerkin
methods for second order elliptic problems, SIAM J. Numer. Anal., 47 (2009),
pp. 1319–1365.

[21] B. Cockburn and C.-W. Shu, The local discontinuous Galerkin finite
element method for time-dependent convection–diffusion systems, SIAM J.
Numer. Anal., 35 (1998), pp. 2440–2463.

[22] C. D’Angelo and P. Zunino., Robust numerical approximation of coupled
Stokes’ and Darcy’s flows applied to vascular hemodynamics and biochemical
transport, ESAIM: M2AN, 45 (2011), pp. 447–476.

[23] C. Dawson, S. Sun, and M. F. Wheeler, Compatible algorithms for
coupled flow and transport, Comput. Methods Appl. Mech. Engrg., 193 (2004),
pp. 2565–2580.

136



[24] D. A. Di Pietro and A. Ern, Mathematical aspects of discontinuous
Galerkin methods, vol. 69 of Mathématiques et Applications, Springer–Verlag
Berlin Heidelberg, 2012.

[25] J. Douglas Jr., R. E. Ewing, and M. F. Wheeler, A time-discretization
procedure for a mixed finite element approximation of miscible displacement in
porous media, RAIRO. Anal. numér., 17 (1983), pp. 249–265.

[26] A. Ern and J.-L. Guermond, Theory and practice of finite elements,
vol. 159 of Applied Mathematical Sciences, Springer–Verlag New York, 2004.

[27] L. C. Evans, Partial differential equations, vol. 19 of Graduate Studies in
Mathematics, American Mathematical Society, Providence, RI, second ed.,
2010.

[28] G. Fu and C. Lehrenfeld, A strongly conservative hybrid DG/mixed FEM
for the coupling of Stokes and Darcy flow, J. Sci. Comput., (2018).

[29] V. Girault, G. Kanschat, and B. Rivière, Error analysis for a
monolithic discretization of coupled Darcy and Stokes problems, J. Numer.
Math., 22 (2014), pp. 109–142.

[30] V. Girault and B. Rivière, DG approximation of coupled Navier–Stokes
and Darcy equations by Beaver–Joseph–Saffman interface condition, SIAM J.
Numer. Anal., 47 (2009), pp. 2052–2089.

[31] J. Guzmán, C.-W. Shu, and F. Sequeira, H(div) conforming and DG
methods for incompressible Euler’s equations, IMA J. Numer. Anal., 37 (2016),
pp. 1733–1771.

[32] P. Hansbo and M. G. Larson, Discontinuous Galerkin methods for
incompressible and nearly incompressible elasticity by Nitsche’s method,
Comput. Methods Appl. Mech. Engrg., 191 (2002), pp. 1895–1908.

[33] N. Hanspal, A. Waghode, V. Nassehi, and R. Wakeman, Numerical
analysis of coupled stokes/darcy flows in industrial filtrations, Transport in
Porous Media, 64 (2006), pp. 1573–1634.

[34] J. S. Howell and N. J. Walkington, Inf-sup conditions for twofold saddle
point problems, Numer. Math., 118 (2011), pp. 663–693.

[35] A. Huerta, A. Angeloski, X. Roca, and J. Peraire, Efficiency of
high-order elements for continuous and discontinuous Galerkin methods,
International Journal for Numerical Methods in Engineering, 96 (2013),
pp. 529–560.

137



[36] I. Igreja, A new approach to solve the Stokes–Darcy–transport system
applying stabilized finite element methods, in Computational Science – ICCS
2019, Cham, 2019, Springer International Publishing, pp. 524–537.

[37] G. Kanschat and B. Rivière, A strongly conservative finite element method
for the coupling of Stokes and Darcy flow, J. Comput. Phys., 229 (2010),
pp. 5933–5943.

[38] R. Kirby, S. Sherwin, and B. Cockburn, To CG or to HDG: A
comparative study, J. Sci. Comput., 51 (2012), pp. 183–212.

[39] W. Layton, Introduction to the Numerical Analysis of Incompressible Viscous
Flows, Society for Industrial and Applied Mathematics, Philadelphia, PA, 2008.

[40] Li, Jizhou, Riviere, Beatrice, and Walkington, Noel, Convergence of
a high order method in time and space for the miscible displacement equations,
ESAIM: M2AN, 49 (2015), pp. 953–976.

[41] N. C. Nguyen, J. Peraire, and B. Cockburn, An implicit high-order
hybridizable discontinuous Galerkin method for linear convection-diffusion
equations, J. Comput. Phys., 228 (2009), pp. 3232–3254.

[42] J. Proft and B. Rivière, Discontinuous Galerkin Methods for
Convection-Diffusion Equations for Varying and Vanishing Diffusivity,
International Journal of Numerical Analysis and Modeling, 6 (2009),
pp. 533–561.

[43] W. Reed and T. Hill, Triangular mesh methods for the neutron transport
equation, Tech. Report LA-UR-73-479, Los Alamos Scientific Laboratory, 1973.

[44] S. Rhebergen and G. N. Wells, Analysis of a hybridized/interface
stabilized finite element method for the Stokes equations, SIAM J. Numer.
Anal., 55 (2017), pp. 1982–2003.

[45] B. Rivière, Discontinuous Galerkin methods for solving elliptic and parabolic
equations, vol. 35 of Frontiers in Applied Mathematics, Society for Industrial
and Applied Mathematics (SIAM), Philadelphia, 2008.

[46] B. Riviere, Discontinuous finite element methods for coupled
surface–subsurface flow and transport problems, in Recent Developments in
Discontinuous Galerkin Finite Element Methods for Partial Differential
Equations: 2012 John H Barrett Memorial Lectures, X. Feng, O. Karakashian,
and Y. Xing, eds., Springer International Publishing, Cham, 2014, pp. 259–279.

[47] H. Rui and J. Zhang, A stabilized mixed finite element method for coupled
Stokes and Darcy flows with transport, Comput. Methods Appl. Mech. Engrg.,
315 (2017), pp. 169–189.

138



[48] P. Saffman, On the boundary condition at the surface of a porous media,
Stud. Appl. Math., 50 (1971), pp. 292–315.

[49] J. Schöberl, C++11 implementation of finite elements in NGSolve, Tech.
Rep. ASC Report 30/2014, Institute for Analysis and Scientific Computing,
Vienna University of Technology, 2014.

[50] S. Sun, B. Rivière, and M. F. Wheeler, A combined mixed finite element
and discontinuous Galerkin method for miscible displacement problem in porous
media, in Recent Progress in Computational and Applied PDES, Boston, MA,
2002, Springer US, pp. 323–351.

[51] S. Sun and M. F. Wheeler, Discontinuous Galerkin methods for coupled
flow and reactive transport problems, Applied Numerical Mathematics, 52
(2005), pp. 273–298.

[52] D. Vassilev and I. Yotov, Coupling Stokes–Darcy flow with transport,
SIAM J. Sci. Comput., 31 (2009), pp. 3661–3684.

[53] G. N. Wells, Analysis of an interface stabilized finite element method: the
advection-diffusion-reaction equation, SIAM J. Numer. Anal., 49 (2011),
pp. 87–109.

[54] S. Yakovlev, D. Moxey, R. M. Kirby, and S. J. Sherwin, To CG or to
HDG: A comparative study in 3D, J. Sci. Comput., (2015), pp. 1–29.

139


	ACKNOWLEDGMENTS
	ABSTRACT
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	LIST OF ABBREVIATIONS
	1 INTRODUCTION
	1.1 The Stokes-Darcy and transport problems
	1.2 A brief introduction to HDG methods
	1.3 Thesis Approach
	1.4 Thesis Outline

	2 TIME-DEPENDENT STOKES-DARCY PROBLEM
	2.1 Time-dependent Stokes-Darcy system
	2.2 The weak formulation
	2.3 The numerical method
	2.3.1 Theoretical results
	2.3.2 Numerical experiments


	3 TIME-DEPENDENT TRANSPORT PROBLEM
	3.1 Time-dependent advection-diffusion equation
	3.2 The weak formulation
	3.3 The numerical method
	3.3.1 Theoretical results
	3.3.2 Numerical experiments


	4 TIME-DEPENDENT STOKES-DARCY-TRANSPORT PROBLEM
	4.1 Stokes-Darcy-transport: fully coupled system
	4.1.1 Assumptions

	4.2 The numerical method
	4.2.1 Theoretical results
	4.2.2 Numerical experiments


	5 CONCLUSIONS AND FUTURE WORK
	REFERENCES
	[0.3in][l]A. Abstract theory for saddle point problems
	[0.3in][l]B. Proof of the inf-sup condition
	[0.3in][l]C. More useful results


