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ABSTRACT

NUMERICAL ANALYSIS AND SIMULATIONS OF COUPLED FREE FLOW AND
DUAL POROSITY MODELS

by

DORISA TABAKU

Adviser: Aycil Cesmelioglu, Ph.D.

Coupled free-flow and porous media flow can be found in many applications in

science and engineering, including oil extraction, groundwater contamination, etc.

However, these problems are hard to solve exactly and fast, accurate numerical methods

are necessary to solve them computationally. The coupled problems we consider in this

thesis are the dual-porosity Stokes problem and its nonlinear version dual-porosity

Navier-Stokes problem that model flow in regions partially occupied by naturally

fractured porous media. These problems combine flow in microfractures and the porous

matrix, governed by the dual-porosity equations, with free flow in macrofractures/

conduits, governed by the (Navier-)Stokes equations. The dual porosity and

(Navier-)Stokes equations are connected through four interface conditions: mass

conservation, balance of forces, the Beavers-Joseph-Saffman condition, and a

no-exchange condition between the matrix and the conduits.

This thesis introduces, analyzes, and tests through numerical experiments

hybridizable discontinuous Galerkin methods for solving Stokes-dual-porosity and

Navier-Stokes-dual-porosity problems.

We prove existence, uniqueness, and stability of weak solutions to both problems

under appropriate data restriction in the nonlinear case. Then, we introduce hybridizable

discontinuous Galerkin (HDG) methods, prove well-posedness of the numerical schemes,
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and present a priori error analyses. Our error estimates show optimal convergence in the

energy norm for the Stokes velocity and pressures in Stokes, microfracture, and the matrix.

In addition, our HDG method is strongly mass conservative and has the typical advantage

of computational efficiency compared to the standard discontinuous Galerkin methods.

Our numerical examples not only support our findings but also show optimal

convergence rates in all variables in the L2 norm and show that our method performs well

with highly discontinuous permeability fields in the microfractures and the porous matrix.
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CHAPTER ONE

INTRODUCTION

This thesis introduces a hybridizable discontinuous Galerkin (HDG) method for

coupled problems arising from the interaction between free flow and flow in porous media.

This interaction is relevant in various engineering applications, including bioengineering,

industrial filtration, groundwater contamination, and oil and gas extraction [2–6].

A commonly used model for the coupled free flow and porous media flow is the

(Navier-)Stokes/Darcy equations and many numerical methods have been developed to

solve them. A few examples can be found in [7–15]. However, the (Navier-)Stokes/Darcy

model do not consider the heterogeneous nature of a porous medium, which in reality may

contain multiple porosities, for example, in a naturally fractured reservoir encountered in

hydrology, geothermal systems, and petroleum extraction [16, 17].

The dual porosity model, introduced in [18], allows the presence of two different

systems inside a porous media: the matrix system and the microfracture system with

different conductivity properties. This model provides a better representation of the

naturally fractured porous media [19]. On the other hand, the dual-porosity model itself

fails to consider large conduits/macrofractures.

A better suited model to allow for both micro and macrofractures is the

dual-porosity-(Navier-)Stokes model introduced in [20] coupling free flow with the dual

porosity model. In this model, mass conservation, force balance, the

Beavers–Joseph–Saffman condition [21, 22], and a no-exchange condition are imposed on

the interface between the free flow and dual porosity domains to close the system. The

first three interface conditions are the same as in the coupled Stokes-Darcy model, while

the last condition is specific to the dual-porosity-(Navier-)Stokes model. This no exchange
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condition prescribes that fluid in the matrix can flow into the microfractures, but not into

the conduits directly. In [20], the authors provide a weak formulation of the

time-dependent dual-porosity-Stokes model, show that it is well-posed and propose and

analyze a monolithic finite element method for the model. In [23, 24], stabilized mixed

finite element methods are used for both the time-dependent and stationary cases. In [25],

the authors propose a coupled finite element method for solving the stationary

dual-porosity-Navier-Stokes system where they introduce a re-scaling factor to transfer the

original problem into a new space. More recently, [26] presents a monolithic and strongly

conservative scheme for the stationary dual-porosity-Navier-Stokes problem based on a

symmetric interior penalty discontinuous Galerkin method and a mixed finite element

method. Furthermore, for the time-dependent model dual- porosity-(Navier-)Stokes

model, various decoupled schemes have been studied, see for example [23, 24, 27–33].

In this thesis, we solve the steady-state dual porosity-(Navier-)Stokes problem

monolithically using a strongly mass conservative hybridizable discontinuous Galerkin

(HDG) method. The HDG method is one of the numerical methods for solving partial

differential equations (PDEs). It combines features from both discontinuous Galerkin

(DG) and continuous Galerkin (CG) methods, providing a balance between accuracy and

computational efficiency. Although maintaining the advantages of standard DG methods,

the HDG method [34] has significantly reduced degrees of freedom which allows for

substantial reduction in computational cost and memory storage. This is done by

introducing hybrid variables on the mesh faces as traces of unknowns and appropriately

defining cross-element numerical fluxes and then using static condensation to obtain a

reduced global system in terms of only the degrees of freedom of the trace variables [35].

Once the global system is solved for the trace variables, the unknowns in each element can

be solved locally using these trace variables as boundary conditions. This local

computation is cheap and can be done in parallel. Therefore, it can significantly reduce
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computational time for large-scale problems. In Figure 1.1, we illustrate the degrees of

freedom of the CG, DG, and HDG methods for a mesh with four triangles using quadratic

polynomials for a scalar variable. The blue nodes in fig. 1.1c represent the degrees of

freedom of the solution trace, while the rest of the nodes represent the degrees of freedom

in elements.

(a) CG degrees of freedom: (15) (b) DG Degrees of freedom: (24)

(c) HDG Degrees of freedom: (24) and (27)
solution trace

Figure 1.1: Example of the degrees of freedom for the CG, DG, and HDG methods on a
triangular mesh in 2D by using quadratic polynomial approximation for a scalar variable.

We are unaware of any previous research that uses the HDG method for this

problem despite its computational efficiency, high order accuracy, and strong mass

conservation property [36, 37].
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1.1 Contributions of the thesis

In the first part of this thesis, which focuses on the stationary dual-porosity-Stokes

problem, I demonstrate that the weak formulation of the problem is well posed. This is

different than the proof of the well-posedness proof in [20] since they used the primal

form of the dual-porosity equations and employed a Gårding-type inequality. Whereas, we

used the mixed form of the dual-porosity equations which resulted in a weak formulation

that is in the form of a regularly perturbed saddle point problem. Therefore, our

well-posedness proof relies on the saddle point theory.

To solve this problem numerically, we present a monolithic HDG method that

couples the pressure-robust symmetric interior penalty-HDG method [38] for the Stokes

problem with a hybridized BDM discretization [39–41] for the dual-porosity problem.

This monolithic HDG method can be considered as an extension of the method introduced

in [37] for the Stokes/Darcy problem to the dual-porosity-Stokes problem. Our method

results in discrete velocities that are divergence-conforming and in the absence of source

terms, mass conservation equations are satisfied pointwise on the elements of the mesh.

This means that the method is strongly mass conservative. As in the continuous case, the

discrete problem also leads to a saddle-point problem with a regular perturbation term.

The well-posedness proof requires an inf-sup condition for the velocity-pressure coupling

term. Our proof improves the proof of the inf-sup condition in [37] by relaxing the

quasi-uniformity assumption.

Next, we provide an a prior error analysis which shows that the Stokes velocity

converges optimally in the energy norm, the velocities in the microfractures and the matrix

converge with at least order k in the L2-norm and the pressures converge with the optimal

order of k in the L2-norm when degree k polynomials are used for the velocities and the

trace variables and degree k−1 polynomials for the pressures. The numerical examples in
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this thesis support these theoretical results and demonstrate that the method performs well

with highly discontinuous permeability in the microfractures and the porous matrix.

In the second part of this thesis, we extend our results to the

dual-porosity-Navier-Stokes problem by including a nonlinear convection term in the free

flow equations. This adds difficulty to the analysis of both the weak solution and the

discrete solution. As typically done with nonlinear problems, we employ the fixed point

theory to prove existence and uniqueness of the solutions. This consists of two steps; 1.

proving well-posedness of the weak formulation of a linear dual-porosity-Oseen type

problem, where the convective velocity is considered as given with certain properties, and

whose fixed point solution coincides with the solution of the dual-porosity-Navier-Stokes

problem, 2. constructing a bounded operator T based on the weak formulation of the

dual-porosity-Oseen problem and showing that this operator has a fixed point by using

Schauder and Banach fixed point theorems.

Note that in the weak formulation of the dual-porosity-Stokes problem, the

bilinear form a(·, ·) in the weak formulation is symmetric and it is possible to use the

standard saddle point theory. In the weak formulation of the dual-porosity-Oseen problem

in Step 1, this symmetry is broken and an updated saddle point result is needed. Such a

result is stated as a remark in [40, Remark 4.3.2] without proof. We provide the proof of

this updated saddle point result in the Appendix. Regarding Step 2, showing that the

operator T requires an appropriate data assumption which is expected from the analysis of

the Navier-Stokes equations.

Next, we extend our HDG method to include a trilinear discretization form for the

nonlinear advective term. This nonlinear term from [15] provides upwinding of the

numerical flux. Well-posedness of this finite-dimensional problem is shown by a two-step

process similar to the one used in the continuous case. The a priori error analysis, based
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on certain data conditions, shows similar convergence results as in the

dual-porosity-Stokes problem. Numerical experiments corroborate our results.

1.2 Thesis outline

As outlined in the table of contents, the remainder of the thesis is organized as

follows. In the second chapter, we summarize the basic concepts and essential theorems

necessary for this thesis. In the third chapter, we study the dual-porosity-Stokes problem,

and in the fourth chapter, we focus on the dual-porosity-Navier-Stokes problem. In the

last chapter, we discuss our findings and propose future research ideas to extend the work

in the thesis.
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CHAPTER TWO

FUNDAMENTAL CONCEPTS: DEFINITIONS, INEQUALITIES, AND THEOREMS

In this chapter, we recall well-known definitions, inequalities, and theorems that

are relevant to our thesis.

2.1 Basic definitions

Definition 1. A norm on a vector space X is a real-valued function on X denoted by ∥ · ∥

satisfying the following conditions:

(i) ∥x∥ ≥ 0 for all x ∈ X and ∥x∥= 0 if and only if x = 0,

(ii) ∥cx∥= |c|∥x∥ for every x ∈ X and c ∈ C,

(iii) ∥x+ y∥ ≤ ∥x∥+∥y∥ for every x,y ∈ X.

Definition 2. A Banach space is a vector space X equipped with a norm ∥ · ∥, which is

complete, i.e., where all Cauchy sequences in X converge to a limit in X.

xn ∈ X : lim
m,n→∞

∥xn − xm∥= 0 =⇒ ∃x ∈ X : lim
n→∞

∥xn − x∥= 0.

Definition 3. A Hilbert space H is a vector space H equipped with an inner product ⟨·, ·⟩

that satisfies the following properties for all x,y,z ∈ H and all scalars α:

1. Linearity: ⟨αx+ y,z⟩= α⟨x,z⟩+ ⟨y,z⟩

2. Symmetry: ⟨x,y⟩= ⟨y,x⟩

3. Positivity: ⟨x,x⟩ ≥ 0 and ⟨x,x⟩= 0 if and only if x = 0

The inner product induces a norm ∥ · ∥ on H defined by ∥x∥=
√

⟨x,x⟩ , and the

Hilbert spaces are Banach spaces.
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Definition 4. [42, Definition A.14] Let X be a Banach space over R, equipped with the

norm ∥ ·∥X . The dual space X ′ of X is the set of all linear continous (bounded) functionals

from X to R.

X ′ = { f : X → R | f is linear}.

For any continous (bounded) linear functional f ∈ X ′, the norm of f , denoted by ∥ f∥, is

defined as

∥ f∥X ′ = sup
x∈X
∥x∥≤1

| f (x)|.

The problems in our thesis correspond to a system of a partial differential

equations posed over a domain Ω ⊂ Rd with space dimension d = 2,3. The domain Ω is a

bounded, connected, open subset of Rd with Lipschitz boundary ∂Ω.

We will use two classes of function spaces in our weak form, and discrete scheme

for our problems, so we state only the basic properties and refer the reader to [43, Chap.

5] and [44].

Definition 5. Let f : Ω → R be a Lebesgue measurable function, and 1 ≤ p ≤ ∞ be a real

number. We define the norm

∥ f∥Lp(Ω) :=
(∫

Ω

| f |p dx
)1/p

, 1 ≤ p < ∞,

and

∥ f∥L∞(Ω) := ess sup{| f (x)| for a.e. x ∈ Ω}= inf{M > 0 | | f (x)| ≤ M for a.e. x ∈ Ω}.

Thus, the Lebesgue space is the space defined by:

Lp(Ω) := { f Lebesgue measurable | ∥ f∥Lp(Ω) < ∞}.

Lp(Ω) is a Banach space for all 1 ≤ p ≤ ∞, and L2(Ω) is a Hilbert spaces where

the scalar product is ⟨ f ,g⟩=
∫

Ω f ·gdx.

8



Definition 6. [43] Let u be an integrable function on an open set Ω ⊂ Rn. v is the

α th-weak partial derivative of u, written

Dαu = v,

if it satisfies the following condition:∫
U

uDα
ϕ dx = (−1)|α|

∫
U

vϕ dx (3)

for all test functions ϕ ∈C∞
c (U). for all test functions ϕ ∈C∞

c (Ω), where C∞
c (Ω) denotes

the space of infinitely differentiable functions with compact support in Ω, and α is a

multi-index, i.e α = (α1,α2, . . . ,αn) such that |α|= ∑
n
k=1 αi.

Definition 7. [44] A Sobolev space W k,p(Ω) is a Banach space defined as the space:

W k,p(Ω) =
{

u ∈ Lp(Ω) | Dαu ∈ Lp(Ω) for all |α| ≤ k
}

equipped with the norm

∥u∥Wk,p(Ω)
=

 ∑
|α|≤k

∥Dαu∥p
Lp(Ω)

1/p

for 1 ≤ p < ∞, and

∥u∥Wk,∞(Ω)
= max

|α|≤k
∥Dαu∥L∞(Ω)

for p = ∞. Ω is an open subset of Rn, k is a non-negative integer, and Dαu denotes

α th-weak partial derivative of u.

For p = 2, the Sobolov space is a Hilbert space and is denoted by Hk(Ω).

9



2.2 Key inequalities and theorems

Proposition 8. (Hölder inequality). Let f ∈ Lp(Ω),g ∈ Lq(Ω), such that 1
p +

1
q = 1, then

f g ∈ L1(Ω), and ∫
Ω

f ·gdx ≤ ∥ f∥Lp(Ω)∥g∥Lq(Ω). (2.1)

The particular case p = q = 2 yields the Cauchy–Schwarz inequality:

Proposition 9. (Cauchy–Schwarz inequality). If f ,g ∈ L2(Ω), then f g ∈ L1(Ω), and∫
Ω

f ·gdx ≤ ∥ f∥L2(Ω)
∥g∥L2(Ω)

. (2.2)

Proposition 10. (Poincaré inequality). Let Ω be a bounded domain in Rn with a Lipschitz

boundary. Then, there exists a constant C > 0 such that for all f ∈W 1,p(Ω) where f = 0

on Γ ⊂ ∂Ω with positive Lebesgue measure, the following inequality holds:

∥ f∥Lp(Ω) ≤CP∥∇ f∥Lp(Ω). (2.3)

Proposition 11. (The continuous trace inequality). For all f ∈W 1,p(Ω) 1 ≤ p ≤ ∞, there

is a constant Ctr,p such that:

∥ f∥Lp(∂Ω) ≤Ctr,p∥ f∥1−1/p
Lp(Ω)

∥ f∥1/p
W1,p(Ω)

(2.4)

In particular one can easily deduce the following two inequalities [45, Equation 1.24]:

∥ f∥L2(∂Ω)
≤Ctr,2∥∇ f∥L2(Ω)

(2.5a)

∥ f∥L4(∂Ω)
≤Ctr,4∥∇ f∥L2(Ω)

(2.5b)

Proposition 12 (Sobolov embedding theorem). [46, Theorem 6.6] Let Ω be a bounded

open subset of Rn with a Lipschitz boundary.

Let 1 ≤ p < ∞ and k ∈ N be such that kp < n. Then, there exists a continuous

embedding

W k,p(Ω) ↪→ Lq(Ω) where q =
np

n− kp
.

10



Additionally, if kp = n, then there is a continuous embedding

W k,p(Ω) ↪→ Lq(Ω) ∀1 ≤ q < ∞.

If kp > n, then there is a continuous embedding

W k,p(Ω) ↪→C0,α(Ω) where α = k− n
p
.

In particular, we are interested in spaces with n = 2,3, and p = 2, we highlight the

following inequality: There exists a constant C(2,4) > 0 such that:

∥ f∥L4(Ω)
≤C(2,4)∥∇ f∥L2(Ω)

, (2.6)

Proposition 13. (Korn’s inequality)[46, Theorems: 6.3-3,6.3-4]. Let Ω ⊂ Rn be a

bounded, connected, and Lipschitz domain. Then, there exists a constant CK > 0

dependent only on Ω such that for all vector fields u ∈ [H1(Ω)]n,

∥u∥H1(Ω)
≤CK

(
∥u∥2

L2(Ω)
+∥ε(u)∥2

L2(Ω)

)1/2
,

where ε(u) denotes the symmetric gradient given by:

ε(u) =
1
2
(∇u+(∇u)T ).

For u ∈ [H1(Ω)]n with u = 0 in Γ ⊂ ∂Ω, such that Γ has a nonzero measure, there

exists a constant CK

∥u∥H1(Ω)
≤CK∥ε(u)∥L2(Ω)

. (2.7)

The following two theorems from [46] play a crucial role in demonstrating the

existence and uniqueness of the solution for the weak formulation of the

dual-porosity-Navier-Stokes problem.
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Theorem 14. (Schauder Theorem)[46, Theorem 9.12]. Let Y be a closed and convex

subset of a Banach space, and let T : Y 7→ Y be a continuous mapping such that T (Y ) is

compact. Then the operator T has at least one fixed point.

Theorem 15. (Brouwer Fixed Point Theorem)[46]. Let V be a convex and compact

nonempty subset of a finite dimensional Banach space X, let T : V 7→V be a continuous

mapping. Then the operator T has at least one fixed point.

Theorem 16. (Banach Theorem)[46, Theorem 3.7]. Let (X ,d) be a non-empty complete

metric space with a contraction mapping T : X → X,

d(T x,Ty)≤ r d(x,y), 0 < r < 1. (2.8)

Then T admits a unique fixed point x∗ : T (x∗) = x∗.

2.3 An abstract theory of saddle point problems with perturbed regular terms

Let V and Q be two Hilbert spaces equipped with norms ∥ · ∥V and ∥ · ∥Q

respectively. Let a(·, ·) on V ×V , b(·, ·) on V ×Q, and c(·, ·) on Q×Q three continuous

bilinear forms, i.e.

a(u,v)≤Ca∥u∥V∥v∥V ∀u,v ∈V, (2.9a)

b(u,q)≤Cb∥u∥V∥q∥Q ∀u ∈V,q ∈ Q, (2.9b)

c(p,q)≤Cc∥u∥V∥q∥Q ∀p,q ∈ Q. (2.9c)

Let f ∈V ′ and g ∈ Q′, where V ′,Q′ denote the dual space of V,Q respectively, and

∥ · ∥V ′,∥ · ∥Q′ denote the norms in V ′,Q′ respectively. The abstract saddle point problem

with a perturbed regular term reads: Find u ∈V , and p ∈ Q such that the following
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equations hold: 
a(u,v)+b(v, p) = ⟨ f ,v⟩V ′×V , ∀v ∈V,

b(u,q)− c(p,q) = ⟨g,q⟩Q′×Q, ∀q ∈ Q.

(2.10)

As an application of the Riesz representation theorem [46, Theorem 4.6] there

exist A : V 7→V ′ a bounded linear form and At its adjoint such that:

⟨Au,v⟩V ′×V =
〈

u,Atv
〉

V×V ′ = a(u,v), ∀u,v ∈V,

similarly, there exist B : V 7→ Q′, Bt : Q 7→V ′ continuous linear form:

⟨Bu, p⟩Q′×Q =
〈

u,Bt p
〉

V×V ′ = b(u, p), ∀u ∈V, p ∈ Q,

we denote

K := KerB and H := KerBt .

Also, there exist C : Q 7→ Q′ continuous linear operator, and Ct its adjoint such that:

⟨Cp,q⟩Q′×Q =
〈

p,Ctq
〉

Q×Q′ = c(p,q), ∀p,q ∈ Q.

And, the problem defined by eq. (2.10) can be stated as: Find u ∈V,q ∈ P that satisfy the

following system: 
Au+BT p = f

Bu−Cp = g
(2.11)

As a result of the following theorem, we can demonstrate the well-posedness of the

dual-porosity-Stokes, and dual-porosity-Navier-Stokes problems.

Theorem 17. [40, Theorem 4.3.1, Remark 4.3.3] Let a : V ×V → R, b : V ×Q → R, and

c : Q×Q → R be continuous bilinear forms such that a(·, ·) is positive definite and

coercive on K and c(·, ·) is symmetric positive definite and coercive on H, i.e., they satisfy
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Equation (2.9) and there exist positive constants α and γ such that:

a(u,u)≥ α∥u∥2
V , ∀u ∈ K, (2.12a)

c(p, p)≥ γ∥p∥2
Q, ∀p ∈ H. (2.12b)

Let f ∈V ′ and g ∈ Q′.

Case 1 If a(·, ·) is also symmetric and b(·, ·) satisfies the following inf-sup condition:

inf
q∈H⊥

sup
v∈V

b(v,q)
∥q∥Q∥v∥V

= inf
v∈K⊥

sup
q∈Q

b(v,q)
∥q∥Q∥v∥V

= β > 0, (2.13)

then eq. (2.10) is well-posed and the solution satisfies

∥u∥V ≤C1∥ f∥V ′+C2∥g∥Q′, (2.14a)

∥p∥Q ≤C3∥ f∥V ′+C4∥g∥Q′, (2.14b)

where C1,C2,C3,C4 are constants that depend on α,β ,γ , Ca, and Cc and are given

as below:

C1 =
1

αβ 2 max
{

αCc,(αCc)
1/2
√

2β 2 +CaCc ,(αCa)
1/2Cc,2(β 2 +CaCc)

}
C2 =

1
(αγ)1/2β 2

max
{
(αγ)1/2(β +CaCc),

3(αCc)
1/2
√

β 2 +CaCc ,(Caγ)1/2(β +CaCc),3CaCc

√
β 2 +CaCc

}
C3 =

1
(αγ)1/2β 2

max
{
(αγ)1/2(β +CaCc),3(γCa)

1/2
√

β 2 +CaCc ,

(Ccα)1/2(β 2 +CaCc),3CaCc

√
β 2 +CaCc

}
,

C4 =
1

γβ 2 max
{

γCa,(γCa)
1/2
√

2β 2 +CaCc ,(γCc)
1/2Ca,2(β 2 +CaCc)

}
.

Case 2 If ImB = Q′ and b(·, ·) satisfies the following inf-sup condition:

inf
q∈Q

sup
v∈V

b(v,q)
∥q∥Q∥v∥V

≥ β > 0, (2.15)
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then eq. (2.10) is well-posed and the solution satisfies Equation (2.14) with the

following constants:

C1 =

(
Cc

β 2

(
1+

Ca
α

)2
+

√
Cc

β
√

α

(
1+

Ca
α

)
+

1
α

)
(2.16a)

C2 =
1

β 3 (1+
Ca
α
)

(
2CaCc

(
1+

Ca
α

)
+
√

2 β
2

)
, (2.16b)

and C3 =
CaC1+1

β
,C4 =

CaC2
β

.

In the next chapter, we study the dual-porosity-Stokes problem where the bilinear

forms a(·, ·) and c(·, ·) in the weak formulation are both symmetric so we can use first part

in Theorem 17 to show the well-posedness. However, in the dual-porosity-Navier-Stokes

problem in Section 4.1, the bilinear form A(w; ·, ·) in the weak formulation of the

linearized problem is no longer symmetric. As a result, we cannot apply the first part of

Theorem 17 but instead we use the second part of Theorem 17. The proof of the first case

of the Theorem 17 can be found in [40, Theorem 4.3.1]. However, the second case of

Theorem 17 is stated as a Remark in [40, Remark 4.3.3] without a proof.

Also, we note that in [40], the authors assume finite dimensional spaces by

showing only the surjection of the map. We extend proof of the well-posedness on the

infinite dimensional spaces for the case when ImB = Q′. Since the proof is very technical,

we provide it in the Appendix.
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CHAPTER THREE

DUAL-POROSITY-STOKES PROBLEM

Our focus in this chapter is the dual-porosity-Stokes problem, which describes

how free fluid flow in conduits is coupled with fluid flow in porous media with two

different types of porosities: microfracture and matrix. The work in this chapter is already

published in the article [1].

3.1 The model

Consider a domain Ω that is a subset of Rdim, where dim = 2,3, and has a

Lipschitz boundary ∂Ω. It is assumed that Ω is a polygonal or polyhedral region in

R2/R3. Let Ωs be a subdomain of Ω that has free flow, and let Ωd be a subdomain of Ω

that has a porous medium such that Ωs ∩Ωd =, and Ω = Ω
s ∪Ω

d . Let ΓI be the

intersection of the closures of Ωs and Ωd , Γs be the intersection of the boundaries of Ωs

and ∂Ω, and Γd be the intersection of the boundaries of Ωd and ∂Ω. The outward

pointing unit normal vector of Ω j for j = s,d is denoted by n j. The unit normal vector on

ΓI is denoted by n and is equal to ns =−nd . See Figure 3.1 for an illustration of a

two-dimensional domain Ω.

The Stokes equations define the fluid velocity u and the fluid pressure p, given the

kinematic viscosity µ and the source term f :

−2µ∇ · ε(u)+∇p = f in Ω
s, (3.1a)

∇ ·u = 0 in Ω
s, (3.1b)

u = 0 in Γ
s, (3.1c)

where ε(u) = ∇u+(∇u)T
2 is the strain rate tensor.
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ΓI

Γd

Γs

n

Ωd

Ωs

Figure 3.1: Illustration of a free flow/porous medium domain Ω in two dimensions.

In Ωd , the pressure p and velocity u in the microfracture and, the pressure pm and

velocity um in the matrix satisfy the dual-porosity model:

κ
−1
f u+∇p = 0 in Ω

d , (3.2a)

∇ ·u+σκm(p− pm) = g in Ω
d , (3.2b)

κ
−1
m um +∇pm = 0 in Ω

d , (3.2c)

∇ ·um +σκm(pm − p) = 0 in Ω
d , (3.2d)

um ·n = 0 on Γ
d , (3.2e)

u ·n = 0 on Γ
d . (3.2f)

The parameters κm and κ f represent the intrinsic permeabilities in the matrix and

microfracture, respectively. Additionally, the shape factor σ is a geometric parameter

related to the morphology and dimension of microfractures, which controls the fluid flow

from the matrix to the microfractures [18]. We assume that 0 < σ < σ∗, for some

arbitrary constant σ∗ > 0, for more details in the choice of σ∗ we refer the reader to [47].

In eq. (3.2b), g represents the source term. The Stokes model and the dual-porosity model
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are coupled through interface conditions given by the following equations:

um ·n = 0 on Γ
I , (3.3a)

us ·n−ud ·n = 0 on Γ
I , (3.3b)

−2µε(us)n ·n+ ps = pd on Γ
I , (3.3c)

−2µ(ε(us)n)t = αµκ
−1/2
f (us)t on Γ

I . (3.3d)

Note: When we need to differentiate the values of a function on Ωs and Ωd , we use

notations u j, and p j where u j := u|
Ω j , p j := p|

Ω j for j = s,d. In the interface condition

Equation (3.3d) α is a constant determined by numerical experiments, wt = w− (w ·n)n is

the tangential component of a vector w.

The first interface condition is a non-exchange condition between the matrix and

the conduits. This means that no flux can cross the interface directly from the matrix

system to the conduits. The other three interface conditions are similar to those for the

Stokes-Darcy problem [37]. Specifically, the second and third interface conditions

describe the conservation of mass between the microfractures and the conduits and the

balance of forces. The last interface condition is the Beavers-Joseph-Saffmann interface

condition [21, 22] on the tangential component of the normal stress on ΓI .

18



3.2 Weak formulation

Besides the Sobolov spaces in Definition 7, we define the following Hilbert spaces

relevant to our problems in this thesis:

H1
Γs(Ω

s) := {v ∈ H1(Ωs) : v = 0 on Γ
s},

H(div,Ω) := {v ∈ [L2(Ω)]dim : ∇ · v ∈ L2(Ω)},

H0(div,Ωd) := {v ∈ H(div,Ωd) : v ·n = 0 on ∂Ω
d},

L2
0(Ω) := {q ∈ L2(Ω) : (q,1)Ω dx = 0},

L2
0(Ω

d) := {q ∈ L2(Ωd) : (q,1)
Ωd dx = 0}.

The space H(div,Ω) is equipped with the norm

∥v∥H(div,Ω) = (∥v∥2
Ω
+∥∇ · v∥2

Ω
)1/2.

Remark. In the rest of the thesis we use the notation ∥ · ∥· notation for the norm ∥ · ∥L2(D)

and ∥ · ∥k,D for the norm ∥ · ∥Hk(D)
. Also, we denote the L2-inner product on a domain

E ⊂ Rdim by (·, ·)E , and on a S ⊂ Rdim−1 by ⟨·, ·⟩S.

To derive the weak formulation of equations eqs. (3.1) to (3.3), we need the

following function spaces:

V := {v ∈ H(div,Ω) : v|Ωs ∈ H1
Γs(Ω

s), v ·n = 0 on Γ
d}, V m := H0(div,Ωd),

Q := L2
0(Ω), Qm := L2

0(Ω
d).

(3.4)

Remark. We define uuu := (u,um) as an element of Z :=V ×V m, and ppp := (p, pm) as an

element of P := Q×Qm, equipped with the following norms:

∥uuu∥Z :=
(
∥ε(us)∥2

Ωs +∥ud∥2
H(div,Ωd)+∥um∥2

H(div,Ωd)
+∥(us)t∥2

ΓI

)1/2
,

∥ppp∥P := (∥p∥2
Ω
+∥pm∥2

Ωd )
1/2

.

(3.5)
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Let u ∈V , um ∈V m, p ∈ Q, and pm ∈ Qm. First, we test eqs. (3.1a) and (3.2a) with

v ∈V and eqs. (3.1b) and (3.2b) with q ∈ Q, and we get:

−
(
∇ ·2µε(u)+∇p,v

)
Ωs = ( f ,v)Ωs , (3.6a)(

∇ ·us,q
)

Ωs = 0, (3.6b)(
κ
−1
f u+∇p,v

)
Ωd = 0, (3.6c)(

∇ ·u+σκm(p− pm),q
)

Ωd = (g,q)
Ωd . (3.6d)

By taking the scalar product of eqs. (3.2c) and (3.2d) respectively with vm ∈V m and

qm ∈ Qm, and integrating over Ωd , we get:(
κ
−1
m um +∇pm,vm

)
Ωd = 0, (3.7a)(

∇ ·um +σκm(pm − p),qm)
Ωd = 0. (3.7b)

Since ε(u) is symmetric, (ε(u),ε(v))Ωs = (ε(u),∇v)Ωs . Therefore, integrating by

parts in eqs. (3.6a) and (3.6c), noting that v = 0 on Γs and v ·n = 0 on Γd , and adding the

resulting equations, we get:

(
2µε(u),ε(v)

)
Ωs +

(
κ
−1
f u,v

)
Ωd − (p,∇ · v)Ω

−⟨2µε(us)n,v⟩
ΓI + ⟨ps,vs ·ns⟩

ΓI + ⟨pd ,vd ·nd⟩
ΓI

= ( f ,v)Ωs .

Multiplying eq. (3.3c) by n and adding to the fourth interface condition we get

psn−2µε(us)n = pdn+αµκ
−1/2
f (us)t . (3.8)
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Therefore, since n = ns =−nd on ΓI , we can simplify the above equations and obtain

(
2µε(u),ε(v)

)
Ωs +

(
κ
−1
f u,v

)
Ωd − (p,∇ · v)Ω

+ ⟨αµκ
−1/2
f (us)t ,(vs)t⟩

ΓI = ( f ,v)Ωs . (3.9)

Next, we integrate by parts the second term on equation eq. (3.7a) and apply

vm ·n = 0 on ∂Ωd to get (
κ
−1
m um,vm

)
Ωd −

(
pm,∇ · vm)

Ωd = 0. (3.10)

To formulate the problem, we combine equations eqs. (3.9) and (3.10) with

equations eqs. (3.6b), (3.6d) and (3.7b) and arrive at the weak formulation: Find

u ∈V,um ∈V m, p ∈ Q, pm ∈ Qm such that:

(
2µε(u),ε(v)

)
Ωs +

(
κ
−1
f u,v

)
Ωd − (p,∇ · v)Ω + ⟨αµκ

−1/2
f (us)t ,(vs)t⟩

ΓI = ( f ,v)Ωs ,

(3.11a)

(∇ ·u,q)Ω +
(
σκm(p− pm),q

)
Ωd = (g,q)

Ωd , (3.11b)(
κ
−1
m um,vm

)
Ωd −

(
pm,∇ · vm)

Ωd = 0, (3.11c)

−
(
∇ ·um,qm)

Ωd +
(
σκm(pm − p),qm)

Ωd = 0. (3.11d)

for any v ∈V,vm ∈V m,q ∈ Q,qm ∈ Qm. Next, let us define the following bilinear forms

for u,v ∈V,um,vm ∈V m, p,q ∈ Q, pm,qm ∈ Qm:

a((u,um),(v,vm)) :=
(
2µε(u),ε(v)

)
Ωs +

(
κ
−1
f u,v

)
Ωd − (p,∇ · v)Ω (3.12a)

+
(

κ
−1
m um,vm

)
Ωd + ⟨αµκ

−1/2
f (us)t ,(vs)t⟩

ΓI ,

b((u,um),(q,qm)) :=− (∇ ·u,q)Ω −
(
∇ ·um,qm)

Ω
, (3.12b)

c((p, pm),(q,qm)) :=
(
σκm(pm − p),(q−qm)

)
Ωd . (3.12c)

Equation (3.11) can be written in the form:
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Find (u,um) ∈ Z,(p, pm) ∈ P such that:

a((u,um),(v,vm))+b((v,vm),(p, pm)) = ( f ,v)Ωs ∀(v,vm) ∈ Z, (3.13a)

b((u,um),(q,qm))− c((p, pm),(q,qm)) =−(g,q)
Ωd ∀(q,qm) ∈ P. (3.13b)

We use saddle point theory to prove that Equation (3.13) is well-posed. Therefore, we

must show that the bilinear forms a(·, ·), b(·, ·), and c(·, ·) satisfy the conditions in Case 1,

Theorem 17.

Lemma 18. The following inf sup condition for the bilinear form b(·, ·) holds for some

constant constant C > 0, depending only on Ω:

∀qqq ∈ P, C∥qqq∥P ≤ sup
vvv∈Z\{(0,0)}

b(vvv,qqq)
∥vvv∥Z

.

Proof. Let qqq = (q,qm) ∈ P. q ∈ L2
0(Ω), the standard inf-sup condition [40, p.463], implies

the existence of v ∈ H1
0 (Ω) such that ∇ · v =−q in Ω and ∥v∥1,Ω ≤ c∥q∥Ω. Furthermore,

the inf-sup condition for H0(div,Ωd) and L2
0(Ω

d) [42, p.117-118], implies the existence

of vm ∈ H0(div,Ωd) such that ∇ ·vm =−qm in Ωd and ∥vm∥H(div,Ωd) ≤C∥qm∥
Ωd . Using

the trace inequality [45, (1.24)], we obtain:

∥vvv∥Z =
(
∥ε(vs)∥2

Ωs +∥vd∥2
H(div,Ωd)+∥vm∥2

H(div,Ωd)
+∥(vs)t∥2

ΓI

)1
2

≤C
(
∥q∥2

Ω
+∥qm∥2

Ωd

)1
2 =C∥qqq∥P .

Our results from the above, combined with the definition of the bilinear form b(·, ·), lead

us to the following inequality:

b(vvv,qqq)
∥vvv∥Z

=
∥qqq∥2

P
∥vvv∥Z

≥C∥qqq∥P ,

the result follows by applying the definition of the supremum. ■
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Lemma 19. The bilinear form b(·, ·), defined in eq. (3.12b), is continuous on Z ×P, that

is,

|b(uuu,qqq)| ≤ ∥uuu∥Z ∥qqq∥P ∀(uuu,qqq) ∈ Z ×P.

Proof. Since, the trace tr(ε(u)) of ε(us) and the trace-free part of ε(us) are orthogonal in

the Frobenius inner product for almost every point on Ωs, we have

∥ε(us)∥Ωs ≥ ∥tr(ε(us))∥Ωs . By applying the Cauchy–Schwarz inequality and that ∇ ·us is

equivalent to the trace of ε(us):

|b(uuu,qqq)| ≤ ∥qs∥Ωs ∥∇ ·us∥Ωs +∥qd∥
Ωd ∥∇ ·ud∥

Ωd +∥qm∥
Ωd ∥∇ ·um∥

Ωd

≤ ∥qs∥Ωs ∥ε(us)∥Ωs +∥qd∥
Ωd ∥ud∥H(div,Ωd)+∥qm∥

Ωd ∥um∥H(div,Ωd)

≤ (∥qs∥2
Ωs +∥qd∥2

Ωd +∥qm∥2
Ωd )

1
2 (∥ε(us)∥2

Ωs +∥ud∥2
H(div,Ωd)+∥um∥2

H(div,Ωd)
)

1
2

≤ ∥qqq∥P ∥uuu∥Z .

■

We now introduce the operator B : Z 7→ P such that

(Buuu, ppp) = b(uuu, ppp) ∀(uuu, ppp) ∈ Z ×P. (3.14)

Lemma 20. The bilinear form a(·, ·) given in eq. (3.12a) is symmetric and continuous on

Z ×Z, furthermore a(·, ·) is coercive on KerB, i.e.,

|a(uuu,vvv)| ≤ C̃b ∥uuu∥Z ∥vvv∥Z ∀uuu,vvv ∈ Z, (3.15a)

a(uuu,uuu)≥ C̃c ∥uuu∥2
Z ∀uuu ∈ KerB, (3.15b)

where C̃b = max{2µ,κ−1
f ,αµκ

−1/2
f ,κ−1

m } and

C̃c = min{2µ,κ−1
f ,αµκ

−1/2
f ,κ−1

m }.

Proof. On the basis of its definition, the bilinear form a(·, ·) is symmetric. To establish

continuity, we can apply the Cauchy-Schwarz inequality twice in the definition of a(·, ·)
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(see eq. (3.12a)).

|a(uuu,vvv)| ≤2µ ∥ε(u)∥Ωs ∥ε(v)∥Ωs +κ
−1
f ∥u∥

Ωd ∥v∥
Ωd +κ

−1
m ∥um∥

Ωd ∥vm∥
Ωd

+αµκ
−1/2
f ∥(us)t∥

ΓI ∥(vs)t∥
ΓI

≤(2µ ∥ε(u)∥2
Ωs +κ

−1
f ∥u∥2

Ωd +αµκ
−1/2
f ∥(us)t∥2

ΓI +κ
−1
m ∥um∥2

Ωd )
1/2

· (2µ ∥ε(v)∥2
Ωs +κ

−1
f ∥v∥2

Ωd +αµκ
−1/2
f ∥(vs)t∥2

ΓI +κ
−1
m ∥vm∥2

Ωd )
1/2 (3.16)

≤C̃b ∥uuu∥Z ∥vvv∥Z .

To prove that a(·, ·) is coercive on KerB, uuu = (u,um) ∈ KerB, then we observe that

∇ ·u = 0 in Ω and ∇ ·um = 0 in Ωd . Thus,

a(uuu,uuu) = 2µ ∥ε(u)∥2
Ωs +κ

−1
f ∥u∥2

Ωd +κ
−1
m ∥um∥2

Ωd +αµκ
−1/2
f ∥(us)t∥2

ΓI (3.17)

≥ C̃c (∥ε(u)∥2
Ωs +∥u∥2

Ωd +∥um∥2
Ωd +∥(us)t∥2

ΓI ) = C̃c ∥uuu∥2
Z .

■

Lemma 21. The bilinear form c(·, ·), given in eq. (3.12c), is symmetric, continuous, and

positive semidefinite on P×P.

Proof. It is clear from the definition of c(·, ·) that the form is symmetric. Using the

Cauchy–Schwarz inequality, we show the continuity of c(·, ·). :

c(ppp,qqq) = σκm(p− pm,q−qm)
Ωd ≤ σκm ∥p− pm∥

Ωd ∥q−qm∥
Ωd

≤ σκm(∥p∥
Ωd +∥pm∥

Ωd )(∥q∥
Ωd +∥qm∥

Ωd )

≤ 2σκm(∥p∥2
Ωd +∥pm∥2

Ωd )
1/2(∥q∥2

Ωd +∥qm∥2
Ωd )

1/2

≤ 2σ
∗
κm ∥ppp∥P ∥qqq∥P .

Furthermore,

c(ppp, ppp) = σκm ∥p− pm∥2
Ωd ≥ 0 ∀ppp ∈ P,
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which implies the bilinear form is positive semidefinite ■

We now reach the well-possessedness of Equation (3.13):

Theorem 22. Given f ∈ [L2(Ωs)]dim and g ∈ L2(Ωd), the weak formulation eq. (3.13)

has a unique solution. Moreover,

∥uuu∥Z +∥ppp∥P ≤C
(
∥ f∥Ωs +∥g∥

Ωd

)
. (3.18)

Proof. We can observe that a(·, ·) is symmetric and continuous on Z ×Z, and coercive on

KerB, based on Lemma 20. Similarly, Lemma 19 establishes that b(·, ·) is continuous on

Z ×P, and Lemma 21 shows that c(·, ·) is symmetric, continuous, and positive

semidefinite on P×P. Lemma 18 confirms B as bounded and surjective, which implies

that ImB is closed and KerBT = (ImB)⊥ = {000}. By virtue of the corollary of

KerBT = {000}, c(·, ·) is coercive on KerBT .

Finally, the result follows from Theorem 17. ■

3.3 The HDG method

3.3.1 Notation

We introduce an HDG method to solve the equations eqs. (3.1) to (3.3). This

method is an extension of the idea proposed in [37]. Let us denote by T j a triangulation

of Ω j, j = s,d, such that T s and T d match at the interface ΓI , and by T := T s ∪T d .

We denote by hK the diameter of K, for K ∈ T , and

h = max
K∈T

hK .

For j = s,d, let F
j

i denote the set of all interior facets in Ω j, F
j

b denote the set of all

facets on the boundary Γ j for j = s,d, and F I denote the set of all facets that lie on ΓI .
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We define F j := F
j

i ∪F
j

b ∪F I , and the set of all facets in Ω is denoted by F . Let Γ
j
0

be the union of all facets in Ω
j, for j = s,d and Γ0 be the union of all facets in Ω .

We begin by defining the discrete velocity and pressure spaces on Ω and Ω j,

where j = s,d:

Vh :=
{

vh ∈ [L2(Ω)]dim : vh ∈ [Pk(K)]dim ∀K ∈ T
}
,

V j
h :=

{
vh ∈ [L2(Ω j)]dim : vh ∈ [Pk(K)]dim ∀K ∈ T j

}
j = s,d,

Qh :=
{

qh ∈ L2(Ω) : qh ∈ Pk−1(K) ∀K ∈ T
}
,

Q j
h :=

{
qh ∈ L2(Ω j) : qh ∈ Pk−1(K) ∀K ∈ T j

}
, j = s,d,

Qm
h :=

{
rh ∈ L2

0(Ω
d) : rh ∈ Pk−1(K) ∀K ∈ T d

}
,

where Pk(K) denotes the polynomial space of total degree at most k in K.

Also, we define the discrete trace space for the Stokes velocity and pressure in the

Stokes region on Γs
0, as well as the pressures in microfractures and the matrix on Γd

0 :

V̄h :=
{

v̄h ∈ [L2(Γs
0)]

dim : v̄h ∈ [Pk(F)]dim ∀F ∈ F s, v̄h = 0 on Γ
s
}
,

Q̄ j
h :=

{
q̄ j

h ∈ L2(Γ
j
0) : q̄ j

h ∈ Pk(F) ∀F ∈ F j
}
, j = s,d.

To simplify the notation, we define some additional spaces:

VVV h :=Vh ×V̄h, QQQh := Qh × Q̄s
h × Q̄d

h , QQQm
h := Qm

h × Q̄d
h ,

ZZZh :=VVV h ×V d
h , PPPh := QQQh ×QQQm

h .

The following norms apply to the last two spaces above:
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∥vvv∥2
Zh

:=∥ε(vs)∥2
Ωs + ∑

K∈T s
h−1

K ∥v− v̄∥2
∂K +∥vd∥2

Ωd +∥vm∥2
Ωd +∥v̄t

h∥
2
ΓI ,

∥vvv∥2
Z∗h

:=∥vvv∥Zh + ∑
K∈T s

h2
K |vvv|

2
2,K ,

∥qqq∥2
Ph

:=∥q∥2
Ω
+∥qm∥2

Ωd + ∑
j=s,d

∑
K∈T j

hK∥q̄ j∥2
K + ∑

K∈T d
hK∥q̄m∥2

K ,

for all vvv = (v, v̄,vm) ∈ ZZZh,qqq = (q, q̄s, q̄d ,qm, q̄m) ∈ PPPh. In the discrete scheme, we

use the following notations (·, ·)
Ω j := ∑K∈T j(·, ·)K and ⟨·, ·⟩

∂T j := ∑K∈T s⟨·, ·⟩∂K for

j = s,d.

3.3.2 Discrete scheme

In this section, we develop the HDG scheme for the equations eqs. (3.1) to (3.3).

Let σ s = 2µε(us)− psI be the Stokes stress tensor. By multiplying eq. (3.1a) with

a test function vh ∈Vh, integrating on an element K ∈ T , applying integration by parts,

and summing over all elements, we obtain the following:

(
σ

s,∇vh
)

Ωs −⟨σ̂ sns,vh⟩T s = ( f ,vh)Ωs , (3.21)

where σ̂ s is the numerical flux that we choose as

σ̂
s = 2µε(us)− p̄sI− 2µβ

h
(us − ū)⊗ns.

To guarantee the continuity of the numerical flux, we impose:

(
v̄h, σ̂

sns)
Ωs = ⟨v̄h,σ

sn⟩
ΓI , ∀v̄h ∈ V̄h.

From eq. (3.8), we have

σ
sn =−pdn−αµκ

−1/2(us)t
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on ΓI . Replacing pd and us by p̄d and ū on F I and noting that v̄h · ūt = v̄t
h · ū

t , we get the

following:

⟨v̄h, σ̂
sns⟩T s =−⟨v̄h ·n, p̄d⟩

ΓI −⟨αµκ
−1/2v̄t

h, ū
t⟩

ΓI .

Plugging σ̂ s into the above equation and recalling that v̄h ·n and p̄s are single valued and

v̄h = 0 in Γs, we obtain:

−⟨v̄h ·n, p̄s⟩
ΓI + ⟨2µε(u)n, v̄h⟩∂T s −⟨2β µ

h
(u− ū), v̄h⟩∂T s

=−⟨v̄h ·n, p̄d⟩
ΓI −⟨αµκ

−1/2v̄t
h, ū

t⟩
ΓI . (3.22)

We group the terms after adding eq. (3.21) to eq. (3.22), to obtain:

2µ(ε(u),ε(vh))Ωs − (p,∇ · vh)Ωs −2µ⟨ε(u)n,vh − v̄h⟩∂T s

+
2β µ

h
⟨u− ū,vh − v̄h⟩∂T s + ⟨p̄s,vh ·n⟩∂T s

−⟨p̄s, v̄h ·n⟩ΓI + ⟨p̄d , v̄h ·n⟩ΓI + ⟨ακ
−1/2v̄t

h, ū
t⟩

ΓI = ( f ,vh)Ωs .

Afterward, by adding a consistent and symmetrical term, we arrive at the following:

2µ(ε(u),ε(vh))Ωs − (p,∇ · vh)Ωs −2µ⟨ε(u)n,vh − v̄h⟩∂T s

−2µ⟨ε(v)n,uh − ūh⟩∂T s +
2β µ

h
⟨u− ū,vh − v̄h⟩∂T s + ⟨p̄s,vh ·n⟩∂T s

−⟨p̄s, v̄h ·n⟩ΓI + ⟨p̄d , v̄h ·n⟩ΓI + ⟨ακ
−1/2v̄t

h, ū
t⟩

ΓI = ( f ,vh)Ωs.

Similarly, we multiply eq. (3.1b) by qh, where qh belongs to the set Qh.

Afterward, we integrate the resulting expression into each element K belonging to the set

T s and arrive:

(qh,∇ ·u)Ωs = 0.

To impose normal continuity of the Stokes velocity we set

⟨q̄s
h,(u− ū) ·ns⟩∂T s = 0 ∀q̄s

h ∈ Q̄s
h.
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Subtracting the former equation from the latter, since ū, q̄s
h are single-valued at the

interfaces and ū = 0 on Γs yields:

−(qh,∇ ·u)Ωs +
〈
q̄s

h,u ·n
s〉

∂T s −
〈
q̄s

h, ū ·n
〉

ΓI = 0. (3.24)

Next, eq. (3.2a) is multiplied by a test function vh ∈Vh, using integration by parts,

replacing pd with p̄d , and summing over all elements in T d to get:

(κ−1
f u,vh)Ωd − (p,∇ · vh)Ωd + ⟨p̄d ,vh ·nd⟩

∂T d = 0 (3.25)

Multiplying eq. (3.2b) by a test function qh ∈ Qh, integrating over an element K, then

summing over all elements in T d we get:

(∇ ·u,qh)Ωd +
(
σκm(p− pm),qh

)
Ωd = (g,qh)Ωd .

To impose the normal continuity of u we set:

⟨q̄d
h ,u ·n

d⟩
∂T d =−⟨q̄d

h ,u ·n⟩ΓI ∀q̄d
h ∈ Q̄d

h .

We subtract the preceding equation from the current one, and obtain:

−(qh,∇ ·u)
Ωd +⟨q̄d

h ,u ·n
d⟩

∂T d +⟨q̄d
h ,u ·n⟩ΓI −

(
σκm(p− pm),qh

)
Ωd =−(g,qh)Ωd .

(3.26)

Similarly, we multiply eq. (3.2c) by a test function vm
h ∈V d

h , integrate by parts over an

element K, sum over all elements K ∈ T d , and replace pm in the facets with p̄m we get:

(κ−1
m um,vm

h )Ωd − (pm,∇ · vm
h )Ωd + ⟨p̄m,vm

h ·nd⟩
∂T d = 0. (3.27)

Last, multiplying eq. (3.2d) by a test function qm
h ∈ Qm

h , integrating over an element K,

then summing over all elements K ∈ T d we obtain:

(
qm

h ,∇ ·um)
Ωd +

(
σκm(pm − p),qm

h
)

Ωd = 0.
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To ensure the normal continuity of um, we set:〈
q̄m

h ,u
m ·nd

〉
∂T d =−

〈
q̄m

h ,u
m ·n

〉
ΓI = 0 ∀q̄m

h ∈ Q̄d
h .

Combining the last two equations as before, we get:

(
qm

h ,∇ ·um)
Ωd −

(
σκm(pm − p),qm

h
)

Ωd + ⟨q̄m
h ,u

m ·nd⟩
∂T d = 0. (3.28)

Collecting eqs. (3.23) to (3.28) results in the following HDG method for the dual-

porosity-Stokes problem defined by eqs. (3.1) to (3.3):

Find uuuh := (uh, ūh,um
h ) ∈ ZZZh, ppph := (ph, p̄s

h, p̄d
h , pm

h , p̄m
h ) ∈ PPPh such that

ah(uuuh,vvvh)+bh(ppph,vvvh) = ( f ,vh)Ωs ∀vvvh := (vh, v̄h,v
m
h ) ∈ ZZZh, (3.29a)

bh(qqqh,uuuh)− ch(ppph,qqqh) =−(g,qh)Ωd ∀qqqh := (qh, q̄
s
h, q̄

d
h ,q

m
h , q̄

m
h ) ∈ PPPh, (3.29b)

where

ah(uuu,vvv) := as
h(uuu,vvv)+ad

h(u,v)+am
h (u

m,vm)+aI
h(ū, v̄), (3.30)

bh(ppp,vvv) := ∑
j=s,d

[b j
h(ppp,v)+bI, j

h (p̄ j, v̄)]+bd
h(pppm,vm), (3.31)

ch(ppp,qqq) := σκm(pm − p,qm −q)
Ωd , (3.32)
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and

as
h(uuu,vvv) :=

(
2µε(u),ε(v)

)
Ωs −⟨2µε(u)ns,v− v̄⟩∂T s −⟨2µε(v)ns,u− ū⟩∂T s

+ ⟨2β µh−1
K (u− ū),v− v̄⟩∂T s ,

ad
h(u,v) :=(κ−1

f u,v)
Ωd ,

am
h (u

m,vm) :=(κ−1
m um,vm)

Ωd ,

aI
h(ū, v̄) :=⟨αµκ

−1/2
f ūt , v̄t⟩

ΓI ,

b j
h(ppp,v) :=− (p,∇ · v)

Ω j + ⟨p̄ j,v ·n⟩
∂T j , j = s,d,

bI, j
h (p̄ j, v̄) :=−⟨p̄ j, v̄ ·n j⟩

ΓI , j = s,d.

3.3.3 Properties of the numerical scheme

The lemma below shows that the velocity solution uh is H(div;Ω)−conforming ,

um
h is H(div;Ωd)−conforming, and us

h is pointwise divergence-free in the elements in T s.

Additionally, eq. (3.2b) is satisfied point-wise on the elements in T d up to the error of the

L2-projection of the source term g into Qd
h , and eq. (3.2d) is satisfied point-wise on the

elements in T d .

Lemma 23. The solution to eq. (3.29) satisfies:

Ju j
h ·nK = 0 ∀x ∈ F, ∀F ∈ F j\F I , j = s,d, (3.33a)

u j
h ·n = ūh ·n ∀x ∈ F, ∀F ∈ F I , j = s,d, (3.33b)

Jum
h ·nK = 0 ∀x ∈ F, ∀F ∈ F d , (3.33c)

∇ ·us
h = 0 ∀x ∈ K, ∀K ∈ T s, (3.33d)

σκm(pd
h − pm

h )+∇ ·ud
h = Π

d
Qg ∀x ∈ K, ∀K ∈ T d , (3.33e)

σκm(pm
h − pd

h)+∇ ·um
h = 0 ∀x ∈ K, ∀K ∈ T d , (3.33f)

where J·K is the standard jump operator and Πd
Q denotes the L2-projection onto Qd

h .

31



Proof. Let vvvh = 0, qh = 0, and qm
h = 0 in eq. (3.29) then the following holds:

∑
j=s,d

⟨q̄ j
h,uh ·n⟩∂T j + ⟨q̄m

h ,u
m
h ·n⟩

∂T d − ∑
j=s,d

⟨q̄ j
h, ūh ·n j⟩

ΓI = 0.

for all (q̄s
h, q̄

d
h , q̄

m
h ) ∈ Q̄s

h × Q̄d
h × Q̄d

h . Therefore,

∑
j=s,d

[〈
q̄ j

h,Juh · nK
〉

F
j

i ∪F
j

b
+
〈

q̄ j
h,(u

j
h − ūh) · n j

〉
F I

]
+
〈

q̄m
h ,Jum

h · nK
〉

Fd = 0. (3.34)

Then, by using

q̄ j
h =


Juh ·nK on F ∈ F

j
i ∪F

j
b ,

(u j
h − ūh) ·n j on F ∈ F I ,

and q̄m
h = Jum

h ·nK on F ∈ F d in eq. (3.34), we obtain:

0 = ∑
j=s,d

[
∑

F∈F
j

i ∪F
j

b

∥Juh · nK∥2
F + ∑

F∈F I
∥(u j

h − ūh) · n j∥
2
F

]
+ ∑

F∈Fd
∥Jum

h · nK∥2
F ,

(3.35)

resulting in Equations (3.33a) to (3.33c). To prove eqs. (3.33d) to (3.33f), set vvvh = 000,

qm
h = 0, and q̄ j

h = 0, j = s,d,m in eq. (3.29).

Next, we choose

qh =


∇ ·us

h in Ωs,

σκm(pd
h − pm

h )+∇ ·ud
h −Πd

Qg in Ωd ,
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to get:

(∇ ·us
h,∇ ·us

h)Ωs +
(

σκm(pd
h − pm

h )+∇ ·ud
h −Π

d
Qg,∇ ·ud

h

)
Ωs

+
(

σκm(pd
h − pm

h ),σκm(pd
h − pm

h )+∇ ·ud
h −Π

d
Qg
)

Ωd

−
(

g,σκm(pd
h − pm

h )+∇ ·ud
h −Π

d
Qg
)

Ωd

=
(

σκm(pd
h − pm

h )+∇ ·ud
h −Π

d
Qg,σκm(pd

h − pm
h )+∇ ·ud

h −Π
d
Qg
)

Ωd

=
∥∥∥σκm(pd

h − pm
h )+∇ ·ud

h −Π
d
Qg
∥∥∥2

Ωd = 0,

thus we arrive at eqs. (3.33d) and (3.33e). Finally, setting vvvh = 000, qh = 0, q̄ j
h = 0,

j = s,d,m, and qm
h = σκm(pm

h − pd
h)+∇ ·um

h in eq. (3.29), we obtain

(
σκm(pm

h − pd
h)+∇ ·um

h ,∇ ·um
h

)
Ωd +

(
σκm(pm

h − pd
h),σκm(pm

h − pd
h)+∇ ·um

h

)
Ωd

=
(

σκm(pm
h − pd

h)+∇ ·um
h ,σκm(pm

h − pd
h)+∇·um

h

)
Ωd = ∥σκm(pm

h − pd
h)+∇·um

h ∥
2
Ωd = 0,

which yields eq. (3.33f). ■

The next lemma shows that the HDG method eq. (3.29) is a consistent

discretization of the dual-porosity-Stokes problem eqs. (3.1) to (3.3).

Lemma 24 (Consistency). Let (u,um, p, pm) be the solution of the dual-porosity-Stokes

problem eqs. (3.1) to (3.3), where trace of u, and trace of p j ( j = s,d,m) on the mesh

skeleton is denoted by ū and p̄ j, respectively , then (u, ū,um) and (p, p̄s, p̄d , pm, p̄m)

satisfy eq. (3.29).
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Proof. The proof is similar to [37, Lemma 1]. Using smoothness of u, single-valuedness

of v̄h, that v̄h = 0 on Γs, and eq. (3.3d) we get:

ah((u, ū,u
m),vvvh) = (2µε(u),ε(vh))Ωs −⟨2µε(u)ns,(vh − v̄h)⟩∂T s

+ ⟨αµκ
−1/2
f (us)t , v̄t

h⟩ΓI +(κ−1
f u,vh)Ωd +(κ−1

m um,vm
h )Ωd

=− (∇ · (2µε(u)),vh)Ωs −⟨αµκ
−1/2
f (us)t , v̄t

h⟩ΓI + ⟨2µ(ns · ε(u)ns)ns, v̄h⟩ΓI

+ ⟨αµκ
−1/2
f (us)t , v̄t

h⟩ΓI +(κ−1
f u,vh)Ωd +(κ−1

m um,vm
h )Ωd

=− (∇ ·2µε(u),vh)Ωs + ⟨2µ(ns · ε(u)ns)ns, v̄h⟩ΓI

+(κ−1
f u,vh)Ωd +(κ−1

m um,vm
h )Ωd .

Furthermore, after integration-by-parts,

∑
j=s,d

[b j
h((p, p̄s, p̄d , pm, p̄m),vh)+bI, j

h (p̄ j, v̄h)]+bd
h((pm, p̄m),vm

h )

=− (p,∇ · vh)Ωs + ⟨p,vh ·n⟩∂T s −⟨ps, v̄h ·ns⟩
ΓI − (p,∇ · vh)Ωd + ⟨p,vh ·n⟩∂T d

−⟨pd , v̄h ·nd⟩
ΓI − (pm,∇ · vm

h )Ωd + ⟨pm,vm
h ·nd⟩

∂T d

=(∇p,vh)Ω + ⟨pd − ps, v̄h ·n⟩ΓI +(∇pm,vm
h )Ωd .
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Combining the above two results, and using smoothness of u and um, single-valuedness of

q̄ j
h, j = s,d,m, and eqs. (3.1) to (3.3).

ah((u, ū,u
m),vvvh)+ ∑

j=s,d
[b j

h((p, p̄s, p̄d , pm, p̄m),vh)+bI, j
h (p j, v̄h)]+bd

h(pppm,vm
h )

+ ∑
j=s,d

(
b j

h(qqqh,u)+bI, j
h (q̄ j

h,u)
)
+bd

h(qqq
m
h ,u

m)− ch((p, p̄s, p̄d , pm, p̄m),qqqh)

=− (2µε(u),∇vh)Ωs + ⟨2µ(ns · ε(u)ns),ns · v̄h⟩ΓI +(κ−1
f u,vh)Ωd

+(κ−1
m um,vm

h )Ωd +(∇p,vh)Ω + ⟨(pd − ps)n, v̄h⟩ΓI +(∇pm,vm
h )Ωd

− (qh,∇ ·u)Ω + ⟨q̄s
h,u ·n

s⟩∂T s + ⟨q̄d
h ,u ·n

d⟩
∂T d

−⟨q̄s
h,u ·n

s⟩
ΓI −⟨q̄d

h ,u ·n
d⟩

ΓI

− (qm
h ,∇ ·um)

Ωd + ⟨q̄m
h ,u

m ·nd⟩
∂T d − (σκm(pm − p),qm

h −qh)Ωd

=− (∇ · (2µε(u))−∇p,vh)Ωs +(κ−1
f u+∇p,vh)Ωd +(κ−1

m um +∇pm,vm
h )Ωd

+ ⟨2µ(ns · ε(u)ns)+(pd − ps)ns, v̄h⟩ΓI − (qh,∇ ·u+σκm(p− pm))
Ωd

− (qm
h ,∇ ·um +σκm(pm − p))

Ωd

=( f ,vh)Ωs − (g,qh)Ωd .

Thus, we have proven the lemma. ■

3.3.4 Stability of the discrete scheme

The next lemmas will help us establish the stability of the discrete problem given

in Equation (3.29).

Lemma 25 (Coercivity). Let Ce = min{cs
aeµ,ακ

−1/2
f ,κ−1

f ,κ−1
m } where Ctr > 0 is the

constant of a discrete trace inequality independent of h,µ , κ f , κm, and σ , and

cs
ae = (1−C2

tr/β )min(1,β ). Then for sufficiently large penalty parameter β > 0,

ah(vvvh,vvvh)≥Ce∥vvvh∥2
Zh
. (3.36)
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Proof. The result follows the same steps as the proof of [38, Lemma 4.2]. First note that

ah(vvvh,vvvh) =2µ

(
∥ε(vh)∥2

Ωs −⟨2ε(vh)n
s,vh − v̄h⟩∂T s +β ∑

K∈T s
h−1

K ∥vh − v̄h∥2
∂K

)
+ακ

−1/2
f ∥v̄t

h∥
2
ΓI +κ

−1
f ∥vh∥2

Ωd +κ
−1
m ∥vm

h ∥
2
Ωd .

(3.37)

Applying the Cauchy–Schwarz inequality and a discrete trace inequality [48, Lemma

1.46] on the second term on the right hand side, we get:

⟨2ε(vh)n
s,vh − v̄h⟩∂T s ≤ 2

(
∑

K∈T s
hK∥ε(vh)∥2

∂K

)1
2
(

∑
K∈T s

h−1
K ∥vh − v̄h∥2

∂K

)1
2

≤ 2Ctr∥ε(vh)∥Ωs
(

∑
K∈T s

h−1
K ∥vh − v̄h∥2

∂K

)1
2 ,

where Ctr is the discrete trace inequality constant depending on the shape regularity of

meshes, k, and dim. We refer to [49] for explicit dependence of Ctr on k and dim.

Combine this with eq. (3.37) and recall the inequality

x2 −2ψxy+ y2 ≥ (1−ψ2)(x2 + y2)/2, which holds for all x,y ∈ R and 0 < ψ < 1.

Choose x = ∥ε(vh)∥Ωs , y2 = β ∑K∈T s h−1
K ∥v− v̄∥2

∂K , and ψ =Ctrβ
−1

2 to find:

ah(vvvh,vvvh)

≥2µ

[
∥ε(vh)∥2

Ωs −2Ctr∥ε(vh)∥Ωs
(

∑
K∈T s

h−1
K ∥vh − v̄h∥2

∂K

)1
2

+β ∑
K∈T s

h−1
K ∥vh − v̄h∥2

∂K

]
+ακ

−1/2
f ∥v̄t

h∥
2
ΓI +κ

−1
f ∥vh∥2

Ωd +κ
−1
m ∥vm

h ∥
2
Ωd

≥(µ(1−C2
tr/β )

(
∥ε(vh)∥2

Ωs +β ∑
K∈T s

h−1
K ∥vh − v̄h∥2

∂K

)
+ακ

−1/2
f ∥v̄t

h∥
2
ΓI

+κ
−1
f ∥vh∥2

Ωd +κ
−1
m ∥vm

h ∥
2
Ωd

≥Ce(∥vvvh∥2
V s

h
+∥v̄t

h∥
2
ΓI +∥vh∥2

Ωd +∥vm
h ∥

2
Ωd ),

proving eq. (3.36). ■
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Lemma 26 (Boundedness). The bilinear forms as
h(·, ·) and ah(·, ·) satisfy

as
h(uuuh,vvvh)≤Cs

c∥uuuh∥V s
h
∥vvvh∥V s

h
∀uuuh,vvvh ∈VVV s

h, (3.38a)

ah(uuuh,vvvh)≤Cc∥uuuh∥Zh∥vvvh∥Zh ∀uuuh,vvvh ∈ ZZZh, (3.38b)

where Cs
c := 2µ max(1+Ctr,β +Ctr) and Cc := max(Cs

c,κ
−1
f ,κ−1

m ,αµκ
−1/2
f ) and with

C > 0 a constant independent of µ , κ f , κm, and σ .

Proof. The proof is similar to the proof of [37, Lemma 3]. We start by proving

eq. (3.38a). Let uuuh,vvvh ∈ ZZZh. By the Cauchy–Schwarz inequality,

as
h(uuuh,vvvh)≤ 2µ

(
∥ε(uh)∥Ωs∥ε(vh)∥Ωs + ∑

K∈T s
∥ε(uh)∥∂K∥vh − v̄h∥∂K

+ ∑
K∈T s

∥ε(vh)∥∂K∥uh − ūh∥∂K + ∑
K∈T s

βh−1
K ∥uh − ūh∥∂K∥vh − v̄h∥∂K

)
.

(3.39)

Note that by the discrete trace inequality [48, Lemma 1.46] and the Cauchy–Schwarz

inequality,

∑
K∈T s

∥ε(uh)∥∂K∥vh − v̄h∥∂K + ∑
K∈T s

∥ε(vh)∥∂K∥uh − ūh∥∂K

+ ∑
K∈T s

βh−1
K ∥uh − ūh∥∂K∥vh − v̄h∥∂K

≤ ∑
K∈T s

Ctr∥ε(uh)∥Kh−1/2
K ∥vh − v̄h∥∂K + ∑

K∈T s
Ctr∥ε(vh)∥Kh−1/2

K ∥uh − ūh∥∂K

+ ∑
K∈T s

βh−1/2
K ∥uh − ūh∥∂Kh−1/2

K ∥vh − v̄h∥∂K

≤Ctr∥ε(uh)∥Ωs( ∑
K∈T s

h−1
K ∥vh − v̄h∥2

∂K)
1
2 +Ctr∥ε(vh)∥Ωs( ∑

K∈T s
h−1

K ∥uh − ūh∥2
∂K)

1
2

+β ( ∑
K∈T s

h−1
K ∥uh − ūh∥2

∂K)
1/2( ∑

K∈T s
h−1

K ∥vh − v̄h∥2
∂K)

1/2.

(3.40)
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Combining eqs. (3.39) and (3.40) and using the Cauchy–Schwarz inequality once more,

we get

as
h(uuuh,vvvh)

≤ 2µ

(
(1+Ctr)∥ε(uh)∥2

Ωs +(β +Ctr) ∑
K∈T s

h−1
K ∥uh − ūh∥2

∂K

)1
2

×
(
(1+Ctr)∥ε(vh)∥2

Ωs +(β +Ctr) ∑
K∈T s

h−1
K ∥vh − v̄h∥2

∂K

)1
2 ≤Cs

c∥uuuh∥V s
h
∥vvvh∥V s

h
.

To prove eq. (3.38b) we use eq. (3.38a) and the Cauchy–Schwarz inequality to find:

ah(uuuh,vvvh) = as
h(uuuh,vvvh)+ad

h(uh,vh)+am
h (u

m
h ,v

m
h )+aI

h(ūh, v̄h)

≤Cs
c∥uuuh∥V s

h
∥vvvh∥V s

h
+κ

−1
f ∥uh∥Ωd∥vh∥Ωd +κ

−1
m ∥um

h ∥Ωd∥vm
h ∥Ωd

+αµκ
−1/2
f ∥ūt

h∥ΓI∥v̄t
h∥ΓI .

≤max(Cs
c,κ

−1
f ,κ−1

m ,αµκ
−1/2
f )

(
∥uuuh∥2

V s
h
+∥uh∥2

Ωd +∥um
h ∥

2
Ωd +∥ūt

h∥
2
ΓI

)1/2

×
(
∥vvvh∥2

V s
h
+∥vh∥2

Ωd +∥vm
h ∥

2
Ωd +∥v̄t

h∥
2
ΓI

)1/2
.

≤Cc∥uuuh∥Zh∥vvvh∥Zh .

■

Corollary 27. If the first component of as
h belongs to VVV s(h) :=VVV s

h +(Ṽ s × ¯̃V s), where

Ṽ s :={v ∈ [H2(Ωs)]dim : v = 0 on Γ
s}

and ¯̃V s is the trace space of Ṽ s on Γs
0, eq. (3.38a) becomes

as
h(uuu,vvvh)≤Cs,∗

c ∥uuu∥V s,∗
h

∥vvvh∥V s
h
, ∀uuu ∈VVV s(h), ∀vvvh ∈VVV s

h,

where

∥uuu∥2
V s,∗

h
:= ∥uuu∥2

V s
h
+ ∑

K∈T s
h2

K |u|
2
2,K ,
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with a slightly different constant Cs,∗
c due to the use of a continuous trace inequality

instead of a discrete one. The dependence of the constants on the problem parameters,

however, stays the same.

To prove an inf-sup condition, we introduce the following interpolation operators

(see, e.g., [50, Lemma 7] or [40, Proposition 2.5.3]):

Lemma 28. There exist interpolation operators ΠV : H0(div,Ω) 7→Vh ∩H0(div,Ω),

Πm
V : H0(div,Ωd) 7→V m

h ∩H0(div,Ωd) such that for all u ∈ [Hk+1(K)]dim, K ∈ T d , and

um ∈ [Hk+1(K)]dim, K ∈ T d the following hold:

1. (q,∇ · (u−ΠV u))K = 0 for all q ∈ Pk−1(K), K ∈ T .

2. (qm,∇ · (um −Πm
V um))K = 0 for all qm ∈ Pk−1(K), K ∈ T d .

3. ⟨q̄,(u−ΠV u) ·n⟩F = 0 for all q̄ ∈ Pk(F), F ∈ F .

4. ⟨q̄m,(um −ΠV um) ·n⟩F = 0 for all q̄m ∈ Pk(F), F ∈ F d .

5. ∥u−ΠV u∥p,K ≤Chl−p
K |u|l,K with p = 0,1,2 and max(1, p)≤ l ≤ k+1, K ∈ T .

6. ∥um −Πm
V um∥p,K ≤Chl−p

K |um|l,K with p = 0,1,2 and max(1, p)≤ l ≤ k+1,

K ∈ T d .

7. ∥∇ · (u−ΠV u)∥K ≤Chl
K |∇ ·u|l,K with 1 ≤ l ≤ k, K ∈ T .

8. ∥∇ · (um −Πm
V um)∥K ≤Chl

K |∇ ·um|l,K with 1 ≤ l ≤ k, K ∈ T d .

Furthermore, we denote the L2-projection onto V̄h by Π̄V . For v ∈ [H l(K)]dim,

1 ≤ l ≤ k+1, we have:

∥v− Π̄V v∥∂K ≤Chl−1/2
K ∥v∥Hl(K)

, (3.41a)

∥ΠV v− Π̄V v∥∂K ≤Chl−1/2
K ∥v∥Hl(K)

. (3.41b)
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Next we prove an inf-sup condition. We start by splitting bh(·, ·) as follows:

bh(vvvh,qqqh) = b1
h(vvvh,(qh,q

m
h ))+b2

h(vvvh,(q̄
s
h, q̄

d
h , q̄

m
h )),

where

b1
h(vvvh,(qh,q

m
h )) =− ∑

j=s,d
(qh,∇ · vh)Ω j − (qm

h ,∇ · vm
h )Ωd ,

b2
h(vvvh,(q̄

s
h, q̄

d
h , q̄

m
h )) = ∑

j=s,d
(⟨q̄ j

h,vh ·n⟩∂T j +bI, j
h (q̄ j

h, v̄h))+ ⟨q̄m
h ,v

m
h ·n⟩

∂T d .

According to [51, Theorem 31.1], we only need to prove that b1
h(·, ·) satisfies the inf-sup

condition in

ZZZ0
h := Ker(b2

h) = {vvvh ∈ ZZZh : b2
h(vvvh,(q̄

s
h, q̄

d
h , q̄

m
h )) = 0 ∀(q̄s

h, q̄
d
h , q̄

m
h ) ∈ Q̄s

h × Q̄d
h × Q̄d

h}

and b2
h(·, ·) satisfies the inf-sup condition in ZZZh ×PPPh. The following two lemmas serve

this purpose.

Lemma 29. There exists a constant C > 0, independent of h, such that for any

(qh,qm
h ) ∈ Qh ×Qm

h ,

C(∥qh∥2
Ω
+∥qm

h ∥
2
Ωd )

1/2 ≤ sup
vvvh∈ZZZ0

h,vvvh ̸=000

b1
h(vvvh,(qh,qm

h ))

∥vvvh∥Zh
. (3.42)

Proof. Let (qh,qm
h ) ∈ Qh ×Qm

h . Since qh ∈ L2
0(Ω) and qm

h ∈ L2
0(Ω

d), by the standard

inf-sup condition, there exist v ∈ [H1
0 (Ω)]dim and vm ∈ [H1

0 (Ω
d)]dim such that:

−∇ · v =qh in Ω, C∥v∥1,Ω ≤ ∥qh∥Ω,

−∇ · vm =qm
h in Ω

d , C∥vm∥1,Ωd ≤ ∥qm
h ∥Ωd .
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By Lemma 28, eq. (3.41), and [45, (1.24)],

∥(ΠV v,Π̄V v,Πm
V vm)∥2

Zh
=∥ε(ΠV v)∥2

Ωs + ∑
K∈T s

h−1
K ∥ΠV v− Π̄V v∥2

∂K

+∥ΠV v∥2
Ωd +∥Π

m
V vm∥2

Ωd +∥Π̄V (v
s)t∥2

ΓI

≤C(∥v∥2
1,Ωs +∥vm∥2

1,Ωd +∥v∥2
1,Ωd ). (3.43)

Observe also that (ΠV v,Π̄V v,Πm
V vm) ∈ ZZZ0

h by the fact that q̄ j
h, j = s,d,m is

single-valued and the properties of ΠV and Π̄V . Therefore,

sup
vvvh∈ZZZ0

h,vvvh ̸=000

b1
h(vvvh,(qh,qm

h ))

∥vvvh∥Zh
= sup

vvvh∈ZZZ0
h,vvvh ̸=000

−
∑ j=s,d(qh,∇ · vh)Ω j +(qm

h ,∇ · vm
h )Ωd

∥vvvh∥Zh

≥
∑ j=s,d(qh,∇ ·ΠV v)

Ω j +(qm
h ,∇ ·Πm

V vm)
Ωd

∥(ΠV v,Π̄V v,Πm
V vm)∥Zh

≥C
∥qh∥2

Ω
+∥qm

h ∥
2
Ωd

(∥v∥2
1,Ωs +∥v∥2

1,Ωd +∥vm∥2
1,Ωd )

1/2

≥C(∥qh∥2
Ω
+∥qm

h ∥
2
Ωd )

1/2. (3.44)

■

Lemma 30. There exists a constant C > 0, independent of h, such that for any

(q̄s
h, q̄

d
h , q̄

m
h ) ∈ Q̄s

h × Q̄d
h × Q̄d

h ,

C
(

∑
j=s,d

∑
K∈T j

hK∥q̄ j
h∥

2
∂K + ∑

K∈T d
hK∥q̄m

h ∥
2
∂K

)1/2

≤ sup
vvvh∈ZZZh,vvvh ̸=000

b2
h(vvvh,(q̄s

h, q̄
d
h , q̄

m
h ))

∥vvvh∥Zh
. (3.45)

Proof. The proof is similar to that of [52, Lemma 3]. We start by introducing an operator

[41, Proposition 2.10] to lift q̄m
h ∈ Q̄m

h to Ωd and q̄ j
h ∈ Q̄ j

h to Ω j, j = s,d. Let

Rk(∂K) := {q̄ ∈ L2(∂K) : q̄ ∈ Pk(F), ∀F ⊂ ∂K} and let L : Rk(∂K) 7→ [Pk(K)]dim be the
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BDM local lifting operator that satisfies for all q̄h ∈ Rk(∂K):

(Lq̄h) ·n = hK q̄h on ∂K, ∥Lq̄h∥K ≤C0h3/2
K ∥q̄h∥∂K , (3.46a)

∥∇(Lq̄h)∥K ≤C0h1/2
K ∥q̄h∥∂K , ∥Lq̄h∥∂K ≤C0hK∥q̄h∥∂K . (3.46b)

Here the constant C0 ≥ 1 only depends on the shape regularity of the mesh and the

polynomial degree k. Using the same argument as in [37, Lemma 6], we define

Lq̄h =


Lq̄s

h ∀K ∈ T s,

Lq̄d
h ∀K ∈ T d .

Then, (Lq̄h,0,Lq̄m
h ) ∈ ZZZh and

∑
j=s,d

(⟨q̄ j
h,Lq̄h ·n⟩∂T j +bI, j

h (q̄ j
h,0))+ ⟨q̄m

h ,Lq̄m
h ·n⟩

∂T d

= ∑
j=s,d

∑
K∈T j

hK∥q̄ j
h∥

2
∂K + ∑

K∈T d
hK∥q̄m

h ∥
2
∂K .

Furthermore, by eq. (3.46),

∥(Lq̄h,0,Lq̄m
h )∥

2
Zh

=∥ε(Lq̄s
h)∥

2
Ωs + ∑

K∈T s
h−1

K ∥Lq̄s
h∥

2
∂K

+∥Lq̄d
h∥

2
Ωd +∥Lq̄m

h ∥
2
Ωd

≤2C2
0

(
∑

j=s,d
∑

K∈T j
hK∥q̄ j

h∥
2
∂K + ∑

K∈T d
hK∥q̄m

h ∥
2
∂K

)
. (3.47)
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Therefore,

sup
vvvh∈ZZZh,vvvh ̸=000

b2
h(vvvh,(q̄s

h, q̄
d
h , q̄

m
h ))

∥vvvh∥Zh

= sup
vvvh∈ZZZh,vvvh ̸=000

∑ j=s,d(⟨q̄
j
h,vh ·n⟩∂T j +bI, j

h (q̄ j
h, v̄h))+ ⟨q̄m

h ,v
m
h ·n⟩

∂T d

∥vvvh∥Zh

≥
∑ j=s,d⟨q̄

j
h,Lq̄ j

h ·n⟩∂T j + ⟨q̄m
h ,Lq̄m

h ·n⟩
∂T d

∥(Lq̄h,0,Lq̄m
h )∥Zh

≥
∑ j=s,d ∑K∈T j hK∥q̄ j

h∥
2
∂K +∑K∈T d hK∥q̄m

h ∥
2
∂K

√
2C0

(
∑ j=s,d ∑K∈T j hK∥q̄ j

h∥
2
∂K +∑K∈T d hK∥q̄m

h ∥
2
∂K

)1/2

= (
√

2C0)
−1
(

∑
j=s,d

∑
K∈T j

hK∥q̄ j
h∥

2
∂K + ∑

K∈T d
hK∥q̄m

h ∥
2
∂K

)1/2
.

The result follows with C = (
√

2C0)
−1. ■

The following inf-sup condition is a direct consequence of Equations (3.42)

and (3.45) and [51, Theorem 3.1].

Theorem 31. There exists a constant βp > 0, independent of h, such that for all ppph ∈ PPPh,

βp∥ppph∥Ph ≤ sup
vvvh∈ZZZh,vvvh ̸=000

bbbh(ppph,vvvh)

∥vvvh∥Zh
. (3.48)

We end this section by proving well-posedness of the HDG method.

Theorem 32. If β > β0, then the discrete problem eq. (3.29) is well-posed.

Proof. Since the problem is finite dimensional and linear, it is sufficient to show

uniqueness of the solution. Choosing f = 0, g = 0, vvvh = uuuh and qqqh =−ppph in eq. (3.29),

we arrive:

ah(uuuh,uuuh)+ c(ppph, ppph) = 0.

By Lemma 25,

Ce(∥uuuh∥2
V s

h
+∥ūt

h∥
2
ΓI +∥uh∥2

Ωd +∥um
h ∥

2
Ωd )+σκm∥pm

h − ph∥2
Ωd ≤ 0.
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Thus pm
h = ph in Ωd and uuuh = 000. Plugging these values in eq. (3.29), we obtain:

bbbh(ppph,vvvh) = 0 ∀vvvh ∈ ZZZh.

Therefore, ppph = 000 by Theorem 31, concluding the proof. ■

3.4 A priori error analysis

In the next part, we will analyze the errors in the HDG method given in

Equation (3.29). We will be using the BDM interpolation operator ΠV as defined in

Lemma 28 , and the L2-projection operators Π̄V for V̄h, ΠQ for Qh, Πm
Q for Qm

h , and Π̄
j
Q

for Q̄ j
h, where j = s,d, as well as for k ≥ 0 and 0 ≤ l ≤ k. The following holds:

∥q−ΠQq∥K ≤Chl
K∥q∥l,K ∀q ∈ H l(K), (3.49a)

∥q− Π̄
d
Qq∥∂K ≤Chl+1/2

K ∥q∥l+1,K ∀q ∈ H l+1(K). (3.49b)

3.4.1 Some useful notations

In this section and section 4.4 we will use the following notation for convenience.

ΠΠΠu := (ΠV u,Π̄V us,Πm
V um), ΠΠΠp := (ΠQ p,Π̄s

Q ps,Π̄d
Q pd ,Πm

Q pm,Π̄d
Q pm),

eI
u = u−ΠV u, eh

u = uh −ΠV u, eI
um = um −Π

m
V um, eh

um = um
h −Π

m
V um,

eI
p = p−ΠQ p, eh

p = ph −ΠQ p, eI
pm = pm −Π

m
Q pm, eh

pm = pm
h −Π

m
Q pm,

and

ēI
us = us|

Γs
0
− Π̄V us, ēh

us = ūs
h − Π̄V us,

ēI
ps = ps|

Γs
0
− Π̄

s
Q ps, ēh

ps = ps
h − Π̄

s
Q ps,

ēI
p j = p j|

Γ
j
0
− Π̄

d
Q p j, ēh

p j = p j
h − Π̄

d
Q p j, j = d,m.
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eeeI
u = (eI

u, ē
I
u,e

I
um), eeeh

u = (eh
u, ē

h
u,e

h
um),

eeeI
p = (eI

p, ē
I
ps, ēI

pd ,e
I
pm , ēI

pm), eeeh
p = (eh

p, ē
h
ps, ēh

pd ,e
h
pm, ēh

pm),

eeeI
p j = (eI

p j , ē
I
p j), eeeh

p j = (eh
p j , ē

h
p j),

where j = s,d,m. By [37, Lemmas 7 and 8],

∥eeeI
u∥V s,∗

h
≤Chl−1∥u∥l,Ωs, 2 ≤ l ≤ k+1, (3.50)

and

∥eeeI
ps∥Qs

h
≤Chl∥ps∥l,Ωs, ∥eeeI

p j∥Q j
h
≤Chl∥p j∥l,Ωd , 0 ≤ l ≤ k, j = d,m. (3.51)

3.4.1.1 Error equation The following lemma presents the error equations used to derive

our error estimates in Theorem 34 and Corollary 35.

Lemma 33 (Error equation). For any (vvvh,qqqh) ∈ ZZZh ×PPPh, the following holds:

ah(eee
h
u,vvvh)+bh(eee

h
p,vvvh) = as

h(eee
I
u,vvvh)+ad

h(e
I
u,vh)+am

h (e
I
um,vm

h ), (3.52a)

bh(qqqh,eee
h
u)− ch(eee

h
p,qqqh) = 0. (3.52b)

Proof. By Lemma 24 and eq. (3.29),

ah(uuu,vvvh)+bh(ppp,vvvh) = ah(uuuh,vvvh)+bh(ppph,vvvh), (3.53a)

bh(qqqh,uuu)− ch(ppp,qqqh) = bh(qqqh,uuuh)− ch(ppph,qqqh), (3.53b)

for all vvvh ∈VVV h, qqqh ∈ PPPh. Subtracting ah(ΠΠΠu,vvvh)+bh(ΠΠΠp,vvvh) from both sides of

eq. (3.53a) and bh(qqqh,ΠΠΠu)− ch(ΠΠΠp,qqqh) from both sides of eq. (3.53b), we find

ah(eee
h
u,vvvh)+bh(eee

h
p,vvvh) = ah(eee

I
u,vvvh)+bh(eee

I
p,vvvh),

bh(qqqh,eee
h
u)− ch(eee

h
p,qqqh) = bh(qqqh,eee

I
u)− ch(eee

I
p,qqqh).
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By the definition of bilinear forms, we obtain

ah(eee
I
u,vvvh)+bh(eee

I
p,vvvh) = as

h(eee
I
u,vvvh)+aI

h(ē
I
u, v̄h)+ad

h(e
I
u,vh)+am

h (e
I
um,vm

h )

+bs
h(eee

I
ps ,vh)+bd

h(eee
I
pd ,vh)+bd

h(eee
I
pm ,vm

h )+bI,s
h (ēI

ps , v̄h)+bI,d
h (ēI

pd , v̄h),

bh(qqqh,eee
I
u)− ch(eee

I
p,qqqh) = bs

h(qqq
s
h,e

I
u)+bd

h(qqq
d
h ,e

I
u)+bd

h(qqq
m
h ,e

I
um)

+bI,s
h (q̄s

h, ē
I
u)+bI,d

h (q̄d
h , ē

I
u)− ch(eee

I
p,qqqh).

Since Π
j
Q, Π̄

j
Q, j = d,m are L2-projections, we note that

bs
h(eee

I
ps,vh) = 0, bd

h(eee
I
pd ,vh) = 0, bd

h(eee
I
pm,vm

h ) = 0,

bI,d
h (ēI

pd , v̄h) = 0, bI,s
h (ēI

ps , v̄h) = 0, ch(eee
I
p,qqqh) = 0.

Furthermore, by Lemma 28,

bs
h(qqq

s
h,e

I
u) = 0, bd

h(qqq
d
h ,e

I
u) = 0, bd

h(qqq
m
h ,e

I
um) = 0,

and by the definition of the L2-projection Π̄V , we have

bI,s
h (q̄s

h, ē
I
u) = 0, bI,d

h (q̄d
h , ē

I
u) = 0, aI

h(ē
I
u, v̄h) = 0.

These identities lead to the conclusion. ■

Theorem 34. Let (uuu, ppp) ∈ ZZZ ×PPP be the solution of the dual-porosity-Stokes problem

eqs. (3.1) to (3.3) such that us ∈ [Hk+1(Ωs)]dim, ud ∈ [Hk(Ωd)]dim, um ∈ [Hk(Ωd)]dim,

p j ∈ Hk(Ω j), j = s,d, pm ∈ Hk(Ωd), k ≥ 1. Let (uuuh, ppph) ∈ ZZZh ×PPPh be the solution to

eq. (3.29). Then,

∥eeeh
u∥V s

h
+∥eh

u∥Ωd +∥eh
um∥

Ωd (3.54a)

≤CC−1
e Cmhk(∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd ),

∥eeeh
p∥Ph ≤Cβ

−1
p (CcC−1

e +1)Cmhk(∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd ), (3.54b)
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where Ce is the ellipticity constant in Lemma 25, βp is the inf-sup constant in Theorem 31,

Cc is the boundedness constant in eq. (3.38b), Cm = max(Cs,∗
c ,κ−1

f ,κ−1
m ) in which Cs,∗

c is

the boundedness constant in Corollary 27, and C is a generic constant independent of

h,σ ,µ,κ f , and κm.

Proof. Choose (vvvh,qqqh) = (eeeh
u,−eeeh

p) in eq. (3.52), and add the two equations together. By

Lemma 25

Ce(∥eeeh
u∥2

V s
h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd )

≤ ah(eee
h
u,eee

h
u)+ ch(eee

h
p,eee

h
p) = as

h(eee
I
u,eee

h
u)+ad

h(e
I
u,e

h
u)+am

h (e
I
um,eh

um). (3.55)

We bound the right hand side of eq. (3.55) by Corollary 27, the Cauchy–Schwarz

inequality, and the definition of ∥ · ∥V s,∗
h

as follows:

as
h(eee

I
u,eee

h
u)+ad

h(e
I
u,e

h
u)+am

h (e
I
um,eh

um)

≤Cs,∗
c ∥eeeI

u∥V s,∗
h

∥eeeh
u∥V s

h
+κ

−1
f ∥eI

u∥Ωd∥eh
u∥Ωd +κ

−1
m ∥eI

um∥
Ωd∥eh

um∥
Ωd

≤ max(Cs,∗
c ,κ−1

f ,κ−1
m )(∥eeeI

u∥2
V s,∗

h
+∥eI

u∥2
Ωd +∥eI

um∥2
Ωd )

1/2

× (∥eeeh
u∥2

V s
h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd )

1/2.

(3.56)

Equation (3.54a) now follows from eqs. (3.55) and (3.56), Lemma 28, and eq. (3.41). We

next prove eq. (3.54b). By eq. (3.52a), Lemma 26, and following the same steps as in

eq. (3.56), we have :

|bh(eee
h
p,vvvh)| ≤ |ah(eee

h
u,vvvh)|+ |as

h(eee
I
u,vvv

s
h)|+ |ad

h(e
I
u,v

d
h)|+ |am

h (e
I
um,vm

h )|,

≤ (Cc∥eeeh
u∥Zh +max(Cs,∗

c ,κ−1
f ,κ−1

m )(∥eeeI
u∥2

V s,∗
h

+∥eI
u∥2

Ωd +∥eI
um∥2

Ωd )
1/2)∥vvvh∥Zh .
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Combining this with the inf-sup condition in Theorem 31, Lemma 28, eq. (3.41), and

observing that a modification of eq. (3.54a),

∥eeeh
p∥Ph ≤ β

−1
p sup

vvvh∈ZZZh,vvvh ̸=000

bbbh(eeeh
p,vvvh)

∥vvvh∥Zh

≤ β
−1
p (Cc∥eeeh

u∥Zh +max(Cs,∗
c ,κ−1

f ,κ−1
m )(∥eeeI

u∥2
V s,∗

h
+∥eI

u∥2
Ωd +∥eI

um∥2
Ωd )

1/2)

≤Cβ
−1
p (CcC−1

e +1)max(Cs,∗
c ,κ−1

f ,κ−1
m )hk(∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd ),

which is the desired result. ■

Corollary 35. Under the assumptions of Theorem 34,

∥uuu−uuuh∥V s
h
+∥u−uh∥Ωd +∥um −um

h ∥Ωd (3.57a)

≤C(C−1
e Cm +1)hk (∥u∥k+1,Ωs +∥u∥k+1,Ωd +∥um∥k+1,Ωd ) ,

∥ppp− ppph∥Ph ≤Chk(∥p∥k,Ωs +∥p∥k,Ωd +∥pm∥k,Ωd ) (3.57b)

+Cβ
−1
p (CcC−1

e +1)Cmhk(∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd ),

where uuu := (u,us|
Γs

0
,um), ppp := (p, ps|

Γs
0
, pd |

Γd
0
, pm, pm|

Γm
0
), and C is a constant a

constant which depends on the shape regularity of meshes and the polynomial degree k but

is independent of h,σ ,µ,κ f , and κm, and where

Cm = max(2µ max(1+C,β +C),κ−1
f ,κ−1

m ),

Ce = min(µ(1−C2/β )min(1,β ),ακ
−1/2
f ,κ−1

f ,κ−1
m ),

Cc = max(2µ max(1+Ctr,β +Ctr),κ
−1
f ,κ−1

m ,αµκ
−1/2
f ).
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Proof. We start by proving eq. (3.57a). By a triangle inequality, eq. (3.54a), eq. (3.50),

and Lemma 28, we obtain:

∥uuu−uuuh∥V s
h
+∥u−uh∥Ωd +∥um −um

h ∥Ωd

≤∥eeeh
u∥V s

h
+∥eh

u∥Ωd +∥eh
um∥

Ωd +∥eeeI
u∥V s

h
+∥eI

u∥Ωd +∥eI
um∥

Ωd

≤CC−1
e Cmhk(∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd )

+Chk(∥u∥k+1,Ωs +∥u∥k+1,Ωd +∥um∥k+1,Ωd )

≤C(C−1
e Cm +1)hk

(
∥u∥k+1,Ωs +∥u∥k+1,Ωd +∥um∥k+1,Ωd

)
.

We next prove eq. (3.57b). By the triangle inequality, eq. (3.51), and eq. (3.54b),

∥ppp− ppph∥Ph ≤∥eeeI
p∥Ph +∥eeeh

p∥Ph

≤Chk(∥p∥k,Ωs +∥p∥k,Ωd +∥pm∥k,Ωd )

+Cβ
−1
p (CcC−1

e +1)Cmhk(∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd ).

■

3.5 Numerical Examples

The numerical examples in this section were implemented in Python using the

NGSolve library [53, 54]. The interior penalty parameter in eq. (3.29) is assigned as

β = 10k2 for all examples, which, according to the explicit upper bound of Ctr in [49], is

determined to be sufficient for stability if k is less than or equal to 5. All simulations are

performed on an unstructured mesh.

3.5.1 Example 1

We validate our theoretical results by using a manufactured solution adapted from

[37, Section 6.1]. Let Ω = (0,1)2, Ωs = (0,1)× (0.5,1), and Ωd = (0,1)× (0,0.5). We
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choose the following parameters for the scheme κm = 1, κ f = 1, σ = 0.9, µ = 1 and

α = µ
√

κ f (1+4π2)/2, for the convergence rates presented in tables 3.1 to 3.3.

Boundary conditions and source terms are set in such a way that the exact solution

to our problem is given by:

us =

−2π−2 sin(πx)exp(y/2)

π−1 cos(πx)exp(y/2),

 , ps =
κ f µ −2

κ f π
cos(πx)exp(y/2),

ud =

−2sin(πx)exp(y/2),

π−1 cos(πx)exp(y/2)

 , pd =− 2
κ f π

cos(πx)exp(y/2),

um =

 −sin(πx)cos(2πy)

−2cos(πx)sin(2πy)

 , pm =
1

κmπ
cos(πx)cos(2πy).

Table 3.1 presents the L2-errors and convergence rates for u and p in Ωs and Table 3.2 and

Table 3.2 present the L2-errors and convergence rates for u and p in Ωd , and um and pm in

Ωd together with a column demonstrating mass conservation. These tables show that the

rates of convergence of ∥uh −u∥Ωs , ∥uh −u∥
Ωd , ∥um

h −um∥
Ωd , ∥ph − p∥Ωs , ∥ph − p∥

Ωd ,

∥pm
h − pm∥

Ωd , ∥∇(uh −u)∥Ωs , ∥∇ · (uh −u)∥
Ωd , and ∥∇ · (um

h −um)∥
Ωd are at least k or

higher, thereby corroborating Corollary 35 and eqs. (3.33d) to (3.33f). Note that the tables

actually show that ∥uh −u∥Ωs , ∥uh −u∥
Ωd , and ∥um

h −um∥
Ωd converge with an

asymptotic rate of convergence of k+1, even though this is not shown by our error

analysis.

Next, we compare the amount of time it takes to assemble and solve the system

with and without static condensation. For this test, we fix the mesh size as h = 1/64 and

polynomial degrees as k = 3 and k = 4. With static condensation, it takes 4.5 and 12

seconds, whereas without static condensation, the computation takes more than 9 and 39

minutes, for k = 3 and k = 4, respectively. This clearly demonstrates the computational

advantage of using static condensation to compute the HDG solution.
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In the Stokes region in Ωs

df Cells ∥eu∥Ωs Rate
∥∥ep
∥∥

Ωs Rate ∥∇eu∥Ωs Rate ∥∇ ·uh∥Ωs
k = 2
3.3e+02 8 4.4e-03 - 1.6e-01 - 7.4e-02 - 4.4e-16
1.1e+03 28 7.4e-04 2.6 3.8e-02 2.1 2.0e-02 1.9 1.1e-15
5.5e+03 152 5.2e-05 3.8 7.7e-03 2.3 3.8e-03 2.4 2.0e-15
2.0e+04 570 4.9e-06 3.4 1.9e-03 2.0 8.2e-04 2.2 3.6e-15
8.3e+04 2346 5.7e-07 3.1 4.9e-04 2.0 2.0e-04 2.0 6.8e-15
3.4e+05 9520 6.8e-08 3.1 1.3e-04 2.0 4.9e-05 2.0 1.3e-14
k = 3
5.0e+02 8 4.4e-04 - 4.0e-02 - 9.9e-03 - 5.0e-15
1.7e+03 28 6.1e-05 2.8 6.8e-03 2.5 2.1e-03 2.2 8.1e-15
8.6e+03 152 1.4e-06 5.4 3.1e-04 4.4 1.3e-04 4.0 2.1e-14
3.2e+04 570 7.5e-08 4.3 3.1e-05 3.3 1.5e-05 3.2 4.0e-14
1.3e+05 2346 3.8e-09 4.3 3.4e-06 3.2 1.6e-06 3.2 8.5e-14
5.3e+05 9520 2.2e-10 4.1 4.1e-07 3.0 1.9e-07 3.1 1.7e-13
k = 4
7.2e+02 8 3.5e-05 0.0 2.8e-03 0.0 7.8e-04 0.0 6.0e-17
2.4e+03 28 2.2e-06 4.0 1.7e-04 4.0 7.5e-05 3.4 6.9e-17
1.2e+04 152 2.6e-08 6.4 5.4e-06 5.0 2.3e-06 5.0 5.9e-17
4.6e+04 570 6.9e-10 5.2 3.0e-07 4.2 1.2e-07 4.2 5.8e-17
1.9e+05 2346 2.0e-11 5.1 1.8e-08 4.1 7.2e-09 4.1 5.9e-17
7.7e+05 9520 6.8e-13 4.9 1.1e-09 4.0 4.5e-10 4.0 5.9e-17

Table 3.1: Errors and rates of convergence for the set problem up in Section 3.5.1, in Ωs

for the velocity and pressure fields using polynomial degrees k = 2, k = 3 and k = 4.

In addition, we investigate the effect of changing various parameters of the

problem. First, we consider the value of the viscosity µ that shows up in the Stokes

equations and the interface conditions but not directly in the dual-porosity equations. We

observe that the pressure error in the Stokes region changes accordingly but pressure

errors in the dual-porosity region are not affected. But as the value of µ increases in the

Stokes region, the pressure error increases.
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In microfractures in Ωd

df Cells ∥eu∥
Ωd Rate ∥ep∥

Ωd Rate ∥∇ · eu∥
Ωd Rate ∥Φ∥

Ωd
k = 2
3.3e+02 8 1.6e-02 - 2.6e-02 - 2.5e-01 - 8.8e-06
1.1e+03 28 3.0e-03 2.5 8.7e-03 1.6 8.4e-02 1.6 8.1e-08
5.5e+03 152 1.9e-04 4.0 1.3e-03 2.7 1.3e-02 2.7 9.6e-10
2.0e+04 570 2.4e-05 3.0 3.5e-04 1.9 3.4e-03 1.9 1.2e-11
8.3e+04 2346 2.5e-06 3.2 8.0e-05 2.1 7.7e-04 2.1 3.8e-12
3.4e+05 9520 3.0e-07 3.1 1.9e-05 2.0 1.9e-04 2.0 1.6e-11
k = 3
5.0e+02 8 1.5e-03 - 3.4e-03 - 3.2e-02 - 1.2e-08
1.7e+03 28 1.2e-04 3.7 5.1e-04 2.7 4.9e-03 2.7 1.4e-11
8.6e+03 152 3.3e-06 5.1 3.7e-05 3.8 3.5e-04 3.8 8.2e-13
3.2e+04 570 2.1e-07 3.9 4.9e-06 2.9 4.7e-05 2.9 3.0e-12
1.3e+05 2346 1.2e-08 4.1 5.8e-07 3.1 5.6e-06 3.1 1.2e-11
5.3e+05 9520 7.1e-10 4.1 7.0e-08 3.0 6.8e-07 3.0 4.8e-11
k = 4
7.2e+02 8 1.2e-04 - 3.3e-04 - 3.2e-03 - 1.8e-11
2.4e+03 28 7.8e-06 4.0 4.2e-05 3.0 4.0e-04 3.0 1.6e-15
1.2e+04 152 8.9e-08 6.5 1.1e-06 5.3 1.0e-05 5.3 1.3e-15
4.6e+04 570 2.8e-09 5.0 6.8e-08 3.9 6.6e-07 3.9 1.3e-15
1.9e+05 2346 6.1e-11 5.5 3.3e-09 4.4 3.2e-08 4.4 1.3e-15
7.7e+05 9520 1.8e-12 5.1 1.9e-10 4.1 1.9e-09 4.1 1.3e-15

Table 3.2: Errors and rates of convergence, for the problem as set up in Section 3.5.1, in
microfractures in Ωd for the velocity and pressure fields using polynomial degrees k = 2,
k = 3 and k = 4. Here eu := uh−u, ep = ph− p, and Φ := σκm(pd

h − pm
h )+∇ ·ud

h −Πd
Qg.

Upon changing the parameters that show up in the dual-porosity equations, the

interface conditions but not directly in the Stokes equations, we found that the magnitude

of the pressure errors in both subdomains changed.

In all of these runs, even though some parameter choices led to changes in pressure

errors, we did not observe a corresponding change in velocity errors. This shows that the

method possesses the pressure robustness property [55, 56] which is a consequence of

strong mass conservation property of the scheme.
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(a) Left: Error of velocity in Stokes domain, right: Error of Pressure in Stokes domain by changing
only the value of µ .

(b) Left: Error of velocity in Stokes domain, right: Error of Pressure in Stokes domain, changing
the parameters in the graph.

Figure 3.2: The error of velocity and pressure in Stokes region for different parameters, as
described in the graphs. Notice that some graphs overlap
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(a) Left: Error of velocity in microfracture, right: Error of Pressure in microfracture by changing
only the value of µ .

(b) Left: Error of velocity in microfracture, right: Error of Pressure in microfracture, changing the
parameters in the graph.

Figure 3.3: The error of velocity and pressure in microfracture for different parameters, as
described in the graphs.
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(a) Left: Error of velocity in matrix, right: Error of pressure in matrix by changing only the value
of µ .

(b) Left: Error of velocity in matrix, right: Error of pressure in matrix, changing the parameters in
the graph.

Figure 3.4: The error of velocity and pressure in matrix for different parameters, as
described in the graphs.
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In the matrix in Ωd

df Cells ∥em
u ∥Ωd Rate ∥em

p ∥Ωd Rate ∥∇ · em
u ∥Ωd Rate ∥Φm∥

Ωd
k = 2
3.3e+02 8 9.7e-02 - 2.8e-02 - 2.5e-01 - 8.9e-04
1.1e+03 28 1.7e-02 2.5 1.1e-02 1.3 8.4e-02 1.6 7.1e-06
5.5e+03 152 1.7e-03 3.3 2.3e-03 2.3 1.3e-02 2.7 8.8e-08
2.0e+04 570 1.8e-04 3.2 5.4e-04 2.1 3.4e-03 1.9 9.8e-10
8.3e+04 2346 2.0e-05 3.2 1.3e-04 2.1 7.7e-04 2.1 9.7e-12
3.4e+05 9520 2.3e-06 3.1 3.0e-05 2.1 1.9e-04 2.0 5.3e-12
k = 3
5.0e+02 8 3.1e-02 - 1.3e-02 - 3.2e-02 - 1.2e-06
1.7e+03 28 1.3e-03 4.6 1.3e-03 3.4 4.9e-03 2.7 1.4e-09
8.6e+03 152 6.6e-05 4.3 1.4e-04 3.2 3.5e-04 3.8 8.0e-13
3.2e+04 570 4.5e-06 3.9 1.9e-05 2.9 4.7e-05 2.9 1.1e-12
1.3e+05 2346 2.2e-07 4.3 2.1e-06 3.2 5.6e-06 3.1 4.8e-12
5.3e+05 9520 1.3e-08 4.1 2.4e-07 3.1 6.8e-07 3.0 1.8e-11
k = 4
7.2e+02 8 5.8e-03 - 3.0e-03 - 3.2e-03 - 9.9e-10
2.4e+03 28 2.2e-04 4.7 2.4e-04 3.7 4.0e-04 3.0 6.0e-14
1.2e+04 152 5.2e-06 5.4 1.1e-05 4.4 1.0e-05 5.3 2.3e-15
4.6e+04 570 1.2e-07 5.5 5.4e-07 4.4 6.6e-07 3.9 2.1e-15
1.9e+05 2346 3.1e-09 5.3 3.0e-08 4.2 3.2e-08 4.4 2.1e-15
7.7e+05 9520 7.2e-11 5.4 1.5e-09 4.3 1.9e-09 4.1 2.1e-15

Table 3.3: Errors and rates of convergence, for the problem as set up in Section 3.5.1, in
the matrix in Ωd for the velocity and pressure fields using polynomial degrees k = 2, k = 3
and k = 4. Here em

u := um
h −um, em

p = pm
h − pm, and Φm := σκm(pm

h − pd
h)+∇ ·um

h .

3.5.2 Example 2

In this section, we will be simulating fluid flow around wellbores with open-hole

completion in a naturally fractured reservoir. We will present two cases: (i) a vertical

production wellbore; and (ii) a horizontal production wellbore, both with open-hole

completion [57]. The examples provided below are inspired by [23, Section 6.4], [24,

Section 6.2], and [26, Examples 5.3, 5.4].
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3.5.2.1 A vertical production wellbore For this example, we define

Ωs = (1/2,1)× (1/2,3/2) and Ωd = (0,3/2)2 \Ω
s, and then we define the boundaries

and the interface:

Γ
s := {(x,y) : y = 3/2 and x ∈ (1/2,1)} ,

Γ
d := {(x,y) : x = 0 or y = 0 or x = 3/2 or y = 3/2}\Γ

s,

and

Γ
I := {(x,y) : x = 1/2 or y = 1/2 or x = 1} ,

on which we impose the following boundary conditions:

(−psI +µε(us))n = 0 on Γ
s, (3.58a)

pm = 5×104 on Γ
d , (3.58b)

pd = 104 on Γ
d . (3.58c)

See Figure 3.5 for a depiction of the domain and its boundaries. Note that eq. (3.58a)

imposes an outflow boundary condition for the free flow in Ωs. The parameters for this

problem are chosen as

h = 1/64, κm = 10−5, κ f = 10−1, µ = 10−3, σ = 0.9, f = 0, g = 0. (3.59)

Figure 3.6a shows the pressure field in the wellbore and microfractures while

Figure 3.6b shows the pressure field in the matrix. The pressure difference between pm
h

and ph in Ωd results in fluid flow from the matrix to the microfractures, while the pressure

difference between ph in Ωd and ph in Ωs drives the fluid from the microfractures into the

wellbore. The latter is observed in Figure 3.6c in which we plot the streamlines and

magnitude of the velocity of the fluid flow in the microfractures and the wellbore. We
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Figure 3.5: A plot of the domain used in Section 3.5.2.1.

Γd

Γd Γd

Γd

Γd

Γs

ΓI

ΓI ΓIΩs

Ωd

furthermore observe that once in the wellbore the velocity magnitude of the fluid is

significantly higher than in the surrounding microfractures and that the fluid is driven

towards the outflow boundary Γs. We plot the streamlines and magnitude of the velocity

of the fluid in the matrix in Figure 3.6d. Here we observe that although fluid is driven

towards the wellbore, there is no fluid exchange between the matrix and the wellbore as

expected from the no-exchange interface condition on the matrix velocity imposed by the

model.

Moreover, we remark that mass is conserved pointwise on the elements as

predicted by eq. (3.33). Indeed, we compute:

∥∇ ·us
h∥Ωs = 1.0 ·10−11,

∥σκm(pd
h − pm

h )+∇ ·ud
h∥Ωd = 2.4 ·10−11,

∥σκm(pm
h − pd

h)+∇ ·um
h ∥Ωd = 1.2 ·10−16.
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Figure 3.6: The pressure and velocity solutions for the problem as set up in Section 3.5.2.1
with σ = 0.9. Left column: Pressure ph and velocity uh fields in Ω. Right column: Pressure
pm

h and velocity um
h fields in the matrix in Ωd .

(a) Pressure ph in Ω. (b) Pressure pm
h in the matrix in Ωd .

(c) Velocity field uh in Ω. (d) Velocity field um
h in the matrix in Ωd .
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Figure 3.7: The velocity fields uh in Ω and um
h in the matrix in Ωd for the problem as set

up in Section 3.5.2.1 with σ = 0.5.

(a) Velocity field uh in Ω. (b) Velocity field um
h in the matrix in Ωd .

Finally, Figures 3.7 and 3.8 show the velocity fields obtained using shape factors

σ = 0.5 and σ = 0.1, respectively, with all other parameters the same as before. As

expected, the velocity magnitude decreases with decreasing σ .

3.5.2.2 Horizontal production wellbore For this example, we change the domain such that

Ω
s = (1/4,1)× (1/4,1/2)∪ [1,5/4)× (1/4,1/2]∪ (1,5/4)× (1/2,3/2),

and Ωd = (0,3/2)2 \Ω
s. The boundaries are defined as

Γ
s := {(x,y) : y = 3/2 and x ∈ (1,5/4)} ,

Γ
d := {(x,y) : x = 0 or y = 0 or x = 3/2 or y = 3/2}\Γ

s,

Γ
I := {(x,y) : x = 1/4 or x = 1 or x = 5/4 or y = 1/4 or y = 1/2} .

See Figure 3.9 for a depiction of the domain and its boundaries. The parameters and

boundary conditions are as in eqs. (3.58) and (3.59).

60



Figure 3.8: The velocity fields uh in Ω and um
h in the matrix in Ωd for the problem as set

up in Section 3.5.2.1 with σ = 0.1.

(a) Velocity field uh in Ω. (b) Velocity field um
h in the matrix in Ωd .

Figure 3.9: A plot of the domain used in Sections 3.5.2.2 and 3.5.3.
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The pressure field in the wellbore and microfractures is shown in Figure 3.10a

while the pressure field in the matrix is shown in Figure 3.10b. The streamlines and the

magnitude of the velocity of the fluid flow in the microfractures and the wellbore and in

the matrix for σ = 0.9, 0.5, and 0.1 are depicted in Figures 3.10c and 3.10d, Figure 3.11,

and Figure 3.12, respectively. As in Section 3.5.2.1, the difference between the matrix

pressure and the pressure in the microfractures drives the fluid from the matrix to the

microfractures. The difference between the pressure in the microfractures and the pressure

in the wellbore drives the fluid from the microfractures to the wellbore. We also observe

that the fluid leaves the domain at Γs with a velocity magnitude larger than elsewhere in

the domain and, as in Section 3.5.2.1, that the magnitude of the fluid velocity decreases as

the shape parameter σ is decreased. As a final remark to this section, mass is conserved

pointwise on the elements with

∥∇ ·us
h∥Ωs = 3.2 ·10−11,

∥σκm(pd
h − pm

h )+∇ ·ud
h∥Ωd = 1.5 ·10−10,

∥σκm(pm
h − pd

h)+∇ ·um
h ∥Ωd = 6.7 ·10−15.

3.5.3 Example 3

Next, we show that the discretization also performs well on discontinuous data.

We consider the same setup as in sections 3.5.2.1 and 3.5.2.2, changing only the

permeabilities. In each element of the mesh, the values of κ f and κm are now random

distributed constants: κ f ∈ [10−2,1] and κm ∈ [10−6,10−4] (see Figures 3.13 and 3.15 for

a plot of permeabilities).

Our results in Figure 3.16 shows the dependence of the flow on the permeability:

the fluid follows a non-uniform flow pattern in the dual-porosity region Ωd as opposed to

the uniform flow field observed in Figure 3.10. The fluid flows from Ωd into the wellbore
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Figure 3.10: The pressure and velocity solutions for the problem as set up in Section 3.5.2.2
with σ = 0.9. Left column: Pressure ph and velocity uh fields in Ω. Right column: Pressure
pm

h and velocity um
h fields in the matrix in Ωd .

(a) Pressure ph in Ω. (b) Pressure pm
h in the matrix in Ωd .

(c) Velocity field uh in Ω. (d) Velocity field um
h in the matrix in Ωd .
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Figure 3.11: The velocity solutions for the problem as set up in Section 3.5.2.2 with σ =
0.5. Left column: Velocity uh field in Ω. Right column: Velocity um

h field in the matrix in
Ωd .

(a) Velocity field uh in Ω. (b) Velocity field um
h in the matrix in Ωd .

Figure 3.12: The velocity solutions for the problem as set up in Section 3.5.2.2 with σ =
0.1. Left column: Velocity uh field in Ω. Right column: Velocity um

h field in the matrix in
Ωd .

(a) Velocity field uh in Ω. (b) Velocity field um
h in the matrix in Ωd .
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Figure 3.13: The permeabilities used for the problem as described in Section 3.5.3, σ = 0.5.
Left, the random permeability field κ f ∈ [10−2,1] in the microfractures, and right, the
random permeability field κm ∈ [10−6,10−4] in the matrix.

(a) Permeability κ f in microfractures. (b) Permeability κm in the matrix.

region Ωs, avoiding low permeability regions in Ωd , but flowing freely in regions with

high permeability. As in Section 3.5.2.2, the fluid once again leaves the domain through

Γs. Finally, as shown by the results below, mass is also conserved pointwise on the

elements when dealing with discontinuous permeabilities:

∥∇ ·us
h∥Ωs = 3.5 ·10−11,

∥σκm(pd
h − pm

h )+∇ ·ud
h∥Ωd = 1.7 ·10−10,

∥σκm(pm
h − pd

h)+∇ ·um
h ∥Ωd = 3.8 ·10−15.

3.5.4 Example 4

In this numerical example, the free fluid subdomain is fully immersed inside of the

dual-porosity subdomain. The simulation domain is the square Ω = [0,10]2. Three

macro-fractures (the union of which is Ωs) in different directions are embedded in Ω, and

the part of the domain excluding the macrofractures is the dual-porosity region Ωd . This
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Figure 3.14: The pressure and velocity solutions for the problem as set up in Section 3.5.3.
Left column: Pressure ph and velocity uh fields in Ω. Right column: Pressure pm

h and
velocity um

h fields in the matrix in Ωd .

(a) Pressure ph in Ω. (b) Pressure pm
h in the matrix in Ωd .

(c) Velocity field uh in Ω. (d) Velocity field um
h in the matrix Ωd .
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Figure 3.15: The permeabilities used for the problem as described in Section 3.5.3, σ = 0.5.
Left, the random permeability field κ f ∈ [10−2,1] in the microfractures, and right, the
random permeability field κm ∈ [10−6,10−4] in the matrix.

(a) Permeability κ f in microfractures. (b) Permeability κm in the matrix.

domain is depicted in Figure 3.17. Note that in this example, Γs = /0. Although this case is

not covered by our analysis, our numerical method performs well.

Ωs = (1,4)× (1,2)∪ (4.5,5.5)× (3,7)∪ (3,7)× (4.5,5.5)∪ (8,9)× (5.5,9), Ωd = Ω\Ωs,

Γs = /0, ΓI = Ωs ∩Ωd , and Γd,1 = {0 ≤ x ≤ 3,y = 3}∪{0 ≤ y ≤ 3,x = 0},Γd,2 = {7 ≤

x ≤ 10,y = 10}∪{7 ≤ y ≤ 10,x = 10}, and Γd,3 = ∂Ω\(Γd,1 ∪Γd,2). Using the same

parameters as in [28], we set κ f = 10−3, κm = 10−7, α = 0.5, β = 10k2 and we choose

pm = 104, p f = 2×103 ∈ Γd,1, and pm = p f = 103 ∈ Γd,2 . The boundary conditions in

Γd,3 are um ·n = u ·n = 0. The mesh size is chosen h = 1/16.

The results are displayed in fig. 3.18. From figures figs. 3.18c and 3.18d, it is clear

that the flow inside the conduits is higher than in the microfracture. Additionally, there is

no direct flow from the matrix to the conduits. These results align with those in [28].

67



Figure 3.16: The pressure and velocity solutions for the problem as set up in Section 3.5.3.
Left column: Pressure ph and velocity uh fields in Ω. Right column: Pressure pm

h and
velocity um

h fields in the matrix in Ωd .

(a) Pressure ph in Ω. (b) Pressure pm
h in the matrix in Ωd .

(c) Velocity field uh in Ω. (d) Velocity field um
h in the matrix Ωd .
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Figure 3.17: Domain of the problem in example 4: Three macrofractures immersed inside
the porous media domain.
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Figure 3.18: The pressure and velocity solutions for the problem as set up in Section 3.5.4.
Left column: Velocity uh and pressure ph in Ω. Right column: Velocity um

h and pressure
pm

h in the matrix in Ωd .

(a) Pressure ph in Ω. (b) Pressure pm
h in the matrix in Ωd .

(c) Velocity field uh in Ω. (d) Velocity field um
h in the matrix Ωd .
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CHAPTER FOUR

DUAL-POROSITY-NAVIER-STOKES- PROBLEM

4.1 The model

In this chapter, we investigate the dual-porosity-Navier-Stokes problem within the

same domain as discussed in Section 3.1. The main difference compared to the model in

Section 3.1 is the incorporation of the nonlinear component that models the convective

transport of momentum in Ωs. In Ωs, instead of Stokes equations in Equation (3.1), we

consider the following conservative formulation of the incompressible Navier-Stokes

equations:

∇ · (u⊗u)−2µ∇ · ε(u)+∇p = f in Ω
s, (4.1a)

∇ ·u = 0 in Ω
s, (4.1b)

u = 0 in Γ
s. (4.1c)

In Ωd , we consider the dual porosity model in (3.2) and in ΓI , we consider Equation (3.3)

for the interface conditions.

4.2 Weak formulation

In this section, we will analyze a weak formulation for the system of eqs. (3.2),

(3.3) and (4.1).

The spaces and norms used in this section are defined in eqs. (3.4) and (3.5). The

weak formulation for dual-porosity-Navier-Stokes model is the same as in eq. (3.11)

except for an additional trilinear form that handles the new term ∇ · (u⊗u) in the

equations. This trilinear form comes from the fact that
(
∇ · (u⊗u),v

)
Ωs =

(
(u ·∇u,v

)
Ωs

if ∇ ·u = 0 in Ωs. Therefore, the weak formulation of the system of eqs. (3.2), (3.3)

and (4.1) can be stated as follows: Find (u,um) ∈ Z =V ×V m, (p, pm) ∈ P = Q×Qm
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such that

t(u;u,v)+a
(
(u,um),(v,vm)

)
+b
(
(v,vm),(p, pm)

)
= ( f ,v)Ωs ∀(v,vm) ∈ Z, (4.2a)

b
(
(u,um),(q,qm)

)
− c
(
(p, pm),(q,qm)

)
=−(g,q)

Ωd ∀(q,qm) ∈ P, (4.2b)

where the bilinear forms a(·, ·),b(·, ·), and c(·, ·) are defined as in eq. (3.12) and the

trilinear form is defined as follows:

t(w;u,v) : =
(
(w ·∇u),v

)
Ωs . (4.3)

Lemma 36. [48, Lemma 6.32]. There exists a constant τs > 0 such that, for all

w,u,v ∈V s,

t(w,u,v)≤ τs∥w∥V s∥u∥V s∥v∥V s , (4.4)

where ∥ · ∥V s := ∥ε(·)∥Ωs.

In order to demonstrate that the weak formulation of the dual-porosity

Navier-Stokes equation is well-posed, we first establish the well-posedness of the problem

described in eq. (4.6), and then create a self-contraction mapping that has at least one

fixed point under some data condition. This will provide us with a unique solution under

specific conditions for the problem in eq. (4.2).

To prove the well-posedness of Equation (4.2), we introduce the subspace of V

that consists of divergence-free vectors:

W = {v ∈V s : ∇ · v = 0 in Ω
s}.

Then for a fixed w ∈W , we define the new bilinear form

A
(
w;(u,um),(v,vm)

)
:= t(w;u,v)+a

(
(u,um),(v,vm)

)
, ∀

(
(u,um),(v,vm)

)
∈ Z ×Z

(4.5)

and introduce the following intermediate Oseen-type linear problem:
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Given w ∈W , find
(
(u,um),(p, pm)

)
∈ Z ×P such that:

A
(
w;(u,um),(v,vm)

)
+b
(
(v,vm),(p, pm)

)
= ( f ,v)Ωs ∀(v,vm) ∈ Z, (4.6a)

b
(
(u,um),(q,qm)

)
− c((p, pm),(q,qm)) =−(g,q)

Ωd ∀(q,qm) ∈ P. (4.6b)

This problem is a saddle point problem with regular perturbation containing a

nonsymmetrical bilinear form. Therefore, we apply case 2 in Theorem 17 to show

well-posedness. This theorem requires A(w; ·, ·) to be coercive in KerB, where B is

defined in (3.14). However, this coercivity can only be achieved under some condition on

w that we will specify in the following lemma.

Lemma 37 (Continuity and coercivity of A(w; ·, ·)). For any w ∈W,

A
(
w;(u,um),(v,vm)

)
≤ C̃nb∥(u,um)∥Z∥(v,vm)∥Z ∀(u,um),(v,vm) ∈ Z ×Z, (4.7)

where C̃nb = max{τs∥ε(w)∥Ωs +2µ,κ−1
f ,αµκ

−1/2
f ,κ−1

m }. Furthermore, if

∥w ·n∥
ΓI ≤

4µδ

C2
tr,4C2

K
, (4.8)

A(w;(u,um),(u,um))≥ 2(1−δ )µ∥ε(u)∥2
Ωs ∀(u,um) ∈ Z, (4.9)

A
(
w;(u,um),(u,um)

)
≥ C̃nc ∥(u,um)∥2

Z ∀(u,um) ∈ KerB, (4.10)

where 0 < δ < 1 and C̃nc = min{2µ(1−δ ),κ−1
f ,κ−1

m ,αµκ
−1/2
f }.

Proof. Continuity of A(w; ·, ·) follows directly from eqs. (3.15a) and (4.4). By definition

of A(w; ·, ·) and eq. (3.15b), we have

A
(
w;(u,um),(u,um)

)
≥ t(w;u,u)+2µ ∥ε(u)∥2

Ωs +κ
−1
f ∥u∥2

Ωd +κ
−1
m ∥um∥2

Ωd +αµκ
−1/2
f ∥(us)t∥2

ΓI . (4.11)
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Since w ∈W and u = 0 on Γs, by the divergence theorem, we obtain:

t(w;u,u) =−(∇ ·w, |u|2)Ωs +
1
2
⟨w ·n, |u|2⟩

Γs∪ΓI =
1
2
⟨w ·n, |u|2⟩

ΓI .

Then, using the Cauchy-Schwarz inequality, the trace inequality in eq. (2.5b), and

eq. (2.7) leads to the following inequality:

|t(w;u,u)| ≤ 1
2
∥w ·n∥

ΓI∥u∥2
L4(ΓI)

≤ 1
2

C2
tr,4C2

K∥w ·n∥
ΓI ∥ε(u)∥2

Ωs .

Consequently, we have:

t(w;u,u)≥−1
2

C2
tr,4C2

K∥w ·n∥
ΓI ∥ε(u)∥2

Ωs . (4.12)

Therefore, (4.9) follows by (4.8). This, eq. (4.11), and imply

A
(
w;(u,um),(u,um)

)
≥ (2µ − 1

2
C2

tr,4C2
K∥w ·n∥

ΓI )∥ε(u)∥2
Ωs

+κ
−1
f ∥u∥2

Ωd +κ
−1
m ∥um∥2

Ωd +αµκ
−1/2
f ∥(us)t∥2

ΓI

≥ 2µ(1−δ )∥ε(u)∥2
Ωs +κ

−1
f ∥u∥2

Ωd +κ
−1
m ∥um∥2

Ωd +αµκ
−1/2
f ∥(us)t∥2

ΓI . (4.13)

Therefore, eq. (4.9) follows.

If in addition (u,um) ∈ KerB, then ∇ ·u = ∇ ·um = 0 and we have

∥(u,um)∥Z = ∥ε(u)∥2
Ωs +∥u∥2

Ωd +∥um∥2
Ωd +∥(us)t∥2

ΓI .

Equation (4.10) then follows from eq. (4.13). ■

Theorem 38. Let w ∈W be such that (4.8) holds. Then, there exists a unique solution(
(u,um),(p, pm)

)
∈ Z ×P to Equation (4.6) such that us := u|Ωs ∈W, and the following

inequalities hold:

∥(u,um)∥Z ≤C1 ∥ f∥Ωs +C2 ∥g∥
Ωd , (4.14a)

∥(p, pm)∥P ≤C3 ∥ f∥Ωs +C4 ∥g∥
Ωd , (4.14b)
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where the constants C1,C2,C3, and C4 > 0 are given in eqs. (A.7), (A.8), (A.11)

and (A.12), which depend only on C̃nb and C̃nc, the continuity and coercivity constants of

the bilinear form A(w; ·, ·), σκm, the continuity constant of c(·, ·), and the inf-sup

condition constant of b(·, ·) given in Lemma 18.

Proof. The existence and uniqueness of the solution, together with the inequalities in

eq. (4.14) follow by Theorem 17, Case 2 since for any w ∈W such that

∥w ·n∥
ΓI ≤

4µδ

C2
tr,4C2

K
, the problem given in Equation (4.6) satisfies the conditions of this

theorem by Lemmas 18, 19, 21 and 37 . Choosing (q,qm) = ((∇ ·u)χΩs ,0) in eq. (4.6b)

shows that us ∈W . ■

To prove the existence of a solution to (4.2), we follow [58] and

define the following space:

X :=
{

v ∈W : ∥v∥V s ≤C1∥ f∥Ωs +C2∥g∥
Ωd

}
, (4.15)

where C1∥ f∥Ωs +C2∥g∥
Ωd is the left-hand side of (4.14a). We define the mapping

T : X 7→ X such that T (w) = us, for any w ∈ X , where us := u|Ωs denotes the restriction of

the first component of the solution ((u,um),(p, pm)) of eq. (4.6) to Ωs. Observe that if us

is a fixed point of T , then ((u,um),(p, pm)) is a solution of (4.2).

The following three lemmas prove that the mapping T satisfies the conditions of

Theorem 14.

Lemma 39. Let f ∈ [L2(Ωs)]dim and g ∈ L2(Ωs) be such that

C1∥ f∥Ωs +C2∥g∥
Ωd ≤ 4δ µ

Ctr,2C2
tr,4C3

K
, (4.16)

for some 0 < δ < 1. Then the mapping T is well-defined in X.

Proof. First, we observe that if w ∈ X , using eqs. (2.5a) and (2.7)

∥w ·n∥
ΓI ≤CKCtr,2∥ε(w)∥Ωs =CKCtr,2∥w∥V s ≤CKCtr,2(C1∥ f∥Ωs +C2∥g∥

Ωd ).
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The data assumption eq. (4.16) then guarantees that (4.8) holds. Thus, based on

Theorem 38, problem (4.6) has a unique solution ((u,um),(p, pm)) ∈ Z ×P such that

u ∈W . This implies that T (w) = us ∈ X is well-defined. ■

Lemma 40. Let f ∈ [L2(Ωs)]dim and g ∈ L2(Ωs) be such that (4.16) holds. Then the

mapping T is continuous in X and satisfies the following equation:

∥T (w2)−T (w1)∥V s ≤
τs

2µ(1−δ )
∥T (w2)∥V s∥w2 −w1∥V s ∀w1,w2 ∈ X , (4.17)

for some 0 < δ < 1. Furthermore,

∥T (w2)−T (w1)∥V s ≤
2δτs

(1−δ )Ctr,2C2
tr,4C3

K
∥w2 −w1∥V s ∀w1,w2 ∈ X . (4.18)

Proof. Let wi ∈ X , i = 1,2. By Lemma 39, there exist ((ui,um
i ),(pi, pm

i )) ∈ Z ×P that

satisfy Equation (4.6) for the fixed wi, such that T (wi) = us
i ∈W . Then for any(

(v,vm),(q,qm)
)
∈ Z ×P, the following holds:

t(w1;u1,v)+a
(
(u1,u

m
1 ),(v,v

m)
)
+b
(
(v,vm),(p1, pm

1 )
)

= t(w2;u2,v)+a
(
(u2,u

m
2 ),(v,v

m)
)
+b
(
(v,vm),(p2, pm

2 )
)
,

b
(
(u1,u

m
1 ),(q,q

m)
)
− c
(
(p1, pm

1 ),(q,q
m)
)

= b
(
(u2,u

m
2 ),(q,q

m)
)
− c
(
(p2, pm

2 ),(q,q
m)
)
.

We can simplify the equations above by subtracting the right-side terms from both sides

and using bilinearity of the forms a,b, and c as follows:

t(w1;u1,v)− t(w2;u2,v)

+a
(
(u1 −u2,u

m
1 −um

2 ),(v,v
m)
)
+b
(
(v,vm),(p1 − p2, pm

1 − pm
2 )
)
= 0,

b
(
(u1 −u2,u

m
1 −um

2 ),(q,q
m)
)
− c
(
(p1 − p2, pm

1 − pm
2 ),(q,q

m)
)
= 0,

for all ((v,vm),(q,qm)) ∈ Z ×P.
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Testing the equations above with (v,vm) = (u1 −u2,um
1 −um

2 ) and

(q,qm) = (p1 − p2, pm
1 − pm

2 ) and subtracting the second equation from the first one, we

get:

t(w1;u1,u1 −u2)− t(w2;u2,u1 −u2)+a
(
(u1 −u2,u

m
1 −um

2 ),(u1 −u2,u
m
1 −um

2 )
)

+ c
(
(p1 − p2, pm

1 − pm
2 ),(p1 − p2, pm

1 − pm
2 )
)
= 0.

(4.19)

By adding and subtracting the term t(w2;u1,u1 −u2) from eq. (4.19), we can simplify the

nonlinear part as follows:

t(w1;u1,u1 −u2)− t(w2;u2,u1 −u2)

= t(w1 −w2;u2,u1 −u2)+ t(w1;u1 −u2,u1 −u2).

Using this in (4.19) and recalling the definition of A(·; ·, ·) in Equation (4.5), we obtain the

following result:

t(w1 −w2;u2,u1 −u2)+A
(
w1;(u1 −u2,u

m
1 −um

2 ),(u1 −u2,u
m
1 −um

2 )
)

+c
(
(p1 − p2, pm

1 − pm
2 ),(p1 − p2, pm

1 − pm
2 )
)
= 0.

(4.20)

Observe that since w1 ∈ X , and by (4.16), w1 satisfies (4.8). Then since c(·, ·) is positive

semi-definite, using (4.9), (4.4), and (4.14a) in (4.20), and the assumption on the data, we

obtain:

2(1−δ )µ∥ε(u2 −u1)∥2
Ωs ≤ A

(
w1;(u1 −u2,u

m
1 −um

2 ),(u1 −u2,u
m
1 −um

2 )
)

+ c
(
(p1 − p2, pm

1 − pm
2 ),(p1 − p2, pm

1 − pm
2 )
)
=−t(w1 −w2;u2,u2 −u1)

≤ τs∥w2 −w1∥V s∥u2∥V s∥u2 −u1∥V s = τs∥w2 −w1∥V s∥u2∥V s∥ε(u2 −u1)∥Ωs.

(4.21)

After cancelling ∥ε(u2 −u1)∥Ωs on both sides of the inequality above and noting that

∥T (w2)−T (w1)∥V s = ∥ε(u2 −u1)∥Ωs , we arrive at (4.17). Inequality (4.18) then follows

from (4.17) by (4.16) since u2 satisfies (4.14a).
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■

Lemma 41. Let f ∈ [L2(Ωs)]dim and g ∈ L2(Ωs) be such that (4.16) holds. Then T (X) is

compact in X.

Proof. The proof follows [59, Lemma 3.8]. Let {wk} be a sequence in X . By the

definition of X , {wk}k∈N is bounded in [H1(Ωs)]dim and therefore has a convergent

subsequence (still denoted by {wk}) with limit w ∈ [H1(Ωs)]dim. Since by Proposition 12,

[H1(Ωs)]dim is compactly embedded in [L4(Ωs)]dim, wk converges to w in [L4(Ωs)]dim.

Since X is closed, w ∈ X . Next, using the inequality in Equation (4.21) for w2 = wk,

w1 = w and then following the proof of the continuity of t(·; ·, ·) in [48, Lemma 6.32] we

arrive at

∥T (wk)−T (w)∥2
V s = ∥uk −u∥2

V s ≤
1

2(1−δ )µ
|t(wk −w;uk,uk −u)|

≤
dim1/2C(2,4)C

2
K

2(1−δ )µ
∥wk −w∥L4(Ωs)∥u∥V s∥uk −u∥V s.

(4.22)

Therefore, T (wk) converges to T (w) in H1(Ωs), and therefore T (X) is compact in X . ■

Having established that the conditions of Theorem 14 are satisfied, we can

conclude the existence of a solution to (4.2). The theorem is stated below.

Theorem 42. Let f ∈ [L2(Ωs)]dim and g ∈ L2(Ωs) be such that (4.16) holds. Then

Equation (4.2) has at least one solution that satisfies (4.14).

We need a stronger assumption on the data that guarantees that T is a contraction

mapping to ensure the uniqueness of the solution for Equation (4.2).

Theorem 43. Let f ∈ [L2(Ωs)]dim and g ∈ L2(Ωs) and 0 < δ ,θ < 1 be such that

C1 ∥ f∥L2(Ωs)+C2 ∥g∥L2(Ωd) ≤ min
{2µ(1−δ )θ

τs
,

4µδ

Ctr,2C2
tr,4C3

K

}
(4.23)

78



where C1,C2 are given in Theorem 17, Case 2. Then Equation (4.2) has a unique solution

that satisfies the stability result (4.14).

Proof. For any two points w1,w2 ∈ X , let u1 = T (w1), and u2 = T (w2). Since (4.23)

implies (4.16), by (4.17), since u2 ∈ X ,

∥T (w2)−T (w1)∥V s ≤
τs

2µ(1−δ )
∥u2∥Vs∥w2 −w1∥V s (4.24)

≤ τs
2µ(1−δ )

(C1∥ f∥Ωs +C2∥g∥
Ωd )∥w2 −w1∥V s . (4.25)

Therefore, by (4.23), T is a contraction mapping and Theorem 16 establishes the

existence of a unique fixed point us ∈ X of T . This means that a unique solution to (4.2)

exists and it satisfies Equation (4.14). ■

4.3 The HDG method

In this section, we will introduce an HDG method to solve the

dual-porosity-Navier-Stokes problem defined by (4.1), (3.2), and (3.3). The discretization

of the linear part of the problem, the discrete spaces, and their norms are identical to the

ones defined in Section 3.3. In addition, we introduce a new norm on ZZZh inspired by [15]

as follows:

∥vvvh∥2
Z#

h
:=∥vvvh∥2

Zh
+∥∇ · vd

h∥
2
Ωd +∥∇ · vm

h ∥
2
Ωd + ∑

K∈T d
h−1

K ∥(vh − v̄h) ·n∥2
∂K∩ΓI

+ ∑
F∈Fd\F I

h−1
F
∥∥Jvh ·nK

∥∥2
F + ∑

F∈Fd
h−1

F
∥∥Jvm

h ·nK
∥∥2

F ,

for any vvvh ∈ ZZZh.

The discretization of the nonlinear advective term ∇ · (u⊗u) in Ωs as introduced in

[15] is as follows:
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th(w;u,vh) =−(u⊗w,∇vh)Ωs +
1
2
〈
w ·n(u+ ū),vh − v̄h

〉
∂T s

+
1
2
〈
|w ·n|(u− ū),vh − v̄h

〉
∂T s +

〈
(w ·n)ū, v̄h

〉
ΓI . (4.26)

This trilinear form is obtained by choosing the following advective numerical flux from

[60]:

σ̂
s
a = uh ⊗uh +(ūh −uh)⊗λuh, (4.27)

where

λ =


1 if uh ·n < 0,

0 if uh ·n ≥ 0.

The HDG method for the dual-porosity-Navier-Stokes problem is a combination of (4.26)

and (3.29):

Find (uuuh, ppph) ∈ ZZZh ×PPPh such that:

th(uh;uuuh,vvvh)+ah(uuuh,vvvh)+bh(ppph,vvvh) = ( f ,vh)Ωs ∀vvvh ∈ ZZZh, (4.28a)

bh(qqqh,uuuh)− ch(ppph,qqqh) =−(g,qh)Ωd ∀qqqh ∈ PPPh. (4.28b)

Lemma 44 (Consistency). Let ((u,um),(p, pm)) be the solution of the

dual-porosity-Navier-Stokes problem defined by eqs. (3.2), (3.3) and (4.1). Then,

uuu = (u,γ(u),um), ppp = (p,γ(ps),γ(pd), pm,γ(pm)) satisfies (4.28), where γ(·) represents

the trace operator applied to the respective functions within the skeleton of the mesh

corresponding to their defined domains.

Proof. The proof is an extension of the proof of Lemma 24. First, since γ(u) = u on ∂K,

th(u;uuu,vvvh) =−(∇vh,u⊗u)Ωs + ⟨(u ·n)u,vh − v̄h⟩∂T s + ⟨u ·n,u · v̄h⟩ΓI .
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Then, applying integration by parts, using the smoothness of u, single valuedness of v̄h,

and that u = 0 on Γs yields:

th(u;uuu,vvvh) = (∇ · (u⊗u),vh)Ωs −⟨(u ·n)u, v̄h)⟩∂T s + ⟨(u ·n)u, ·v̄h⟩ΓI

= (∇ · (u⊗u),vh)Ωs .

Next, by combining the result in Lemma 24 with the equation above we get the following

equation:

th(u;uuu,vvvh)+ah(uuu,vvvh)+ ∑
j=s,d

[b j
h(ppp,vh)+bI, j

h (p j, v̄h)]+bd
h(pppm,vm

h )

+ ∑
j=s,d

(
b j

h(qqqh,u)+bI, j
h (q̄ j

h,u)
)
+bd

h(qqq
m
h ,u

m)− ch(ppp,qqqh)

=(∇ · (u⊗u),vh)Ωs − (∇ · (2µε(u))−∇p,vh)Ωs + ⟨2µ(ns · ε(u)ns)+ pd − ps),ns · v̄h⟩ΓI

+(κ−1
f u+∇p,vh)Ωd +(κ−1

m um +∇pm,vm
h )Ωd − (qh,∇ ·u+σκm(p− pm))

Ωd

− (qm
h ,∇ ·um +σκm(pm − p))

Ωd .

Recalling eqs. (3.2), (3.3) and (4.1) leads to:

th(u;uuu,vvvh)+ah(uuu,vvvh)+ ∑
j=s,d

[b j
h(ppp,vh)+bI, j

h (p j, v̄h)]+bd
h(pppm,vm

h )

+ ∑
j=s,d

(
b j

h(qqqh,u)+bI, j
h (q̄ j

h,u)
)
+bd

h(qqq
m
h ,u

m)− ch(ppp,qqqh)

= ( f ,vh)Ωs +(g,qh)Ωd .

■

Similar to the continuous case the well-posedness of (4.28) will be conducted in

two-steps:

First we prove that the following linear problem for appropriately chosen

conditions on w ∈VVV s(h) is well-posed using the saddle point theory: Given w ∈VVV s(h),
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find uuuh ∈ ZZZh, ppph ∈ PPPh such that:

th(w;uuuh,vvvh)+ah(uuuh,vvvh)+bh(ppph,vvvh) = ( f ,vh)Ωs ∀vvvh ∈ ZZZh, (4.29a)

bh(qqqh,uuuh)− ch(ppph,qqqh) =−(g,qh)Ωd ∀qqqh ∈ PPPh. (4.29b)

In the next step, we prove that eq. (4.28) is well-posed using the fixed point theory

and the well-posedness of eq. (4.29).

We start by proving an inf-sup condition on the bilinear form bh(·, ·). Note that the

proof of Theorem 31 needs to be updated to account for the norm change from ∥ · ∥Zh to

∥ · ∥
Z#

h
.

The following two lemmas are the updated versions of Lemmas 29 and 30.

Lemma 45. There exists a constant C > 0 independent of the mesh size h such that for

any (qh,qm
h ) ∈ Qh ×Qm

h ,

C(∥qh∥2
Ω
+∥qm

h ∥
2
Ωd )

1/2 ≤ sup
vvvh∈ZZZ0

h,vvvh ̸=0

b1
h(uuuh,(qh,qm

h ))

∥vvvh∥Z#
h

. (4.30)

Proof. Let (qh,qm
h ) ∈ Qh ×Qm

h . Then qh and qm
h are, respectively, elements of L2

0(Ω
d)

and L2
0(Ω

d). As in the proof of Lemma 29, there exist v ∈ [H1
0 (Ω)]dim and

vm ∈ [H1
0 (Ω

d)]dim such that:

−∇ · v =qh in Ω, C∥v∥1,Ω ≤ ∥qh∥Ω,

−∇ · vm =qm
h in Ω

d , C∥vm∥1,Ωd ≤ ∥qm
h ∥Ωd .

As proved in eq. (3.43), (ΠV v,Π̄V v,Πm
V vm) ∈ ZZZ0

h and

∥(ΠV v,Π̄V v,Πm
V vm)∥2

Zh
≤C(∥v∥2

1,Ωs +∥vm∥2
1,Ωd +∥v∥2

1,Ωd ). (4.31)

Now we will discuss the rest of the terms in ∥(ΠV v,Π̄V v,Πm
V vm)∥2

Z#
h

.
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By triangle inequality and Lemma 28 we obtain

∥∇ ·ΠV v∥2
Ωd ≤ 2(∥∇ · (v−ΠV v)∥2

Ωd +∥∇ · v∥2
Ωd )≤C∥∇ · v∥2

Ωd ,

and similarly

∥∇ ·Πm
V vm∥2

Ωd ≤C∥∇ · vm∥2
Ωd .

Since ΠV v ∈ H0(div;Ω) and Πm
V vm ∈ H0(div;Ωd),

∥∥JΠV v ·nK
∥∥2

F = 0 ∀F ∈ F d\F I∥∥JΠ
m
V vm ·nK

∥∥2
F = 0 ∀F ∈ F d .

By (3.41b),

∑
K∈T d

h−1
K ∥(ΠV v− Π̄V v) ·n∥2

∂K∩ΓI ≤C ∑
K∈T d

h−1
K hK∥v∥2

1,K =C∥v∥2
1,Ωd .

Therefore,

∥∇ ·ΠV v∥2
Ωd +∥∇ ·ΠV vm∥2

Ωd + ∑
K∈T d

h−1
K ∥(ΠV v− Π̄V v) ·n∥2

∂K∩ΓI

+ ∑
F∈Fd\F I

h−1
F
∥∥JΠV v ·nK

∥∥2
F + ∑

F∈Fd
h−1

F
∥∥JΠ

m
V vm ·nK

∥∥2
F

≤C(C∥∇ · v∥2
Ωd +C∥∇ · vm∥2

Ωd +∥v∥2
1,Ωd ).

This together with (4.31) implies that

∥(ΠV v,Π̄V v,ΠV vm)∥
ZZZ#

h
≤C(∥v∥2

1,Ω +∥vm∥2
1,Ωd )

1/2.

The rest of the proof follows as in Lemma 29 by replacing ∥vvvh∥Zh by ∥vvvh∥Z#
h

in

(3.44). ■
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Lemma 46. There exists a constant C ≥ 0, independent of h, such that for any

(q̄s
h, q̄

d
h , q̄

m
h ) ∈ Q̄s

h × Q̄d
h × Q̄d

h ,

C
(

∑
j=s,d

∑
K∈T j

hK∥q̄ j
h∥

2
K + ∑

K∈T d
hK∥q̄m

h ∥
2
K

)1/2
≤ sup

vvvh∈ZZZh,vvvh ̸=000

b2
h(vvvh,(q̄s

h, q̄
d
h , q̄

m
h ))

∥vvvh∥Z#
h

.

Proof. Let (q̄s
h, q̄

d
h , q̄

m
h ) ∈ Q̄s

h × Q̄d
h × Q̄d

h and let Lq̄h and Lq̄m
h be defined as in the proof of

Lemma 30. Then by (3.47), (3.46), and single valuedness of q̄h, q̄m
h ,

∥(Lq̄h,0,Lq̄m
h )∥

2
ZZZ#

h
= ∥(Lq̄h,0,Lq̄m

h )∥
2
ZZZh

+∥∇ ·Lq̄d
h∥

2
Ωd +∥∇ ·Lq̄m

h ∥
2
Ωd

+ ∑
K∈T d

h−1
K ∥Lq̄d

h∥
2
∂K∩ΓI + ∑

F∈Fd\F I
h−1

F ∥JLq̄h ·nK∥2
F + ∑

F∈Fd
h−1

F ∥JLq̄m
h ·nK∥2

F

≤C( ∑
j=s,d

∑
K∈T j

h−1
K ∥q̄ j

h∥
2
∂K + ∑

K∈T d
h−1

K ∥q̄m
h ∥

2
∂K).

The rest of the proof is the same as in Lemma 30 with a simple change of

∥(Lq̄h,0,Lq̄m
h )∥

2
ZZZh

to ∥(Lq̄h,0,Lq̄m
h )∥

2
ZZZ#

h
.

■

As a consequence of Lemmas 45 and 46 and [51, Theorem 31.1], we have the

following:

Theorem 47 (Inf-sup condition). There exists a constant cbb ≥ 0, independent of h, such

that for any qqqh = (qh, q̄s
h, q̄

d
h ,q

m
h , q̄

m
h ) ∈ PPPh.

cbb∥qqqh∥Ph ≤ sup
vvvh∈ZZZh,vvvh ̸=000

bh(ppph,vvvh)

∥vvvh∥Z#
h

.

■

Next, we prove the boundedness of the bilinear form bh(·, ·).

Lemma 48. There is a positive constant cbc, independent of meshsize h, such that for all

vvvh ∈ ZZZh and ppph ∈ PPPh,

|bh(vvvh, ppph)| ≤ cbc ∥vvvh∥Z#
h
∥ppph∥Ph

. (4.32)
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Proof. Recall that

bh(qqqh,vvvh) = [bs
h(qqqh,vh)+bI,s

h (q̄s
h, v̄h)]+ [bd

h(qqqh,vh)+bI,d
h (q̄d

h , v̄h)]+bd
h(qqq

m
h ,v

m
h )

=: I1 + I2 + I3. (4.33)

Bounds for I1 and I2 are given in [15, Lemma 3]. So it is sufficient to bound I3.

|I3|=bd
h(qqq

m
h ,v

m
h ) =−(qm

h ,∇ · vm
h )Ωd + ⟨q̄m

h ,v
m
h ·n⟩

∂T d

=− (qm
h ,∇ · vm

h )Ωd + ⟨q̄m
h ,Jvm

h ·nK⟩
Fd

≤C
(
∥∇ · vm

h ∥
2
Ωd + ∑

F∈Fd
h−1

F ∥Jvm
h ·nK∥2

F

)(
∥qm

h ∥
2
Ωd + ∑

K∈T d
hK ∥q̄m

h ∥
2
∂K

)
. (4.34)

Using this, the bounds for I1 and I2 in [15, Lemma 3], and Hölder’s inequality, we have

|bh(qqqh,vvvh)|

≤C
{(

∑
K∈T s

∥∇vh∥2
K + ∑

K∈T s
h−1

K ∥vh − v̄h∥2
∂K

)(
∥qh∥2

Ωs + ∑
K∈T s

hK ∥q̄s
h∥∂K

)
+
(
∥∇ · vh∥2

Ωd + ∑
F∈Fd\F I

h−1
F ∥Jvh ·nK∥2

F + ∑
F∈F I

h−1
F ∥(vd

h − v̄h) ·n∥
2
F

)
(
∥qh∥2

Ωd + ∑
K∈T d

hK ∥q̄d
h∥

2
∂K

)
+
(
∥∇ · vm

h ∥
2
Ωd + ∑

F∈Fd
h−1

F ∥Jvm
h ·nK∥2

F

)(
∥qm

h ∥
2
Ωd + ∑

K∈T d
hK ∥q̄m

h ∥
2
∂K

)}
■

As a consequence of (3.38), and the definition of the norm ∥ · ∥
Z#

h
, we derive the

following lemma:

Lemma 49. The bilinear form ah(·, ·) is a continuous bilinear form with respect to the

∥ · ∥
Z#

h
norm. Furthermore, for any uuuh, vvvh ∈ ZZZh,

ah(uuuh,vvvh)≤Cc∥uuuh∥Z#
h
∥vvvh∥Z#

h
,
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where Cc := max(2µ(1+Ctr),2µ(β +Ctr),κ
−1
f ,κ−1

m ,αµκ
−1/2
f ). Furthermore, as a

consequence of corollary 27 the bilinear form ah(·, ·) is a continuous bilinear form with

respect to the ∥ · ∥
ZZZ#

h
norm, with only changing the trace inequality to continuous trace

inequality.

Next, we will require the following known properties of the trilinear form th(·; ·, ·).

Lemma 50. [15, Lemma 4] Let w j ∈VVV s(h)∩H(div,Ωs), be such that ∇ ·w j = 0 on each

K ∈ T s for j = 1,2. Then for all uuuh,vvvh ∈VVV s(h), there exists a constant cw > 0 such that:

|th(w1;uuuh,vvvh)− th(w2;uuuh,vvvh)| ≤ cw∥w1 −w2∥1,h,Ωs∥uuuh∥V s
h
∥vvvh∥V s

h
, (4.35)

where ∥w∥1,h,Ωs = ∥
(
w,{{w}}

)
∥V s

h
.

Remark. From [45, Theorem 4.4 and Proposition 4.5] the following holds:

∥w∥1,h,Ωs ≤ ∥www∥V s
h

(4.36)

for any w ∈V s(h) = Ṽ s +V s
h , where Ṽ s := {v ∈ [H2(Ωs)]dim : v = 0 on Γs}.

Remark. In the previous lemma, setting w2 = 0 results in the continuity of the trilinear

form th(·; ·, ·), that is, for any w ∈VVV s(h)∩H(div,Ωs), such that ∇ ·w = 0 on each K ∈ T s,

|th(w;uuuh,vvvh)| ≤ cw∥w∥1,h,Ωs∥uuuh∥V s
h
∥vvvh∥V s

h
∀uuuh,vvvh ∈VVV s(h). (4.37)

The remark above, in conjunction with Lemma 49 and Corollary 27 yields:

Corollary 51. For any w ∈VVV s(h)∩H(div,Ωs) such that ∇ ·w = 0 on each K ∈ T s, the

sum of the two bilinear forms th(w; ·, ·)+ah(·, ·) is bounded, that is,

th(w;uuuh,vvvh)+ah(uuuh,vvvh)≤Cnb∥uuuh∥ZZZ#
h
∥vvvs

h∥ZZZ#
h

∀uuuh,vvvh ∈ ZZZh, (4.38)

where Cnb := max(2µ max(1+Ctr,β +Ctr)+ cw∥w∥1,h,Ωs ,κ−1
f ,κ−1

m ,αµκ
−1/2
f ), where

the Ctr is the continuous trace inequality. ■
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The following lemma states that the form th(w; ·, ·)+ah(·, ·) is also coercive but

only under an appropriate assumption on the convective velocity. This condition is

analogous to the eq. (4.8) in the continuous case.

Lemma 52. Let w ∈VVV s(h)∩H(div,Ωs) such that ∇ ·w = 0,∀K ∈ T s, then

th(w;uuuh,uuuh)≥−(c2
h,4 + c2

tr,4C2
K)∥w ·n∥

ΓI ∥uuuh∥2
V s

h
∀uuuh ∈VVV h, (4.39)

where Ch,4 and Ctr,4 are the same as in [15, Lemma 6]. Furthermore, if

∥w ·n∥
ΓI ≤ µcs

aeδ (c2
h,4 + c2

tr,4C2
K)

−1, (4.40)

where 0 < δ < 1, then, for all uuuh ∈ ZZZh,

th(w;uuuh,uuuh)+ah(uuuh,uuuh)≥Cnc∥uuuh∥2
Zh
, (4.41)

and for all uuuh ∈ Ker(bh) := {vvvh ∈ ZZZh : bh(vvvh,qqqh) = 0 ∀qqqh ∈ PPPh},

th(w;uuuh,uuuh)+ah(uuuh,uuuh)≥Cnc ∥uuuh∥2
Z#

h
, (4.42)

where Cnc = min{(1−δ )µcs
ae,κ

−1
f ,ακ

−1/2
f ,κ−1

m }> 0 and cs
ae is the constant in

Lemma 25.

Proof. The proof of Equation (4.39) is given in [15, Lemma 6]. Equation (4.41) follows

from (4.39), (4.40), and (3.36) in lemma 25.

Now, let us prove (4.42). Given that uuuh ∈ Ker(bh), ∇ ·uh = 0 in Ωd , Juh ·nK = 0 in

F d\F I , Jum
h ·nK = 0 on any F ∈ F d , and ud

h ·n = ūh ·n on ΓI . Therefore, we deduce the

subsequent result:

∥uuuh∥2
Z#

h
= ∥uuuh∥2

Zh
+∥∇ ·uh∥2

Ωd + ∑
K∈T d

h−1
K ∥(uh − ūh) ·n∥2

∂K∩ΓI

+ ∑
F∈Fd\F I

h−1
F
∥∥Juh ·nK

∥∥2
F +∥∇ ·um

h ∥
2
Ωd + ∑

F∈Fd
h−1

F
∥∥Jum

h ·nK
∥∥2

F = ∥uuuh∥2
Zh
.
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Then (4.42) follows directly from eq. (4.41). ■

The following theorem proves the well-posedness of eq. (4.29) under the condition

on the convective velocity w that we introduced in Lemma 52 to achieve coercivity of

th(w; ·, ·)+ah(·, ·).

Theorem 53. Let w ∈VVV s(h)∩H(div,Ωs) such that ∇ ·w = 0 for all K ∈ T s. If w satisfies

(4.40), then eq. (4.29) is well-posed. Furthermore,

∥uuuh∥Z#
h
≤Ch

1∥ f∥Ωs +Ch
2 ∥g∥

Ωd , (4.43)

∥ppph∥Ph ≤Ch
3∥ f∥Ωs +Ch

4 ∥g∥
Ωd . (4.44)

where Ch
1 ,C

h
2 ,C

h
3 ,C

h
4 > 0 are constants that are defined Theorem 17, Case 2, depending on

the coercivity constant Cnc in Lemma 52, the continuity constant Cnb of the bilinear form

th(w; ·, ·)+ah(·, ·) in Corollary 51, the continuity constant σκm of the bilinear form c(·, ·),

and the inf-sup constant cbb in Theorem 47.

Proof. Let w ∈VVV s(h)∩H(div,Ωs) such that ∇ ·w = 0 for all K ∈ T s. Then by

Theorem 47, lemmas 48 and 52, and corollary 51, the bilinear forms

a(·, ·) := th(w; ·, ·)+ah(·, ·), b(·; ·) := bh(·, ·), and c(·, ·) = ch(·, ·) in (4.29) satisfy the

conditions of Theorem 17, Case 2. Therefore, (4.29) is well-posed and (4.43) holds with

the constants Ch
1 ,C

h
2 ,C

h
3 , Ch

4 defined by (2.16). ■

Now, we advance to the second phase of our analysis where we will apply the

fixed point theory to conclude that eq. (4.28) is well-posed. For that purpose, we define

the following subspace in VVV s
h:

BBBs
h :=

{
vvvs

h ∈VVV s
h :bs

h(qqqh,v
s
h)+bI,s

h (q̄s
h, v̄h) = 0 ∀qqqh ∈ QQQs

h and

∥vvvs
h∥V s

h
≤Ch

1∥ f∥Ωs +Ch
2∥g∥

Ωd

}
,

where Ch
1 ,C

h
2 ,C

h
3 ,C

h
4 are the constants in Theorem 53.
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Theorem 54. Let f ∈ [L2(Ωs)]dim and g ∈ L2(Ωd) be such that

Ch
1∥ f∥Ωs +Ch

2∥g∥
Ωd ≤ µcs

aeδ

ctr,2CK(c2
tr,4 + c2

h,4C2
K)

, (4.45)

where 0 < δ < 1 and Ch
1 ,C

h
2 ,C

h
3 ,C

h
4 are the constants in Theorem 53. Then there exists at

least one solution (uuuh, ppph) ∈ ZZZh ×PPPh to eq. (4.28) that satisfies the following bounds:

∥uuuh∥Z#
h
≤Ch

1∥ f∥Ωs +Ch
2 ∥g∥

Ωd , (4.46a)

∥ppph∥Ph ≤Ch
3∥ f∥Ωs +Ch

4 ∥g∥
Ωd . (4.46b)

Furthermore, if

Ch
1∥ f∥Ωs +Ch

2∥g∥
Ωd ≤ µcs

ae min{(1−δ )θc−1
w ,

δ

ctr,2CK(c2
tr,4 + c2

h,4C2
K)

}, (4.47)

where 0 < θ < 1, then the solution to eq. (4.28) is unique.

Proof. Suppose that (4.45) holds. Following the approach in [61], we introduce the

operator TTT h : BBBs
h 7→ BBBs

h such that: TTT h(wwws
h) = uuus

h for all wwws
h = (ws

h, w̄
s
h) ∈ BBBs

h. Here,

uuus
h := (uh|Ωs , ūh) ∈VVV s

h where (uh, ūh) is the first two components of the velocity solution

uuuh ∈ ZZZh of (4.29) corresponding to ws
h. We will first prove that TTT h is well-defined and

bounded. Well-definition of TTT h:

For wwws
h ∈ BBBs

h, by eq. (3.33d), we have that ∇ ·ws
h = 0 in Ωs, and by eq. (3.33a) and

[48, Lemma 1.24], ws
h ∈ H(div,Ωs). Furthermore, by the inequality [45, Proposition 4.5],

the definition of w̄s
h, and the results of eqs. (3.33a) and (3.33b) the following inequality

holds:

∥ws
h ·n∥ΓI ≤ ctr,2∥ws

h∥Ωs ≤ ctr,2CK∥wwws
h∥V s

h
.

Thus by eq. (4.45) we obtain

∥∥ws
h ·n
∥∥

ΓI ≤ µcs
aeδ (c2

h,4 + c2
tr,4C2

K)
−1.

89



Therefore by Theorem 53, eq. (4.29) has a unique solution (uuuh, ppph) satisfying eq. (4.43).

This implies that uuus
h ∈ BBBs

h and concludes that the operator TTT h is well-defined.

Boundedness of the operator TTT h:

Let wwws
h1,www

s
h2 ∈ BBBs

h.

In what follows, we will bound TTT h(wwwh
s
2)−TTT h(wwws

h1) using eq. (4.42). By

definition of TTT h, there exists unique (uuu1h, ppp1h),(uuu2h, ppp2h) ∈ ZZZh ×PPPh such that

TTT h(wwws
h1) = us

1h and TTT h(wwws
h2) = us

2h.

th(www
s
h1;uuu1h,vvvh)+ah(uuu1h,vvvh)+bh(vvvh, ppp1h)+bh(uuu1h,qqqh)− ch(ppp1h,qqqh) =

th(www
s
h2;uuu2h,vvvh)+ah(uuu2h,vvvh)+bh(vvvh, ppp2h)+bh(uuu2h,qqqh)− ch(ppp2h,qqqh).

We subtract the two equations above, and test with vvvh = uuu1h−uuu2h, and qqqh = ppp1h− ppp2h, to

obtain:

th(www
s
h1;uuu1h,uuu1h −uuu2h)− th(www

s
h2;uuu2h,uuu1h −uuu2h)

+ah(uuu1h −uuu2h,uuu1h −uuu2h)+ ch(ppp2h − ppp1h, ppp2h − ppp1h) = 0

Following a similar approach as in the continuous case, we add and subtract

th(wwws
h1;uuu2h,uuu1h −uuu2h), use eq. (4.41), and simplify using the semi-positiveness of c(·, ·):

(1−δ )µcs
ae ∥TTT h(www

s
h2)−TTT h(www

s
h1)∥

2
V s

h
= (1−δ )µcs

ae ∥uuu2h −uuu1h∥2
V s

h
=

≤ th(www
s
h1;uuu1h −uuu2h,uuu1h −uuu2h)+ah(uuu1h −uuu2h,uuu1h −uuu2h)+ ch(ppp2h − ppp1h, ppp2h − ppp1h)

= th(www
s
h2;uuu2h,uuu1h −uuu2h)− th(www

s
h1;uuu2h,uuu1h −uuu2h)

≤ cw ∥wwws
h1 −wwws

h2∥V s
h
∥uuu2h∥V s

h
∥uuu2h −uuu1h∥V s

h
,
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thus,

∥TTT h(www
s
h2)−TTT h(www

s
h1)∥V s

h
≤ cw

(1−δ )µcs
ae

∥wwws
h1 −wwws

h2∥V s
h
∥uuu2h∥V s

h

≤ cw
(1−δ )µcs

ae
(Ch

1∥ f s∥Ωs +Ch
2∥g∥

Ωd )∥w1 −w2∥V s
h
. (4.48a)

Therefore the operator TTT h is bounded on BBBs
h.

Since the BBBs
h is a finite-dimensional space and TTT h is well-defined and bounded, by

theorem 15 we deduce that the operator Th has at least one fixed point. Therefore, the

discrete problem of the dual-porosity-Navier-Stokes given in Equation (4.28) has at least

one solution.

The rest of the proof establishes the uniqueness of the solution. From inequality

eq. (4.48), TTT h is a contraction if (Ch
1∥ f s∥Ωs +Ch

2∥g∥
Ωd )≤

(1−δ )θ µcs
ae

cw , where 0 < θ < 1.

This is satisfied under the assumption (4.47) and therefore uniqueness follows by

theorem 16. ■

4.4 A priori error analysis

We follow with the prior error analysis of the HDG method presented in

Section 4.3. For this analysis, we will extend the proof in Section 3.4, by considering the

non-linear term. To perform the analysis, we use the same notation, operators, and

projections as in Section 3.4. The following lemma presents the error equations for the

dual-porosity-Navier-Stokes model.

Lemma 55 (Error equations). For any (vvvh,qqqh) ∈ ZZZh ×PPPh, the following holds:

th(u;eeeh
u,vvvh)+ah(eee

h
u,vvvh)+bh(eee

h
p,vvvh) = th(u;eeeI

u,vvvh)+ th(u;uuuh,vvvh)− th(uh;uuuh,vvvh)

+as
h(eee

I
u,vvvh)+ad

h(e
I
u,vh)+am

h (e
I
um,vm

h ), (4.49a)

bh(qqqh,eee
h
u)− ch(eee

h
p,qqqh) = 0. (4.49b)
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Proof. Equation (4.49b) follows from (3.53b). As a result of Lemma 24 and (4.28), we

obtain:

th(uh;uuuh,vvvh)+ah(uuuh,vvvh)+bh(ppph,vvvh) = th(u;uuu,vvvh)+ah(uuu,vvvh)+bh(ppp,vvvh), (4.50)

for all vvvh ∈ ZZZh,qqqh ∈ PPPh. Subtracting

th(u;ΠΠΠu,vvvh)− th(u;uuuh,vvvh)+ah(ΠΠΠu,vvvh)+bh(ΠΠΠp,vvvh) from both sides of the equation

above, we arrive at the following equation.

th(uh;uuuh,vvvh)+ th(u;uuuh,vvvh)− th(u;ΠΠΠu,vvvh)+ah(eee
h
u,vvvh)+bh(eee

h
p,vvvh)

= th(u;uuu,vvvh)+ th(u;uuuh,vvvh)− th(u;ΠΠΠu,vvvh)+ah(eee
I
u,vvvh)+bh(eee

I
p,vvvh).

Then, due to the linearity of th(·; ·, ·) with respect to the second component, we can group

terms together and obtain:

th(uh;uuuh,vvvh)+ th(u;eeeh
u,vvvh)+ah(eee

h
u,vvvh)+bh(eee

h
p,vvvh)

= th(u;eeeI
u,vvvh)+ th(u;uuuh,vvvh)+ah(eee

I
u,vvvh)+bh(eee

I
p,vvvh).

After subtracting the term th(uh;uuuh,vvvh) from both sides and using Equation (3.53a) to

simplify the right-hand side of the equation above, we obtain the result in

Equation (4.49a). ■

The following theorem gives the main result of this section.

Theorem 56. Let (uuu, ppp) ∈ ZZZ ×PPP be the solution of the dual-porosity-Navier-Stokes

problem eqs. (3.2), (3.3) and (4.1), such that us ∈ [Hk+1(Ωs)]dim, ud ∈ [Hk(Ωd)]dim,

um ∈ [Hk(Ωd)]dim, and let (uuuh, ppph) ∈ ZZZh ×PPPh be the solution of the corresponding HDG

method given in eq. (4.28), where the source functions f and g satisfy the conditions
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below:

C1 ∥ f∥L2(Ωs)+C2 ∥g∥L2(Ωd) ≤ 2µ min
{
(1−δ )θτ

−1
s ,

2δ

Ctr,2C2
tr,4C3

K

}
,

Ch
1∥ f∥Ωs +Ch

2∥g∥
Ωd ≤ µcs

ae min{(1−δ )θc−1
w ,

δ

ctr,2CK(c2
tr,4 + c2

h,4C2
K)

},

where, 0 < δ ,θ < 1, and the other constants are defined in (4.23) and (4.47). Then the

following inequalities hold:

(∥eeeh
u∥

2
V s

h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd )

1/2 ≤CCnerhk
(
∥u∥k+1,Ωs +∥u∥k+1,Ωd +∥um∥k+1,Ωd

)
,

(4.52a)

∥eeeh
p∥Ph ≤Cβ

−1
p Cperhk

(
∥u∥k+1,Ωs +∥u∥k+1,Ωd +∥um∥k+1,Ωd

)
,

(4.52b)

where C > 0 is a generic constant independent of h,σ ,µ,κ f , and κm,

Cner =
max

(
2µ(1−δ )τ−1

s cwθ ,Cs,∗
c ,κ−1

f ,κ−1
m ,µcs

ae(1−δ )θ

)
max

(
µcs

ae(1−δ )(1−θ),κ−1
f ,κ−1

m

) ,

Cper = max
(

CCnbCner,µcs
ae(1−δ )θ ,2µ(1−δ )cwθτ−1

s ,Cs,∗
c ,κ−1

f ,κ−1
m

)
, cbb is the

inf-sup constant in Theorem 47, Cs,∗
c is the new boundedness constant in corollary 27.

Proof. The proof is similar to the proof of Theorem 34 except for the need to handle the

nonlinear term. First, we test eq. (4.49) with (vvvh,qqqh) = (eeeh
u,−eeeh

p). Then, using

Equation (4.41) and the positive semi-definiteness of ch, we obtain:

µcs
ae(1−δ )∥eeeh

u∥
2
V s

h
+κ

−1
f ∥eh

u∥2
Ωd +κ

−1
m ∥eh

um∥2
Ωd

≤ th(u;eeeh
u,eee

h
u)+ah(eee

h
u,eee

h
u)+ ch(eee

h
p,eee

h
p)

=
(

th(u;eeeI
u,eee

h
u)+as

h(eee
I
u,eee

h
u)+ad

h(e
I
u,e

h
u)+am

h (e
I
um ,eh

um)
)

+
(

th(u;uuuh,eee
h
u)− th(uh;uuuh,eee

h
u)
)
= I1 + I2. (4.53)
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By using (4.35), (3.56), and (4.36) we bound I1:

I1 =th(u;eeeI
u,eee

h
u)+as

h(eee
I
u,eee

h
u)+ad

h(e
I
u,e

h
u)+am

h (e
I
um ,eh

um)

≤ max(cw∥u∥1,h,Ωs ,Cs,∗
c ,κ−1

f ,κ−1
m )(∥eeeI

u∥2
V s,∗

h
+∥eI

u∥2
Ωd +∥eI

um∥2
Ωd )

1/2

× (∥eeeh
u∥2

V s
h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd )

1/2.

Since us ∈ Hk+1(Ωs) then ∥us∥1,h,Ωs = ∥ε(us)∥Ωs , then using the stability of the

dual-porosity-Navier-Stokes problem stated in (4.14a) we obtain

I1 ≤ max(2µ(1−δ )τ−1
s cwθ ,Cs,∗

c ,κ−1
f ,κ−1

m )(∥eeeI
u∥2

V s,∗
h

+∥eI
u∥2

Ωd +∥eI
um∥2

Ωd )
1/2

× (∥eeeh
u∥2

V s
h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd )

1/2.

(4.54)

To bound the second term we first use Lemma 50, then eq. (4.36), apply the triangle

inequality, and then use the stability results in eq. (4.46a) and the condition on the data to

obtain:

I2 ≤ |th(u;uuuh,eee
h
u)− th(uh;uuuh,eee

h
u)|

≤ cw ∥u−uh∥1,h,Ωs ∥uuuh∥V s
h
∥eeeh

u∥V s
h
≤ cw ∥u−uh∥V s

h
∥uuuh∥V s

h
∥eeeh

u∥V s
h

≤ cw(∥eeeh
u∥V s

h
+∥eeeI

u∥V s
h
)∥uuuh∥V s

h
∥eeeh

u∥V s
h

≤ cw(Ch
1∥ f∥Ωs +Ch

2∥g∥
Ωd )(∥eeeh

u∥
2
V s

h
+∥eeeI

u∥V s,∗
h

∥eeeh
u∥V s

h
)

≤ µcs
ae(1−δ )θ(∥eeeh

u∥
2
V s

h
+∥eeeI

u∥V s,∗
h

∥eeeh
u∥V s

h
)

≤ µcs
ae(1−δ )θ ∥eeeh

u∥
2
V s

h
+µcs

ae(1−δ )θ∥eeeI
u∥V s,∗

h
∥eeeh

u∥V s
h
.

(4.55)
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Combining eqs. (4.53) to (4.55), we obtain

µcs
ae(1−δ )∥eeeh

u∥
2
V s

h
+κ

−1
f ∥eh

u∥2
Ωd +κ

−1
m ∥eh

um∥2
Ωd −µcs

ae(1−δ )θ ∥eeeh
u∥

2
V s

h

≤ max
(

2µ(1−δ )τ−1
s cwθ ,Cs,∗

c ,κ−1
f ,κ−1

m ,µcs
ae(1−δ )θ

)
× (∥eeeI

u∥2
V s,∗

h
+∥eI

u∥2
Ωd +∥eI

um∥2
Ωd )

1/2(∥eeeh
u∥2

V s
h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd )

1/2.

(4.56)

Since 0 < θ < 1, µcs
ae(1−δ )−µcs

ae(1−δ )θ > 0. Thus, letting

Cner =
max

(
2µ(1−δ )τ−1

s cwθ ,Cs,∗
c ,κ−1

f ,κ−1
m ,µcs

ae(1−δ )θ

)
min
(

µcs
ae(1−δ )(1−θ),κ−1

f ,κ−1
m

)
and using the interpolation estimate [62, Lemma 7] for the velocity in Ωs, and the

BDM interpolation estimates given in Lemma 28 for the velocities in microfractures and

in the matrix we get the following estimate:

(∥eeeh
u∥

2
V s

h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd )

1/2 ≤Cner(∥eeeI
u∥2

V s,∗
h

+∥eI
u∥2

Ωd +∥eI
um∥2

Ωd )
1/2

≤CCnerhk
(
∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd

)
.

(4.57)

The next step is to prove eq. (4.52b). Using eq. (4.49a), Lemma 26, and the result in

eq. (3.56), and eq. (4.55) we obtain:

|bh(eee
h
p,vvvh)| ≤ |th(u;eeeh

u,vvvh)+ah(eee
h
u,vvvh)|+ |th(u;uuuh,vvvh)− th(uh;uuuh,vvvh)|

+ |th(u;eeeI
u,vvvh)+as

h(eee
I
u,vvv

s
h)+ad

h(e
I
u,v

d
h)+am

h (e
I
um,vm

h )|= I3 + I4 + I5.
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The terms I4, and I5 are bounded using identical steps to eqs. (4.54) and (4.55) just

replacing eeeh
u with vvvh:

I4 + I5 ≤ max
(

µcs
ae(1−δ )θ ,2µ(1−δ )cwθτ

−1
s ,Cs,∗

c ,κ−1
f ,κ−1

m

)
× (∥eeeI

u∥2
V s,∗

h
+∥eI

u∥2
Ωd +∥eI

um∥2
Ωd )

1/2(∥vvvh∥2
V s

h
+∥vh∥2

Ωd +∥vm
h ∥

2
Ωd )

1/2

≤C max
(

µcs
ae(1−δ )θ ,2µ(1−δ )cwθτ

−1
s ,Cs,∗

c ,κ−1
f ,κ−1

m

)
hk

×
(
∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd

)
∥vvvh∥ZZZ#

h
.

Now, we bound I3. Using the continuity result in eqs. (3.15a) and (4.37), and

(4.56) we get the following

I3 = |th(u;eeeh
u,vvvh)+ah(eee

h
u,vvvh)| ≤

≤Cnb(∥eeeh
u∥2

V s
h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd +∥(ēh

u)
t∥2

ΓI )
1/2

≤CCnb(∥eeeh
u∥2

V s
h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd )

1/2

≤CCnbCnerhk
(
∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd

)
∥vvvh∥Z#

h
.

Any two norms in the finite dimensional spaces are equivalent, thus in ZZZh, C is the

equivalence constant between two norms:∥eeeh
u∥2

V s
h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd +∥(ēh

u)
t∥2

ΓI )
1/2 ≤

C(∥eeeh
u∥2

V s
h
+∥eh

u∥2
Ωd +∥eh

um∥2
Ωd )

1/2. Combining the above inequalities with the inf-sup

condition in Theorem 47, Lemma 28, eq. (3.41), and eq. (3.54a) we obtain:

∥eeeh
p∥Ph ≤ c−1

bb sup
vvvh∈ZZZh,vvvh ̸=000

bbbh(eeeh
p,vvvh)

∥vvvh∥ZZZ#
h

≤Cc−1
bb Cperhk

(
∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd

)
,

where Cper = max
(

CCnbCner,µcs
ae(1−δ )θ ,2µ(1−δ )cwθτ−1

s ,Cs,∗
c ,κ−1

f ,κ−1
m

)
. Hence,

the result is proved. ■
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By applying the triangle inequality and following identical steps as in

Corollary 35, we arrive at the following a priori error estimates.

Corollary 57. Under the assumptions of Theorem 56,

∥uuu−uuuh∥V s
h
+∥u−uh∥Ωd +∥um −um

h ∥Ωd (4.58a)

≤C(Cner +1)hk (∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd ) ,

∥ppp− ppph∥PPPh ≤Chk(∥p∥k,Ωs +∥p∥k,Ωd +∥pm∥k,Ωd ) (4.58b)

+Cc−1
bb Cperhk(∥u∥k+1,Ωs +∥u∥k,Ωd +∥um∥k,Ωd ),

where uuu := (u,us|
Γs

0
,um), ppp := (p, ps|

Γs
0
, pd |

Γd
0
, pm, pm|

Γm
0
), and C is a constant which

depends on the shape regularity of the mesh and the polynomial degree k but is

independent of the mesh size h and the problem parameters σ ,µ,κ f , and κm.

■

4.5 Numerical examples

The NGSolve library [53, 54] is used in the following simulations where the mesh

is unstructured and the penalty parameter is chosen as β = 10k2 as in Section 3.5.

4.5.1 Example 1

In order to validate our theoretical results, we test the HDG method defined by

eq. (4.28) on the manufactured solution described in Section 3.5.1. We have chosen the

following parameters for the experiment: κm = 1, κ f = 1, σ = 0.9, µ = 1, and

α = µ
√

κ f (1+4π2)/2 and present the result for k = 2,3,4 in Tables 4.1 to 4.3.

Note that since our problem is nonlinear we use Picard iterations with tolerance

ε = 10−12. Table 4.1 presents the L2-errors and convergence rates for u and p in Ωs and

Tables 4.2 and 4.3 presents the L2-errors and convergence rates for u and p in Ωd , and um

and pm in Ωd together with a column demonstrating mass conservation. We observe that

the convergence rates are at least k or higher, thereby supporting Corollary 35 and
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eqs. (3.33d) to (3.33f). Note that the tables actually show that ∥uh −u∥Ωs , ∥uh −u∥
Ωd ,

and ∥um
h −um∥

Ωd converge with an asymptotic rate of convergence of k+1, even though

this is not shown by our error analysis.

In the Navier-Stokes region in Ωs

dof Cells ∥eu∥Ωs Rate
∥∥ep
∥∥

Ωs Rate ∥∇eu∥Ωs Rate ∥∇ ·uh∥Ωs
k = 2
3.3e+02 8 4.4e-03 - 1.6e-01 - 7.4e-02 - 8.2e-16
1.1e+03 28 7.4e-04 2.6 3.8e-02 2.1 2.0e-02 1.9 7.2e-16
5.5e+03 152 5.2e-05 3.8 7.7e-03 2.3 3.8e-03 2.4 2.0e-15
2.0e+04 570 4.9e-06 3.4 1.9e-03 2.0 8.2e-04 2.2 3.6e-15
8.3e+04 2346 5.7e-07 3.1 4.9e-04 2.0 2.0e-04 2.0 7.1e-15
3.4e+05 9520 6.8e-08 3.1 1.3e-04 2.0 4.9e-05 2.0 1.3e-14
k = 3
5.0e+02 8 4.4e-04 - 4.0e-02 - 9.9e-03 - 4.6e-15
1.7e+03 28 6.1e-05 2.8 6.8e-03 2.5 2.1e-03 2.2 1.1e-14
8.6e+03 152 1.4e-06 5.4 3.1e-04 4.4 1.3e-04 4.0 2.4e-14
3.2e+04 570 7.5e-08 4.3 3.1e-05 3.3 1.5e-05 3.2 4.3e-14
1.3e+05 2346 3.8e-09 4.3 3.4e-06 3.2 1.6e-06 3.2 8.6e-14
5.3e+05 9520 2.2e-10 4.1 4.1e-07 3.0 1.9e-07 3.1 1.7e-13
k = 4
7.2e+02 8 3.5e-05 - 2.8e-03 - 7.8e-04 - 5.0e-17
2.4e+03 28 2.2e-06 4.0 1.7e-04 4.0 7.5e-05 3.4 7.3e-17
1.2e+04 152 2.6e-08 6.4 5.4e-06 5.0 2.3e-06 5.0 6.3e-17
4.6e+04 570 6.9e-10 5.2 3.0e-07 4.2 1.2e-07 4.2 5.9e-17
1.9e+05 2346 2.0e-11 5.1 1.8e-08 4.1 7.2e-09 4.1 5.8e-17
7.7e+05 9520 6.8e-13 4.9 1.1e-09 4.0 4.5e-10 4.0 5.9e-17

Table 4.1: Errors and convergence rates in Ωs for velocity and pressure fields using
polynomial degrees k = 2, k = 3 and k = 4, as set up in Section 4.5.1.

Next, as in Section 3.5.1, we explore the effect of changing various parameters of

the problem in Figure 4.1-Figure 4.3. First, we consider the viscosity µ that appears in the

Navier-Stokes equations and the interface conditions, but does not appear directly in the
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In microfractures in Ωd

dof Cells ∥eu∥
Ωd Rate ∥ep∥

Ωd Rate ∥∇ · eu∥
Ωd Rate ∥Φ∥

Ωd
k = 2
3.3e+02 8 1.6e-02 - 2.6e-02 - 2.5e-01 - 8.8e-06
1.1e+03 28 3.0e-03 2.5 8.7e-03 1.6 8.4e-02 1.6 8.1e-08
5.5e+03 152 1.9e-04 4.0 1.3e-03 2.7 1.3e-02 2.7 9.6e-10
2.0e+04 570 2.4e-05 3.0 3.5e-04 1.9 3.4e-03 1.9 1.2e-11
8.3e+04 2346 2.5e-06 3.2 8.0e-05 2.1 7.7e-04 2.1 3.9e-12
3.4e+05 9520 3.0e-07 3.1 1.9e-05 2.0 1.9e-04 2.0 1.6e-11
k = 3
5.0e+02 8 1.5e-03 - 3.4e-03 - 3.2e-02 - 1.2e-08
1.7e+03 28 1.2e-04 3.7 5.1e-04 2.7 4.9e-03 2.7 1.4e-11
8.6e+03 152 3.3e-06 5.1 3.7e-05 3.8 3.5e-04 3.8 8.1e-13
3.2e+04 570 2.1e-07 3.9 4.9e-06 2.9 4.7e-05 2.9 3.0e-12
1.3e+05 2346 1.2e-08 4.1 5.8e-07 3.1 5.6e-06 3.1 1.2e-11
5.3e+05 9520 7.1e-10 4.1 7.0e-08 3.0 6.8e-07 3.0 4.8e-11
k = 4
7.2e+02 8 1.2e-04 - 3.3e-04 - 3.2e-03 - 1.8e-11
2.4e+03 28 7.8e-06 4.0 4.2e-05 3.0 4.0e-04 3.0 1.6e-15
1.2e+04 152 8.9e-08 6.5 1.1e-06 5.3 1.0e-05 5.3 1.3e-15
4.6e+04 570 2.8e-09 5.0 6.8e-08 3.9 6.6e-07 3.9 1.3e-15
1.9e+05 2346 6.1e-11 5.5 3.3e-09 4.4 3.2e-08 4.4 1.3e-15
7.7e+05 9520 1.8e-12 5.1 1.9e-10 4.1 1.9e-09 4.1 1.3e-15

Table 4.2: Errors and rates of convergence in microfractures in Ωd , for the velocity and
pressure fields using polynomial degrees k = 2, k = 3 and k = 4 as set up in Section 4.5.1.

dual-porosity equations. When we increase the value of µ , we notice that the pressure

error in the Navier-Stokes region increases accordingly, whereas the pressure errors in the

dual-porosity region remain unaffected. However, there is no change in the velocity error,

which is consistent with the scheme’s pressure robustness. For the parameters that appear

in the dual-porosity equations but not directly in the Navier-Stokes equations, we found

that the magnitude of the pressure errors changed in both subdomains. Although some

parameter choices led to changes in pressure errors, we did not observe corresponding

changes in velocity errors. It aligns with our method’s pressure robustness property.
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(a) Left: Error of velocity in Navier-Stokes domain, right: Error of Pressure in Navier-Stokes
domain by changing only the value of µ .

(b) Left: Error of velocity in Navier-Stokes domain, right: Error of Pressure in Navier-Stokes
domain, changing the parameters in the graph.

Figure 4.1: The error of velocity and pressure in Navier-Stokes region for different
parameters, as described in the graphs.
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(a) Left: Error of velocity in microfracture, right: Error of Pressure in microfracture by changing
only the value of µ .

(b) Left: Error of velocity in microfracture, right: Error of Pressure in microfracture, changing the
parameters in the graph.

Figure 4.2: The error of velocity and pressure in microfracture for different parameters, as
described in the graphs.
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(a) Left: Error of velocity in matrix, right: Error of pressure in matrix by changing only the value
of µ .

(b) Left: Error of velocity in matrix, right: Error of pressure in matrix, changing the parameters in
the graph.

Figure 4.3: The error of velocity and pressure in matrix for different parameters, as
described in the graphs.
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In the matrix in Ωd

dof Cells ∥em
u ∥Ωd Rate ∥em

p ∥Ωd Rate ∥∇ · em
u ∥Ωd Rate ∥Φm∥

Ωd
k = 2
3.3e+02 8 9.7e-02 - 2.8e-02 - 2.5e-01 - 8.9e-04
1.1e+03 28 1.7e-02 2.5 1.1e-02 1.3 8.4e-02 1.6 7.1e-06
5.5e+03 152 1.7e-03 3.3 2.3e-03 2.3 1.3e-02 2.7 8.8e-08
2.0e+04 570 1.8e-04 3.2 5.4e-04 2.1 3.4e-03 1.9 9.8e-10
8.3e+04 2346 2.0e-05 3.2 1.3e-04 2.1 7.7e-04 2.1 9.7e-12
3.4e+05 9520 2.3e-06 3.1 3.0e-05 2.1 1.9e-04 2.0 5.3e-12
k = 3
5.0e+02 8 3.1e-02 - 1.3e-02 - 3.2e-02 - 1.2e-06
1.7e+03 28 1.3e-03 4.6 1.3e-03 3.4 4.9e-03 2.7 1.4e-09
8.6e+03 152 6.6e-05 4.3 1.4e-04 3.2 3.5e-04 3.8 8.0e-13
3.2e+04 570 4.5e-06 3.9 1.9e-05 2.9 4.7e-05 2.9 1.1e-12
1.3e+05 2346 2.2e-07 4.3 2.1e-06 3.2 5.6e-06 3.1 4.8e-12
5.3e+05 9520 1.3e-08 4.1 2.4e-07 3.1 6.8e-07 3.0 1.8e-11
k = 4
7.2e+02 8 5.8e-03 - 3.0e-03 - 3.2e-03 - 9.9e-10
2.4e+03 28 2.2e-04 4.7 2.4e-04 3.7 4.0e-04 3.0 6.0e-14
1.2e+04 152 5.2e-06 5.4 1.1e-05 4.4 1.0e-05 5.3 2.3e-15
4.6e+04 570 1.2e-07 5.5 5.4e-07 4.4 6.6e-07 3.9 2.1e-15
1.9e+05 2346 3.1e-09 5.3 3.0e-08 4.2 3.2e-08 4.4 2.1e-15
7.7e+05 9520 7.2e-11 5.4 1.5e-09 4.3 1.9e-09 4.1 2.2e-15

Table 4.3: Errors and rates of convergence in the matrix in Ωd , for the velocity and pressure
fields using polynomial degrees k = 2, k = 3 and k = 4 as set up in Section 4.5.1.

4.5.2 Example 2

In this example, we simulate the flow in a horizontal open-hole wellbore with a

vertical production wellbore. The set up of this example is from [32, Example 3].

Horizontal open-hole wellbores with a vertical production wellbore are commonly used

for extracting oil and gas from naturally fractured reservoirs [63]. The subdomains, their
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boundary and the interface are given by:

Ω
s = {(x,y) : 1.8 < x < 2.2, 1.8 < y < 6}

Γ
s = {(x,y) : x = 1.8,2 ≤ y ≤ 6}∪{(x,y) : x = 2.2,2 ≤ y ≤ 6}

∪{(x,y) : 1.8 ≤ x ≤ 2.2, y = 1.8}

Ω
d = {(x,y) : 0 < x < 1.8, 0 < y < 2}∪{(x,y) : 1.8 < x < 2.2, 0 < y < 1.8}

∪{(x,y) : 2.2 < x < 4, 0 < y < 2}

Γ
d = {(x,y) : 0 ≤ x ≤ 4, y = 0}∪{(x,y) : x = 4, 0 ≤ y ≤ 2}

∪{(x,y)P : 2.2 ≤ x ≤ 4, y = 2}∪{(x,y) : 0 ≤ x ≤ 1.8, y = 2}∪{(x,y) : x = 0, 0 ≤ y ≤ 2},

Γ
I = {(x,y) : x = 1.8,1.8 ≤ y ≤ 2}∪{(x,y) : x = 2.2,1.8 ≤ y ≤ 2}

∪{(x,y) : 1.8 ≤ x ≤ 2.2, y = 1.8}.

On the top boundary of the vertical wellbore, Γs1 = {(x,y) : 1.8 ≤ x ≤ 2.2,y = 6}, we

impose an outflow boundary condition (−psI +µε(us))n = 0, and on Γs2 = Γs\Γs1, we

impose u ·n = 0. The Dirichlet boundary conditions are imposed on Γd for the pressures,

such that p f = 104 and pm = 5×104. See Figure 4.4 for a sketch of the domain.

The model parameters used in the simulation are: km = 10−8, k f = 10−3, µ = 1,

and σ = 0.9, α = 1, and β = 10−7. We choose the step size h = 1/32.

As shown in Figures 4.5a and 4.5b, the pressure in matrix is higher than the

pressure in microfracture. This is expected as different microfracture and matrix pressures

are imposed on the external boundary Γd . In the vertical well, the fluid pressure drops

towards the upper boundary Γs,1 and the fluid flows much faster as seen in Figures 4.5c

and 4.5d. We also see in Figure 4.5d that there is no fluid flow from the matrix to the

vertical well as the model requires.
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Figure 4.4: A plot of the domain used in Section 4.5.2.

Γd

Γd Γd

Γd

Γd

Γs,1

Γs,2 Γs,2

ΓI

ΓI ΓI

Ωs

Ωd

Furthermore, we demonstrate that the numerical scheme preserves mass

conservation by calculating the following errors:

∥∇ ·us
h∥Ωs = 3.4 ·10−14,

∥σκm(pd
h − pm

h )+∇ ·ud
h∥Ωd = 9.9 ·10−10,

∥σκm(pm
h − pd

h)+∇ ·um
h ∥Ωd = 4.4 ·10−14.
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Figure 4.5: The pressure and velocity solutions for the problem as set up in Section 4.5.2.
Left column: Velocity uh and pressure ph in Ω. Right column: Velocity um

h and pressure
pm

h in the matrix in Ωd .

(a) Pressure ph in Ω. (b) Pressure pm
h in the matrix in Ωd .

(c) Velocity field uh in Ω. (d) Velocity field um
h in the matrix in Ωd .
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CHAPTER FIVE

CONCLUSIONS AND FUTURE WORK

In this chapter, we summarize our main results and discuss potential future

projects. We note that the work in Chapter 3 is already published in [1].

In a dual-porosity-Navier-Stokes system, the flow in the conduits is governed by

the Navier-Stokes equation. The main difference from the dual-porosity-Stokes model is

the addition of a nonlinear term that represents the convective transport of momentum.

In Chapter 3, we introduce a weak formulation and the discretization of the

dual-porosity-Stokes problem which describes free flow in macrofractures/conduits by the

Stokes equations, while the flow in microfractures/matrix is governed by the dual-porosity

equations. The weak formulation of these equations leads to a saddle-point problem with a

regular perturbation term. Through the use of saddle point theory, we demonstrate that the

weak formulation and the corresponding HDG discretization are well-posed, in addition,

we provide an a priori error analysis showing optimal rates of convergence in the energy

norm. We conclude the chapter with three examples; first we use a manufactured solution

to validate the theoretical rates of convergence and mass conservation and investigate the

effects of changing parameters on the discretization errors. In the second numerical

example, we simulate the flow of the fluid around a wellbore with open-hole completion

in a naturally fractured reservoir, providing velocity and pressure fields. In the last

example, we select random permeability fields the in dual-porosity region, demonstrating

that our solution is effective in discontinuous permeability conditions as well.

In Chapter 4, we propose and analyze the weak formulation and the hybridizable

discontinuous Galerkin method for the dual-porosity-Navier-Stokes problem. In the

macrofracture/conduits of this problem, there is a nonlinear term representing convection,
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which makes the well-posedness analysis and a priori error analysis challenging. Through

the application of the fixed point theory and the saddle point theory with a perturbed

nonsymmetric term, we demonstrate under certain data assumptions, that the weak

formulation and the discrete problem are well-posed, and a prior error analysis of the

scheme is provided. In the first numerical example, we show that the convergence rates

and mass conversation errors results align with the theoretical findings.

Future research includes extending these results to the time-dependent case where

flow and transport problems can be solved sequentially while time-lagging the

concentration. Different time-stepping methods can be investigated. Alternatively, we can

use a multirate scheme [64] where a larger time step size is used for the slower

dual-porosity flow. This is expected to reduce the computational effort but requires an

extra stabilization term.

A more complicated extension would be by adding an advection diffusion type

transport equation to the system to investigate, for example, the transport of a chemical

species via the dual-porosity- (Navier-)Stokes flow. In this problem, the coupling is two

way; 1. the flow is affected by the concentration of the chemical, 2. the concentration of

the chemical is affected by the (Navier-)Stokes dual porosity velocity. This makes the

problem very challenging to analyze and requires certain regularity assumptions.
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APPENDIX A

A PROOF OF THE WELL-POSEDNESS OF SADDLE POINT PROBLEMS WITH

REGULAR PERTURBED TERMS.
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In this section, we provide a complete proof of Theorem 17 second case. First, we

state a well-known theorem:

Theorem 58 (Banach–Necas–Babuska). [42, Theorem 2.6],[65, 66] Let V be a Banach

space and let W be a reflexive Banach space. Let a : V ×W → R be a continuous bilinear

form, and f ∈W ′. Then, the problem find u ∈V such that

a(u,w) = ⟨ f ,w⟩ ∀w ∈W

is well-posed, i.e., it has a unique solution u ∈V that satisfies

∥u∥V ≤ 1
α
∥ f∥W ′.

if and only if the following holds:

• If there exist a constant α > 0 such that:

inf
0̸=v∈V

sup
0̸=w∈W

a(v,w)
∥v∥V∥w∥W

≥ α,

• For any w ∈W,

∀v ∈V, a(v,w) = 0 =⇒ w = 0.

Proof of Theorem 17, Case 2. Let V ×Q be equipped with the norm

∥(v,q)∥V×Q = ∥v∥V +∥q∥Q,∀(v,q) ∈V ×Q,

and let (V ×Q)′ =V ′×Q′ be equipped with the norm

∥( f ,g)∥(V×Q)′ = ∥ f∥V ′+∥g∥Q′ ∀( f ,g) ∈V ′×Q′.

Define the following operator: L : V ×Q 7→ (V ×Q)′ such that:

∀(u, p) ∈V ×Q, L(u, p) = (Au+Bp,BT u−Cp).
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Then finding (u, p) ∈V ×Q such that

L(u, p) = ( f ,g)

is equivalent to finding (u, p) ∈V ×Q such that

L
(
(u, p),(v,q)

)
= ⟨ f ,v⟩+ ⟨g,q⟩ ∀(v,q) ∈V ×Q,

where L
(
(u, p),(v,q)

)
:= a(u,v)+b(v, p)−b(u,q)+ c(p,q).

We proceed by showing that the conditions in Theorem 58 hold for the operator

L . Let us start by proving the second condition in theorem 58 as it requires less effort.

Let (u, p) ∈V ×Q and suppose that

L
(
(u, p),(v,q)

)
= 0 ∀(v,q) ∈V ×Q. (A.1)

Choosing v = u and q = p in Equation (A.1) yields

a(u,u)+ c(p, p) = 0 ∀(v,q) ∈V ×Q.

Then positive semi-definiteness of a(·, ·) and c(·, ·) imply

a(u,u) = c(p, p) = 0.

Furthermore, since c(·, ·) is symmetric positive semidefinite in Q, by [67, 4.2.29],

|c(p,q)| ≤
√

c(p, p)
√

c(q,q) ∀q ∈ Q. (A.2)

Thus,

c(p,q) = 0 ∀q ∈ Q.

This and choosing v = 0 in Equation (A.1) imply b(u,q) = 0 for all q ∈ Q. Therefore

u ∈ Ker B.
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Now since a(u,u) = 0, u ∈ KerB, and a(·, ·) is coercive in KerB we conclude that u = 0.

The result that p = 0 follows from the inf-sup condition on b(·, ·) in Equation (2.15).

Thus, the bilinear form L (·, ·) satisfies the second condition of Theorem 58.

To prove that the first condition in Theorem 58 holds, by [42, Theorem A.43], it is

sufficient to show that there exists some constant C such that:

∥L(u, p)∥(V×Q)′ ≥C∥(u, p)∥V×Q.

Since the problem is linear, we can use the principle of superposition and consider the

solution of eq. (2.10) as a sum of two problems obtained by setting g to zero (Case 1) and

f to zero (Case 2) in eq. (2.11), respectively. Before considering these two cases, let us

recall that since V = KerB+KerB⊥, there exist u0 ∈ KerB, ū ∈ KerB⊥ such that

u = u0 + ū.

Case 1: g = 0.

First, since Au+BT p = f , we have BT p = f −Au. Therefore

∥p∥Q ≤
∥BT p∥V ′

β
=

∥ f −Au∥V ′
β

≤
∥ f∥V ′+Ca∥u∥V

β
, (A.3)

where β is as in eq. (2.15).

By testing the first equation in eq. (2.10) with v = u0, we obtain

a(u,u0)+b(u0, p) = ⟨ f ,u0⟩.

Noting that b(u0, p) = 0, we obtain

a(u,u0) = ⟨ f ,u0⟩.

Thus,eqs. (2.9) and (2.12) imply

∥u0∥V ≤
Ca∥ū∥V +∥ f∥V ′

α
.
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Thus, by the triangle inequality,

∥u∥V ≤
(

1+
Ca
α

)
∥ū∥V +

∥ f∥V ′
α

. (A.4)

Testing eq. (2.10) where g = 0 with v = u,c =−p, we obtain:

a(u,u)+ c(p, p) = ⟨ f ,u⟩.

Since Bu =Cp, [67, (4.2.30)] and positive semi-definiteness of a(·, ·) imply

∥Bu∥2
Q′ = ∥Cp∥2

Q′ ≤Ccc(p, p)≤Cc⟨ f ,u⟩ ≤Cc∥ f∥V ′∥u∥V .

Recalling the decomposition u = ū+u0 such that Bu0 = 0 and eq. (2.15) leads to

β
2∥ū∥2

V ≤ ∥Bū∥2
Q′ ≤Cc∥ f∥V ′∥u∥V . (A.5)

Combining eqs. (A.4) and (A.5), we get

∥ū∥2
V ≤ Cc

β 2∥ f∥V ′∥u∥V ≤ Cc

β 2∥ f∥V ′

((
1+

Ca
α

)
∥ū∥V +

∥ f∥V ′
α

)
.

This is of the form t2 ≤ at +b, where t := ∥ū∥V , a := Cc
β2∥ f∥V ′

(
1+ Ca

α

)
, and

b := Cc
β2α

∥ f∥2
V ′ . It is known that

∀a,b, t > 0, t2 ≤ at +b =⇒ t ≤ a+
√

b . (A.6)

Therefore,

∥ū∥V ≤ ∥ f∥V ′

(
Cc

β 2

(
1+

Ca
α

)
+

√
Cc

β
√

α

)
.

Finally, by plugging in ∥ū∥V in eq. (A.4) and then the outcome in eq. (A.3), we

obtain:

∥u∥V ≤C1∥ f∥V ′ (A.7)

∥p∥Q ≤C3∥ f∥V ′ (A.8)
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where C1 :=
(

Cc
β2

(
1+ Ca

α

)2
+

√
Cc

β
√

α

(
1+ Ca

α

)
+ 1

α

)
and C3 := 1+CaC1

β
.

Case 2: f = 0.

In this case, Au+BT p = 0, therefore ∥Au∥V ′ = ∥BT p∥V ′ . By the inf-sup condition

eq. (2.15) and the continuity of A, eq. (2.9), we obtain

∥p∥Q ≤ Ca∥u∥V
β

. (A.9)

Testing the first equation in eq. (2.10) where f = 0 with v = u0 ∈ KerB, we get

a(u,u0) = 0. By eqs. (2.9) and (2.12), we get:

∥u0∥V ≤ Ca∥ū∥V
α

.

Thus, by the triangle inequality,

∥u∥V ≤
(

1+
Ca
α

)
∥ū∥V . (A.10)

The proof will be complete if we bound ∥ū∥V . Testing eq. (2.10) where f = 0 with

v = u and q =−p we obtain a(u,u)+ c(p, p) = ⟨g,−p⟩. Therefore, using the

positive semi definiteness of a(·, ·), [67, (4.2.30)], eq. (A.9), eq. (A.10) and the

symmetry of c(·, ·) we obtain:

∥Cp∥2
Q′ ≤Ccc(p, p)≤Cc∥g∥Q′∥p∥Q ≤ CaCc

β
∥g∥Q′∥u∥V

≤ CaCc
β

(
1+

Ca
α

)
∥ū∥V∥g∥Q′.

Now the second equation in eq. (2.11) gives Bu =Cp+g. Using this, the inequality

(a+b)2 ≤ 2(a2 +b2), and that Bu0 = 0, we arrive at

β
2∥ū∥2

V ≤ ∥Bū∥2
Q′ = ∥Bu∥2

Q′ ≤ 2(∥Cp∥2
Q′+∥g∥2

Q′)

≤ 2

(
CaCc

β

(
1+

Ca
α

)
∥ū∥V∥g∥Q′+∥g∥2

Q′

)
.
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By eq. (A.6), letting t = β∥ū∥V , a = 2CaCc
β2

(
1+ Ca

α

)
∥g∥Q′ , and b = 2∥g∥2

Q′ , we

have

β∥ū∥V ≤ 2CaCc

β 2

(
1+

Ca
α

)
∥g∥Q′+

√
2∥g∥Q′,

thus,

∥u∥V ≤C2∥g∥Q′, (A.11)

∥p∥Q ≤C4∥g∥Q′. (A.12)

where C2 = Ca+α

αβ3

(
2CaCc

(
1+ Ca

α

)
+
√

2 β 2
)

, and C4 =
CaC2

β
.

Gathering Equations (A.7), (A.8), (A.11) and (A.12) and using the property of the solution

of the sum of two linear systems, we obtain the bounding property of L, therefore L is

surjective, and L satisfies the first condition given in theorem 58, yielding the

well-posedness of Equation (2.10). ■
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