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ABSTRACT

NUMERICAL ANALYSIS AND SIMULATIONS OF COUPLED FREE FLOW AND
DUAL POROSITY MODELS

by

DORISA TABAKU

Adviser: Aycil Cesmelioglu, Ph.D.

Coupled free-flow and porous media flow can be found in many applications in
science and engineering, including oil extraction, groundwater contamination, etc.
However, these problems are hard to solve exactly and fast, accurate numerical methods
are necessary to solve them computationally. The coupled problems we consider in this
thesis are the dual-porosity Stokes problem and its nonlinear version dual-porosity
Navier-Stokes problem that model flow in regions partially occupied by naturally
fractured porous media. These problems combine flow in microfractures and the porous
matrix, governed by the dual-porosity equations, with free flow in macrofractures/
conduits, governed by the (Navier-)Stokes equations. The dual porosity and
(Navier-)Stokes equations are connected through four interface conditions: mass
conservation, balance of forces, the Beavers-Joseph-Saffman condition, and a
no-exchange condition between the matrix and the conduits.

This thesis introduces, analyzes, and tests through numerical experiments
hybridizable discontinuous Galerkin methods for solving Stokes-dual-porosity and
Navier-Stokes-dual-porosity problems.

We prove existence, uniqueness, and stability of weak solutions to both problems
under appropriate data restriction in the nonlinear case. Then, we introduce hybridizable

discontinuous Galerkin (HDG) methods, prove well-posedness of the numerical schemes,



and present a priori error analyses. Our error estimates show optimal convergence in the
energy norm for the Stokes velocity and pressures in Stokes, microfracture, and the matrix.
In addition, our HDG method is strongly mass conservative and has the typical advantage
of computational efficiency compared to the standard discontinuous Galerkin methods.
Our numerical examples not only support our findings but also show optimal
convergence rates in all variables in the L? norm and show that our method performs well

with highly discontinuous permeability fields in the microfractures and the porous matrix.
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CHAPTER ONE

INTRODUCTION

This thesis introduces a hybridizable discontinuous Galerkin (HDG) method for
coupled problems arising from the interaction between free flow and flow in porous media.
This interaction is relevant in various engineering applications, including bioengineering,
industrial filtration, groundwater contamination, and oil and gas extraction [2-6].

A commonly used model for the coupled free flow and porous media flow is the
(Navier-)Stokes/Darcy equations and many numerical methods have been developed to
solve them. A few examples can be found in [7-15]. However, the (Navier-)Stokes/Darcy
model do not consider the heterogeneous nature of a porous medium, which in reality may
contain multiple porosities, for example, in a naturally fractured reservoir encountered in
hydrology, geothermal systems, and petroleum extraction [16, 17].

The dual porosity model, introduced in [18], allows the presence of two different
systems inside a porous media: the matrix system and the microfracture system with
different conductivity properties. This model provides a better representation of the
naturally fractured porous media [19]. On the other hand, the dual-porosity model itself
fails to consider large conduits/macrofractures.

A better suited model to allow for both micro and macrofractures is the
dual-porosity-(Navier-)Stokes model introduced in [20] coupling free flow with the dual
porosity model. In this model, mass conservation, force balance, the
Beavers—Joseph—Saffman condition [21, 22], and a no-exchange condition are imposed on
the interface between the free flow and dual porosity domains to close the system. The
first three interface conditions are the same as in the coupled Stokes-Darcy model, while

the last condition is specific to the dual-porosity-(Navier-)Stokes model. This no exchange



condition prescribes that fluid in the matrix can flow into the microfractures, but not into
the conduits directly. In [20], the authors provide a weak formulation of the
time-dependent dual-porosity-Stokes model, show that it is well-posed and propose and
analyze a monolithic finite element method for the model. In [23, 24], stabilized mixed
finite element methods are used for both the time-dependent and stationary cases. In [25],
the authors propose a coupled finite element method for solving the stationary
dual-porosity-Navier-Stokes system where they introduce a re-scaling factor to transfer the
original problem into a new space. More recently, [26] presents a monolithic and strongly
conservative scheme for the stationary dual-porosity-Navier-Stokes problem based on a
symmetric interior penalty discontinuous Galerkin method and a mixed finite element
method. Furthermore, for the time-dependent model dual- porosity-(Navier-)Stokes
model, various decoupled schemes have been studied, see for example [23, 24, 27-33].

In this thesis, we solve the steady-state dual porosity-(Navier-)Stokes problem
monolithically using a strongly mass conservative hybridizable discontinuous Galerkin
(HDG) method. The HDG method is one of the numerical methods for solving partial
differential equations (PDEs). It combines features from both discontinuous Galerkin
(DG) and continuous Galerkin (CG) methods, providing a balance between accuracy and
computational efficiency. Although maintaining the advantages of standard DG methods,
the HDG method [34] has significantly reduced degrees of freedom which allows for
substantial reduction in computational cost and memory storage. This is done by
introducing hybrid variables on the mesh faces as traces of unknowns and appropriately
defining cross-element numerical fluxes and then using static condensation to obtain a
reduced global system in terms of only the degrees of freedom of the trace variables [35].
Once the global system is solved for the trace variables, the unknowns in each element can
be solved locally using these trace variables as boundary conditions. This local

computation is cheap and can be done in parallel. Therefore, it can significantly reduce



computational time for large-scale problems. In Figure 1.1, we illustrate the degrees of
freedom of the CG, DG, and HDG methods for a mesh with four triangles using quadratic
polynomials for a scalar variable. The blue nodes in fig. 1.1c represent the degrees of
freedom of the solution trace, while the rest of the nodes represent the degrees of freedom

in elements.

(a) CG degrees of freedom: (15) (b) DG Degrees of freedom: (24)

(c) HDG Degrees of freedom: (24) and (27)

solution trace

Figure 1.1: Example of the degrees of freedom for the CG, DG, and HDG methods on a
triangular mesh in 2D by using quadratic polynomial approximation for a scalar variable.

We are unaware of any previous research that uses the HDG method for this
problem despite its computational efficiency, high order accuracy, and strong mass

conservation property [36, 37].



1.1 Contributions of the thesis

In the first part of this thesis, which focuses on the stationary dual-porosity-Stokes
problem, I demonstrate that the weak formulation of the problem is well posed. This is
different than the proof of the well-posedness proof in [20] since they used the primal
form of the dual-porosity equations and employed a Garding-type inequality. Whereas, we
used the mixed form of the dual-porosity equations which resulted in a weak formulation
that is in the form of a regularly perturbed saddle point problem. Therefore, our
well-posedness proof relies on the saddle point theory.

To solve this problem numerically, we present a monolithic HDG method that
couples the pressure-robust symmetric interior penalty-HDG method [38] for the Stokes
problem with a hybridized BDM discretization [39-41] for the dual-porosity problem.
This monolithic HDG method can be considered as an extension of the method introduced
in [37] for the Stokes/Darcy problem to the dual-porosity-Stokes problem. Our method
results in discrete velocities that are divergence-conforming and in the absence of source
terms, mass conservation equations are satisfied pointwise on the elements of the mesh.
This means that the method is strongly mass conservative. As in the continuous case, the
discrete problem also leads to a saddle-point problem with a regular perturbation term.
The well-posedness proof requires an inf-sup condition for the velocity-pressure coupling
term. Our proof improves the proof of the inf-sup condition in [37] by relaxing the
quasi-uniformity assumption.

Next, we provide an a prior error analysis which shows that the Stokes velocity
converges optimally in the energy norm, the velocities in the microfractures and the matrix
converge with at least order k in the L2-norm and the pressures converge with the optimal
order of k in the L2-norm when degree k polynomials are used for the velocities and the

trace variables and degree k — 1 polynomials for the pressures. The numerical examples in



this thesis support these theoretical results and demonstrate that the method performs well
with highly discontinuous permeability in the microfractures and the porous matrix.

In the second part of this thesis, we extend our results to the
dual-porosity-Navier-Stokes problem by including a nonlinear convection term in the free
flow equations. This adds difficulty to the analysis of both the weak solution and the
discrete solution. As typically done with nonlinear problems, we employ the fixed point
theory to prove existence and uniqueness of the solutions. This consists of two steps; 1.
proving well-posedness of the weak formulation of a linear dual-porosity-Oseen type
problem, where the convective velocity is considered as given with certain properties, and
whose fixed point solution coincides with the solution of the dual-porosity-Navier-Stokes
problem, 2. constructing a bounded operator 7' based on the weak formulation of the
dual-porosity-Oseen problem and showing that this operator has a fixed point by using
Schauder and Banach fixed point theorems.

Note that in the weak formulation of the dual-porosity-Stokes problem, the
bilinear form a(-,-) in the weak formulation is symmetric and it is possible to use the
standard saddle point theory. In the weak formulation of the dual-porosity-Oseen problem
in Step 1, this symmetry is broken and an updated saddle point result is needed. Such a
result is stated as a remark in [40, Remark 4.3.2] without proof. We provide the proof of
this updated saddle point result in the Appendix. Regarding Step 2, showing that the
operator T requires an appropriate data assumption which is expected from the analysis of
the Navier-Stokes equations.

Next, we extend our HDG method to include a trilinear discretization form for the
nonlinear advective term. This nonlinear term from [15] provides upwinding of the
numerical flux. Well-posedness of this finite-dimensional problem is shown by a two-step

process similar to the one used in the continuous case. The a priori error analysis, based



on certain data conditions, shows similar convergence results as in the

dual-porosity-Stokes problem. Numerical experiments corroborate our results.

1.2 Thesis outline
As outlined in the table of contents, the remainder of the thesis is organized as
follows. In the second chapter, we summarize the basic concepts and essential theorems
necessary for this thesis. In the third chapter, we study the dual-porosity-Stokes problem,
and in the fourth chapter, we focus on the dual-porosity-Navier-Stokes problem. In the
last chapter, we discuss our findings and propose future research ideas to extend the work

in the thesis.



CHAPTER TWO

FUNDAMENTAL CONCEPTS: DEFINITIONS, INEQUALITIES, AND THEOREMS

In this chapter, we recall well-known definitions, inequalities, and theorems that

are relevant to our thesis.

2.1 Basic definitions

Definition 1. A norm on a vector space X is a real-valued function on X denoted by || - ||

satisfying the following conditions:
(i) ||x|| >0 forall x € X and ||x|| = 0 if and only if x = 0,
(ii) ||cx|| = |c|||x|| for every x € X and ¢ € C,
(iii) [lx+y[ < |lxl[ + [lyl| for every x,y € X.

Definition 2. A Banach space is a vector space X equipped with a norm || - ||, which is

complete, i.e., where all Cauchy sequences in X converge to a limit in X.
xpeX: lim |x;—xp||=0 = IxeX: lim ||x, — x| =0.
m,n—»o0 n—oo

Definition 3. A Hilbert space H is a vector space H equipped with an inner product (-, -)

that satisfies the following properties for all x,y,z € H and all scalars o.:

1. Linearity: {(ax+y,z) = o{x,z) + (y,2)

2. Symmetry: (x,y) = (y,x)
3. Positivity: (x,x) > 0 and (x,x) =0 ifand only if x =0

The inner product induces a norm || - || on H defined by ||x|| = /(x,x), and the

Hilbert spaces are Banach spaces.



Definition 4. [42, Definition A.14] Let X be a Banach space over R, equipped with the
norm || - ||x. The dual space X" of X is the set of all linear continous (bounded) functionals
from X to R.

X' ={f:X =R fis linear}.

For any continous (bounded) linear functional f € X', the norm of f, denoted by ||f||, is

defined as

IFllxr = sup |f(x)
€X

X
Ix[[<1
The problems in our thesis correspond to a system of a partial differential
equations posed over a domain Q C R4 with space dimension d = 2,3. The domain Q is a
bounded, connected, open subset of R? with Lipschitz boundary dQ.
We will use two classes of function spaces in our weak form, and discrete scheme
for our problems, so we state only the basic properties and refer the reader to [43, Chap.

5] and [44].

Definition S. Let f: Q — R be a Lebesgue measurable function, and 1 < p < oo be a real

number. We define the norm
1/p
leriay = ( flr7as) " 1p<en
and
1o (q) == ess sup{|f(x)| for a.e. x € Q} = inf{M > 0 | | f(x)| < M for a.e. x € Q}.
Thus, the Lebesgue space is the space defined by:
LP(Q) :={f Lebesgue measurable | 1/ llp(@) <o}

LP(Q) is a Banach space for all 1 < p < oo, and L?(€) is a Hilbert spaces where

the scalar product is (f,g) = [o f - gdx.



Definition 6. [43] Let u be an integrable function on an open set Q C R". v is the

th

o' -weak partial derivative of u, written

D% = v,

if it satisfies the following condition:

a — (_1)ll
/UuD pdx = (1) /Uvq)dx 3)

for all test functions @ € CZ(U). for all test functions @ € Ci*(Q), where CZ°(Q) denotes
the space of infinitely differentiable functions with compact support in Q, and o is a

multi-index, i.e & = (0t1,00,...,0p) such that |ot| = Y7, o
Definition 7. [44] A Sobolev space wk.p (Q) is a Banach space defined as the space:

WhP(Q) = {u e LP(Q) | D% € LP(Q) for all || < k}

equipped with the norm

1/p

H“HWk,P(Q) - | z‘ékHDa”HZ)(g)
aj=

for1 < p < oo, and

Ul ke oormy = max ||[D%ul| ;e
ey oy = e 10l (g
for p = oo. Q is an open subset of R", k is a non-negative integer, and D%u denotes

th

a''-weak partial derivative of u.

For p =2, the Sobolov space is a Hilbert space and is denoted by H k (Q).



2.2 Key inequalities and theorems

Proposition 8. (Holder inequality). Let f € LP(Q),g € L1(Q), such that % + % =1, then
fgeLN(Q), and
| 788 <[ flpioyllglaco) CRY

The particular case p = g = 2 yields the Cauchy—Schwarz inequality:

Proposition 9. (Cauchy—Schwarz inequality). If f,g € L*(Q), then fg € L' (Q), and

18 <1120 8l 2 0 22)

Proposition 10. (Poincaré inequality). Let Q be a bounded domain in R" with a Lipschitz
boundary. Then, there exists a constant C > 0 such that for all f € WP (Q) where f =0

on I C dQ with positive Lebesgue measure, the following inequality holds:

1fllzp@) < CPIVSlLr(q)- (2.3)

Proposition 11. (The continuous trace inequality). For all f € WP (Q) 1 < p < oo, there

is a constant Cy p such that:

I7ea0) < Copll o 11 (2.4)

In particular one can easily deduce the following two inequalities [45, Equation 1.24]:

Hf”LZ(aQ) < Ctr,2||vf||L2(Q) (2.5a)
Hf”L“((?Q) < Ctr,4HVfHL2(Q) (2.5b)

Proposition 12 (Sobolov embedding theorem). [46, Theorem 6.6] Let Q be a bounded
open subset of R" with a Lipschitz boundary.
Let 1 < p <ooandk € N be such that kp < n. Then, there exists a continuous

embedding

np
n—kp

WEP(Q) < LI(Q)  where g =

10



Additionally, if kp = n, then there is a continuous embedding
WEP(Q) = LI(Q) V1< g< oo

If kp > n, then there is a continuous embedding

WhP(Q) < C¥%(Q)  where a =k — Z
p

In particular, we are interested in spaces with n = 2,3, and p = 2, we highlight the

following inequality: There exists a constant C(2’4) > 0 such that:

||f||L4(Q) < C(2,4)va||L2(Q)a (2.6)

Proposition 13. (Korn’s inequality)[46, Theorems: 6.3-3,6.3-4]. Let Q C R" be a
bounded, connected, and Lipschitz domain. Then, there exists a constant Cg > 0

dependent only on Q such that for all vector fields u € [H' (Q)]",
) ) 1/2
Il oy < Co (P2 gy + ety )

where €(u) denotes the symmetric gradient given by:

1
e(u) =5 (Vu+ (Vu)T).
Foru € [HY(Q)]" withu=0inT C dQ, such that T has a nonzero measure, there

exists a constant Cg

2.7)

el g1 () < Crlle@)ll 2(q)-

The following two theorems from [46] play a crucial role in demonstrating the
existence and uniqueness of the solution for the weak formulation of the

dual-porosity-Navier-Stokes problem.

11



Theorem 14. (Schauder Theorem)[46, Theorem 9.12]. LetY be a closed and convex

subset of a Banach space, and let T : Y — Y be a continuous mapping such that T (Y) is

compact. Then the operator T has at least one fixed point.

Theorem 15. (Brouwer Fixed Point Theorem)[46]. LetV be a convex and compact
nonempty subset of a finite dimensional Banach space X, let T : V +— V be a continuous

mapping. Then the operator T has at least one fixed point.

Theorem 16. (Banach Theorem)[46, Theorem 3.7]. Let (X,d) be a non-empty complete

metric space with a contraction mapping T : X — X,
d(Tx,Ty) <rd(x,y), 0<r<Il. (2.8)

Then T admits a unique fixed point x* : T (x*) = x*.

2.3 An abstract theory of saddle point problems with perturbed regular terms

Let V and Q be two Hilbert spaces equipped with norms || - ||y and || - ||
respectively. Let a(-,-) on V x V, b(-,-) on V x Q, and ¢(-,-) on Q x Q three continuous

bilinear forms, i.e.

a(u,v) < Cqllully|vlly VYu,veV, (2.9a)
b(u,q) < Cpllullvllgllp VueV.qeQ, (2.9b)
c(p,q) <Ccllullvllglle  Vp.q € Q. (2.9¢)

Let f €V and g € Q, where V', Q’ denote the dual space of V, Q respectively, and
[+ [lys Il o denote the norms in V' Q' respectively. The abstract saddle point problem

with a perturbed regular term reads: Find u € V, and p € Q such that the following

12



equations hold:

a(u,v) +b(v,p) =y, eV,
(2.10)

b(u,q) —c(p.q) =(8d)g/xg Y4€Q-
As an application of the Riesz representation theorem [46, Theorem 4.6] there

exist A : V + V/ a bounded linear form and A’ its adjoint such that:

_ t _
(Au,v)yr oy = <u,A V>V><V’ =a(u,v), Vu,vev,

similarly, there exist B: V — Q’, B' : Q — V' continuous linear form:

— ! —
<Bu7p>Q/><Q_<u7Bp>VXV/_b(uap)a vuevvpeQa

we denote

K:=KerB and H :=KerB'.

Also, there exist C : Q — Q' continuous linear operator, and C’ its adjoint such that:

(Cr.a)gr v = <p,C’q> =c(p,q), Vp,q€Q.

oxg/
And, the problem defined by eq. (2.10) can be stated as: Find u € V,q € P that satisfy the
following system:

Au+BTp:f
(2.11)
Bu—Cp=g

As a result of the following theorem, we can demonstrate the well-posedness of the

dual-porosity-Stokes, and dual-porosity-Navier-Stokes problems.

Theorem 17. [40, Theorem 4.3.1, Remark 4.3.3] Leta:V xV — R, b:V x Q0 — R, and
¢ : Q x Q — R be continuous bilinear forms such that a(-,-) is positive definite and

coercive on K and c(-,-) is symmetric positive definite and coercive on H, i.e., they satisfy
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Equation (2.9) and there exist positive constants o and 'y such that:
a(u,u) > alluly, Vuek, (2.12a)
c(p.p) 2 7llply, VpEH. (2.12b)
LetfcV' andgec Q.
Case 1 Ifa(-,-) is also symmetric and b(-,-) satisfies the following inf-sup condition:
inf sup b(v.4) = inf sup _blvg) =B>0, (2.13)

gerLvev ldliolvllv ekt e lldllolviiv

then eq. (2.10) is well-posed and the solution satisfies

lullv < Cilifllyr +Caligllgrs (2.14a)

IPllo < G3llAllyr +Callgll g, (2.14b)

where Cy,Co,C3,Cy are constants that depend on ., 3,v, C,, and C. and are given

as below:
C :O%ﬁzmax{acc,(acc)l/z\/m,(aca)l/zcc,z(ﬁ2+cacc)}
¢ meaX{(W)l/z(ﬁnLCaCc),
%MHWVW+@QA@wWw+QQWQQVW+@Q}
¢ :mmx{(awm(ﬁ+cacc>,3<yca>1/2 B2 CC

(Cca>l/2(ﬁ2+CaCC)73CaCc\/m},
Cy :#max{YC“’Wca)l/z\/m’(YCc)l/zCa,2(B2+CaCC)},

Case 2 If ImB = Q' and b(-,-) satisfies the following inf-sup condition:

b
inf sup 29~ g (2.15)
a<vev llallolvllv
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then eq. (2.10) is well-posed and the solution satisfies Equation (2.14) with the

following constants:

(ﬁ_(_)§(_)_) @160

1 C C
C2:F(1+Ea) <2CaCc (1+Ea) —i—\/iﬁz) ) (2.16b)
and C3 = C“Cﬁl“ Cy= C‘;f?

In the next chapter, we study the dual-porosity-Stokes problem where the bilinear
forms a(-,-) and ¢(+,-) in the weak formulation are both symmetric so we can use first part
in Theorem 17 to show the well-posedness. However, in the dual-porosity-Navier-Stokes
problem in Section 4.1, the bilinear form A(w;-, -) in the weak formulation of the
linearized problem is no longer symmetric. As a result, we cannot apply the first part of
Theorem 17 but instead we use the second part of Theorem 17. The proof of the first case
of the Theorem 17 can be found in [40, Theorem 4.3.1]. However, the second case of
Theorem 17 is stated as a Remark in [40, Remark 4.3.3] without a proof.

Also, we note that in [40], the authors assume finite dimensional spaces by
showing only the surjection of the map. We extend proof of the well-posedness on the
infinite dimensional spaces for the case when ImB = Q’. Since the proof is very technical,

we provide it in the Appendix.
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CHAPTER THREE

DUAL-POROSITY-STOKES PROBLEM

Our focus in this chapter is the dual-porosity-Stokes problem, which describes
how free fluid flow in conduits is coupled with fluid flow in porous media with two
different types of porosities: microfracture and matrix. The work in this chapter is already
published in the article [1].

3.1 The model

Consider a domain Q that is a subset of Rdim, where dim = 2,3, and has a
Lipschitz boundary dQ. It is assumed that Q is a polygonal or polyhedral region in
R? / R3. Let Q° be a subdomain of  that has free flow, and let Q¢ be a subdomain of Q
that has a porous medium such that QN Q4 =, and Q = @’ UQ?. Let I be the
intersection of the closures of QS and Q¢ , IS be the intersection of the boundaries of Q5
and dQ, and I'? be the intersection of the boundaries of Q¢ and Q. The outward
pointing unit normal vector of Q/ for j = s,d is denoted by n/. The unit normal vector on
I is denoted by n and is equal to n® = —n?. See Figure 3.1 for an illustration of a
two-dimensional domain Q.

The Stokes equations define the fluid velocity u and the fluid pressure p, given the

kinematic viscosity ¢ and the source term f:

—2uV-e(u)+Vp=f in Q° (3.1a)
V-u=0 in Q° (3.1b)
u=0 in I (3.1¢c)
T
where €(u) = w is the strain rate tensor.
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l"S

QS

Qd

10

Figure 3.1: Illustration of a free flow/porous medium domain € in two dimensions.

In Q4 the pressure p and velocity u in the microfracture and, the pressure p”* and

velocity »™ in the matrix satisfy the dual-porosity model:

K‘Jflu—l—VpZO
Vout-oku(p—p") =g
Ko™+ Vp" =0

V" +oxu(p"—p)=0

The parameters K, and Ky represent the intrinsic permeabilities in the matrix and

in Q7
in Q7
in Q7
in Qd,

on fd,
on IY.

(3.2a)
(3.2b)
(3.2¢)
(3.2d)
(3.2e)

(3.21)

microfracture, respectively. Additionally, the shape factor ¢ is a geometric parameter

related to the morphology and dimension of microfractures, which controls the fluid flow

from the matrix to the microfractures [18]. We assume that 0 < o < o*, for some

arbitrary constant 6* > 0, for more details in the choice of 6* we refer the reader to [47].

In eq. (3.2b), g represents the source term. The Stokes model and the dual-porosity model
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are coupled through interface conditions given by the following equations:

" n=0 on I, (3.3a)
Won—ul-n=0 on I’ (3.3b)
—2ue(u®)n-n+p* = p? on IV, (3.3¢)
—2u(e()n) = apx; on TV (3.3d)

Note: When we need to differentiate the values of a function on Q5 and Qd, we use
notations u/, and p/ where u/ := u| o’ pl=pl| oj for j=s,d. In the interface condition
Equation (3.3d) « is a constant determined by numerical experiments, w’ = w — (w-n)n is
the tangential component of a vector w.

The first interface condition is a non-exchange condition between the matrix and
the conduits. This means that no flux can cross the interface directly from the matrix
system to the conduits. The other three interface conditions are similar to those for the
Stokes-Darcy problem [37]. Specifically, the second and third interface conditions
describe the conservation of mass between the microfractures and the conduits and the
balance of forces. The last interface condition is the Beavers-Joseph-Saffmann interface

condition [21, 22] on the tangential component of the normal stress on I'.
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3.2 Weak formulation

Besides the Sobolov spaces in Definition 7, we define the following Hilbert spaces

relevant to our problems in this thesis:

HE(Q%) = {ve H'(Q*):v=00nT"},
H(div,Q) := {v € [L2(Q)]4™: V.v e L?(Q)},
Hy(div,Q%) := {v € H(div,Q9) : v-n = 0 on 9Q“},
L3(Q) == {g € L*(Q) : (g, 1)qdx =0},

2r0dy . 2 .
13(07) 1= {g € 12(9%) : (9, 1) g dx =0},
The space H(div,Q) is equipped with the norm

2 2.\1/2
IVl araiv.) = (VIS + IV - vIE) 2.

Remark. In the rest of the thesis we use the notation || -||. notation for the norm || -{| (D)
and || - || p for the norm || - HHk(D)' Also, we denote the L*-inner product on a domain

ECRYM py (-, )p, and on a S € REM=1 py (),

To derive the weak formulation of equations egs. (3.1) to (3.3), we need the

following function spaces:

Vi={veH(div,Q) 1 v|gs € H(Q%),v-n=00nT9}, V™ :=Hy(div,Q9),
(3.4)
0 :=L13(Q), o™= 13(Q9).

Remark. We define u := (u,u™) as an element of Z:=V x V™, and p = (p,p™) as an

element of P := Q x Q™, equipped with the following norms:

1/2
) 2 d2 2 2
a2 = (e )G + 1 i oty + 1™ 13 oy 110 )

12 (3.5)

. 2 2
lpllp = (Iplig+11P"lGa)
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LetuecV,u™ e V™ peQ,and p™ € Q™. First, we test egs. (3.1a) and (3.2a) with

v €V and egs. (3.1b) and (3.2b) with ¢ € Q, and we get:

—(V-2ue(u)+Vp,v) s = (fiv)qas (3.6a)
(V-u',q) s =0, (3.6b)
(xj:lu+vp,v)gd —0, (3.6¢)
(V-utokn(p—p").q) ga = (8:9)qa - (3.6d)

By taking the scalar product of egs. (3.2¢) and (3.2d) respectively with v € V" and

q"™ € O™, and integrating over Q4 we get:

(K,,;lu’" v me,vm) 0d =0 (3.7a)

(V-um+61<m(pm—p),qm)9d =0. (3.7b)
Since €(u) is symmetric, (€(u),€(v))qs = (€(u), Vv)qs. Therefore, integrating by

parts in egs. (3.6a) and (3.6¢), noting that v =0on I and v-n =0 on I, and adding the

resulting equations, we get:

(Zue(u),s(v))gs + (ijlu,\;)Qd —(p,V-v)o
— ue()n,v)pr + (p* v 0y + (p? v nd)

= (f, V)_QS .

e

Multiplying eq. (3.3c) by n and adding to the fourth interface condition we get

p’n—2ue(’)n :pdn—i—OCLLK;l/z(us)t. (3.8)
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d

Therefore, since n = n® = —n? on I'/, we can simplify the above equations and obtain

(2ue(w),£(v)) g + <K]71u,v>gd —(p,V-v)g

ey ) () = (Fv)gs. (3.9)

Next, we integrate by parts the second term on equation eq. (3.7a) and apply

V" .n=0on dQ7 to get
(K,;lum,vm)gd — (P, V") ga = 0. (3.10)

To formulate the problem, we combine equations egs. (3.9) and (3.10) with
equations eqs. (3.6b), (3.6d) and (3.7b) and arrive at the weak formulation: Find

ueVu™evm peQ,p™e Q" such that:

(aue(w), (1) g + (57 )y~ (0¥ V) +or W), 0% s = (Fov)es,
(3.11a)
(V-u,9)q + (0Km(p—P"):4) ga = (&:@)qa»  (3.11b)
(x,;lumy’")gd — (P VA" g =0, 3.11¢)
—(V-u",q") ga + (0%m(P" = p),q") a = 0. (3.11d)

foranyv e V" e V" g € Q,4™ € Q™. Next, let us define the following bilinear forms
foru,veV.u™ V" e V™ p.ge Q,p" ¢" € O™
a((u,u™), (v,v"™)) := (2ue(u),e(v)) os + (Kflu,v>gd —(p,V-v)g (3.12a)
+ (K—lum vm) + <OC,LLK'71/2(MS)I (VS)I>
m 5 Qd f 3 1"]7
b((u,u™),(q,4™)) == (V-u,q)q — (V-u",qd") (3.12b)

c((p.p™),(q,4™)) = (o ki (p™ = p),(@— ")) oa (3.12¢)

Equation (3.11) can be written in the form:
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Find (u,u™) € Z,(p, p™) € P such that:

a((u,u™), v, V") +b((vV™), (p,p™)) = (f,v)qs V(vy™) e Z, (3.13a)
b((u7um)7(cqu))_C((papm)a(Q7qm>) = _(gaq)gd v(Q?Qm) c€P (313b)
We use saddle point theory to prove that Equation (3.13) is well-posed. Therefore, we

must show that the bilinear forms a(-,-), b(-,-), and c(-,-) satisfy the conditions in Case 1,

Theorem 17.

Lemma 18. The following inf sup condition for the bilinear form b(-,-) holds for some

constant constant C > 0, depending only on Q.

b(v,q
vgeP,  Clglp< sp 29
vez\{(0,0)} VIl

Proof. Letq = (q,q™) €P.q¢€ L%(Q), the standard inf-sup condition [40, p.463], implies
the existence of v € HS (€2) such that V-v = —g in Qand ||v[[; o < c||q||q- Furthermore,
the inf-sup condition for Hy(div,Q4) and L%(Qd) [42, p.117-118], implies the existence

of v € Hy(div, Q%) such that V-v" = —g" in Q¢ and ||v < Cllg"(|gq- Using

mHH(diV,Qd)
the trace inequality [45, (1.24)], we obtain:

1

91z = (102 s + 19 rcaivady + "1 g oty + 107 170)

1
2 2 \2
<C(llali% +llg"%a ) * =Cllallp-

Our results from the above, combined with the definition of the bilinear form b(-,-), lead

us to the following inequality:

b(v.q) _ |all?
=i >Cllglp,
vliz — lvlz
the result follows by applying the definition of the supremum. [
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Lemma 19. The bilinear form b(-,-), defined in eq. (3.12b), is continuous on Z x P, that
is,

b(u,q)| < |lullzliqllp V(u,q) cZxP.

Proof. Since, the trace tr(€(u)) of €(u#®) and the trace-free part of €(u*) are orthogonal in
the Frobenius inner product for almost every point on Q°, we have
le(@®)||gs > ||tr(e(u®))]|os- By applying the Cauchy—Schwarz inequality and that V - ° is

equivalent to the trace of €(u*):

d d
b(u,q)l < l1g’llas V-’ llas + 114l ga IV - ull gz + la" | ga IV - 4™ [|

A A d d
<l¢’lgs lle@*) | s + lg” | g [l ||H(div7gd)+||qm”gd||Mm||H(diVQd)

2 dy2 2 1 2 d2 A
< (lg’llgs + g% lad + [la™ 1 ga) 2 (1€ (@) Igs + [u ||H(div,9d)+||um|| leQd))z

—_

< llgllplullz-

We now introduce the operator B : Z — P such that
(Bu,p) =b(u,p) V(u,p) €ZxP. (3.14)
Lemma 20. The bilinear form a(-,-) given in eq. (3.12a) is symmetric and continuous on
Z X Z, furthermore a(-,-) is coercive on KerB, i.e.,
la(u,v)| < Cp|lull, v, Yu,veZ, (3.15a)
a(u,u) > C. ||ul|% Vu € KerB, (3.15b)

whereéb:maX{Z/.t, ;1706“,(;1/2,,(”—11}(1”(1
Ce =min{2u, k; - ,OC[.LK‘ *1}

Proof. On the basis of its definition, the bilinear form a(-,-) is symmetric. To establish

continuity, we can apply the Cauchy-Schwarz inequality twice in the definition of a(-,-)
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(see eq. (3.12a)).

—1 ~1
la(u,v)| <2u|le(w)llqs leM)llas + k7 lullga IVilga + % 1™ | g V"1l ga

—-1/2
oy 20l 10°)

1 2 —1/2

2 — 2
<ulle)lIgs + 17 w2 g + o, = VIR + i 15,0) "

— -1/2 2 — 2
(u () s + 7 VB + oy IO I+ 1502 GBu16)

<Cp llullz[IVllz-

To prove that a(-,-) is coercive on Ker B, u = (u,u’) € Ker B, then we observe that

V-u=0inQand V-4 = 0in Q9. Thus,

_ 2 —1/2 2
Rl e [P RETEd[[  FR R )

a(u,u) = 24t [le(u) s + K7 lull?, 2

5 2 2 2 2\ A 2
> Ce (Ile()llgs + lullgg + 1u™ I + 1) I7r) = Ce |lullz.

Lemma 21. The bilinear form c(-,-), given in eq. (3.12¢), is symmetric, continuous, and

positive semidefinite on P X P.

Proof. Tt is clear from the definition of ¢(-,-) that the form is symmetric. Using the

Cauchy-Schwarz inequality, we show the continuity of ¢(-,-). :
c(p.q) =0kn(p—p".a—q")qa < oKmllp—P"llga lla—a"l|
< okm([lpllga + 110" | ga) ldll ga + 114" | ga)
2 2 \1/2 2 2 \1/2
<20kn([|p|20+ 1" 120" (lall 2 + g™ 15,0)"

<26 km | plplqllp-

Furthermore,

c(p.p) = 0Kulp—p"ll5y >0 VpEP,
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which implies the bilinear form is positive semidefinite |
We now reach the well-possessedness of Equation (3.13):

Theorem 22. Given f € [L*>(Q%)]%" and g € L*(QY), the weak formulation eq. (3.13)

has a unique solution. Moreover,

Jullz+1pllp < € (I1f s +llgll ga )- (3.18)

Proof. We can observe that a(-,-) is symmetric and continuous on Z x Z, and coercive on
Ker B, based on Lemma 20. Similarly, Lemma 19 establishes that b(-,-) is continuous on
Z x P, and Lemma 21 shows that ¢(+,-) is symmetric, continuous, and positive
semidefinite on P x P. Lemma 18 confirms B as bounded and surjective, which implies
that Im B is closed and Ker BT = (ImB)" = {0}. By virtue of the corollary of

KerBT = {0}, ¢(-,-) is coercive on Ker BT .

Finally, the result follows from Theorem 17. |

3.3 The HDG method

3.3.1 Notation

We introduce an HDG method to solve the equations eqs. (3.1) to (3.3). This

method is an extension of the idea proposed in [37]. Let us denote by .7/ a triangulation
of Q/, j =s,d, such that .7 and .79 match at the interface I/, and by .7 := 75U 74.

We denote by hg the diameter of K, for K € .7, and

h = max hyg.
Keo K

For j =s,d, let ﬁij denote the set of all interior facets in Q/ , F [j denote the set of all

facets on the boundary I'V for j = s,d, and .Z' denote the set of all facets that lie on I'".
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We define .7/ := ﬁij UZ ;f U.Z!, and the set of all facets in Q is denoted by .%. Let Fj
be the union of all facets in ﬁj , for j =s,d and I'( be the union of all facets in Q.
We begin by defining the discrete velocity and pressure spaces on Q and Q/,

where j = s,d:

v, :{th[Lz )Jdim .y, [P, (K)dim VKeﬂ},

v/ :{th[L2 (@))dim 1y, e [P (K)dim VKeﬂf} j=s.d,
Oy, ={6]h€L2 ) 1 qn € P—1(K) VKG?},

o :{thLz Q) qp € P (K) VKeﬁf}, j=s,d,

o = {rh c13(Q%) e P (K) VK€ 96’},

where P, (K) denotes the polynomial space of total degree at most & in K.
Also, we define the discrete trace space for the Stokes velocity and pressure in the

Stokes region on I}, as well as the pressures in microfractures and the matrix on Fg:
Vy = {v-h € [LA(TH))NM 2 5y, € [P (F)Y™ WF e .F5, 5,=00n rS},
0= {a)e’®):q)enF) vFeFi} j=sd

To simplify the notation, we define some additional spaces:

Vii=ViyxVy Qni=0yx0}x0f 0 :=0px0f,
Z,:=V,x V,f, P, :=Q,x Q).

The following norms apply to the last two spaces above:
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2 . 2 -1 —112 a2 2 —t 12
iz, =le0)lgs+ X hg llv =755 + 1 Il5q + 11" 5q + 1715
KeTs

2 . 2 2
VlIZs =lvliz, + Y hglv5 ks
h KeTs

2 . 2 2 _in2 mu2
lqll5, :=llalla+lld" 1 qa + Y X hil|d |Ix + Y, mkld"k.
Jj=sdgeF] Kegd

forallv= (v,v V") € Z),,q = (q,qs,qd,qm,cjm) € Py,. In the discrete scheme, we

use the following notations (-, ), = ZKeﬂj(" )k and (-, '>89]' =Y kezs(- ) gk for

j=s,d.

3.3.2 Discrete scheme

In this section, we develop the HDG scheme for the equations eqgs. (3.1) to (3.3).
Let 0% = 2ue(u’) — p°I be the Stokes stress tensor. By multiplying eq. (3.1a) with
a test function vy, € V}, integrating on an element K € .7, applying integration by parts,

and summing over all elements, we obtain the following:

(0°,Vvn) gs — (6°n° ) s = (fvin)qs (3.21)

where 6¢ is the numerical flux that we choose as

To guarantee the continuity of the numerical flux, we impose:
(Vh, 6sns)Qs = (\7]1, Gsn>r], Yy, € Vh

From eq. (3.8), we have

o’n = —pdl’l _ OC‘LLK'_l/Z(MS)t
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on I'. Replacing p? and u* by 5 and it on .#! and noting that v, - i’ = v, i, we get the
following:

/2 -t

<‘7ha6sns>§s - _<‘7h 'n7pd>r‘1 - <OC,LLK_ Vi, U >1"I-

Plugging 6° into the above equation and recalling that v}, - n and p* are single valued and
vy, = 01in I'®, we obtain:

e P e, 7). 75— (PR ), 54) .79

= (-, ) — (™28, d) . (3.22)

!

We group the terms after adding eq. (3.21) to eq. (3.22), to obtain:

2p(e(u), €(vp))as — (P, V- vi)qs — 21 (e(w)n, vy, = Vp) g 7s

2Bu _ _ _
+= (u—i,vy,—Vp)g s + (P vy 1)y s

—1/2¢

— (P Ty + (B o g+ (oA ) Ly = (f i) s

Afterward, by adding a consistent and symmetrical term, we arrive at the following:

2u(e(u),e(vy))as — (P, V- vi)qs — 2u(E(u)n, vy — y) 5 7

_ 2Bu _ ; _
—2u(ev)n up — i)y 7s + — (u—i, vy, —Vp)g s + (P, vp 1)y s

—1/2¢

— (5% By (B o m) 4 (o2 ) Ly = (f va)gs-

Similarly, we multiply eq. (3.1b) by gj,, where gj, belongs to the set Q.
Afterward, we integrate the resulting expression into each element K belonging to the set

S and arrive:

(qh,V . M)Qs =0.

To impose normal continuity of the Stokes velocity we set
(@ (u—10) n*) g 75 =0 V), € Q.
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Subtracting the former equation from the latter, since i, §;, are single-valued at the

interfaces and iz = 0 on I'® yields:

—(qn,V-u)gs + <qz,u . ns>ays — <qh, i- n>r1 =0. (3.24)
Next, eq. (3.2a) is multiplied by a test function v; € V},, using integration by parts,
replacing pd with pd , and summing over all elements in .7 d to get:
—1 ~d
(k7w vn) ga = (Vv ga + (0% vn-n?) y 7a =0 (3.25)
Multiplying eq. (3.2b) by a test function g;, € Qy,, integrating over an element K, then
summing over all elements in .79 we get:
(V-1t,q1) ga + (0%m(p = P™),qn) ga = (8:9h) ga-
To impose the normal continuity of u we set:
~d d ~d ~d Ad
(Gpu-n >agd = _<Clha”'”>1~1 Vay, € Q-
We subtract the preceding equation from the current one, and obtain:
=d d =d
- (qhav'u)gd + <Qh7u'n >ayd + <qhau'n>1“1 - (GKm(p _pm)ath)Qd = _(gaqh)gd'
(3.26)

Similarly, we multiply eq. (3.2c) by a test function v} € ve, integrate by parts over an

element K, sum over all elements K € .79, and replace p™ in the facets with p™ we get:

—1.m m

(Km u 7vh )Qd - (pmav'vzl)gd + <pmvvzl'nd>

55d =0. (3.27)

Last, multiplying eq. (3.2d) by a test function ¢;' € O}, integrating over an element X,

then summing over all elements K € .7¢ we obtain:

(qz/luv : um>Qd + (GKm(pm _p)uqzi)gd =0.
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To ensure the normal continuity of ™, we set:
-m m _d _ _/sm m —0 va" Ad
qp,u -n Jod = <qha“ ”>1~I— qn €09y
Combining the last two equations as before, we get:
- d
(q}r:l’ V. um)gd - (GKm(pm - p)’qu)Qd + <quvum n >ayd =0. (328)

Collecting eqgs. (3.23) to (3.28) results in the following HDG method for the dual-
porosity-Stokes problem defined by eqgs. (3.1) to (3.3):

Find up = (uh7ﬁh7ul];1) € Zh’ Pn = (phvp_;pﬁ;li?p’;:?ﬁ’}?) € Ph such that

ap(up,vp) +bp(Pr,vi) = (f,vi)as Yy, = (Vi Vhs vy ) € Zp,s (3.292)

bh(qhauh) _Ch<ph7qh> = _(g>Qh)Qd vqh = (qh7Q;¢7QZaqzi7q’]:’:) € th (329b)

where
ap(u,v) := a, (u,v) +al (u,v) + & (™ V™) + db (@, 7), (3.30)
j l.j, i _
br(p.v) =Y. [b](p.v)+b,7 (5, 9)] + b (p™ V™), (3.31)
j=s,d
Ch<paq) = GKm(pm_p7qm_q)_Qd7 (332)
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and

ay(u,v) ;= (2ue(u),e(v)) os — Que()n®,v—v)y os — QUe(v)n® ,u—it)y s

+2Buhy (u—a),v =)y 7s,
afy (u,v) ==(K7 " u,v) o
ap' (u” V") ::(K,Zlum,vm)gda
al (a,v) ::<ocu1<;1/zﬂtyv4>1—1,

bh(pv) == (p.V V)i + (B ven) s 5 J=s.d,

Ljisj 5y i .
bh](pjvv) .:—<pj,v-l’l]>1_,1’ ]:S,d.

3.3.3 Properties of the numerical scheme

The lemma below shows that the velocity solution uy, is H(div; Q)—conforming ,

up! is H(div; Q%) —conforming, and u; is pointwise divergence-free in the elements in 7.

Additionally, eq. (3.2b) is satisfied point-wise on the elements in .7 d up to the error of the

Lz—projection of the source term g into QZ , and eq. (3.2d) is satisfied point-wise on the

elements in .74,

Lemma 23. The solution to eq. (3.29) satisfies:

[u] -n] =0 VxeF, VFeZN\F!, j=s4,

ui-n:ﬂh-n VxeF, VYFeZ!,

[uj’ -n] =0 VxeF, VFeZ9,

Voup =0 VxeK, VKe.J%,
GKm(pZ—le)-i-V-uz:H‘ég VxeK, VKe T4,
okn(pl — p&) +V-ul' =0 VxeK, VKe 79

where [-] is the standard jump operator and T1%
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J=s.d,

(3.33a)
(3.33b)
(3.33¢)
(3.33d)
(3.33¢)

(3.331)

0 denotes the Lz—projection onto QZ .



Proof. Letv, =0, g, =0, and qg =0 1n eq. (3.29) then the following holds:
Z <Q;lauhn>ag]+<QZauz1n>agd_ Z <Qhauh n >1"1_0
j=s.d j=s,d
for all (§5,3%,3") € 0% x 0% x O¢. Therefore
h1h>1h h h h ’
)3 [<qh, b 1) 3, e 0= ) ) f,] + (@l nl) =0 3.34)
- F F
]—S,d b
Then, by using

[uy, - n] onFeﬁijUﬁg,

N
= ~.

(u;;—ith)-nj onF ¢ F!,

and ' = [uj' -n] on F € F% in eq. (3.34), we obtain:

o= X[ T e X i -m i)« Tl

j=s,d FE?JUL/@Z Feﬁl Fezd
(3.35)

resulting in Equations (3.33a) to (3.33c). To prove egs. (3.33d) to (3.33f), set v;, =0,
¢l =0,and g, =0, j = s,d,min eq. (3.29).
Next, we choose
Ve in Q%

qn =
okn(p —pM)+V - ul — Hg in Q4
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to get:

(V-uZ,V-uZ)Qsﬁ-<0'Km(pg—p;l")—kV-uzl—Hég,V-uZ)QS
+(GKm(pZ—pf),GKm(pg—p';:)-I—V-uh HQg>
—(g,GKm(pZ—pZ’)JrVuh HQg>
= (GKm(pZ—p;l")—I—V‘uZ—Hég,GKm(pZ—pf)—i—V-ui‘f—Hég)
—HGKm py—pp)+V- ”h IT gH

thus we arrive at eqs. (3.33d) and (3.33e). Finally, setting v, =0, g5, = 0, qh 0,

Jj=s,d,m,and q}' = ckmn(p}' —ph) + V- uj? in eq. (3.29), we obtain
(own(pf =P+ V- Vi) -+ (owm(pf =P R — ) +V )
= (GKm(pZ’—pZ)+V-MZ1>GKm(pZ1—pﬁ)+V'”21>Qd = lloKm(p) —pf) +V-u |24 =0
which yields eq. (3.33f). [

The next lemma shows that the HDG method eq. (3.29) is a consistent

discretization of the dual-porosity-Stokes problem egs. (3.1) to (3.3).

Lemma 24 (Consistency). Let (u,u™, p,p™) be the solution of the dual-porosity-Stokes
problem egs. (3.1) to (3.3), where trace of u, and trace of p’ (j = s,d,m) on the mesh
skeleton is denoted by ii and p’, respectively , then (u,i, ™) and (p, p*, p%, p™, p™)

satisfy eq. (3.29).
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Proof. The proof is similar to [37, Lemma 1]. Using smoothness of u, single-valuedness

of v, that v, = 0 on I'*, and eq. (3.3d) we get:

ah((ua u, um)a Vh) = (2H8(”)7 8<Vh)).Q.S - <2/.L£(u)ns, (Vh - ﬁh)>895

—-1/2 _ _ _
+ <anqu / (us)t7v§l>r‘l + (Kf l”?Wt)Qd + (Kmlum7v’}?)gd

= — (V- (2ue(u),vp)os — (apr; ) o) g + @u(n - e()n )t og) g
oy ) ) (65 ) g + (5 ) o
=—(V-2ue(u),vp)gs + (2u(n’ - e(u)n’)n’, o) 1y

—1.m m

—1
+(Kf M,Vh)Qd+(Km u 7vh)Qd‘

Furthermore, after integration-by-parts,

Y (0. 55 5% P ™) i) + By (5 )]+ B (™ B V)
j=s,d

= (p,V'Vh)QS+<p,Vh'l’l>agS - <psa‘7h'ns>l"1 - (pav'vh)gd+<p7vh'n>agd
4

d - d
—(p% 0 0 ) s = (P"V V) ga + PV 1Y) 5 a

=(Vp,vp)a+ (0 = p*, 0 s + (VP Vi) oa-
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Combining the above two results, and using smoothness of u and ", single-valuedness of

gl, j=s,d,m, and egs. (3.1) to (3.3).

; i s - i} Lji, i -
ap((u,@,u™),vp)+ Y. (b1 ((p, 7% 5%, ™, 5™ vi) + b, (07 5)] + b (p™ Vi)
j=s,d

. 1, o B
+ Z (bé(qh,u)ﬁ—bh](q;l,u))—|—bZ(qZ1,um)—Ch<(p,ps,pd,pm,pm),qh)
j=s,d

= — (2pe(u), Vvp)gs + u(n - e()n),n” - o) pa + (k7 1, v) ga
+ (o " V) o + (Vv + (07 = P5)nn) o + (VP Vi) qa
—(an, V-wa+ @u-n)gzs +(@hun’) ) ,a

9)

- <qz7u 'ns>r‘l - <q;,f,1/t n e

— (g, V-u"™) ga + @™ 1) 5 pa — (0K (P" = ), d — an) g

= — (V- (2pe() = Vp,vp)as + (K7 u+Vp,vp) ga + (15, " +Vp™ Vi) o
+@u( - e(n®) + (p? = p* )’ ) o — (@n, V -+ Kin(p = P™)) ga
— (g, V-u" + 0kn(P" = P)) a

=(f'vn)as = (8:qn) ga-

Thus, we have proven the lemma. |

3.3.4 Stability of the discrete scheme

The next lemmas will help us establish the stability of the discrete problem given

in Equation (3.29).

Lemma 25 (Coercivity). Let C, = min{cj U, oucf_l/ 2, Kfl, K, 1} where Cy > 0 is the
constant of a discrete trace inequality independent of h, |1, K¢, Km, and o, and

che=(1— Ctz,,/ﬁ) min(1, B). Then for sufficiently large penalty parameter 3 > 0,

ap(vp,vp) > CeHVhH%h- (3.36)
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Proof. The result follows the same steps as the proof of [38, Lemma 4.2]. First note that

2 = —1 =12
an(vi,v) =20 (11 (va) s = e’ vn =)o zs +B Y. b lvw—7nl3 )
KeJs

~1/2

112 —1 2 —1 2
+aicy I A a2+ R

(3.37)
Applying the Cauchy—Schwarz inequality and a discrete trace inequality [48, Lemma

1.46] on the second term on the right hand side, we get:

1

1
= 2 \2 —1 -2 \2
e’ —n)azs <2( X hxlletn)l3g)* (X v - wall3g )
Ke7s Ke7s
1

—1 =112 2
<2Cullet)llos( X hx'Ivn—vl3)
KeJSs

where Cy; is the discrete trace inequality constant depending on the shape regularity of
meshes, k, and dim. We refer to [49] for explicit dependence of Cyr on k and dim.
Combine this with eq. (3.37) and recall the inequality

x? —2yxy+y? > (1 —y?)(x% +y?)/2, which holds for all x,y € Rand 0 < y < 1.

_1
Choose x = ||€(vy,) | os> V2 = BZKegshl_(l Hv—ﬁ”%K, and y = C8 2 to find:

ap(vp,vy)

1

2 —1 - 12 2

zzu@rs(vh)ngs—2ctr|rs<vh>||gs( Y i e = vl 3k )
KeTJs

—1 -2 —1/2 112 —1 2 —1 2
+B Y hg ||vh—vh||a,<}+ar<f P27+ 5 vl 2 g+ 6 IV
Ke7s

— _ —1/2
>(u(1=Co/B) (el +B X, hig vl 3 ) +ax, 21712,
Keos

—1 2 —1 2
T L PR VA

2 —t 12 2 2
> Cel Vil + 174 3 + [l + 1 130

proving eq. (3.36). |
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Lemma 26 (Boundedness). The bilinear forms a; (-,-) and ay(-,-) satisfy

ay(up,vp) < Cellupllys[vallys Vuy, vy, € Vi, (3.38a)

ap(up,vp) < Cellupllz, [vallz, Vup, vy € Zy, (3.38b)

where C} := 2pumax (1 + Cy, B + Cyr) and C, := max(C, KEI, K,Zl,aukf_l/z) and with

C > 0 a constant independent of UL, K¢, Km, and o.

Proof. The proof is similar to the proof of [37, Lemma 3]. We start by proving
eq. (3.38a). Let uy,v;, € Z;,. By the Cauchy—Schwarz inequality,

ap,(up, vp) <24 (He(uh)llgs|l8(Vh)Hgs + Y, llewn)loxlve—vallax

Ke7? (3.39)

_ -1 _ _
+ Y llevnllogllun—anllox+ Y, Bhg H“h_“hHaKHVh_VhHaK)'
KeTs KeTs

Note that by the discrete trace inequality [48, Lemma 1.46] and the Cauchy—Schwarz

inequality,

Y le)lloklve—vnllox + Y, len)llokllun—anllox
KeTs KeTs

-1 _ _
+ Y Bhg llup—anllyxllve — vl ox

KeTs
—-1/2 _ —1/2 —
< Y Cullewn)lghg M vn—vnlox+ ¥ Culletn)lxhc ! lun—nllax
KeTs KeTs
—1/2 _ —1/2 _
+ Y B — il g va — allox
KeTs

1 1

—1 - 112 \~ —1 _ 12 \>

<Culle(up)llas( Y, hg Ivi—=vnll56)2 +Cullep)llas( Y, Ay llun—ipll5x)2
KeTs KeTJs

—1 _ 12 1/2 —1 - 112 1/2
FBC Y m un—anl2) 2O Y v — vl
Keﬂs Keys

(3.40)
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Combining eqs. (3.39) and (3.40) and using the Cauchy—Schwarz inequality once more,

we get

a;z(uhvvh)

DI —

< 20 ((1+Cu) ()l + (B+Ci) Y. i lun — a3 )
KeTs
1

2 -1 -2 2
x (L Colle(n) B+ B+Cu) X, g v = vullg ) > < Clluplys [vallys-
KeTs h h

To prove eq. (3.38b) we use eq. (3.38a) and the Cauchy—Schwarz inequality to find:
d I/~ -
ap(upvy) = ay(up,vp) +aj (up,v) + ay (), vy') + ay, (g, vp)
—1 ~1
<Cellunllysllvallys + 7 llunllgallvallga + s gl ga Vil ga
—1/2, 2 —
oy ] | 17

s —1 .—1 ~1/2 2 2 m2 2 \1/2
<max(Ce, Ky, Ky, QUK )(HuhHVg‘l’H”hHQd+H”h ’|Qd+H”hHr1>

1/2
2 2 m 2 —t 12
(vl + vl IV Wa + 1551)

<Celluylz, vz,

Corollary 27. If the first component of a; belongs to V*(h) :=V; + (\79 X ‘;/9) where
VS ={ve [H*(Q")]¥"m: y=00onT*}
and V* is the trace space of V* on I, eq. (3.38a) becomes
dj(u,vp) < Cg’*l|u|lvg,*||vh\|vg» VucV(h), Vv, €V,
where

2 . 2 27112
2] = [l + Y hluly g,
h h kegs
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with a slightly different constant Co™ due to the use of a continuous trace inequality
instead of a discrete one. The dependence of the constants on the problem parameters,

however, stays the same.

To prove an inf-sup condition, we introduce the following interpolation operators

(see, e.g., [50, Lemma 7] or [40, Proposition 2.5.3]):

Lemma 28. There exist interpolation operators Iy : Hy(div, Q) — V;, N Hy(div,Q),
I : Ho(div, Q%) — V" N Hy(div, Q%) such that for all u € [H*1(K)|4™, K € 79, and

u™ € [HHL (K9 K € 79 the following hold:
1. (¢,V-(u—Tlyu))g =0forallqe P,_(K), K€ 7.
2. (¢™ V- (u" —TI™) g = 0 for all ¢ € P,_1(K), K € T4
3. (G,(u—Tyu) -n)gp =0 forallg€ P(F), F € F.
4. (g™, ("™ —TIyu™) -n)p = 0 for all §" € P,(F), F € Z<.
5. [Ju—Tyul|,x < Cth_p|u|l’K with p=0,1,2 and max(1,p) <I<k+1, K€ 7.

6. |lu™ —TU2u™| p k < Chig P|u™|; g with p=0,1,2 and max(1,p) <1 <k+1,

Ke 7
7. V- (u—TIyu)|| g < CHE|V -ul; g with 1 <1<k K € 7.
8 ||V (" — T u™) ||k < ChE |V -u™|; g with 1 <1<k K € T4

Furthermore, we denote the L2-projection onto V;, by ITy. For v € H Lk )]dim,

1<I<k-+1, we have:

= 1-1/2
v =Tty vlla < Chig IV 1 - (3:41a)

= [—1/2
Ty v —Tiyv]| < Chl 1)1 (3.41b)
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Next we prove an inf-sup condition. We start by splitting by, (-, -) as follows:

bh(vhaqh) = b}lz(vhv (qhaqz1)) +b%(vh7 (Q;NQZ?qzn))?

where

b}lz(vhv (qh7q’]:,11)) - Z (qhav'vh>gj - (qhm7v'vg)gd7
j=s,d

2 s -d = _J Ljo=] = e
bh("h,(QZ;qh,q’;:)) = Z ((q;lavh'n>ayj+bh](Q;lavh))+<qz17‘}7:'n>ayd'
jzsvd

According to [51, Theorem 31.1], we only need to prove that b,lz(~, -) satisfies the inf-sup

condition in
Z):=Ker(by) = {vy € Zy:  bj(vp, (@137 =0 V(@).d5a}) € O} x Off x O}

and b%(-, -) satisfies the inf-sup condition in Z;, x P},. The following two lemmas serve

this purpose.

Lemma 29. There exists a constant C > 0, independent of h, such that for any

(an-q}') € O x QF,

by (v (an, @)
2 2 1/2 h\dh>9
Cllanla+ Iy 12> < sup - :

(3.42)
vy 20  IValz,

Proof. Let (q,q]') € Op x Q}'. Since g, € L%(Q) and ¢! € L%(Qd), by the standard

inf-sup condition, there exist v € [Hd (©)]4im and v € [H(% (Q4)]4im gych that:

—V.v=g,inQ, Clvll1.e < llgnlla;

—V " :qz1 in .Q.d7 C||Vm||17gd < Hq;anQd'
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By Lemma 28, eq. (3.41), and [45, (1.24)],
= 2 2 —1 = 2
1Ty, Ty v, I |z, =lle(Myv)ligs+ ), A [Tyy —Tyv|[5¢
KeTs
+ Ty w2 4+ T2 + 1Ty ()12
od \% od Vv e

2 2 2
<SC(IVIT s + IV"IIT ga + VI ga)- (3.43)

Observe also that (ITyv,ITy v, ITH") € 22 by the fact that q;;, j=s,d,mis
single-valued and the properties of ITy and Iy . Therefore,

sup b;ll(vh,(%qg)): up  Lj=sd(anV v g+ (45 Vv ga
vhezg,vhyéo thHZh thZg,vh#O thHZh
Yj=sd(an,V -Tyv)q;+ (g, V-TIgV") g
B [Ty v, Iy v, TIgv™) || 7,

lanl + 4312,

2 2 2 1/2
(12 g +IVIZ g + 171 )Y

> C(llanllg+ i 150" (3.44)

Lemma 30. There exists a constant C > 0, independent of h, such that for any

(@.a5,qr) € 05 x 0 < O,

. 1/2
c( Y Y i3t ¥ hK||qz||5K)

Jj=sdgec 7] Kegd

b2 v, —s’—d7—m
< sup h( h (qh q5:4;, )

< (3.45)
vhezh,vh;«éo ”VhHZh

Proof. The proof is similar to that of [52, Lemma 3]. We start by introducing an operator
[41, Proposition 2.10] to lift 7} € 0} to Q% and 7] € 0}, to @/, j =5,d. Let

Ry(9K) :={G € L*(K) : G € P,(F), VF C 0K} and let L : Ri(0K) — [P,(K)]4™ be the
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BDM local lifting operator that satisfies for all g;, € R;(dK):

_ _ _ 3/2, _
(Lgy) -n = hgqy, on IK, ILGnlx < Cold *anll ok (3.46a)
i 1/2 - _ _
IV(Lgp)|lx < Cohy “llanll ok 1Lanll ok < Cohkllanllok- (3.46b)

Here the constant Cy > 1 only depends on the shape regularity of the mesh and the
polynomial degree k. Using the same argument as in [37, Lemma 6], we define
Lg, VK€ T?,
Lgy =
Lgd vK e 79
Then, (Lgy,0,L3}') € Zj, and

o 1j,-j -
.Zd(@dplﬂh‘n)agj+bh](42>0))+<‘ZZ17LQ?'n>ayd
J=S,

—jn2 _mn2
=Y Y &g+ X xlaylGx

Furthermore, by eq. (3.46),

_ _ 2 - 2 —1y7 =52
1(LGn, 0,233z, =lle(Lap)lias+ Y he ILG 5%
KeTJs

~d |2 —n |2
+1Lg12,0 + L2,

2 ~j2 —m| 2
<2G( L L mdlalldet L omladlBy).  Gan
Jj=sdge7] Kegd
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Therefore,

b2 (v, (@5,30,30)

sup
v, EZ), v, 0 1Vhllz,
_Jj Lj/=j = -
. sup ijs,d(<qil’vh'n>ayj+bhj<q]j/lavh))+<qzluvzn'n>ayd
vaZh,vh;éO ||vl’l||Zh
Zj:s,d@;,aLQ;,'”)ayj'f’<C?;T>qul'”>agd
Zj:s,dZKeyjhKHq;lH(%K+ZK€9dhKHCYZ1H5K
= , 1/2
ﬁco(zj:s,dz,{egjhK||qz||5K+2Keydhz<||q';,"|!5,<)
1 112 2 12
SVl WD W MU W 7
J=sdge7] kegd
The result follows with C = (v/2Cg) 1. |

The following inf-sup condition is a direct consequence of Equations (3.42)

and (3.45) and [51, Theorem 3.1].

Theorem 31. There exists a constant 3, > 0, independent of h, such that for all p;, € Pp,

by(Ph, V)
Bollplls, < sup k)
vhezh,vh;«éo th”Zh

We end this section by proving well-posedness of the HDG method.

(3.48)

Theorem 32. If B > By, then the discrete problem eq. (3.29) is well-posed.

Proof. Since the problem is finite dimensional and linear, it is sufficient to show
uniqueness of the solution. Choosing f =0, g =0, v, = u; and g;, = —p;, in eq. (3.29),

we arrive:

ah(uhvuh)+c(ph7ph) =0.
By Lemma 25,
2 —t 112 2 2 2
CE<||"hHV}f I +unlloyg + ey [oq) + mll Py — Palla < 0.
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Thus pj' = py in Q4 and u;, = 0. Plugging these values in eq. (3.29), we obtain:
by(pp.vy) =0 Vv, €Z).

Therefore, p;, = 0 by Theorem 31, concluding the proof. |

3.4 A priori error analysis

In the next part, we will analyze the errors in the HDG method given in
Equation (3.29). We will be using the BDM interpolation operator Iy as defined in
Lemma 28 , and the Lz—projection operators ITy for Vi, HQ for Qy, Hg for in, and T_Ié2

for Q;l, where j = s,d, as well as for k > 0 and 0 </ < k. The following holds:

lg —Togllx < Chkllqll x Vg € H'(K), (3.492)

1/2
lg—T1qllax < Chi Il & Vg € H'(K). (3.49b)

3.4.1 Some useful notations

In this section and section 4.4 we will use the following notation for convenience.
Mu = (Myu,yu’, Iu™), Mp := (Tpp, I_TSQpS, I_I‘épd, ngm, I_T‘épm),

e = u—Tlyu, eﬁ = uy, — yu, e{lm =u" — I u™, eZm =uy —IIyu™

m

I I
e =p-Tigp, elt=p,—Tgp, epm = p" —TIgp™, e’],msz“— or™

and
] = _h _ _
e,s = us|1~6 —TIIyu®, es = iy, — Iy u’,
EI:S’s—I_]S s éh:s_‘s s
ps =P ) oP ps = Ph opP
. | :
¢ P’I 1} p’ ¢ =Ph~ hp!, j=dm.
0
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I I -1 1 h h -h h
ey = (euaeuaeum)a ey = (ewemeum)v
I I -1 I h h -h Sh h -h
p:(epuepsvepduepmaepm)u ep:(ep,eps7€pd,€pm,€pm),
1 I I h h =h
e .= (e ..e - e .= (e ..e
i = (€58 ,); b = (€02 ),

where j = s,d,m. By [37, Lemmas 7 and 8],
lewll s < CR ™ ull s, 2<1<k+1, (3.50)
h )
and

J<CHpI| gy O<I<k, j=dm. (351

1 IATIRY 1
lepsligy < Cllp’lly.qs. Hep_,-HQh

3.4.1.1 Error equation The following lemma presents the error equations used to derive
our error estimates in Theorem 34 and Corollary 35.
Lemma 33 (Error equation). For any (vy,qy,) € Zj, X Py, the following holds:

ay(el,vy) —|—bh(e§l,7vh) = ai(e{,,vh) +a;jl(e{,,vh) +a711(e£m,v;l"), (3.52a)

bu(ap.€l) — cn(€),q;) =0. (3.52b)

Proof. By Lemma 24 and eq. (3.29),

ap(u,vp) +by(p,vi) = ap(up,vi) +bp(Pp,vi), (3.53a)

bp(qpn,u) —cn(pP,qn) = bn(qn, un) — cn(Pns4qn), (3.53b)

for all v, € V, q, € Py,. Subtracting ay,(ITu,vy,) + by, (Ilp,v;,) from both sides of
eq. (3.53a) and by,(qy,, Iu) — ¢, (Ip, gq;,) from both sides of eq. (3.53b), we find

h h I I
ap(€y,vi) +by(ep,vy) = ap(ey, vy) +by(ep,vp),

by(an.el) —cn(el.an) = by(qn.el,) — (el qp).
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By the definition of bilinear forms, we obtain
v ! ! Il - ! !
ap(eh,vy) + by(eh, vy) = (el vy) +ahy (&, 5) +ail (eh, vy) + ) (el Vi)
d Y A
—’_b;l( S,Vh)+b ( d’vh)+bh( m,Vh)+b ( s,Vh)+b ( pd,Vh),

bu(d@n-€l) —cn(€),an) = bl (ah-h) + b (df el) +bik (d) erm)

+ b)), el) + b (el — el ap)-

Since H]Q, H]Q, j=d,mare Lz—projections, we note that

b;‘l(egs,vh) =0, b;f(eld,vh) =0, b;ll(efpm,vzl) =0,

1.d _
bhﬂwm 0, by *(@s, 1) =0, cyleh,q4)=0.

Furthermore, by Lemma 28,
b (ajen) =0, bi(ghel) =0, b} elm) =0,
and by the definition of the L2—projection Iy, we have
b, (@) =0, b (d},2) =0, d}(@,7) =0.
These identities lead to the conclusion. |

Theorem 34. Let (u,p) € Z x P be the solution of the dual-porosity-Stokes problem
egs. (3.1) to (3.3) such that u* € [H*T1(Q))dm 4 ¢ [HK(Qd)dim m ¢ [Hk(Qd))dim
pl e HKY(QF), j=s.d, p™ € HX(Q?), k > 1. Let (uy,, py,) € Z), x P}, be the solution to
eq. (3.29). Then,
ekl + ekl + lllonll g (3.54a)
< CC Gl (1.5 + el + 1, )

h Ly k
lepllp, < CBy (CeCo™ + V)G (lulliy 1,05 + llull, ga + 14"l ga)s — (3:54b)
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where C, is the ellipticity constant in Lemma 25, Bp is the inf-sup constant in Theorem 31,
C, is the boundedness constant in eq. (3.38b), Gy = max(Co'™, K Ui 1) in which CY* is
the boundedness constant in Corollary 27, and C is a generic constant independent of

h,o,u, K¢, and Kp.
Proof. Choose (v;,,q;,) = (e, —eﬁ’,) in eq. (3.52), and add the two equations together. By
Lemma 25
h 2 h 2 h 12
Cellebs + k12 + einl2)

< ay(el, en) +cule, eh) = aj ey, €l) + al (e, el)) + af (elm, elm).  (3.55)

We bound the right hand side of eq. (3.55) by Corollary 27, the Cauchy—Schwarz

inequality, and the definition of || -[|| s« as follows:
h

i h
aj ey, e1y) +ajy (¢l ey) + ' (em, elym)
.50 h —1y h —1y0 h
SCé*HeuHV}?*HeuHV}f"i_Kf leullgallexll ga + K lleymll gallemll ga

(3.56)

) -1 -1 12 12 I 12 \1/2
< max(C2 5 el + bl + el )

1/2
ullys ullod um .
x(Jlel HV + €13 g + lefmlIZ, )"

Equation (3.54a) now follows from egs. (3.55) and (3.56), Lemma 28, and eq. (3.41). We
next prove eq. (3.54b). By eq. (3.52a), Lemma 26, and following the same steps as in
eq. (3.56), we have :

i€ vi)l < lan(el,vi)| + lah (el vi) |+ [afh (ehs Vi) |+ [y (el Vi),

—1 — 112 12 I 2 \1/2
< (Celelllz, +max(Ce" 76 el s+ ey + el ) vl
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Combining this with the inf-sup condition in Theorem 31, Lemma 28, eq. (3.41), and
observing that a modification of eq. (3.54a),

_ by (e}, vh)
lepllp, <By'  sup =
vheZh,vh;éO ||vh||Zh

—1 h * oo —1 —1 12 12 I 12 \1/2
< By ' (Cellellz, +max(Ce”, i el + lelllga + legmlga) 2)

—1 —1 Dy -1 -1 k
<CBy (CeCo A+ 1)max(Ce iy K I ([t s + Nl g + 14”1 )

which is the desired result.

[ |
Corollary 35. Under the assumptions of Theorem 34,
ot — s+l = g+ " = 1 (3.57a)
<C(C; G+ DI (ullir 1.0+ ey 1,00 + 16" 1. 00)
1P = palle, <CH(IIpllkgs +1Pllkqr + 17" 1k ) (3.57b)

+CB, H(CCe !+ )Gl ([t acs1,05 + ey g + (1™ [ ).

where u := (u,us|r(s),um), p= (p,ps|1—6,pd|rg,pm,pm|F81), and C is a constant a

constant which depends on the shape regularity of meshes and the polynomial degree k but

is independent of h, o, L, K¢, and Kpy, and where

Cp = max(2umax(1+C,f —i—C),K]?l, K1),

m

Ce=min(p(1 —C2/B)min(1, B),ax; /2 k71 i, 1),

Ce = max(2u max(1 + Cy, B + Cur), KJ?I, K 1o 172

Ky ).
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Proof. We start by proving eq. (3.57a). By a triangle inequality, eq. (3.54a), eq. (3.50),
and Lemma 28, we obtain:
ot = wapllys +llu = upll g + 1™ = yll g
h h h ! ! 1
<llewlls +lleullga +lleymllga +lleullys +lleullga + lleymllga
—1 k
<CC; ot (105 + 1l o + 14", )
k
+ CR (lulleg 1.+l g+ 1671 )
—1 k
<C(Ce "ot VI (i1 @+l g+ 16"y g )
We next prove eq. (3.57b). By the triangle inequality, eq. (3.51), and eq. (3.54b),
lp—pullp, <lleplip, + eyl
h =Py Pty
k
<CH (Pl s + 112l g + 17", )

-1 —1
+CB, (CeC; +1)thk(||u||k+1,gs+||”||k,gd+||”m”k,9d)'

3.5 Numerical Examples

The numerical examples in this section were implemented in Python using the
NGSolve library [53, 54]. The interior penalty parameter in eq. (3.29) is assigned as
B = 10k2 for all examples, which, according to the explicit upper bound of Cy; in [49], is
determined to be sufficient for stability if & is less than or equal to 5. All simulations are

performed on an unstructured mesh.

3.5.1 Example 1
We validate our theoretical results by using a manufactured solution adapted from

[37, Section 6.1]. Let @ = (0,1)2, Q5 = (0,1) x (0.5,1), and Q9 = (0,1) x (0,0.5). We
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choose the following parameters for the scheme &, = 1, kf =1, 0 =0.9, u =1 and
a=u/Kr(1 +472) /2, for the convergence rates presented in tables 3.1 to 3.3.
Boundary conditions and source terms are set in such a way that the exact solution

to our problem is given by:

—27 2 sin(7x) exp(y/2 K —2

N (7x) exp(y/2) 7 = rH cos(7x) exp(y/2),
n L cos(mx) exp(y/2), i
—2sin(7mx)exp(y/2),

i () exp(y/2). | o = — 2 cos(mx)exp(y/2),
n 1 cos(mx)exp(y/2) o
—sin(7@x) cos(27

o (7x) cos(27y) : pm:Lcos(nx)cos(My)-
—2cos(mx) sin(27y) o

Table 3.1 presents the L2-errors and convergence rates for u and p in Q° and Table 3.2 and
Table 3.2 present the L2-errors and convergence rates for # and p in Q4 and ™ and p™ in
Qd together with a column demonstrating mass conservation. These tables show that the
rates of convergence of [y — ull g, g — 1l g 1! — "]l 19— Pl 11— Pll g
195 = 2" s 19t = )l s 19+ (5= ) | g and |V - (u? = ™) o ave at least k or
higher, thereby corroborating Corollary 35 and eqs. (3.33d) to (3.33f). Note that the tables
actually show that [luy, — ul|gs, [lup — ul| g, and [[u}! —u™|| 4 converge with an
asymptotic rate of convergence of k + 1, even though this is not shown by our error
analysis.

Next, we compare the amount of time it takes to assemble and solve the system
with and without static condensation. For this test, we fix the mesh size as 4 = 1/64 and
polynomial degrees as k = 3 and k = 4. With static condensation, it takes 4.5 and 12
seconds, whereas without static condensation, the computation takes more than 9 and 39
minutes, for k = 3 and k = 4, respectively. This clearly demonstrates the computational

advantage of using static condensation to compute the HDG solution.
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In the Stokes region in Q°
df Cells |[ley[|gs Rate [lep]lgs Rate [[Veyllgs Rate [[V-uylqs

k=2

3.3e+02 8 4.4e-03 - 1.6e-01 - 7.4e-02 - 4.4e-16
1.1e+03 28 7.4e-04 2.6 3.8e-02 2.1 2.0e-02 19 1.1e-15
5.5e+03 152 5.2e-05 3.8 7.7¢e-03 23 3803 24 2.0e-15
2.0e+04 570 49e-06 3.4 1.9e-03 2.0 8204 22 3.6e-15
8.3e+04 2346 5.7e-07 3.1 49e-04 2.0 2.0e-04 2.0 6.8e-15
3.4e+05 9520 6.8e-08 3.1 1.3e-04 2.0 49e05 2.0 1.3e-14
k=3

5.0e+02 8 4.4e-04 - 4.0e-02 - 9.9e-03 - 5.0e-15
1.7e+03 28 6.1e-05 2.8 6.8e-03 2.5 2.1e03 22 8.1e-15
8.6e+03 152 1.4e-06 54 3.1e-04 44 13e-04 40 2.1e-14
3.2e+04 570 7.5e-08 43 3.1e-05 33 1.5e-05 3.2 4.0e-14
1.3e+05 2346 3.8¢-09 4.3 34e-06 3.2 1.6e-06 3.2 8.5e-14
5.3e+05 9520 2.2e-10 4.1 4.1e-07 3.0 1.9e-07 3.1 1.7e-13
k=4

7.2e+02 8 35e-05 00 2803 0.0 7.8e-04 0.0 6.0e-17
24e+03 28 2.2e-06 4.0 1.7e-04 40 7.5e05 34 6.9e-17
1.2e+04 152 2.6e-08 6.4 54e-06 50 23e-06 5.0 5.9e-17
4.6e+04 570 6.9e-10 5.2 3.0e-07 4.2 1.2e-07 4.2 5.8e-17
1.9e+05 2346 2.0e-11 5.1 1.8e-08 4.1 7.2e-09 4.1 5.9e-17
7.7e+05 9520 6.8e-13 49 1.1e-09 4.0 4.5e-10 4.0 5.9e-17

Table 3.1: Errors and rates of convergence for the set problem up in Section 3.5.1, in Q°
for the velocity and pressure fields using polynomial degrees k =2, k =3 and k = 4.

In addition, we investigate the effect of changing various parameters of the
problem. First, we consider the value of the viscosity u that shows up in the Stokes
equations and the interface conditions but not directly in the dual-porosity equations. We
observe that the pressure error in the Stokes region changes accordingly but pressure
errors in the dual-porosity region are not affected. But as the value of u increases in the

Stokes region, the pressure error increases.
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In microfractures in Q9

df Cells |leu|loa Rate |leplloq Rate [[V-eul|ng Rate [P,y
k=2
3.3e+02 8 1.6e-02 - 2.6e-02 - 2.5e-01 - 8.8e-06
1.1e+03 28 3.0e-03 25 8.7e-03 1.6 8.4e-02 1.6 8.1e-08
5.5e+03 152 19e-04 40 13e-03 2.7 1.3e-02 2.7  9.6e-10
2.0e+04 570 2.4e-05 3.0 35e-04 1.9 3.4e-03 1.9 1.2e-11
8.3e+04 2346 2.5e-06 3.2 8.0e-05 2.1 7.7e-04 2.1 3.8e-12
34e+05 9520 3.0e-07 3.1 1.9e-05 2.0 1.9e-04 2.0 1.6e-11
k=3
5.0e+02 8 1.5e-03 - 3.4e-03 - 3.2e-02 - 1.2e-08
1.7e+03 28 1.2e-04 3.7 5.1e-04 2.7 4.9¢-03 2.7 l.4e-11
8.6e+03 152 33e-06 5.1 3.7e-05 3.8 3.5e-04 3.8 8.2e-13
32e+04 570 2.1e-07 39 49e-06 29 4.7e-05 2.9  3.0e-12
1.3e+05 2346 1.2e-08 4.1 5.8e-07 3.1 5.6e-06 3.1 1.2e-11
5.3e+05 9520 7.1e-10 4.1 7.0e-08 3.0 6.8e-07 3.0 4.8e-11
k=4
7.2e+02 8 1.2e-04 - 3.3e-04 - 3.2e-03 - 1.8e-11
24e+03 28 7.8e-06 4.0 42e-05 3.0 4.0e-04 3.0 1.6e-15
1.2e+04 152 89e-08 6.5 1.1e-06 5.3 1.0e-05 53 1.3e-15
4.6e+04 570 2.8e-09 50 6.8¢-08 3.9 6.6e-07 3.9 1.3e-15
1.9e+05 2346 6.1e-11 55 33e-09 44 3.2e-08 44 1.3e-15
7.7e+05 9520 1.8e-12 5.1 1.9e-10 4.1 1.9e-09 4.1 1.3e-15

Table 3.2: Errors and rates of convergence, for the problem as set up in Section 3.5.1, in
microfractures in Q¢ for the velocity and pressure fields using polynomial degrees k = 2,
k=3andk=4. Here e, ;= u, —u, ep = p, — p, and ® := GKm(pg—pf)—kV-uzl—Hég.

Upon changing the parameters that show up in the dual-porosity equations, the
interface conditions but not directly in the Stokes equations, we found that the magnitude
of the pressure errors in both subdomains changed.

In all of these runs, even though some parameter choices led to changes in pressure
errors, we did not observe a corresponding change in velocity errors. This shows that the
method possesses the pressure robustness property [55, 56] which is a consequence of

strong mass conservation property of the scheme.
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Figure 3.2: The error of velocity and pressure in Stokes region for different parameters, as

described in the graphs. Notice that some graphs overlap
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In the matrix in Q¢

df Cells |ey'llga Rate |[le)lloa Rate [[V-ef[,q Rate [|P"],q
k=2
3.3e+02 8 9.7e-02 - 2.8e-02 - 2.5e-01 - 8.9e-04
I.1e+03 28 1.7e-02 25 1.1e-02 1.3 8.4e-02 1.6 7.1e-06
5.5e+03 152 1.7e-03 33 23e-03 23 1.3e-02 2.7  8.8e-08
2.0e+04 570 1.8e-04 3.2 54e-04 2.1 3.4e-03 1.9  9.8e-10
8.3e+04 2346 2.0e-05 3.2 1.3e-04 2.1 7.7e-04 2.1 9.7e-12
34e+05 9520 2.3e-06 3.1 3.0e-05 2.1 1.9e-04 2.0  5.3e-12
k=3
5.0e+02 8 3.1e-02 - 1.3e-02 - 3.2e-02 - 1.2e-06
1.7e+03 28 1.3e-03 4.6 13e-03 34 4.9e-03 2.7  1.4e-09
8.6e+03 152 6.6e-05 43 14e-04 32 3.5e-04 3.8  8.0e-13
3.2e+04 570 4.5e-06 39 1.9e-05 29 4.7e-05 29  l.le-12
1.3e+05 2346 2.2e-07 43 2.1e-06 3.2 5.6e-06 3.1  4.8e-12
5.3e+05 9520 1.3e-08 4.1 24e-07 3.1 6.8e-07 3.0 1.8e-11
k=4
7.2e+02 8 5.8e-03 - 3.0e-03 - 3.2e-03 - 9.9e-10
24e+03 28  2.2e-04 47 24e-04 3.7 4.0e-04 3.0 6.0e-14
1.2e+04 152 5.2e-06 54 1.1e-05 44 1.0e-05 5.3  23e-15
4.6e+04 570 1.2e-07 55 54e-07 44 6.6e-07 39 2.1e-15
1.9e+05 2346 3.1e-09 5.3 3.0e-08 4.2 3.2e-08 44  2.le-15
7.7e+05 9520 7.2e-11 54 1.5e-09 43 1.9e-09 4.1 2.1e-15

Table 3.3: Errors and rates of convergence, for the problem as set up in Section 3.5.1, in
the matrix in Q¢ for the velocity and pressure fields using polynomial degrees k =2, k =3
and k = 4. Here ¢} :=u}! —u", ej} = pj' — p’"', and " := ok (p}) —pfl) +V-up.

3.5.2 Example 2

In this section, we will be simulating fluid flow around wellbores with open-hole
completion in a naturally fractured reservoir. We will present two cases: (i) a vertical
production wellbore; and (ii) a horizontal production wellbore, both with open-hole
completion [57]. The examples provided below are inspired by [23, Section 6.4], [24,
Section 6.2], and [26, Examples 5.3, 5.4].
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3.5.2.1 A vertical production wellbore For this example, we define

Qf = (1/2,1) x (1/2,3/2) and Q¢ = (0,3/2)?\ Q’, and then we define the boundaries

and the interface:

rs:= {(X,Y) Ty = 3/2 and x € (1/271)}7

I :={(x,y): x=00ry=0o0rx=3/20ry=3/2}\I",

and

= {(x,y):x=1/20ry=1/20rx =1},

on which we impose the following boundary conditions:

(—p*I+ue(®)n=0 onI¥ (3.58a)
" =5x10* onI¥, (3.58b)
pd =10* onT?. (3.58¢)

See Figure 3.5 for a depiction of the domain and its boundaries. Note that eq. (3.58a)
imposes an outflow boundary condition for the free flow in Qf. The parameters for this

problem are chosen as
h=1/64,K, =107, k=107, n=10"3,6=09, f=0,g=0. (3.59)

Figure 3.6a shows the pressure field in the wellbore and microfractures while
Figure 3.6b shows the pressure field in the matrix. The pressure difference between p;l"
and py, in Q4 results in fluid flow from the matrix to the microfractures, while the pressure
difference between pj, in Q4 and pj, in QF drives the fluid from the microfractures into the
wellbore. The latter is observed in Figure 3.6¢ in which we plot the streamlines and

magnitude of the velocity of the fluid flow in the microfractures and the wellbore. We
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Figure 3.5: A plot of the domain used in Section 3.5.2.1.

Fd I Fd

furthermore observe that once in the wellbore the velocity magnitude of the fluid is
significantly higher than in the surrounding microfractures and that the fluid is driven
towards the outflow boundary I'*. We plot the streamlines and magnitude of the velocity
of the fluid in the matrix in Figure 3.6d. Here we observe that although fluid is driven
towards the wellbore, there is no fluid exchange between the matrix and the wellbore as
expected from the no-exchange interface condition on the matrix velocity imposed by the
model.

Moreover, we remark that mass is conserved pointwise on the elements as

predicted by eq. (3.33). Indeed, we compute:

IVl |gs = 1.0-107 11,
lokm(pfy — pj) +V - it ]| g = 241071,

d —16
oK (Pl — Pj) +V iyl ga =1.2-107 7.
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Figure 3.6: The pressure and velocity solutions for the problem as set up in Section 3.5.2.1
with 0 = 0.9. Left column: Pressure p;, and velocity uy, fields in Q. Right column: Pressure
pj and velocity uj' fields in the matrix in Qd.

(a) Pressure py, in Q. (b) Pressure p/' in the matrix in Q.
e 5.0e+04
i 49000
’ — 48000
l 120408 — 47000
46000
I 4.5e+04
(c) Velocity field uy, in Q. (d) Velocity field u}' in the matrix in Q4.
1.9€405 1.6e01
0.15
150000
—0.1
100000
0.05
— 50000
B4 ge04 0.00+00
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Figure 3.7: The velocity fields uj, in Q and ;' in the matrix in Q4 for the problem as set
up in Section 3.5.2.1 with 0 = 0.5.

(a) Velocity field uy, in Q. (b) Velocity field ) in the matrix in Q4.

1.9e+05
150000
100000

— 50000

92e02

I:0,0B

- 006

—0.04

Iom
0.0e+00

= 35e04

Finally, Figures 3.7 and 3.8 show the velocity fields obtained using shape factors
o = 0.5 and o = 0.1, respectively, with all other parameters the same as before. As

expected, the velocity magnitude decreases with decreasing o.

3.5.2.2 Horizontal production wellbore For this example, we change the domain such that

Q= (1/4,1) x (1/4,1/2)U[1,5/4) x (1/4,1/2]U(1,5/4) x (1/2,3/2),
and Q7 = (0,3/2)2\ Q’. The boundaries are defined as
I¥:={(x,y): y=3/2andx € (1,5/4)},
I :={(x,y): x=00ry=0o0rx=3/20ry=3/2}\TI?,
IT:={(x,y):x=1/4orx=1orx=5/4ory=1/4ory=1/2}.

See Figure 3.9 for a depiction of the domain and its boundaries. The parameters and

boundary conditions are as in egs. (3.58) and (3.59).
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Figure 3.8: The velocity fields uj, in Q and u}' in the matrix in Q4 for the problem as set
up in Section 3.5.2.1 with 6 =0.1.

(a) Velocity field uy, in Q. (b) Velocity field uj;' in the matrix in Q4.

1.9e+05
150000 1.9e-02
I0.0IS
— 100000
—001
— 50000
0.005
l 4.4e05
0.0e+00

Figure 3.9: A plot of the domain used in Sections 3.5.2.2 and 3.5.3.

r | R
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The pressure field in the wellbore and microfractures is shown in Figure 3.10a
while the pressure field in the matrix is shown in Figure 3.10b. The streamlines and the
magnitude of the velocity of the fluid flow in the microfractures and the wellbore and in
the matrix for 0 = 0.9, 0.5, and 0.1 are depicted in Figures 3.10c and 3.10d, Figure 3.11,
and Figure 3.12, respectively. As in Section 3.5.2.1, the difference between the matrix
pressure and the pressure in the microfractures drives the fluid from the matrix to the
microfractures. The difference between the pressure in the microfractures and the pressure
in the wellbore drives the fluid from the microfractures to the wellbore. We also observe
that the fluid leaves the domain at I with a velocity magnitude larger than elsewhere in
the domain and, as in Section 3.5.2.1, that the magnitude of the fluid velocity decreases as
the shape parameter o is decreased. As a final remark to this section, mass is conserved

pointwise on the elements with

IVl | gs =3.2-107 11,
loKn(pf — Py) + V- uft | g = 1.5-1071°,

d —15
[oKn (P = D)+ V| ga = 6710715,

3.5.3 Example 3

Next, we show that the discretization also performs well on discontinuous data.
We consider the same setup as in sections 3.5.2.1 and 3.5.2.2, changing only the
permeabilities. In each element of the mesh, the values of Kf and x;, are now random
distributed constants: k7 € [1072,1] and &, € [1079,107%] (see Figures 3.13 and 3.15 for
a plot of permeabilities).

Our results in Figure 3.16 shows the dependence of the flow on the permeability:
the fluid follows a non-uniform flow pattern in the dual-porosity region Q4 as opposed to

the uniform flow field observed in Figure 3.10. The fluid flows from Q¢ into the wellbore
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Figure 3.10: The pressure and velocity solutions for the problem as set up in Section 3.5.2.2
with 0 = 0.9. Left column: Pressure p;, and velocity uy, fields in Q. Right column: Pressure

pj and velocity uj! fields in the matrix in Q.
(b) Pressure pj' in the matrix in Q.
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(d) Velocity field #" in the matrix in Q.

(a) Pressure pj, in Q.
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(c) Velocity field uy, in Q.
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— 50000
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Figure 3.11: The velocity solutions for the problem as set up in Section 3.5.2.2 with 0 =
0.5. Left column: Velocity uy, field in Q. Right column: Velocity u}" field in the matrix in

Q4.

(a) Velocity field uy, in Q. (b) Velocity field u}' in the matrix in Q4.

176405
150000

15601
100000 l

-0
— 50000

.-Z.Ie{)d

—0.05

0.0e+00

Figure 3.12: The velocity solutions for the problem as set up in Section 3.5.2.2 with ¢ =
0.1. Left column: Velocity uy, field in Q. Right column: Velocity u}’ field in the matrix in

Q4.

(a) Velocity field uy, in Q. (b) Velocity field u}' in the matrix in Q4.
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Figure 3.13: The permeabilities used for the problem as described in Section 3.5.3, 0 =0.5.
Left, the random permeability field Ky € [10_2, 1] in the microfractures, and right, the

random permeability field &, € [1070,1074] in the matrix.

(a) Permeability k¢ in microfractures. (b) Permeability x;, in the matrix.

1.0e+00 10604
lo.a I:aes
—-0.46 —6ed5
-04 _le5
IU.Q I 265

1.0e-02 1.06-06

region Q°, avoiding low permeability regions in Q4. but flowing freely in regions with

high permeability. As in Section 3.5.2.2, the fluid once again leaves the domain through
I'®. Finally, as shown by the results below, mass is also conserved pointwise on the

elements when dealing with discontinuous permeabilities:

IVl |gs =3.5-107 11,
d d —1
loKn(pf — Pi) + V- uft | ga = 1.7-10717,

loKm(Py = pi) +V -l ga =3.8- 107,

3.5.4 Example 4

In this numerical example, the free fluid subdomain is fully immersed inside of the
dual-porosity subdomain. The simulation domain is the square Q = [0, 10]2. Three
macro-fractures (the union of which is Q%) in different directions are embedded in Q, and

the part of the domain excluding the macrofractures is the dual-porosity region Q4. This
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Figure 3.14: The pressure and velocity solutions for the problem as set up in Section 3.5.3.
Left column: Pressure pj, and velocity u, fields in Q. Right column: Pressure pj' and
velocity u}' fields in the matrix in Q4.

(a) Pressure pj, in Q. (b) Pressure pj' in the matrix in Q4.

~9.0e+03
50e4+04
l 49000

— 48000
— 5000

I47mo
46404
0
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(c) Velocity field uy, in Q. (d) Velocity field uj}' in the matrix Q.
1.68+00
7.7e+05
600000
-1
L 400000
—~05
— 200000
. 1.3e03 0.0e+00
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Figure 3.15: The permeabilities used for the problem as described in Section 3.5.3, 0 =0.5.
Left, the random permeability field Ky € [10_2, 1] in the microfractures, and right, the

random permeability field &, € [1070,1074] in the matrix.

(a) Permeability k¢ in microfractures. (b) Permeability k;, in the matrix.

1.0e+00 1.0e-04
l0.8 [ 8e-d
—0.46 —6ed
—-04 —ded

IO,Z l 2e5
1.0e02 1.0e-06

domain is depicted in Figure 3.17. Note that in this example, I = 0. Although this case is
not covered by our analysis, our numerical method performs well.
Q5 =(1,4) x (1,2) U(4.5,5.5) x (3,7)U(3,7) x (4.5,5.5)U(8,9) x (5.5,9), Q4 = Q\QS,
D=0 =0°NQ4, and T = {0<x<3,y=3U{0<y<3,x=0}T92={7<
x <10,y =10} U{7 <y < 10,x = 10}, and I'%3 = 9Q\ (I""! UT?2). Using the same
parameters as in [28], we set Kf= 10_3, Km = 10_7, a=0.58= 10k2 and we choose
Pm = 10%, pr=2x 103 e 19!, and Pm=Ppf= 103 €192 . The boundary conditions in
%3 are ™ -n = u-n = 0. The mesh size is chosen h = 1/16.

The results are displayed in fig. 3.18. From figures figs. 3.18c and 3.18d, it is clear
that the flow inside the conduits is higher than in the microfracture. Additionally, there is

no direct flow from the matrix to the conduits. These results align with those in [28].
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Figure 3.16: The pressure and velocity solutions for the problem as set up in Section 3.5.3.
Left column: Pressure pj, and velocity uy, fields in Q. Right column: Pressure p}' and

velocity )’ fields in the matrix in Qd.

(a) Pressure py, in Q.
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(c) Velocity field uy, in Q.
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(b) Pressure p/' in the matrix in Q.
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— 46000
[ 44000
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(d) Velocity field #" in the matrix Q.
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[ 15
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Figure 3.17: Domain of the problem in example 4: Three macrofractures immersed inside
the porous media domain.
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Figure 3.18: The pressure and velocity solutions for the problem as set up in Section 3.5.4.
Left column: Velocity u;, and pressure py, in €. Right column: Velocity ;" and pressure

pj in the matrix in Qd.

(a) Pressure py, in Q. (b) Pressure p' in the matrix in Q.
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3000
8000
2.5e+03 l 6000
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(c) Velocity field uy, in Q. (d) Velocity field uj}' in the matrix Q.
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CHAPTER FOUR

DUAL-POROSITY-NAVIER-STOKES- PROBLEM

4.1 The model
In this chapter, we investigate the dual-porosity-Navier-Stokes problem within the
same domain as discussed in Section 3.1. The main difference compared to the model in
Section 3.1 is the incorporation of the nonlinear component that models the convective
transport of momentum in Q°. In Q°, instead of Stokes equations in Equation (3.1), we

consider the following conservative formulation of the incompressible Navier-Stokes

equations:
V- (u®u)—2uV-e(u)+Vp=f in QF (4.1a)
V-u=0 in Q° (4.1b)
u=20 in I (4.1¢)

In Q4, we consider the dual porosity model in (3.2) and in I/, we consider Equation (3.3)

for the interface conditions.

4.2 Weak formulation

In this section, we will analyze a weak formulation for the system of eqs. (3.2),
(3.3) and (4.1).

The spaces and norms used in this section are defined in eqgs. (3.4) and (3.5). The
weak formulation for dual-porosity-Navier-Stokes model is the same as in eq. (3.11)
except for an additional trilinear form that handles the new term V - (¢ ® u) in the
equations. This trilinear form comes from the fact that (V- (u®u),v)qs = ((u- Vi, v) o5
if V.-u =0 in Q°. Therefore, the weak formulation of the system of egs. (3.2), (3.3)

and (4.1) can be stated as follows: Find (u,u™) € Z=V x V™ (p,p™) e P=0x Q™
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such that

t(usu,v) +a((u,u™), (v,V™) +b (v, V™), (p,p™) = (f,v)as YV €Z, (4.2a)

b((u,u™),(q.4™) —c((p.P™),(4,4™)) =~ (8.9)qa V(4.4"™) EP, (4.2b)

where the bilinear forms a(-,-),b(-,-), and c(-, ) are defined as in eq. (3.12) and the

trilinear form is defined as follows:
twsu,v) s = ((w-Vu),v) os - (4.3)

Lemma 36. [48, Lemma 6.32]. There exists a constant Tg > 0 such that, for all
w,u,v € V5,

t(w,u,v) < gsl[wllys f[ullys[vllys, (44)
where || - [[ys := [le(-)]|as-

In order to demonstrate that the weak formulation of the dual-porosity
Navier-Stokes equation is well-posed, we first establish the well-posedness of the problem
described in eq. (4.6), and then create a self-contraction mapping that has at least one
fixed point under some data condition. This will provide us with a unique solution under
specific conditions for the problem in eq. (4.2).

To prove the well-posedness of Equation (4.2), we introduce the subspace of V

that consists of divergence-free vectors:
W={veV:V.v=0in Q°}.
Then for a fixed w € W, we define the new bilinear form

A (w; (u, ™), (v, vm)) =t(w;u,v)+a ((u,um), (v, vm)) , v ((u,um), (v, vm)) €ZxZ
4.5)

and introduce the following intermediate Oseen-type linear problem:
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Given w € W, find ((u,u™),(p,p™)) € Z x P such that:

A(w; (u,um),(v,vm))+b((v,vm),(p,pm)) = (f,v)qs Vv ™) e Z, (4.6a)

b ((u7um>7 (qum)) - C((p,pm), (q,qm)) = - (gaq)gd v(Qaqm) €P. (46b)

This problem is a saddle point problem with regular perturbation containing a
nonsymmetrical bilinear form. Therefore, we apply case 2 in Theorem 17 to show
well-posedness. This theorem requires A(w; -, -) to be coercive in Ker B, where B is
defined in (3.14). However, this coercivity can only be achieved under some condition on

w that we will specify in the following lemma.
Lemma 37 (Continuity and coercivity of A(w;-,-)). Foranyw € W,
A (w3 (u,u™), (v, v")) < Cpll (™) Z| (V™ z - ¥ (u,u™), (vv™) €Z % Z,  (47)

where C,;, = max {7 e(w)| s + 24, K]:17a‘“<;1/27 K, | }. Furthermore, if

406
|lw-n|| < , 4.8)
U7 ChCk
A(w; (™), (u,u™)) > 2(1 — 8| €(u) |35 V(u,u™) €Z, (4.9)
A (w3 (™), (u,u™)) > Coe || (e, ™) 15 V(u,u’™) € KerB, (4.10)

)

vinzlaaqu }

where 0 < 8 < 1 and Cpe = min{2u(1 — 3),1(]7

Proof. Continuity of A(w;-,-) follows directly from egs. (3.15a) and (4.4). By definition
of A(w;-,-) and eq. (3.15b), we have

A (w; (u,u™), (u,u™))

2 — 2 — 2 -1/2 2
> t(wsae0)+ 20 ) s o7 B+ " o Y I )
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Since w € W and u = 0 on I'®, by the divergence theorem, we obtain:
w32 = ~(7 ) 3w ) g = 5 - )
s U, - 5 QS ) y surd — > y i

Then, using the Cauchy-Schwarz inequality, the trace inequality in eq. (2.5b), and

eq. (2.7) leads to the following inequality:

1 2
5CaaClwenllpr () 1 Gs -

It (wsu,u)| < —||w Al ) S 3

Consequently, we have:
1 2 2
1w ,) = —5C2 4wl o) s @12
Therefore, (4.9) follows by (4.8). This, eq. (4.11), and imply
1 o 2
A (w; (™), (u,u™)) > (21 = 3Gy 4Cx W nll 1) 1€ () s

1 2 —1 —1/2 2
i )2 g+ 12+ a2 )

_ 1/2 2
> 2u(1-8) lle(u) s + 5 ulZg + o [0 + aptc, Py iz @13)

Therefore, eq. (4.9) follows.

If in addition (u,u™) € KerB, then V-u = V- /" = 0 and we have
stz = 1) 1Gs + 1wl 3 g + 1™ 130 + 11 ) I
Equation (4.10) then follows from eq. (4.13). [ |

Theorem 38. Let w € W be such that (4.8) holds. Then, there exists a unique solution
((u, u™), (p,p’")) € Z X P to Equation (4.6) such that u® := u|qs € W, and the following

inequalities hold:

G, u™)llz < Cillflls +C2l1gllga » (4.14a)

I(p;P™)lp < C3 | flls +Callgll qa (4.14b)
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where the constants C1,Cy,C3, and C4 > 0 are given in egs. (A.7), (A.8), (A.11)
and (A.12), which depend only on Cpy, and Cyc, the continuity and coercivity constants of
the bilinear form A(w;-,+), Gy, the continuity constant of ¢(+,+), and the inf-sup

condition constant of b(-,-) given in Lemma 18.

Proof. The existence and uniqueness of the solution, together with the inequalities in
eq. (4.14) follow by Theorem 17, Case 2 since for any w € W such that

[wnll < %, the problem given in Equation (4.6) satisfies the conditions of this
theorem by Lemmas 18, 19, 21 and 37 . Choosing (g,9™) = ((V - u) xqs,0) in eq. (4.6b)

shows that u®* ¢ W. [ |

To prove the existence of a solution to (4.2), we follow [58] and

define the following space:

X:={vew: vlys <Cillfllas +Callgllga } @4.15)

where C1| f]|qs +C2||g]| ga is the left-hand side of (4.14a). We define the mapping
T : X — X such that T (w) = u®, for any w € X, where u® := u|os denotes the restriction of
the first component of the solution ((u,u™), (p, p™)) of eq. (4.6) to Q°. Observe that if u*
is a fixed point of T, then ((u,u™),(p,p™)) is a solution of (4.2).

The following three lemmas prove that the mapping 7 satisfies the conditions of

Theorem 14.

Lemma 39. Let f € [L2(Q%)]9™ and g € L2(Q¥) be such that

46U

2 b
th,ZCtrACK

Cillfllas +Caligllga < (4.16)

for some 0 < & < 1. Then the mapping T is well-defined in X.

Proof. First, we observe that if w € X, using egs. (2.5a) and (2.7)

[wnlr < CkCy2lleW)llas = CkCur2llwllys < CkCir2(Ci| fllas + Callgllga)-
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The data assumption eq. (4.16) then guarantees that (4.8) holds. Thus, based on
Theorem 38, problem (4.6) has a unique solution ((u,u™), (p, p"™)) € Z x P such that

u € W. This implies that 7 (w) = u® € X is well-defined. [

Lemma 40. Let f € [L2(Q%)]9™ and g € L*>(Q°) be such that (4.16) holds. Then the

mapping T is continuous in X and satisfies the following equation:

T
1T (w2) =T (w1)llys < WS_S)HT(WZ)“W”WZ —willys VYwp,wr€X,  (4.17)

for some 0 < & < 1. Furthermore,

1T (w2) =T (wi)llys <

207
HW2—W1HVS Ywi,wy € X. (4.18)
(1-8)Cur2Ci 4Cx

Proof. Letw; € X, i=1,2. By Lemma 39, there exist ((u;,u}"), (p;,p}")) € Z x P that
satisfy Equation (4.6) for the fixed w;, such that T'(w;) = u} € W. Then for any

((»v™),(q,4™)) € Z x P, the following holds:
t<wl;ul7v) +a ((ulaurln)v (V, Vm)) +b ((V, vm)’ (plapT))
= t(WZ;l’Q?V) +a ((u27u’2n)v (V, vm)) +b ((V’ vm)’ (PzaPT)) s
b ((uy,u"),(q,4™) —c (1,21 (q,4™))

=b ((uz,u?)a (%qm)) —C ((szl?gl)» (qqu)) )

We can simplify the equations above by subtracting the right-side terms from both sides

and using bilinearity of the forms a, b, and c as follows:

t(wisuy,v) —t(wosup,v)
+a ((l/ll - u27ur]n - urzn), (Va Vm)) +b ((Va Vm)a (pl _pszrln —PT)) = 07

b ((uy —up,u' —uy),(q,4™)) —c((p1 — p2. PV — P3),(q,4™)) =0,

for all ((v,v™),(q,4™)) € Z x P.
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Testing the equations above with (v,v") = (uj —up,u}' —u5') and
(4,94™) = (p1 — p2, P]' — P4') and subtracting the second equation from the first one, we

get:

t(wisup,uy —up) —t(wosug,uy —up) +a ((ug —up,ul' — u3'), (uy —up,ul' — u'))

+c((p1—p2.PT —P5),(p1— P2, P} — P3)) = 0.
(4.19)

By adding and subtracting the term ¢(wp;uy,u; — up) from eq. (4.19), we can simplify the

nonlinear part as follows:

t(wisuy,uy —up) —t(waiup,ug —up)

=t(wp —wosup,uy —up) +t(wisuyp —up,up —up).

Using this in (4.19) and recalling the definition of A(-;-,-) in Equation (4.5), we obtain the

following result:

t(wy —wosup,uy —u) +A (wis (g —ug,u' — '), (ug —up, ul' —u5'))
(4.20)
+e((p1—p2, PV =3, (p1 — P2, P = P5)) = 0.
Observe that since wy € X, and by (4.16), wy satisfies (4.8). Then since (-, -) is positive
semi-definite, using (4.9), (4.4), and (4.14a) in (4.20), and the assumption on the data, we

obtain:
2(1 = 8)ulleuz —u)llgs <A (wis (ug —up, ' =), (uy —up, ' — )
+c((p1—p2.PT = P5), (P1— P2, PT = P5)) = —t(w1 —wosua,up —uy) (4.21)
< Tllwa —willyslluzllyslluz = uillys = tsllwa = willys[luzllys||€(ua —up) | s-

After cancelling ||€(up — uy)||gs on both sides of the inequality above and noting that

| T (w2) =T (w1)|lys = ||€(up — uy)||gs, we arrive at (4.17). Inequality (4.18) then follows

from (4.17) by (4.16) since u, satisfies (4.14a).
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Lemma 41. Let f € [L2(Q%)]9™ and g € L>(Q¥) be such that (4.16) holds. Then T (X)) is

compact in X.

Proof. The proof follows [59, Lemma 3.8]. Let {w; } be a sequence in X. By the
definition of X, {wy }xep is bounded in [H!(Q?)]9™ and therefore has a convergent
subsequence (still denoted by {wy}) with limit w € [H!(Q*)]9™ Since by Proposition 12,
[H!(Q%)]9M is compactly embedded in [L*(Qf)]4™ . converges to w in [L¥(Q$)]dim
Since X is closed, w € X. Next, using the inequality in Equation (4.21) for wy = wy,

w1 = w and then following the proof of the continuity of (-; -, -) in [48, Lemma 6.32] we

arrive at

2 2 1
17 0ve) =70} s = ok =l < 57—

|t (Wi — Wi ug, uy —u)|

K
: 2(1—-6)u I _W”L4(QS) [lullvs[lug = ullys-

Therefore, T'(wy,) converges to T'(w) in H!(Q?), and therefore T(X) is compactin X. M

Having established that the conditions of Theorem 14 are satisfied, we can

conclude the existence of a solution to (4.2). The theorem is stated below.

Theorem 42. Let f € [L2(Q%)]4™ and g € L*(Q°) be such that (4.16) holds. Then

Equation (4.2) has at least one solution that satisfies (4.14).

We need a stronger assumption on the data that guarantees that 7' is a contraction

mapping to ensure the uniqueness of the solution for Equation (4.2).

Theorem 43. Let f € [L*(Q%)]4™ and g € L>(Q°) and 0 < 8,6 < 1 be such that

2u(l1—96)6 4ud }

! 2 3
TS Ctl', 2 Ctr R 4 CK

C1 /12 )+ C2 8l 2 gy < min { 423)
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where C1,Cy are given in Theorem 17, Case 2. Then Equation (4.2) has a unique solution

that satisfies the stability result (4.14).

Proof. For any two points wi,wy € X, letu; = T(wy), and up = T'(wy). Since (4.23)

implies (4.16), by (4.17), since up € X,

Ts
- <2 _ |
ITw2) =T Oe))llvs < =g lallvs ez = willvs 4.24)
Ts
< 2u(l1=135) - . .
<o _6)(C1||f||gs+C2||g||Qd)||w2 wilys (4.25)

Therefore, by (4.23), T is a contraction mapping and Theorem 16 establishes the
existence of a unique fixed point #* € X of T. This means that a unique solution to (4.2)

exists and it satisfies Equation (4.14). |

4.3 The HDG method

In this section, we will introduce an HDG method to solve the
dual-porosity-Navier-Stokes problem defined by (4.1), (3.2), and (3.3). The discretization
of the linear part of the problem, the discrete spaces, and their norms are identical to the
ones defined in Section 3.3. In addition, we introduce a new norm on Zj, inspired by [15]

as follows:

2 . 2 d2 2 —1 - 2
e O R L PR LA VR Ml (R R e
Kegd

_ 2 _ 2
+ Y o aenlllp+ Y A DAl
Fezd\ z!1 Fezd

for any v, € Z,.
The discretization of the nonlinear advective term V- (u @ u) in Q° as introduced in

[15] is as follows:
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1
(Wi, vy) = = (@w,Vvp)gs + 5 (w-n(u+i),vy, = Vp) 5 s
1 _ _ _
+ 5 {lw-n|(u—i),v,— Vh>ays +((w- n)u,vh>F1 . (4.26)
This trilinear form is obtained by choosing the following advective numerical flux from
[60]:
A[; = up, Quy, + (i, — up) @ Auy, 4.27)

where

1 ifuy,-n<0,
A=

The HDG method for the dual-porosity-Navier-Stokes problem is a combination of (4.26)
and (3.29):

Find (uy,, p;,) € Zj, x Py, such that:
th(uh;uh,vh) —|—ah(uh,vh) "‘bh(th Vh) = (f, Vh)Qs Vv, € Zy, (4.28a)
by(an,upn) — cn(Ph-an) = —(8:9n) od Vg, € Py (4.28b)

Lemma 44 (Consistency). Let ((u,u™),(p,p™)) be the solution of the
dual-porosity-Navier-Stokes problem defined by eqs. (3.2), (3.3) and (4.1). Then,

= (u,y(u),u™), p= (p.v(p*).¥(p?), P, ¥(p"™)) satisfies (4.28), where y(-) represents

the trace operator applied to the respective functions within the skeleton of the mesh

corresponding to their defined domains.
Proof. The proof is an extension of the proof of Lemma 24. First, since y(u) = u on dK,

th(u;u,Vh) = —(VVh,Lt@M)QS + <(I/t 'l’l)Lt,Vh - Vh>89S + <I/t n,u '\7/’1>1"I'
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Then, applying integration by parts, using the smoothness of u, single valuedness of v,

and that u = 0 on I'® yields:

tp(usu,vp) = (V- (u®u),vy)qs — ((u-n)u,vp))g s + (- n)u, -vp) i

= (V~ (u®u),vh)gs.

Next, by combining the result in Lemma 24 with the equation above we get the following

equation:

th(usu,vp) +ap(u,vy)+ Y [b P,Vh)+b (7)) + b (™ V)
j=s.,d

+ ¥ (bhanw +by7 @) + bl (g ™)~ cn(p.an)
j=s,d

=(V- (u@u),vp)as — (V- (2ue(u)) = Vp,vy)os + 2u(n* - £(w)n*) + p? — p*),n* - 5) 1y
+ (17w Vo,vn) ga + (K u" + V" V) a = (an, V - u+ Ok (p = ™)) o

—(gi, V- u" + ok (P"™ — P)) -

Recalling eqgs. (3.2), (3.3) and (4.1) leads to:
: L
(s, vy) +ap(u,vy) + Y [0 (pova) + 0,7 (07, 5)] + b1 (™ V)
j=s,d

+ ) ( (qp,u +b’](qh, ))+bi(q21,um)—6h(p,qh>
j=s,d

= (fovi)as +(8,9n) gd

Similar to the continuous case the well-posedness of (4.28) will be conducted in
two-steps:
First we prove that the following linear problem for appropriately chosen

conditions on w € V¥(h) is well-posed using the saddle point theory: Given w € V*(h),
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find uy, € Z;, py, € Py, such that:

th(wiup,vy) +ap(up,vy) +by(pp,vi) = (f,ve)os Vv, € Zp, (4.29a)

by(an, upn) — cn(Ph-an) = —(8:9n) oa Vg, € Py, (4.29b)

In the next step, we prove that eq. (4.28) is well-posed using the fixed point theory
and the well-posedness of eq. (4.29).

We start by proving an inf-sup condition on the bilinear form by,(+, ). Note that the
proof of Theorem 31 needs to be updated to account for the norm change from || - HZh to

||-||Zz-

The following two lemmas are the updated versions of Lemmas 29 and 30.
Lemma 45. There exists a constant C > 0 independent of the mesh size h such that for
any (qn,qy') € On % O},

b (un, (dn,9)
2 2 1/2 h\9h>4
Cllanlla+laylEg) ' ? < sup - ;

(4.30)
V€20 920 ||Vh||Zt

Proof. Let (qy,q)') € Op x Q). Then g, and g} are, respectively, elements of L(%(Qd )
and L%(Qd). As in the proof of Lemma 29, there exist v € [H& (©)]9m and
V" e [H(; (Q4))dim gych that:

—V-v=g)inQ, Clivll,e < llgnlle;

—VHym :q;l" in Qd? CHVmHLQd < HquHQd

As proved in eq. (3.43), (ITyv, ITyv, IHV™") € Z?l and

Ty T B, < COMR g + V72 g + VIR ) (43D
Now we will discuss the rest of the terms in ||(ITy v, ITy v, ITJV") ||§#
h
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By triangle inequality and Lemma 28 we obtain
IV-TIyvl|Z < 201V - (v=TIyw)II2 + 11V V]2 4) < CIIV -V
od = od d’ = d’

and similarly

2 2
VIR, < VR,
Since ITyv € Hy(div; ) and TI{HV™ € Hy(div;Q4),

[[Tyv-n]|[z=0 vFeFN\F!

[ n] ||z =0 VF e 4.
By (3.41b),

-1 = 2 -1 2 2
Y i Ny =Tyl <€ X i kol g =ClE o

Therefore,
2 2 —1 s 2
VTl + VT + ), by [|(Tyv—Tyv)-nll5 .y
Kezd
-1 2 -1 2
+ ) hp [[Myvendlz+ ) e ([0 al|

2 2 2
<C(CIV V20 + IV g+ VP )

This together with (4.31) implies that

2 2 2 1/2
(0w Tl Ty g < OO0+ 17 )"/

The rest of the proof follows as in Lemma 29 by replacing |[v,|z, by |[va|| Zz in

(3.44).
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Lemma 46. There exists a constant C > 0, independent of h, such that for any

(75.a5,qy) € 05 x O < 04,

. 1/2 bZ(V (—s —d -m
_ _ n: (33,45,4)"))
C( Z Z hKthH%(+ Z hKHQhH%{) < sup h HVhH WZh 2
j:sad[(egj Keﬂd VhEZh,Vh#O h Z;"n:

Proof. Let (g}, cjg, gy € Q) x Q_Z X Qg and let Lgy, and Lg)" be defined as in the proof of

Lemma 30. Then by (3.47), (3.46), and single valuedness of Gy, 7}’
(LG, 0, LG 2 = I (Lan, O,La) 17, + IV - Lah || + IV - L} |17
oS )Nz sV By )iz, hllod hllgd

—1yy ~d 2 —1\17 ~ 2 117 = 2
SR A P 1774 RN ety 24000 [ S A = 170 2

Kegd Fezd\Zl Fezd
—11 112 —1y-m|2
<C( Z Z .hK thH8K+ Z h[( HQh Ha[{>
Jj=sdge ] Kegd

The rest of the proof is the same as in Lemma 30 with a simple change of

(20, 0,La) 3, t© 1L, 0,La}) 2.
h

As a consequence of Lemmas 45 and 46 and [51, Theorem 31.1], we have the

following:
Theorem 47 (Inf-sup condition). There exists a constant cpp, > 0, independent of h, such

that for any q;, = (a5, 35,34, 4", @1") € Py,

by(pp,vi)
cobllgnllp, < sup onle H, :
vhezh,vhyéo h Zﬁ

Next, we prove the boundedness of the bilinear form by,(+,-).

Lemma 48. There is a positive constant cp,., independent of meshsize h, such that for all
vy, € Zh and Dy € Phr

b (i, P)| < Cpe ||Vh||Zﬁ 1Pnllp, - (4.32)

84



Proof. Recall that

Is =5 - Id,-d -
bi(@ns Vi) = (D}(nsvi) + by (@ o)) + [0, (@ vi) + B, (@ o)) + 55, (g )

=L +L+1L (4.33)
Bounds for /1 and I, are given in [15, Lemma 3]. So it is sufficient to bound /5.

d _
‘I3| :bh(qu?le) = _(qzluvvl}?)gd + <ql}/’117vz1 'n>8yd
- (qz17V : Vz,l)gd + <q’]:’l/l’ [[VZ’l n]]>g‘d

2 —1 2 2 —m 2
(VR + X metIgnllz ) (lapipa+ X hclldilGe ). @34
Fezd Kkezd

Using this, the bounds for /1 and I, in [15, Lemma 3], and Holder’s inequality, we have

b (ah Vi)l
2 —1 =12 2 .
sc{( Y vk X hgt vl ) (lanlds + X hxligilox )
KeJs KeJs KeJSs
2 —1 2 —1y(d _ 5 2
F(IVwlZe+ X mp nenllF+ X bt 0 =) il )
Fegd\ zl Fezl
2 ~d 2
(lanl2a+ ¥ hxlaflse)
Kegd
2 —1 2 2 —m| 2
SRRt Tt i) (1 Ba+ £ ixlaf e )
Fezd Kegd

As a consequence of (3.38), and the definition of the norm | - || > we derive the
h

following lemma:

Lemma 49. The bilinear form ay(-,-) is a continuous bilinear form with respect to the

|- Hzi norm. Furthermore, for any uy, vy, € Zy,

ap(up,vp) < CCH“h”Z/#:”VhHZta
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where C¢ := max(2u (1 +Cy),2u(B + Cur), KJTI, KL Oc/.ucjjl/z). Furthermore, as a

consequence of corollary 27 the bilinear form ay(-,-) is a continuous bilinear form with
respect to the || - || z# norm, with only changing the trace inequality to continuous trace
h

inequality.
Next, we will require the following known properties of the trilinear form #;,(;-, ).

Lemma 50. /15, Lemma 4] Let w;j € V*(h) NH(div,Q°), be such that V-w; = 0 on each

K € T for j = 1,2. Then for all uy,, vy, € V*(h), there exists a constant ¢, > 0 such that:
(W, vi) =t (waiup vi)| < cwllwr —wallyp s [uallvs[vallys. (4.35)
where w1 p.as = II (w, {wh) llys-
Remark. From [45, Theorem 4.4 and Proposition 4.5] the following holds:
Wl p0s < HWHv}f (4.36)
for any w € V5(h) = VS + V5, where VS := {v € [H2(Q5)]4"™ : v =0 on T*}.

Remark. In the previous lemma, setting wo = O results in the continuity of the trilinear

form ty(-;-,-), that is, for any w € VS(h) NH(div, Q°), such that V-w =0 on each K € .75,
0 (wsun, Vi) < cwllwlly s lunllys IVallys — Vop,vi, € V(R). (4.37)
The remark above, in conjunction with Lemma 49 and Corollary 27 yields:

Corollary 51. For any w € V5(h) N H(div, Q) such that V-w =0 on each K € 75, the

sum of the two bilinear forms t,(w;-,-) +ay(-,-) is bounded, that is,

tn (Wi sy, vp,) +ap(up, vy) SCanuthzH"ZHZz Vup, vy € Zy, (4.38)
where Cyp, :=max (2t max(1+ Cir, B + Cir) +cw | wlly 4 0 k7L K,gl,oc,uK;l/z), where
the Cy is the continuous trace inequality. [
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The following lemma states that the form #,(w; -, -) +ay(-,-) is also coercive but
only under an appropriate assumption on the convective velocity. This condition is

analogous to the eq. (4.8) in the continuous case.
Lemma 52. Let w € V¥(h) NH(div, Q%) such that V-w = 0,YK € 7%, then
n (W3t ) > =y 4 + g aCR)w-nll 4 Huhﬂ‘z/g Yuy €V, (4.39)
where Cy, 4 and Cy; 4 are the same as in [15, Lemma 6]. Furthermore, if
w-nllpr < Beked(ch 4+t aCR) (4.40)
where 0 < 8 < 1, then, for all uj, € Zy,
i (w3 s ) + ap () = Coclluy 17, (4.41)
and for all uy, € Ker(by,) :={vy, € Z, : by(v,q,) =0 Vg, € Py},

1 (w3 g, ) +ap (g, up,) > Cre Huhl%, (4.42)

-1 1/2

where Cpe = min{(1 — 8)ucs,, K ,OCKJ: K, '} > 0and ¢, is the constant in

Lemma 25.

Proof. The proof of Equation (4.39) is given in [15, Lemma 6]. Equation (4.41) follows
from (4.39), (4.40), and (3.36) in lemma 25.

Now, let us prove (4.42). Given that uy, € Ker(b,), V-uj = 0in Q%, [uy,-n] =0 in
FN\F! [}’ -n] =0onany F € Z4 and u;li -n = iij,-n on I’ Therefore, we deduce the

subsequent result:

2 2 2 —1 _ 2
lunlZ = N3, + 15wl 2+ 8 g s — ) ml2 o
h Kegd

oD D= | 7 [ P A A TR S e[| A R A
Fezd\ 7!l Fezd
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Then (4.42) follows directly from eq. (4.41). [ |

The following theorem proves the well-posedness of eq. (4.29) under the condition

on the convective velocity w that we introduced in Lemma 52 to achieve coercivity of
tp(ws5-) +ap(--).
Theorem 53. Let w € V5(h) N H(div, Q%) such that V-w =0 for all K € .T5. If w satisfies

(4.40), then eq. (4.29) is well-posed. Furthermore,

h

lanl < CllIflles +Ch gl a - (4.43)
h h

pllp, < Callfllas +Chligl ga - (4.44)

where C{’, Cé’, Cé’, Cff > 0 are constants that are defined Theorem 17, Case 2, depending on
the coercivity constant Cyc in Lemma 52, the continuity constant Cyy, of the bilinear form
tp(ws-,+) +ay(-,-) in Corollary 51, the continuity constant G Ky, of the bilinear form c(-,-),

and the inf-sup constant cpy, in Theorem 47.

Proof. Letw € V¥(h)NH(div,Q%) such that V-w = 0 for all K € .7°. Then by

Theorem 47, lemmas 48 and 52, and corollary 51, the bilinear forms

a(-,-) = =t,(w;-,)+ap(-,), b(+;) :=by(-,-),and c(-,-) = ¢p(-, ) in (4.29) satisfy the
conditions of Theorem 17, Case 2. Therefore, (4.29) is well-posed and (4.43) holds with
the constants Cf',C,C%, CI' defined by (2.16). _

Now, we advance to the second phase of our analysis where we will apply the
fixed point theory to conclude that eq. (4.28) is well-posed. For that purpose, we define

the following subspace in V3 :
B} = {vfl e Vy by (qp,vy) —|—b2’s(cﬁl,\7h) =0 Vg, <€ Q) and
[vilys < CYlflos +Chlglga |-
where C{’, Cé’, Cé’, Cff are the constants in Theorem 53.
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Theorem 54. Let f € [L2(Q%)]9™ and g € L*(Q%) be such that

ey 6
T 2 oy
¢ 2Ck (Cip 4 + €1, 4Ck)

h h
Cillflos +Cllgll g < (4.45)

where 0 < 8 < 1 and C" ,Cg ,Cé’ ,Cff are the constants in Theorem 53. Then there exists at

least one solution (uy, py,) € Zj, X Py, to eq. (4.28) that satisfies the following bounds:

el < CT /s +C2 gl g (4.462)

h h
1Pallp, < C3lifllas +C4llgllga - (4.46b)

Furthermore, if

19)
2 2 2
Ctr»ZCK(CtrA + Ch,4CK)

CHfllas +CElgll ga < mesemin{(1-8)6c,, ", Y, 447

where 0 < 0 < 1, then the solution to eq. (4.28) is unique.

Proof. Suppose that (4.45) holds. Following the approach in [61], we introduce the
operator T, : Bj + B} such that: Tj,(w}) = u; for all wj = (w},w}) € B} . Here,
uj = (up|qs,@y) € V; where (uy,ity) is the first two components of the velocity solution
uy, € Zj, of (4.29) corresponding to wy. We will first prove that T'j, is well-defined and
bounded. Well-definition of T,:

For w) € B;, by eq. (3.33d), we have that V-w; = 0in Q°, and by eq. (3.33a) and
[48, Lemma 1.24], wfl € H(div,Q%). Furthermore, by the inequality [45, Proposition 4.5],
the definition of W}, and the results of eqs. (3.33a) and (3.33b) the following inequality

holds:

W -nllpr < culwyllos < cw2Crllwpllys-
Thus by eq. (4.45) we obtain

iy nllpr < peed(ha+ e aCh) ™
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Therefore by Theorem 53, eq. (4.29) has a unique solution (uy,, pj,) satisfying eq. (4.43).
This implies that u; € B; and concludes that the operator T, is well-defined.

Boundedness of the operator T,:

Letw; ,w), € B},

In what follows, we will bound T, (wp,3) — T (w},,) using eq. (4.42). By
definition of T, there exists unique (1, P1y), (Uap, Pop) € Zj, X Py, such that

th(Wh 1 U1k, Vi) + an(ip, Vi) + b5 (Vs P1i) + bp (w1, ap) — cn(P1n,an) =
th(WosUop, Vi) +ap(ap, vi) + by (v, Pon) +bp(uon, qn) — ch(Pon, qn)-
We subtract the two equations above, and test with v, = u;, — uyy, and q;, = p1;, — Py, to
obtain:
(W) Ui, UL — Uop) — (W3 o, 1 — Uop)
+ap(urp — uop, 1y —uzp) +cp(P2n — P1nsP2n — P1n) =0
Following a similar approach as in the continuous case, we add and subtract
th(W}, s Uop, U1, — Uop), use eq. (4.41), and simplify using the semi-positiveness of (-, ):
2 2
(1= 8)pcae [Tu(Who) = Ta(wy)liys = (1 = O)cae lluzn —winllys =

<ty (W, 3wy — Uop, Uy — Uop) + ap(Uyj, — oy, uyy — Upp) 4 ch(Pop — Pins Pon — Pin)
= 15 (W3 U, U — Uop) — 1y (W) s Uop, Uy — W)

<cwllwy, —WfleVlfHuzhHVgHuzh —uinllys
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thus,

c

T,(w},)—T(w’ <— Y w, —w u

“ ]’l( h2) h( h])”v}f— (1—6)Hcf;e || hl hZH\/lfH ZhHVI/‘:
Cw

< _ v
= (1= 5)uche

Therefore the operator T, is bounded on Bj.

(CH1F s+ CHlgl ga) Iy = wallys . (448a)

Since the By is a finite-dimensional space and T, is well-defined and bounded, by
theorem 15 we deduce that the operator 7, has at least one fixed point. Therefore, the
discrete problem of the dual-porosity-Navier-Stokes given in Equation (4.28) has at least
one solution.

The rest of the proof establishes the uniqueness of the solution. From inequality
(1-8)

\)
%,where0< 0<1.

eq. (4.48), T}, is a contraction if (C?HszQs +C12’||gHQd) < z

This is satisfied under the assumption (4.47) and therefore uniqueness follows by

theorem 16. [ |

4.4 A priori error analysis

We follow with the prior error analysis of the HDG method presented in
Section 4.3. For this analysis, we will extend the proof in Section 3.4, by considering the
non-linear term. To perform the analysis, we use the same notation, operators, and
projections as in Section 3.4. The following lemma presents the error equations for the

dual-porosity-Navier-Stokes model.

Lemma 55 (Error equations). For any (vy,,qy,) € Zj, X Py, the following holds:

L h h L . .
tp(us €y, Vi) + ap ey, vip) + b€y, vi) = 1 (us €y, vy) 4ty (s up, viy) — ty (s wp, viy)
+aj, (el vi) + il (el vi) + @ (elm V], (4:49)

bi(qn.eh) —cp(eh,qp,) = 0. (4.49b)
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Proof. Equation (4.49b) follows from (3.53b). As a result of Lemma 24 and (4.28), we

obtain:

ty(up; up, vy) +ap(up,vy) +bp(Pp,vi) = ty(wsu,vy) +ap(u,vy) +by(p,vy),  (4.50)

for all v, € Z},, q;, € Py,. Subtracting
ty(w; X, vy) — ty,(us up, vy,) + ap,(u, vy,) + by, (IIp, vy,) from both sides of the equation

above, we arrive at the following equation.
h h
th (ups up, vi) + 1y, (s, vip) — ty (us Tlu, vy) + ap (€, vy) + by (€, i)
! I
=ty (u;u,vy) + 1 (s, vp) — 1y (s T, vy) + ap (e, vp) + by (€, vp)-

Then, due to the linearity of #;(+; -,-) with respect to the second component, we can group

terms together and obtain:

h h h
th(ups up, vi) + 1y (s €y, vy) + ap(ey, vy) + bylep, vy)
1 1 1
=t (u; ey, vp,) + 1y (4, v) +ap ey, vy) + by (€5, vi).-
After subtracting the term #,(uy;uy,, vy,) from both sides and using Equation (3.53a) to

simplify the right-hand side of the equation above, we obtain the result in

Equation (4.49a). [ |
The following theorem gives the main result of this section.

Theorem 56. Let (u,p) € Z x P be the solution of the dual-porosity-Navier-Stokes
problem egs. (3.2), (3.3) and (4.1), such that u* € [H*T1(Q%)]dim 44 ¢ [Hk(Q4)]dim,
W™ € [H Q9™ and let (uy,, p),) € Zj, % Py, be the solution of the corresponding HDG

method given in eq. (4.28), where the source functions f and g satisfy the conditions
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below:

. _ 20
Crllfll2(qs) + Call8ll 2 qay < 2um1n{(1 —§)01; 1’C2C—C}
2% 4K

h h s 1 o
Cillfllas +C3llgll ga < ucgemin{(1—6)6¢c,, ",
@ “ " ewaCr (ctzr,4 + C%,4C12<)

2

where, 0 < 8,0 < 1, and the other constants are defined in (4.23) and (4.47). Then the

following inequalities hold:

hi 2 h h 1/2 k
(lellys + el + llelm 12" < CCnerl (Il 1 s + il y g+ 16"l 4y ga )

(4.52a)

h —1 k
lebllp, < CBy  Cpert (lullis .5 + Nl y g + 16" 41 a )

(4.52b)

where C > 0 is a generic constant independent of h, o, L, K, and Kp,

max <2u(1—6)rs_1cW9,Cg’*,K]717Kn_11,ucze(l—é)e

Cher = )
max (ce(1-8)(1-0).x; L)
Cper = max (CCanner,;chle(l —8)6,2u(1—8)cy, 07,1, Co"  x J?l,an), Cpp 1s the

inf-sup constant in Theorem 47, C>" is the new boundedness constant in corollary 27.

Proof. The proof is similar to the proof of Theorem 34 except for the need to handle the
h

nonlinear term. First, we test eq. (4.49) with (vy,q;,) = (e}, —eél,). Then, using

Equation (4.41) and the positive semi-definiteness of ¢, we obtain:
h 2 —1y k2 1y ,h 12
Heae(1—8) lleyllys + 17 lleulleg + K lleymlleyq
< ty(us el el) +ay (el ef) +ch(e), ep)
I h

Ll h h
= (1n(us el ey) +aj (el >+ah<eu,eu>+ah<um,eum>)

+ <th(u;uh,eh) —th(uh,uh, )) =0L+Db. (4.53)
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By using (4.35), (3.56), and (4.36) we bound /;:

1y =ty (u: €}, €) + aij ey, e) +afy (¢ ey) + ' (¢m, ym)
) -1 -1 112 12 I 112 \1/2
< max(ewlil g, €7 K el s+ ek + el )

h 2 h 2 h 12 \1/2
% (llellgs + el + llegmliga) /.

Since u* € H*T1(Q9) then ||u|| 1.h,05 = [|[€()[ s, then using the stability of the
dual-porosity-Navier-Stokes problem stated in (4.14a) we obtain

—1 ) -1 -1 12 12 I 2 \1/2
< max(2u(1 - 8)7 a0, €15, el + lehl -+ el )

h 2 hy 2 h 12 \1/2
% (el + el + lleum o).

(4.54)

To bound the second term we first use Lemma 50, then eq. (4.36), apply the triangle
inequality, and then use the stability results in eq. (4.46a) and the condition on the data to
obtain:
D<o (e —t (e el
2 < [ty (us up, ) =ty (up; up €)|
< cullu—uplly s lnllyg lellys < cwllu—unllys oy lleklys
h ! h
< cu(llelllys + llehly) s llelys e
h h h 2 1 h '
< ew(Cllfllas +Clsllga) (leullys + HeuHVZ»* lellys)

h 2 I h
< pcge(1— 5)9(||eu||v}§ + llewlly s lewllys)
h h

hy 2 I h
< Ucy,(1—-06)6 ||eu||Vg + pcge (1 — 5)9||eu|lvg,* HeuHV;;'
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Combining eqs. (4.53) to (4.55), we obtain

hy2 ) 1k 2 hy 2
HCZe(1—5)|Ieu||v,§+Kf lewlla + Km ||eumHQd—MCZe(1—5)9lleu|lv,§

< max (2;1(1 ~8)7 w0, € i iy e, (1 6)9) (4.56)

12 12 I 12 \1/2 h2 h 2 h 12 \1/2
e+ el + i) el + ek + el )

Since 0 < 0 < 1, ucl,(1—906)—pucs,(1—35)0 > 0. Thus, letting

max (2(1-8)55 Lo €7 i et (1-0)0)

Cher = 1 1
min a3 (1-8)(1-0).x7 L)

and using the interpolation estimate [62, Lemma 7] for the velocity in QF, and the

BDM interpolation estimates given in Lemma 28 for the velocities in microfractures and

in the matrix we get the following estimate:

hy 2 )2 ho12 N\1/2 12 12 I 12 \1/2
(leallys + llegligya + llegmlI3,a)"/ < Cuer(leulys« + il + lleumllga) /

k
< CCherh <||qu+l,QS + Hqu,Qd + ”umHk,Qd> )
(4.57)

The next step is to prove eq. (4.52b). Using eq. (4.49a), Lemma 26, and the result in
eq. (3.56), and eq. (4.55) we obtain:

h h h . .
b (€, vi)| < [t (us €y, vi) + ap ey, vi) | + |ty (s, vi) — 2 (ups up, vy)|

+ |t (s €1, vi) + @) (€1, Vi) + il (e1, Vi) + @y (el Vi) | = I3+ Iy + I
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The terms 14, and I5 are bounded using identical steps to egs. (4.54) and (4.55) just
replacing eZ with vy
Iy +Is < max (ucf,eu—&)e,zu(l—&)cwer Rous J:l,x,;1>
2 1/2 2 2 2 y\1/2
x (Jleyl ;*H\euH o+ letmllZ )" (Ivallys +valiga + vk Tga) /
< Cmax (ucze(1—5)9,2u(l—5)cw97s_1,Cﬁ’*,K]71,Knjl>hk
(el + g+ 1", g ) 14l -
Now, we bound /3. Using the continuity result in eqs. (3.15a) and (4.37), and
(4.56) we get the following
I J— . h h <
3 = |tn(us ey, vp) +ap(ey, vp)| <
2\1/2
<Cnb(HeuHVS+Heu” a+leimlZa+ 1@ 120"
2 y\1/2
< CCu(lleils + lletlga + el )"/

< CCCuerk (Il 3+ el o + 1" g ) i -

Any two norms in the finite dimensional spaces are equivalent, thus in Zj,, C is the
: Al P 2 h 12 shyt )2 \1/2
equivalence constant between two norms: ||e;! || + el ”Qd + ||eum||Qd + ||(eu)t||r1) /2 <
C(Heh|| —I— lef)? od T ||e ||§2d)1/2. Combinmg the above inequalities with the inf-sup
COIldlthIl in Theorem 47, Lemma 28, eq. (3.41), and eq. (3.54a) we obtain:

b, (e
HeZHPh < Cbb sup —h< "h)
VhEZh,vh#O ||vh‘|z#

1
< ch Cperh (”u“k—s-LQS + ||u”k7Qd + ”um“hgd)v

where Cper = max (CCanner,/.che(l —8)0,2u(1—8)c, 07,1, Co"  x ]71, an). Hence,

the result is proved. |
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By applying the triangle inequality and following identical steps as in

Corollary 35, we arrive at the following a priori error estimates.

Corollary 57. Under the assumptions of Theorem 56,
([ — wn|vs+lu — unll ga + " — || g (4.582)
SC(Cner + 1)hk (HMHk-H,QS + ||u||k,§2d + ||um||k,£2d) )

lp = pullp, <CH(IIpllegs + lIplleqr + 117"l q0) (4.58b)

+Cciy Cperh (lullis1.00 + llull ga + 1l 00).

where u 1= (u,u5|1—6,um), pi= (p,ps|r6,Pd|Fd,pm,Pm|r6n), and C is a constant which
0
depends on the shape regularity of the mesh and the polynomial degree k but is

independent of the mesh size h and the problem parameters 6,1, K, and K.

4.5 Numerical examples

The NGSolve library [53, 54] is used in the following simulations where the mesh

is unstructured and the penalty parameter is chosen as f§ = 102 as in Section 3.5.

4.5.1 Example 1

In order to validate our theoretical results, we test the HDG method defined by
eq. (4.28) on the manufactured solution described in Section 3.5.1. We have chosen the
following parameters for the experiment: kK, = 1, k=1, 0 =09, u =1, and
a=u,/Kr(1 +47%) /2 and present the result for k = 2,3,4 in Tables 4.1 to 4.3.

Note that since our problem is nonlinear we use Picard iterations with tolerance
e =10""12. Table 4.1 presents the L2-errors and convergence rates for u and p in Q% and
Tables 4.2 and 4.3 presents the L2-errors and convergence rates for # and p in Q4 and u™
and p in Q4 together with a column demonstrating mass conservation. We observe that

the convergence rates are at least k or higher, thereby supporting Corollary 35 and
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egs. (3.33d) to (3.33f). Note that the tables actually show that [[u;, —ul|gs, [|up —ul| 4a.
and ||u}’ —u™|| 4 converge with an asymptotic rate of convergence of k+ 1, even though

this is not shown by our error analysis.

In the Navier-Stokes region in Q°
dof  Cells |leulos Rate Hep”QS Rate |[Veu|os Rate ||V-uy|qs

k=2

3.3e+02 8 4.4e-03 - 1.6e-01 - 7.4e-02 - 8.2e-16
1.1e+03 28 7.4e-04 2.6 3.8e-02 2.1 2.0e02 19 7.2e-16
5.5e+03 152 5.2e-05 3.8 7.7¢e-03 23 3803 24 2.0e-15
2.0e+04 570 4.9e-06 3.4 19e-03 2.0 82-04 22  3.6e-15
8.3e+04 2346 5.7e-07 3.1 49e-04 2.0 2.0e-04 2.0 7.1e-15
34e+05 9520 6.8e-08 3.1 1.3e-04 2.0 4.9e-05 20 1.3e-14
k=3

5.0e+02 8 4.4e-04 - 4.0e-02 - 9.9e-03 - 4.6e-15
1.7e+03 28 6.1e-05 2.8 6.8e-03 2.5 2.1e-03 22 1.1e-14
8.6e+03 152 1.4e-06 54 3.1e-04 44 1.3e-04 40 2.4e-14
3.2e+04 570 7.5e-08 4.3 3.1e-05 33 1.5¢-05 3.2 4.3e-14
1.3e+05 2346 3.8¢-09 4.3 3.4e-06 3.2 1.6e-06 3.2 8.6e-14
5.3e+05 9520 2.2e-10 4.1 4.1e-07 3.0 1.9e-07 3.1 1.7e-13
k=4

7.2e+02 8  3.5e-05 - 2.8e03 - 7.8e-04 - 5.0e-17
24e+03 28 2.2e-06 4.0 1.7¢e-04 40 7.5e05 34 7.3e-17
1.2e+04 152 2.6e-08 6.4 54e-06 50 23e-06 5.0 6.3e-17
4.6e+04 570 6.9e-10 5.2 3.0e-07 4.2 1.2e-07 4.2 5.9e-17
1.9e+05 2346 2.0e-11 5.1 1.8e-08 4.1 7.2e-09 4.1 5.8e-17
7.7e+05 9520 6.8e-13 49 1.1e-09 4.0 4.5e-10 40  59e-17

Table 4.1: Errors and convergence rates in Q° for velocity and pressure fields using
polynomial degrees k = 2, k = 3 and k = 4, as set up in Section 4.5.1.

Next, as in Section 3.5.1, we explore the effect of changing various parameters of
the problem in Figure 4.1-Figure 4.3. First, we consider the viscosity u that appears in the

Navier-Stokes equations and the interface conditions, but does not appear directly in the
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In microfractures in Q9

dof  Cells [leu||q Rate |lep|los Rate [[V-ey| s Rate [P ,q
k=2
3.3e+02 8 1.6e-02 - 2.6e-02 - 2.5e-01 - 8.8e-06
1.1e+03 28 3.0e-03 25 8.7e-03 1.6 8.4e-02 1.6 8.1e-08
5.5e+03 152 19e-04 40 13e-03 2.7 1.3e-02 2.7  9.6e-10
2.0e+04 570 2.4e-05 3.0 35e-04 1.9 3.4e-03 1.9 1.2e-11
8.3e+04 2346 2.5¢-06 3.2 8.0e-05 2.1 7.7e-04 2.1  3.9e-12
34e+05 9520 3.0e-07 3.1 1.9e-05 2.0 1.9e-04 2.0 1.6e-11
k=3
5.0e+02 8 1.5e-03 - 3.4e-03 - 3.2e-02 - 1.2e-08
1.7e+03 28 1.2e-04 3.7 5.1e-04 2.7 4.9¢-03 2.7 l.4e-11
8.6e+03 152 33e-06 5.1 3.7e-05 3.8 3.5e-04 3.8 8.le-13
32e+04 570 2.1e-07 39 49e-06 29 4.7e-05 2.9  3.0e-12
1.3e+05 2346 1.2e-08 4.1 5.8e-07 3.1 5.6e-06 3.1 1.2e-11
5.3e+05 9520 7.1e-10 4.1 7.0e-08 3.0 6.8e-07 3.0 4.8e-11
k=4
7.2e+02 8 1.2e-04 - 3.3e-04 - 3.2e-03 - 1.8e-11
24e+03 28 7.8e-06 4.0 42e-05 3.0 4.0e-04 3.0 1.6e-15
1.2e+04 152 89e-08 6.5 1.1e-06 5.3 1.0e-05 53 1.3e-15
4.6e+04 570 2.8e-09 50 6.8¢-08 3.9 6.6e-07 3.9 1.3e-15
1.9e+05 2346 6.1e-11 55 33e-09 44 3.2e-08 44 1.3e-15
7.7e+05 9520 1.8e-12 5.1 1.9e-10 4.1 1.9e-09 4.1 1.3e-15

Table 4.2: Errors and rates of convergence in microfractures in Q4. for the velocity and
pressure fields using polynomial degrees k = 2, k = 3 and k = 4 as set up in Section 4.5.1.

dual-porosity equations. When we increase the value of u, we notice that the pressure
error in the Navier-Stokes region increases accordingly, whereas the pressure errors in the
dual-porosity region remain unaffected. However, there is no change in the velocity error,
which is consistent with the scheme’s pressure robustness. For the parameters that appear
in the dual-porosity equations but not directly in the Navier-Stokes equations, we found
that the magnitude of the pressure errors changed in both subdomains. Although some
parameter choices led to changes in pressure errors, we did not observe corresponding

changes in velocity errors. It aligns with our method’s pressure robustness property.
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Figure 4.1: The error of velocity and pressure in Navier-Stokes region for different
parameters, as described in the graphs.
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In the matrix in Q¢

dof  Cells |lej[|os Rate |lef|loa Rate [[V-ef,s Rate [|P"[ 4
k=2
3.3e+02 8 9.7e-02 - 2.8e-02 - 2.5e-01 - 8.9¢e-04
I.1e+03 28 1.7e-02 25 1.1e-02 1.3 8.4e-02 1.6 7.1e-06
5.5e+03 152 1.7e-03 33 23e-03 23 1.3e-02 2.7  8.8e-08
2.0e+04 570 1.8e-04 3.2 54e-04 2.1 3.4e-03 1.9  9.8e-10
8.3e+04 2346 2.0e-05 3.2 1.3e-04 2.1 7.7e-04 2.1 9.7e-12
34e+05 9520 2.3e-06 3.1 3.0e-05 2.1 1.9e-04 2.0  5.3e-12
k=3
5.0e+02 8 3.1e-02 - 1.3e-02 - 3.2e-02 - 1.2e-06
1.7e+03 28 1.3e-03 4.6 13e-03 34 4.9e-03 2.7  1.4e-09
8.6e+03 152 6.6e-05 43 14e-04 32 3.5e-04 3.8  8.0e-13
32e+04 570 4.5e-06 39 19e-05 29 4.7e-05 29  l.le-12
1.3e+05 2346 2.2e-07 43 2.1e-06 3.2 5.6e-06 3.1  4.8e-12
5.3e+05 9520 1.3e-08 4.1 24e-07 3.1 6.8e-07 3.0 1.8e-11
k=4
7.2e+02 8 5.8e-03 - 3.0e-03 - 3.2e-03 - 9.9e-10
24e+03 28  2.2e-04 47 24e-04 3.7 4.0e-04 3.0 6.0e-14
1.2e+04 152 5.2e-06 54 1.1e-05 44 1.0e-05 5.3  23e-15
4.6e+04 570 1.2e-07 55 54e-07 44 6.6e-07 39 2.1e-15
1.9e+05 2346 3.1e-09 5.3 3.0e-08 4.2 3.2e-08 44  2.le-15
7.7e+05 9520 7.2e-11 54 1.5e-09 43 1.9e-09 4.1  2.2e-15

Table 4.3: Errors and rates of convergence in the matrix in Q4 for the velocity and pressure
fields using polynomial degrees k =2, k = 3 and k = 4 as set up in Section 4.5.1.

4.5.2 Example 2

In this example, we simulate the flow in a horizontal open-hole wellbore with a
vertical production wellbore. The set up of this example is from [32, Example 3].
Horizontal open-hole wellbores with a vertical production wellbore are commonly used

for extracting oil and gas from naturally fractured reservoirs [63]. The subdomains, their
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boundary and the interface are given by:

QF={(x,y):1.8<x<22,1.8<y<6}

' ={(xy):x=182<y<6}U{(x,y):x=22,2<y<6}
U{(x,y):1.8<x<22,y=1.8}

Q4 ={(x,y):0<x<18,0<y<2}U{(x,y):1.8<x<22,0<y<18}
U{(x,y):22<x<4,0<y<2}

M ={(xy): 0<x<d,y=0}Uf{(x,y): x=4,0<y <2}

U{(x,y)P:22<x<4,y=2}U{(x,y): 0<x<18,y=2}U{(x,y) :x=0,0<y <2},
FI:{(x,y) x=18,1.8<y<2}U{(x,y):x=22,1.8<y<2}

U{(x,y):1.8<x<2.2,y=1.8}.

On the top boundary of the vertical wellbore, sl = {(x,y): 1.8 <x<2.2,y=06}, we
impose an outflow boundary condition (—p*I + pe(u®))n = 0, and on T2 = TS\I¥1 | we
impose u - n = 0. The Dirichlet boundary conditions are imposed on I for the pressures,
such that p¢ = 10* and Pm =35 X 10%. See Figure 4.4 for a sketch of the domain.

The model parameters used in the simulation are: k,;;, = 10_8, kf = 10_3, u=1,
and 6 =0.9, & = 1, and B = 1077, We choose the step size h = 1/32.

As shown in Figures 4.5a and 4.5b, the pressure in matrix is higher than the
pressure in microfracture. This is expected as different microfracture and matrix pressures
are imposed on the external boundary I'“. In the vertical well, the fluid pressure drops
towards the upper boundary I' 'l and the fluid flows much faster as seen in Figures 4.5¢
and 4.5d. We also see in Figure 4.5d that there is no fluid flow from the matrix to the

vertical well as the model requires.
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Figure 4.4: A plot of the domain used in Section 4.5.2.
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Furthermore, we demonstrate that the numerical scheme preserves mass

conservation by calculating the following errors:

V- u]|os = 3.4-107 14,
—10
lokin(pf = Pj) + V|| g = 9:9-10717,

loKn(Py — P+ V- ul]| (g =4.4-10714.
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Figure 4.5: The pressure and velocity solutions for the problem as set up in Section 4.5.2.
Left column: Velocity u;, and pressure py, in €. Right column: Velocity ] and pressure

pj’ in the matrix in Q.

a) Pressure pj, in Q. ressure in the matrix in Q¢.
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CHAPTER FIVE

CONCLUSIONS AND FUTURE WORK

In this chapter, we summarize our main results and discuss potential future
projects. We note that the work in Chapter 3 is already published in [1].

In a dual-porosity-Navier-Stokes system, the flow in the conduits is governed by
the Navier-Stokes equation. The main difference from the dual-porosity-Stokes model is
the addition of a nonlinear term that represents the convective transport of momentum.

In Chapter 3, we introduce a weak formulation and the discretization of the
dual-porosity-Stokes problem which describes free flow in macrofractures/conduits by the
Stokes equations, while the flow in microfractures/matrix is governed by the dual-porosity
equations. The weak formulation of these equations leads to a saddle-point problem with a
regular perturbation term. Through the use of saddle point theory, we demonstrate that the
weak formulation and the corresponding HDG discretization are well-posed, in addition,
we provide an a priori error analysis showing optimal rates of convergence in the energy
norm. We conclude the chapter with three examples; first we use a manufactured solution
to validate the theoretical rates of convergence and mass conservation and investigate the
effects of changing parameters on the discretization errors. In the second numerical
example, we simulate the flow of the fluid around a wellbore with open-hole completion
in a naturally fractured reservoir, providing velocity and pressure fields. In the last
example, we select random permeability fields the in dual-porosity region, demonstrating
that our solution is effective in discontinuous permeability conditions as well.

In Chapter 4, we propose and analyze the weak formulation and the hybridizable
discontinuous Galerkin method for the dual-porosity-Navier-Stokes problem. In the

macrofracture/conduits of this problem, there is a nonlinear term representing convection,
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which makes the well-posedness analysis and a priori error analysis challenging. Through
the application of the fixed point theory and the saddle point theory with a perturbed
nonsymmetric term, we demonstrate under certain data assumptions, that the weak
formulation and the discrete problem are well-posed, and a prior error analysis of the
scheme is provided. In the first numerical example, we show that the convergence rates
and mass conversation errors results align with the theoretical findings.

Future research includes extending these results to the time-dependent case where
flow and transport problems can be solved sequentially while time-lagging the
concentration. Different time-stepping methods can be investigated. Alternatively, we can
use a multirate scheme [64] where a larger time step size is used for the slower
dual-porosity flow. This is expected to reduce the computational effort but requires an
extra stabilization term.

A more complicated extension would be by adding an advection diffusion type
transport equation to the system to investigate, for example, the transport of a chemical
species via the dual-porosity- (Navier-)Stokes flow. In this problem, the coupling is two
way; 1. the flow is affected by the concentration of the chemical, 2. the concentration of
the chemical is affected by the (Navier-)Stokes dual porosity velocity. This makes the

problem very challenging to analyze and requires certain regularity assumptions.
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APPENDIX A
A PROOF OF THE WELL-POSEDNESS OF SADDLE POINT PROBLEMS WITH
REGULAR PERTURBED TERMS.
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In this section, we provide a complete proof of Theorem 17 second case. First, we

state a well-known theorem:

Theorem 58 (Banach—Necas—Babuska). [42, Theorem 2.6],[65, 66] LetV be a Banach
space and let W be a reflexive Banach space. Let a: V X W — R be a continuous bilinear

form, and f € W'. Then, the problem find u € V such that
a(u,w) = (f,w) Ywew
is well-posed, i.e., it has a unique solution u €'V that satisfies
Jully < ~1£]
u — .
V= o w/!
if and only if the following holds:
e [f there exist a constant o@ > 0 such that:

a(v,w)

inf  sup ———>aq,
0£veV gtyew [VIvIwlw

e Foranyw e W,

YweV, alvyw)=0 = w=0.

Proof of Theorem 17, Case 2. Let V x Q be equipped with the norm
v )llvxo = IVlv + llallg,V(v.q) € V X ©,
and let (V x Q) =V’ x Q' be equipped with the norm

17D ywgy =17l + gl V(F.8) eV Q.

Define the following operator: L : V x Q — (V x Q)' such that:

V(u,p) €V xQ, L(u,p)=(Au+Bp,B u—Cp).
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Then finding (u, p) € V x Q such that
L(u,p) = (f,8)
is equivalent to finding (u, p) € V x Q such that
Z ((u.p),(v.q)) = (f.v)+(8.9) VY(vq) €V xQ,

where Z ((u,p), (v,q)) := a(u,v) +b(v, p) = b(u,q) +c(p,q)-
We proceed by showing that the conditions in Theorem 58 hold for the operator

Z. Let us start by proving the second condition in theorem 58 as it requires less effort.

Let (u,p) € V x Q and suppose that
A ((u,p), (v,q)) =0 V(vq) eV xQ. (A.1)
Choosing v = u and g = p in Equation (A.1) yields
a(u,u)+c(p,p) =0 VY(v,q) €V x Q.
Then positive semi-definiteness of a(+,-) and ¢(-,-) imply
a(u,u) =c(p,p) =0.

Furthermore, since c(-,-) is symmetric positive semidefinite in Q, by [67, 4.2.29],

lc(p.q)| < Ve(p.p)Velg,q) Vg€ Q. (A.2)

Thus,

c(p,q) =0 VYgeQ.
This and choosing v = 0 in Equation (A.1) imply b(u,q) = 0 for all g € Q. Therefore

u € KerB.
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Now since a(u,u) =0, u € KerB, and a(-,-) is coercive in Ker B we conclude that u = 0.
The result that p = 0 follows from the inf-sup condition on b(-,-) in Equation (2.15).
Thus, the bilinear form £ (-, ) satisfies the second condition of Theorem 58.

To prove that the first condition in Theorem 58 holds, by [42, Theorem A.43], it is

sufficient to show that there exists some constant C such that:

LGPy gy = €l p) v xo-

Since the problem is linear, we can use the principle of superposition and consider the
solution of eq. (2.10) as a sum of two problems obtained by setting g to zero (Case 1) and
f to zero (Case 2) in eq. (2.11), respectively. Before considering these two cases, let us
recall that since V = Ker B+ Ker B, there exist ug € KerB,u € Ker B+ such that

u=ugy+u.

Casel: g=0.

First, since Au+ B! p = f, we have BT p = f — Au. Therefore

IB"pllyr  If =Aullysr _ [1£llyr +Callullv
B B B

where f3 is as in eq. (2.15).

(A.3)

By testing the first equation in eq. (2.10) with v = u(, we obtain

a(u,ug) +b(ug, p) = (f,up)-

Noting that b(u(, p) = 0, we obtain

a(u,ug) = (f,uo)-

Thus,eqs. (2.9) and (2.12) imply

Calllly +11f1ly
< .
Juglly < =
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Thus, by the triangle inequality,

||MHV§< )u v+ v (A4d)

Testing eq. (2.10) where g = 0 with v = u,c = —p, we obtain:

a(u,u)+c(p,p) = (f,u).

Since Bu = Cp, [67, (4.2.30)] and positive semi-definiteness of a(-,-) imply

|Bullgy = ICpligy < Cec(p,p) < Ce(f,u) < Cellfllyrllullv-

Recalling the decomposition u = it + u( such that Bug = 0 and eq. (2.15) leads to

2112 "y
Bllally < [Ballyy < Cell fllysllully- (A.5)

Combining egs. (A.4) and (A.5), we get

Hb‘tH\Z/S%HfHVIHMHVS%Hva/(( %) haty+ ”V’)

This is of the form 2 < at + b, where 1 := ||ii|y, a 1= [%Hva’ (1 + %’), and

b:= ﬁCZ—CaHfH‘Z/, It is known that
Va,b,t >0, t*<at+b = t<a-+Vb. (A.6)

Therefore,

il < 1y (gz (1+%)+ ﬁ“j;) .

Finally, by plugging in ||if||y in eq. (A.4) and then the outcome in eq. (A.3), we

obtain:

lullv < Cullflly (A7)

IPllg < Gsll £y (A.8)
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2 - |
where C) := (g—ﬁ <1 + %) + VG (1 +%l) +é) and C3 := L.

Case2: f=0.
In this case, Au+ BT p = 0, therefore |Aul]y,r = BT p||,,. By the inf-sup condition
eq. (2.15) and the continuity of A, eq. (2.9), we obtain

C
Ipllo < —"”;HV. (A.9)

Testing the first equation in eq. (2.10) where f = 0 with v = ug € Ker B, we get

a(u,up) = 0. By egs. (2.9) and (2.12), we get:

Callillv
< .
luollv = =,
Thus, by the triangle inequality,
C
ey < (1) . (A.10)

The proof will be complete if we bound ||i||y . Testing eq. (2.10) where f = 0 with
v=uand ¢ = —p we obtain a(u,u) + c(p, p) = (g, —p). Therefore, using the
positive semi definiteness of a(-,-), [67, (4.2.30)], eq. (A.9), eq. (A.10) and the
symmetry of ¢(-,-) we obtain:

CaC
HCPHZQ/ < Cee(p,p) <Cellgllrlipllo < 623 “lgllgrllully

CuCe Ca\ -
< S (145 v lel g

Now the second equation in eq. (2.11) gives Bu = Cp + g. Using this, the inequality

(a+b)? <2(a*+b?), and that Bug = 0, we arrive at
B2lally < lIBall7y = [1Bull2y < 2(ICplIgy + ligl7y)
Q Q Q Q

CuaCe Ca) - 2
sz( s (1+5) HMHVHgHQ/JFHgHQ/)
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By eq. (A6), letting £ = By, a = 20re (1) llgllgr» and b =2]lg]2,, we

have
Bl < 25 (1452 el + V2 el
thus,
Julv < Callgl g (A11)
Ipllo < Callgllgr (A12)

_ Cata C 2 _ CaCy
where Cy = 065133 (2CQCC (1 + 7“) +v2'B >, and Cy = B
Gathering Equations (A.7), (A.8), (A.11) and (A.12) and using the property of the solution
of the sum of two linear systems, we obtain the bounding property of L, therefore L is

surjective, and .Z satisfies the first condition given in theorem 58, yielding the

well-posedness of Equation (2.10). |
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