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ABSTRACT

SOME CONTRIBUTIONS TO THE THEORY AND APPLICATIONS OF
NONPARAMETRIC SUBSET SELECTION PROCEDURES

by

Sajidah Alsaeed

Adviser: Dorin Drignei, Ph.D.

Choosing the best population (based on some parameter performance) among
alternative populations can be challenging. The decision-making process depends on
what factors are considered important by the person making the decision. On order to
determine which populations are better among k of them, an experiment should be
designed, and samples from each population are to be taken and the sample size needs to
be determined. The target here is not to estimate any unknown parameter, but rather to
select the population with the best parameter value.

The methodological topic of this dissertation is the nonparametric approach to
subset selection of populations so as to contain the “best” population -to be defined-
with a user-prescribed probability of a correct selection, where we will examine how to
apply a versatile, nonparametric framework to efficiently and accurately choose subsets
of populations while ensuring that users can control the reliability of the selections made.
The common approach in this problem context has been to rank the data (as it is a well-
established approach) and base the statistical inference on population rank sums. The
process of ranking and calculating rank sums is relatively straightforward, facilitating

\



easier interpretation of results and it can be adapted to different contexts and objectives,
whether for hypothesis testing or selecting the best population, enabling researchers to
base their choices on relative performance as opposed to absolute measurements.

In this dissertation, alternative rank scoring methods are considered and shown, in
some cases, to yield smaller selected subsets with the same assurance probability as with
rank sums. The investigations herein considered are for a two-way experimental block
design.

An application of the research developed here is made to state motor vehicle
traffic fatality rates for the years 1994-2022 with the goal of selecting a subset of states
to contain the best (worst) with a prescribed probability. The effects of alternate scoring

rules are displayed and shown to support a practical conclusion for other applications.
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CHAPTER ONE

INTRODUCTION

1.1 Overview and history:

In the practical world of everyday life, full of complexities, we often face the
baffling problem of making myriad decisions. Every different scenario requires of the
problem under a suitable theoretical model followed by a cautious analysis of the
evidence leading to a decision whose validity is based on reason. In the advancement of
scientific reasoning, statistical inference provides the methodology developed to meet
these requirements.

The decision-making process frequently involves comparing a range of
alternatives and the goal is choosing the best one based on specific performance.
Consequently, a selection process is necessary to determine the number of samples
required from each alternative and subsequently identify the best alternative based on the
sample data. During an experiment, one common question an experimenter must find the
answer to is how to compare several categories or populations and how to choose the best
one/s. That includes many categories to be grouped such as different treatments/ drugs for
a certain disease, different given textbooks for a specific course, or even as simple as
different varieties of grains, all are daily events we face that need the job of finding the
"best" through the process of ranking and selection that gained recognition as an active
area of research on which a great deal of work has been done by many authors in the last
70 years. Ranking and selecting procedures are methods used to organize and choose

items, individuals, or entities based on specific criteria. These procedures are used as a



way of organizing things according to their importance, value, quality, or some other
relevant factor and they are applied in various fields and contexts to make informed
decisions.

Statistically speaking, ranking and selection methods are statistical tools used to
compare the characteristics of multiple populations, with the assumption these
characteristics are not identical. Simply put together, the problem of interest is concerned
with selecting and ranking k (= 2) populations where each one is characterized by the
value of a parameter of interest, say 6. At the beginning, we assume that the populations
do not share identical parameter values and that they can be arranged in a meaningful
manner based on these parameter values. This arrangement could range from the least
favorable to the most favorable population in a clearly defined manner, such as from the
population with the smallest parameter value to the population with the largest one. A
sample of size n is randomly selected from each population. Utilizing this sample data, a
statistical selection process is employed to choose populations in a manner that allows us
to confidently claim, with a specified level of confidence, that the selected populations
have the best 8 values. A statistical ranking process uses the sample data to make an
order of populations in such a way that we can state, based on a specified level of
confidence, that the ordering made is correct. The selection and ranking may be defined
in terms of a parameter of the population. This may physically represent the mean, the
variance, some quantile, or maybe a function of all these quantities.

Usually, in selection and ranking problems, populations with large (small) values of
the parameters are considered desirable and accordingly, we define the population with

the largest (smallest) of the unknown values of the k parameters to be the best. Therefore,
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the best refers to the population with the largest (or smallest) parameter performance
depending on the goal of the experimenter. The formulation considered is that of
selecting a subset of k populations, which contains the "best" population, or all those
populations which are better than a standard. Therefore, in many situations the
experimenter is interested in selecting a subset, selecting as far as possible the best ones.
In general, multiple decision (selection and ranking) rules may be defined which select a
subset of a fixed or random size.
In the example of treatments/drugs, an appropriate measure of the effectiveness of a
treatment/drug, or in the example of the textbooks, the number of proven theories or
solved exercises it contains, could be the parameters on which the ranking and selection
process helps to compare the given populations (treatments/ drugs, textbooks) with a goal
to rank them and select the best among them, where the best refers to the category with
the largest (or smallest) parameter performance depending on the goal of the
experimenter. It is natural to think if these measures are the same among all categories
which is clearly unrealistic and it would make more sense to assume at the outset the
parameters are unequal and formulate the main problem as a ranking problem.
Historically then, the problems of statistical inference were formulated by the
classical and conventional approaches as these of estimation or testing of hypotheses. The
classical approach to such a problem is to test the homogeneity (null) hypothesis:
Hy: 0, = 6, = ... = 64, where 8, ..., 9, are the values of the parameters for these k
populations. In the case of normal populations with means @, , ... , 8, and a common

variance a2 , the test can be carried out using the F-ratio of the analysis of variance.



It should be recognized that a satisfactory solution to any statistical inference
problem depends on the goal of the experiment. In many problems of practical interest,
the classical approach of homogeneity is inadequate and unrealistic in the sense that it is
not formulated to give satisfactory answers to the main question of how to identify the
best population/category. As R. E. Bechhofer states, in his first pioneering paper relating
to ranking and selection, as follows: “Thus in an agricultural problem the hypothesis that
several essentially different varieties of grain have the same (population) mean yield is an
unrealistic one since it is obvious that if the varieties actually are different, the
(population) mean yields also be different, and a sufficiently large sample will establish
this fact at any preassigned level of significance. Moreover, should a significant result be
obtained, the experimenter's problem usually has just begun. For having established that
the varieties are different he may now desire to select the one which is ‘best’. Here the
best variety might be defined as the one having the largest (population) mean yield.
Whenever the experimenter ultimately is faced by the prospect of having to choose a best
variety, it seems reasonable that the experimenter should have been designed with this
outcome in mind.”

In fact, the method of the least significant differences based on t-tests has been
used in the past to detect differences between the average yields of different varieties and
thereby choose the ‘best’ variety. However, this method is indirect, less efficient, and
does not easily provide an overall probability of a correct selection. In recent years, some
work has been done toward developing techniques which try to incorporate in the original
statistical formulations of the problem the plans of the experimenter for further analysis
after the hypothesis of homogeneity is tested. In cases where the experimenter tests for
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homogeneity and regardless of the outcome ranks the populations on the basis of further
analysis of the same data, it would clearly be more realistic to assume at the outset the
parameters are unequal and formulate the main problem as a ranking problem. In fact, the
multiple comparison techniques developed largely by Tukey (1949) and Scheffe”(1953)
arose from the desire to draw inferences about the populations when the homogeneity
hypothesis is rejected. Although the deficiencies of the classical approach of tests of
homogeneity are evident, it should be borne in mind that these drawbacks are not in the
design aspects of the procedure, but rather in the types of decisions that are based on the
data. The continued use of the classical tests in instances where the formulation was
inadequate for the problem was largely due to the lack of procedures under more realistic
formulations. The origin of selection and ranking procedures lies in seeking formulations
based on goals that are more realistic.
1.2 Thesis Outline

The focus of this research is on a nonparametric method for selecting subsets of
populations, making fewer assumptions about the underlying data. This flexibility can be
advantageous when the data does not fit standard distributions. The goal is to identify a
subset of populations (or groups) from a larger set. This selection is aimed at identifying
the “best” population according to a defined criterion, which could involve metrics like
highest mean, lowest variance, or some other criterion relevant to the research context.
The approach will incorporate a probabilistic element, allowing users to specify the
desired likelihood of selecting the correct population. This means that the method not
only aims for accuracy but also quantifies the certainty associated with the selection
ensuring that users can control the reliability of the selections made.
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In Chapter two, a description and comparison of the main two approaches used in
the formulation of multiple decision methods in the framework of ranking and selection
procedures and how different objectives may lead to various methodological approaches
and algorithms that can be employed to tackle different ranking and selection problems.

In Chapter three, a short review and abstract of the scoring tests to be applied to
the scoring rules used later on and how they set methods that combine theoretical
statistics with practical ranking techniques to provide a robust framework for selection
problems, emphasizing the importance of distributional characteristics in scoring and
ranking processes.

In Chapter four, an overview and an assessment of the main problem regarding
the non-parametric subset selection procedures/rules and the main characteristics to
consider in application of these rules.

In Chapter five, the development of the scoring rules used in this research, based
on the problem specification, is applied and the rules are established depending on the
goal of the experimenter and whether the rules are used to find the best/worst
populations. The choice of the scoring rule to be preferred is discussed with an
application for two different datasets.

In Chapter six, it is shown how specifying such procedures requires determination
of the parameter configuration that minimizes the probability of a correct selection and
subsequent calculation of the constant required to implement the procedure so that the
probabilistic inference is valid over the entire parameter space to get an idea on the
performance of the selection procedure under two different configurations of the

populations’ parameters.



Finally, Chapter seven concludes with a summary of the contribution to the
statistical science regarding R&S procedures discussed and covers potential ideas for
improvement and future analysis.

With the outline established, the next step is to delve deeper into the context and
significance of this research. The introduction provided a comprehensive overview of the
history behind the study, leading to a clearer understanding of the research motivation
and objectives answering some questions that may have been asked in the current
literature. It will articulate the relevance of this research within the broader field and its
potential implications for practice, ultimately guiding the reader through the rationale and

significance of the work undertaken.



CHAPTER TWO

DESCRIPTION OF THE TWO APPROACHES:
INDIFFERENT ZONE AND SUBSET SELECTION

2.1 Preliminary

Decision makers often face the problem of selecting the best from a finite set of
alternatives, where the best refers to the alternative with the largest (or smallest) mean
performance. For example, an inventory manager might choose an inventory policy to
reduce the overall average cost, while a financial investor may seek an investment
strategy that maximizes the average return. In practice, the mean performance of these
alternatives are not explicitly available and can only be evaluated by running simulation
experiments and often a decision procedure is required to find appropriate sample sizes
for all alternatives and to select an appropriate alternative. There is a huge volume of
literature on designing such procedures, among these procedures, there are frequentist
and Bayesian approaches.

Frequentist procedures, e.g. Rinott (1978), Kim and Nelson (2001), which
approve simulation observations to the various alternatives so as to attain a pre-specified
probability of correct selection (PCS) for even the least favorable configuration of the
means, are usually conservative, i.e., requiring more samples than necessary for an
average case. Bayesian procedures (e.g., Chick and Inoue 2001, Chick and Frazier 2012)
typically allocate a finite computing budget to different alternatives to either maximize
the posterior (Bayesian) PCS or minimize the opportunity cost. They usually require

fewer observations compared with the frequentist procedures but generally cannot



guarantee a fixed (frequentist) PCS. In this paper, we take the frequentist viewpoint, and
our goal is to design procedures that deliver a user-specified PCS.

It is crucial to align the selection with the true objective at hand when trying to
select the best population/ category to ensure a more nuanced and contextually relevant
decision-making process. Moreover, it is essential to acknowledge that objectives may
vary depending on the specific needs and priorities of the situation at hand. Various types
of ranking and selection problems arise from the explicit representations of different
objectives. These can be described as:

e Selection of the population based on the largest/ smallest performance measure
which is a very natural objective. One formulation of this type is the indifferent
zone formulation that will be discussing an upcoming paragraph.

e Comparison with a designated standard population, and only choose another
population if it outperforms the standard significantly.

e Selection of the population is most likely to be the best in the form of likely
performing the best in one single trial.

e Selection of the population with the largest probability of success. Success here is
a binary outcome which means if a population performs above a certain threshold,

then it outputs 1, otherwise it outputs O if it fails.

If the populations under consideration are very complex, they may be computationally
expensive to draw from, we may have a fixed “budget” of computational effort available

to expend on the ranking and selection. In this case, the objective becomes a decision on



how to allocate this effort to achieve the highest probability of a correct selection based
on some kind of prior information about each population.

Different objectives are often appropriate in different situations. We will discuss
two different formulations for choosing the best population.
2.2 Description and comparison:

The formulation of a k-sample problem as a multiple-decision problem enables the
experimenter to answer his natural questions regarding the best category. The formulation
of multiple decision procedures in the framework of selection and ranking procedures has
been generally accomplished either using the indifference zone approach or the (random-
sized) subset selection approach. Briefly, an indifference zone in the parameter space is
preassigned, the common number of observations needed is tabulated and the final
decision is the selection of single population which is asserted to be the best population.

The former approach was introduced by Bechhofer (1954). Mainly, he worked on
the problem of selecting only one population and guaranteeing with probability P* that
the selected population is the best provided some other condition on the parameters is
satisfied. He considered that for the means of k normal populations with a common and
known variance. In the formulation of this problem, he is interested in guaranteeing the
probability, of selecting the best one, to be a specified number P* whenever the
standardized difference & between the largest (best) mean and the second largest mean is
at least equal to a specified value §*. He also solved the problem of explicitly
determining the common sample size n to guarantee the probability P* under the
indifference zone 6 = &*. This "indifference” zone approach thus requires that the

experimenter specify two quantities, P*and 6, where the decision rule is to choose the

10



population with the largest observed sample mean. Along with other investigators, such
as Sobel and Dunnett (1954), he solved basically similar problems, with obvious
modifications in the definition of indifference zone, where they discussed a two-sample
multiple decision procedure for ranking means of normal populations with a common but
unknown variance.

A second and different formulation is used primarily in decision-making
processes where multiple alternatives or treatments are compared and evaluated based on
some performance criteria offering a structured framework for choosing the best
alternatives based on statistical analysis. This might involve hypothesis testing to
determine if the differences between alternatives are statistically significant. It requires
that the probability of selecting the best population in the subset (hopefully small) be
guaranteed to be a specified number P regardless of the possible configurations of the
parameters. Thus, there is no "indifference zone" and no "least favorable™ configuration
specified by the analyst. However, the size of the selected subset is a random variable. In
the formulation of random-sized subset selection, the number of observations is given,
constants needed for carrying out the procedure are tabulated, and the final decision is the
selection of a subset of populations that is asserted to contain the best population.

Notice that in the indifference zone approach, an appropriate distance metric
(such as the mean) is defined to measure the difference between the population we want
to identify (typically the best) and the remaining populations. That provides a systematic
way to evaluate and compare different populations. By focusing on measurable
differences, it helps identify which populations are significantly different from the best
and which can be considered similar enough to be treated as equivalent in decision-

11



making contexts. Distributional results in this case are derived under a least favorable
parametric configuration and do not result in distribution-free procedures. While in the
subset selection formulation, the least favorable configurations are obtained when
populations are identically distributed, and the procedures can be distribution-free.
Both subset selection and the concept of an indifferent zone are crucial for
effective decision-making under uncertainty. Combining subset selection and the
indifferent zone approach fosters a comprehensive strategy for decision-making under
uncertainty. In statistical analysis, both approaches are essential for increasing model
effectiveness and interpretability as they provide frameworks for navigating complex
choices and ensuring that selections are not just statistically valid but also meaningful in
practical terms. These frameworks reduce the cognitive burden of decision-making by
clarifying which variables or choices truly matter, ultimately leading to more informed

and confident decisions.
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CHAPTER THREE

REVIEW OF SCORING TESTS

3.1 Overview and abstract:

The order of a series of random variables does not typically get paid particular
attention to. However, it would be interesting to discover if we would do it. Suppose, for
example, we needed to know the probability that the fourth largest value was less than
65. Or, we needed to know the 80th percentile for random cardiac rate data. Either way,
we need to know more about how the order of information functions and behaves
therefore we could use that knowledge to draw a proper conclusion about something we
are experimenting on. That's to say, we need to know something about the order statistics
defined by sorting the values in increasing order and the kth order statistic of a statistical
sample is equal to its kth-smallest value. Important special cases of the order statistics are
the minimum and maximum value of a sample, and the sample mean or other sample
quantiles as the sample median.

In the other hand, assigning ranks to data points in a dataset where each data point
is replaced by its rank that indicates its position relative to other points in the dataset
when arranged in order whether data is sorted in ascending or descending order, is known
as the rank statistics that focus on the rankings of data rather than the raw data values
themselves.

Order statistics, together with rank statistics, are among the most fundamental
components in non-parametric statistics and inference. They provide powerful tools for
estimating parameters, conducting hypothesis tests, and making inferences without the
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stringent assumptions of traditional parametric methods. They do not rely on assumptions
about the underlying distribution of the data, making them particularly useful in many
real-world scenarios where data may not meet parametric assumptions.

Under the subset selection formulation, the main problem is to select a subset of k
given populations that contains the ‘best’ population with a pre-assigned probability. The
random variables associated with a fixed population are assumed to be independent and
identically distributed with a continuous distribution function depending on a scalar
parameter 6 (usually, a location parameter belongs to some interval on the real line). This
parameter is expected to stochastically determine the order of the k distribution functions,
and the best population should be a stochastically largest (or smallest) population. The
parameter & maybe, for example, the mean, the variance, some quantile, or some function
of these quantities. In case several populations possess the largest (or smallest) parameter
value, one of them is tagged at random and called the best.

In the past few years, many papers have appeared on both formulations of the
selection problem. As expected, most of this research has been devoted to rules that
assume a specific distributional form of the underlying observations, uniform, normal,
binomial, multinomial, etc. However, Nonparametric Statistical analysis that makes
minimal assumptions about the underlying distribution of the data being studied is also
wildly used. These distribution-free methods are useful for analyzing data that might not
satisfy the distributional assumptions of parametric methods. In cases where the research
hypothesis entails comparing subjects under different conditions or time points or
comparing two subject samples on an outcome variable, nonparametric rank score tests

can be invoked.
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3.2 Scoring Tests: Rank sums, Normal Scores

About fifty years ago, McDonald (1972,1973) developed a class of nonparametric
subset selection rules for block (two-way) experimental data design. These statistical
methods are used where experimental units are grouped into homogeneous blocks based
on a known nuisance variable, and then treatments are randomly assigned within each
block, allowing for the analysis of both treatment effects and block effects
simultaneously, effectively controlling for the variability introduced by the blocking
factor. In a block design, there are essentially two factors being considered: the treatment
factor (the variable being tested) and the blocking factor (the variable that creates the
blocks). Blocking allows us to further reduce experimental error by grouping similar
experimental units into blocks, thereby isolating the effect of the treatment from the
influence of the blocking factor. It is particularly useful when there is a known nuisance
variable that could significantly influence the outcome.

The selection procedures developed by McDonald (1972,1973) were based on scores or
scoring rules, i.e., functions of the rank values of the data. The scoring rules discussed in
this research are based on the expected values of order statistics of the uniform
distribution (yielding rank values) and of normal distribution (yielding normal score
values).

Among nonparametric tests, the Wilcoxon rank sum test is widely utilized and
applicable to various research inquiries. It compares the ranks of two independent
samples to assess whether their distributions differ by computing the sum of ranks for
each group and evaluates the differences. When the data is not normally distributed or
involves ordinal variables, the rank sum test, due to its non-parametric nature, can be

15



utilized to evaluate whether there is a significant difference between two independent
groups. It works where all data points from both groups are ranked together, with the
smallest values assigned to the lowest rank and the largest values assigned to the highest
rank. After ranking, the test assesses the cumulative sum of ranks in each group.
Assuming that both groups come from identical populations, the rank sums should be
roughly the same. When one group consistently outperforms or underperforms the other,
it suggests a substantial disparity between the groups.

The other scoring test that fits into our theoretical framework and is of interest for
the application of this paper is the normal score test. The term normal score is used with
two different meanings in statistics. One of them relates to creating a single value which
can be treated as if it had arisen from a standard normal distribution (zero mean, unit
variance). The second one relates to assigning alternative values to data points within a
dataset, with the broad intention of creating data values that can be interpreted as being
approximations for values that might have been observed had the data arisen from a
standard normal distribution. It is associated with data values derived from the ranks of
the observations within the dataset. A given data point is assigned a value that is either
exactly, or an approximation, to the expectation of the order statistic of the same rank in a
sample of standard normal random variables of the same size as the observed data set.

Scoring tests that utilize rank sums and normal scores are powerful tools in
statistical analysis, particularly when the assumptions of parametric tests are not fulfilled.
Together, they enhance the ability to make informed decisions based on statistical
evidence in various research contexts as researchers may compare rank sums with normal
scores to evaluate whether the transformations provide similar conclusions about group
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differences. The ability to leverage both rank sums and normal scores enhances
researchers’ capacity to make informed decisions based on statistical evidence across
various research contexts, including medical studies, social sciences, and market
research. These methods are adaptable, making them suitable for diverse data types and
research questions. Researchers can select the most appropriate method based on the
characteristics of their data and the specific objectives of their analysis.

Constructing non-parametric subset selection rules based on scoring tests, such as
rank sums and normal scores, involves developing criteria to identify the best-performing
groups or treatments without relying on strict distributional assumptions. The formulation
of non-parametric subset selection rules based on these scoring tests along with a

comparison and applications using real data will be discussed next.
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CHAPTER FOUR

NON-PARAMETRIC (DISTRIBUTION-FREE) SUBSET SELECTION RULES

4.1 Overview and assessment:

Non-parametric (distribution-free) subset selection rules are methods used to
identify the best subset of options without assuming a specific form of probability
distribution for the data making them robust to violations of these assumptions and
thereby enhancing the reliability of their conclusions as they often involve ranking the
options based on the performance metrics observed, such as means (or medians), without
assuming specific distributional properties. These rules are especially handy when
working with data that does not come from a standard statistical distribution. Besides the
advantage and more flexibility of using simpler models, since they don't rely on specific
distributional assumptions, nonparametric methods often involve less computational
work and therefore are easier to apply than other statistical methods and much of the
theory behind them may be developed rigorously.

Subset selection, i.e., finding a bunch of items from a collection to achieve
specific goals, has wide applications in information retrieval, statistics, and machine
learning. In an experiment involving several treatments, a natural statistical inference
format (and maybe better) is to select a subset of these treatments such that the optimal
treatment is included in the subset with a pre-specified confidence level. These
procedures assume no prior order information about the treatment effects. However, in
some applications partial order information about the treatment effects at increasing
treatment levels is readily available. Such subset selection procedures have been
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developed since Gupta (1956, 1965) (for a comprehensive review, see Bechhofer,
Santner, and Goldsman, 1995). In the subset-selection approach to ranking and selection,
a decision-maker seeks a subset of simulated systems that contains the best
options/populations with high probability where the number of the populations in the
selected subset is a random variable and later it will be specifically defined. Therefore, a
single population is not necessarily chosen; rather a subset of the given k populations is
selected which is guaranteed to contain the best population with probability at least P*,
the basic probability requirement in these procedures.

The problem of selecting the population with the largest (or smallest) parameter
for distributions that belong to a location or a scale parameter family is considered using
the subset selection as well as the indifference zone. The focus here is on ensuring that
the selection process reliably identifies this best population of interest based on the
preferred parameter. A correct selection (CS) is said to occur under the subset selection
approach if and only if the best population is included in the selected subset. Using the
indifference zone approach, the main goal is to select one of the k populations with the
guarantee that the probability of a correct selection (PSC) is at least P*. These approaches
offer a comprehensive strategy to making effective decisions in statistical inference.

To effectively implement our selection rules, we first need to determine the worst-
case scenario for the probability of making a correct selection, given any configuration of
parameters. By finding the infimum of this probability, we can understand the limitations
of our selection process and ensure that our rules are robust enough to perform well even

in less favorable conditions.
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4.2 Probability of a Correct Selection

Let y, ..., T, , k(= 2) be independent populations. For each of these populations,
the researchers are interested in a parameter of a specified characteristics. For example,
the my, ..., m, could be the 8 textbooks suggested for a math course and our interest could
be the average number of proven theories they include. So the number of populations is
given as 8 and the parameter of interest that will later help to rank and select the given
textbooks is the average number of proved theories. The associated random variables
Xij,i=1,..,k,j=1,..,n, are independent samples of size n from the k populations.
Assume the random variables X;; have a continuous cumulative distribution function
(CDF) F;(x,0;), where 6;’s belong to some interval ® on the real line. Suppose F;(x, 0)
is a stochastically increasing family of distributions in 0; i.e., if 61 < 02, then F; (x, 6;) and
F;(x,0,) are distinct and F; (x, 81) < F;(x, 8,) for all x. Examples of such families of

distributions are (1) any location parameter family, i.e., F;(x,8) = F;(x — 6); (2) any
scale parameter family, i.e., F;(x; 0) = F; (g),ﬂ > 0,x > 0; (3) any family of
distribution functions whose densities possess the monotone likelihood ratio property. If
the observations are taken in n blocks, which are well specified in advance of the data
analysis, the subscript j then indicates the particular block in which the observation x;;
occurs.

Let R;; denote the rank of the observation x;; among x; ;,xs;, ..., X;; i.e., if there
are exactly r of the observations x,,,;,m = 1, ..., k less than x;; then R;; = » + 1. These
ranks are well-defined with probability one, since the random variables are assumed to

have a continuous distribution and take integer values from 1 to k inclusive. Now let
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Z(1) = Z(2) =+ = Z(k) denote an ordered sample of size k from any continuous
distribution G, such that:

—oo < a(r) = E[Z()|G] < o,r = 1,...,k. With each of the random variables X;;
associate the number a(R;;) and define

n (4.2.1)
Hi = ZQ(RU),I = 1,...,k.

j=1

The quantity a(R;;) is called the score of X;;, and the quantities H; will define the

J
procedures for selecting a subset of the k populations. Letting 8; denote the i*" smallest
unknown parameter, it follows that
F(x;61)) = Fi(x;62)) = - = F;(x; 6py), Vx. (4.22)

The population whose associated random variables have the distribution F;(x; 8) is
called the “best” population (assuming that the parameter of interest is the smallest). In a
similar fashion, the “worst” population can be defined as that population characterized by
the probability distribution F; (x; 6[1]), where the assignment of “best” and “worst” is
problem specified noted in the applications under study with the smallest (or largest)
parameter performance depending on the goal of the experimenter.

A “Correct Selection” (CS) is said to occur if and only if the best population is
included in the selected subset, i.e. the population with the largest Ok of 8y, 85, ..., 0.

Formally, for a given selection rule R, such that:

R:select the ith populationiff x; = x5, —d ,d > 0. (4.2.3)
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where x; is the observed value of the ith random variable X; and x,,, ., is the largest value
of xy, x5, ..., xx. In the subset selection formulation, one wishes to select a subset such
that the probability is at least equal to a preassigned constant P* (k=1 < P* < 1) that
the selected subset includes the best population. So

P{CS |R} = P{ X = Xpnax — d} (4.2.4)
where X is the (unknown) variable that is associated with 6. It should be noted that
we do not know, in prior, the correct pairing of X; and the ranked 6;.

Now equation (4.2.4) can be written as:

(4.2.5)
P{CS |R} = P[Xs) — O = maX(X[l) — O X2) — Oy s Xaoy) — 9[?«]) —d]
= P[XU) — 6'[1-] + 6'[1-] — 9[;(] = X[k) — 9[;{] +d,j=12k—-1]
o k-1
= f HF(t +d+ Orx) — GU]) f(t)dt
~oo| 11
From that, we see:
(4.2.6)

Inf P{CS|R}= fm FFl(t + d)f(t)dt
n — 0

Hence, if we choose d to satisfy me F¥"1(t + d)f(t)dt = P*, then we have determined

the smallest d for which
InfyP(CS|R) = P* (4.2.7)

where Q = {0 = (04,...,0,) : 8;€©,i =1, ..., k}, that is referred to as the P* condition.
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The choice of P is specified by the analyst and represents the confidence level
that the resultant selected subset will contain the best population. For example, if
P* = 0.95, there is a 95% chance that the best population is included in the subset.
The relationship between P* and the size of the selected subset allows for flexibility and
strategic decision-making, enabling analysts to balance confidence with the number of
populations considered. Therefore, the number of populations in the selected subset is a
non-decreasing function of P*. This means that as the confidence level increases, the size
of the subset does not decrease; it either stays the same or increases.
Selection procedures can analogously be defined with P* requirements on the selected
subset to contain the worst/best population. That is, these procedures can be structured to
meet the P* requirement, ensuring that the chosen subset satisfies the specified
probability condition, and they may involve statistical tests, rank-based methods, or
confidence intervals to assess which populations to include.
4.3 Expected Size of the Selected Subset

As mentioned before, the size of the (nonempty) selected subset is not determined
in advance but the data themselves and the number of the populations in the selected
subset is a random variable as a non-decreasing function of P*, and from there we can
rewrite the P* condition in the form: Pr(S 2w, ) = P~, given that S denotes the
(random) selected subset and 7z, represents the best population. Also, as the value of P*
diminishes from 1, so that the requirement is less stringent, the expected size of the
subset will become smaller. Consequently, S may take any of the values 1,2, ..., k. When
S =1 the subset consists of only one element, which we designate as best. When S = k

the subset contains of all the populations which we know with certainty the best is
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contained within. Of course, by taking S = k we always satisfy the P*condition, but the
goal is to find the subset of the smallest (expected) size satisfying that requirement. Since
the size of S is a random variable, we should consider its mean value or expectation E(S)
and we would like this mean to be small depending not only on P* (as stated before), k,
and the common sample size n, but also on the true configuration of 8,, 65, ..., 0.
Therefore, for fixed values of P, k, and n, the expectation E(S|8,, 05, ..., 8,) is regarded
as a criterion for measuring the efficiency of any selection procedure that satisfies the P*
condition. Thus, if we have two competitive procedures that satisfy the same P*
condition, we will use the one that yields a smaller expected subset size for any particular
configuration of concern to the investigator since choosing the one that yields a smaller
expected subset size enhances efficiency. This can lead to simpler interpretations,
reduced costs in practical applications, and less complexity in subsequent analyses. In
addition, in many real-world scenarios, having fewer options in the selected subset can
facilitate decision-making, resource allocation, and implementation of findings. For
instance, in clinical trials, selecting a smaller number of effective treatments based on a
procedure with a smaller expected subset size can simplify patient management and
treatment protocols.

Moreover, while P* corresponds to the confidence coefficient, the size of S
(whether it is fixed or random variable), denoted by |S|, corresponds to the ‘length’ of the
confidence interval. Thus, any subset selection rule for ‘constructing’ S meets the
criterion of validity by satisfying the P*- condition mentioned above (whatever the
configuration of the unknown parameters with no preference zone) and |S| serves as a

measure of the sensitivity or performance of the rule.
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Now we derive an expression for E(S), the expected size of the selected subset.

Therefore,

E(S) = P[Selecting the population with parameter 0[;]

i=1

k (4.3.1)

k
P[X[l) = Xmax - d]

1

k k
B f L[] P+ d+ o - o) Foa
-1 "=

i j=1,j%i
In using the rule R, the ranks of the selected populations are random variables,
and one may want to evaluate the expected sum of ranks of the selected populations. Let

the population with parameter 6; be assigned rank i where i = 1,2, ..., k. Then the

expected sum of ranks is

E(Sum of ranks of k w K (4.3.2)
= { J. [ 1_[ F(t +d+ 6[1-] — QU])] f(t)dt
selected populations) o1 % ji1jwi

As the expected size of the selected subset is preferred to be as small as possible, one
may wonder what the maximum value of E(S) could be. It will be shown that the
maximum value of E(S) takes place when all the parameters 8; are equal. If we set the m
smallest parameters 8;(1 = m = k) equal to a common value, say &, and define

8; = O — 0 and &;; = O — Oy thenwriting @ = E(S | 0y = 01 = -+ = O = 0),

we obtain
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. K (4.33)
0= Z fmFm(x Ld+8)] H F(x+d + 6;)] f()dx

. k
+mf F™1(x + d)[ H Fx+d —8)] f(x)dx.

j=m+1

The right-hand side of the equation (4.3.3) is a non-decreasing function of @ for values
% < P* = 1. Note that for values of P* < % , there always exists a no-data decision rule.
This proves that it is maximum where 6 = 8,,,, 17 and since this holds for any integer

m < k, the desired result will follow. To show that Q@ is monotone we differentiate it with

respect to 8 and show that the result is positive fori =P’ = land 6 < Op,4q). That

results in
o K - (4.3.4)
=™ Z [f F" lx+d+68)f(x+d+6;)
i=m+1 =@
k o0
H Fx+d+68;)| fG0) dx— f F™=1(x + d)
| j=m+1,ji -
k
H Fx+d—68)| flx+d — 8)f(x)dx].
| j=m+1,j=i
For% < P" < 1,itisclear that d > 0.
If x = x + 6; in the second integral and drop primes, then (4.3.4) becomes
d0 k i K (4.3.5)
@:—TH Z J. Fm_l(x+d+5i) Z F(x+d-|—5U .
i=m+1" "~ ® j=m+1,j¥i

{fx+d+6)f(x) —flx +d)f(x+ 6;)}dx
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It suffices that for each x, the expression in braces above is negative. Clearly this is so if
we assume that the density f(x — &) has a monotone likelihood ratio in x provided that
d>0and é; > 0fori=m+1,m+ 2, ..., k. Hence,

Max E(S) = k fm F*1 (x + d)f (x)dx = kP" (4.3.6)

9}

Thus, subject to the basic probability requirement, inf, P(CS|R) = P*, the procedure
satisfies the condition that the expected size of the selected subset is = kP* for all points
in Q.

It is worth mentioning that for some problems we may wish to have a subset of
fixed size so that the number of populations in the subset is known ahead, rather than a
varying number as in some instances the size of the subset is large or small. This is
primarily a question of what the experimenter wants. If he wants a subset of fixed size,
there is no point in trying to convince him of the desirability of obtaining any slight
increase in efficiency by using a procedure with a random subset size and we would
rather give him the best-fixed subset size procedure available. In addition to that, when it
comes to studying single-sample procedures which provide more flexibility to the
experimenter than does either the fixed subset size rule or the subset selection procedure
by allowing to specify an upper bound — say m - on the number of populations included
in the selected subset. Such procedures will be called restricted subset selection
procedures highlighting their focus on managing how many populations are chosen
based on the data. If the data clearly shows that one population is superior this rule
shares the advantage of the subset selection procedure over the fixed size subset rule in

permitting fewer than m populations to be selected. In contrast, if the data do not make
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the choice of best populations as obvious, the latter rule selects a larger subset but
guarantees that no more than m populations are selected.

Besides the problem of selecting the subset containing (with the smallest size) the
best of the given k populations, another problem that has been investigated from the early
period is that of comparing k experimental populations with a control population or a
fixed standard say, 8,. The goal is to select a subset that contains all populations better
than the standard or the control. Although we say ‘better than’, we are actually interested
in selecting populations as good as or better than the control. A correct selection with
this goal is defined as including all populations with & values that are as large or larger
than 8, or equivalently, as eliminating only populations with 8 values smaller than &,.
This goal is more flexible than the goal of selecting the one best population in that the
investigator chooses a subset of populations but does not specify any ordering with the
subset. In this case, an empty subset indicates that the control is best and none of the
contenders is better than it. Moreover, Traditional procedures, developed since Gupta
(1956, 1965), assume no specific order of treatment effects. However, in some
applications partial order information about the treatment effects at increasing treatment
levels is readily available. For example, the treatment effect usually increases with the
increase of dosage up to a certain unknown optimal level, then makes a downturn due to
overwhelming side effects. This type of up-then-down response pattern is called an
umbrella ordering. These procedures aim to ensure that the optimal treatment level is
included in a selected subset with a specified confidence level. They help with addressing

concerns about comparing two populations (e.g., males and females) that exhibit similar
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ordering patterns. This type of additional order information is utilized explicitly in Pan,
G. (1996).

Beyond just selecting a minimal subset, it's essential to consider how these
selections are made, the robustness of the criteria used, and how to handle the inherent
complexities of the problem. This way, you can ensure that your selection is both
effective and efficient. The number of possible subsets grows exponentially with the size
of the set. This makes it computationally challenging to evaluate all options. So the
analyst needs to ensure that the selection process remains effective even under
uncertainty or variations in the underlying data where the selected subset should ideally
have a high probability of being the best or most appropriate choice according to some
criteria. Ensuring the effectiveness of the selection process amidst uncertainty requires
careful consideration of the methods employed and a focus on achieving high
probabilities of success based on sound statistical criteria. This approach not only
enhances decision-making but also increases the reliability of the outcomes derived from

the analysis.
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CHAPTER FIVE

FORMULATION OF THE SUBSET SELECTION RULES

5.1 Early developments (1950- 1965)

Early investigations of subset selection rules predictably centered around well-
known parametric families of distributions, namely, normal, binomial, and gamma. Gupta
(1956) considered a procedure for selecting the population with the largest mean from k
normal populations with means p, ,, ..., i, and a common variance o2. He considered
the case of known as well as unknown o2. Based on samples of size n from these

populations, his rule in the case of known o2 is:

v - do 5.1.1
Ry:Selectm; iff X; = max X; — —, ( )
1=j<k Vn

where X; is the mean of the sample from the population 7;,i = 1,2, ...,n,and d > 0 is
the smallest constant such that the P*- condition is met.
When o2 is unknown, the rule R, of Gupta (1956) is the same as R; except that o is
replaced with s, given that s2 is the usual pooled unbiased estimator of a2 and the
constant d will have a different value here.

For selecting the population with the largest scale parameter from k gamma
populations with (unknown) scale parameters 6, 85, ..., 8;, and a common known shape
parameter v, Gupta (1963) proposed the rule:

Ry:selectm; iff X; = ¢ max X;, (5.1.2)
1=j<k
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where X; is the mean of the sample from the population m;,i = 1,2, ...,n, and c € (0,1) is
to be determined to satisfy the P*- condition.

The rules such as R,, R,, and R4 are all referred to as Gupta's maximum-type
rules. Of course, these have their counterparts for the problem of selecting the population
with the smallest parameter of interest. These maximum-type rules have been
investigated extensively in literature; their optimal properties have also been studied.

As opposed to the maximum type rules, average type rules were proposed by Seal
(1955, 1957, 1958a). In the case of selecting the normal population with the largest mean

when the common variance o2 is unknown, the average-type rule is:

= (5.1.3)
R,:select m; iff X; = Z c X[[:]) t,
r=1
where X (‘]) = X[(]) < [Ei)_l] denote the ordered sample means after deleting

X;(i=1,..,k), s?is the usual pooled unbiased estimator or a2, ¢y, ..., c;_, are
nonnegative constants subject to the constraint Y5 c; = 1,and t = t(k, P, cy, ..., Cre—1)
IS chosen to again satisfy the P*-condition. However, the maximum type rules are found
to be approximately Bayes optimal under reasonable loss functions. The additional
simplicity in determining the constants associated with these rules makes them more
appealing and useful.

The initial investigations of the rules for normal means, normal variances and
gamma scale parameters were concerned with derivations of the properties of the rules
such as monotonicity, and of results relating to the supremum of the expected size of the
selected subset for these specific distributions. The first paper in the direction of a unified

treatment was by Gupta (1965) who treated selection in terms of location and scale
31



parameters. It was assumed that the selection statistics used in the rule have distributions
differing in a location or a scale parameter.
Let T; be the statistic associated with the sample from m;, i = 1,..., k defined as

T; = Xj_1 R;;, and R;; denote the rank of the observations x;;'s, then the distributions of

ij
the Ty’sare F(x — 6;),i =1, ...,k,or F (ﬁ),where the 6s are the parameters to be

ranked. The rules investigated by Gupta (1956) are R5 (location case) and R, (scale case)

are given as:
Rs:selectm; iff T; = max T — d (5.1.4)
1<j<k
and
Rg:select m; if fT; =c max Tj (5.1.5)
1<j=k

where d > 0 and c € (0,1) are to be determined to satisfy the P*-condition.
The statistic T; here represents the rank sums where the structure for determining the rank

sums is outlined in Table 5.1 below:

Table 5.1: The Structure for Determining Rank Sums

BIOCkl Xll =z Rll le Q“JRQJ_ X31 QduRgl Xkl = Rkl k(k‘l‘l)/z
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Table 5.1 — Continued

Block/ mny T, Tig M, SUM
Blockn  X;, Ry, X5, = Ry, X3, =~ R3, Xin Ry k(k+1)/2
RK SUM T T, T3 T, nk(k+1)/2

Gupta (1965) showed that the infimum of the PCS is attained in either case when
the parameters are equal and this infimum is independent of their common value. He also
established some important properties that are enjoyed by both procedures. These are:

1- The procedures are monotone, i.e., for 6; > 6;, the probability of including 7; in the
selected subset is at least as large as that of including ;.

2- The probability of selecting the best population in the selected subset of size |S]
(not known in advance) is maximum among all possible subsets of size |S]|.

3- If the density f(x, 8) possesses a monotone likelihood ratio in x, then the E(|S]) is
maximized over all parametric configurations when the 6;’s are equal and this

maximum is kP *.

For selecting the binomial population with the largest success probability, Gupta
and Sobel (1960) proposed a location-type rule. Let X; be the number of successes in n
trials associated with ; ,i = [,..., k. Their rule is:

Ry:selectm; if f X; = max X; —d, (5.1.6)
1<j<k

where d is the smallest nonnegative integer for which is P* — condition is met.
An interesting aspect of this procedure R is that the infimum of the PCS occurs

when all the parameters are equal but it is not independent of their common value, say, p.
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For k = 2, Gupta and Sobel (1960) showed that the infimum of PCS over p occurs

when p = % .When k > 2, the common value p for which this infimum takes place is

e . 1
not known. However, it is known that this common value p — Jasn — oo The

investigations of these early periods were mainly under the assumption that the sample
sizes were equal and that the nuisance parameters (such as a2 for the normal means
problem) are equal.
5.2 Establishment of the Selection Rules

In the analysis of state motor vehicle traffic fatality rates (MVTFRS) as given in
McDonald (2016), to identify subsets of states that contain the ‘best’ (lowest MVTFR)
and ‘worst’ (highest MVTFR) states with a prescribed probability, four subset selection

rules are considered.

The two selection rules for choosing a subset containing the worst population are

given by:
Ry: Selectm; if f H; = max H; — by (5.2.1)
1=j<k
R,:Select m; if f H; = b, (5.2.2)

While the two selection rules for choosing a subset containing the best population

are given by:
R3:Select m; if f H; = min H; + bs (5.2.3)
1=j<k
Ry:Select m; iff H; < by (5.2.4)

where H; = ¥}, a(R;;),i = 1, ..., k. The quantity a(R;;) is called the score of X;;.
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In cases considered here, the constants b;’s are calculated assuming the population
parameters are equal and, thus, the distribution of the H statistics are distribution-free. If
k = 2, the two selection rules R;and R, are equivalent, as are R;and R,, since

H; + H, is a constant. In the next section, the calculation of selection rule constants
(based on the above rules) for two distributional choices will be derived.

5.3 Calculation of Selection Rule Constants

5.3.1 Calculation of selection rule constants, G = Uniform Distribution (0, 1)

With the choice of G to be the uniform distribution on the interval (0, 1), the
expected value of the order statistics a(r) = E[Z(r)] = r / (n+ 1) . The selection
procedures can then be stated in terms of ranks and rank sums. Thus, the two selection

rules for choosing a subset containing the worst population are given by:

Ry:Selectm; if fT; = max T; — by (5.3.1)
1=j<k
Ry:Select m; if f T; > b, (5.3.2)

Similarly, the two selection rules for choosing a subset containing the best

population are given by:

Rs:Select m; if f T; = min T; + by (5.3.3)
1=j<k
Ry:Selectm; if f T; < b, (5.3.4)
where T; = X7_; Ri;, i = 1, ..., k, represent the rank sums as defined before.

Note that the rules R; and R, could be written in the form select ; iff T; = b,
where b is a stochastic quantity for the rule R, and a deterministic quantity for the rule

R,. A similar statement can be made for the rules R; and R;,.
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To choose the constants b;,i = 1, ...,4 so that the basic probability requirement is
satisfied, it is sufficient to determine the parameter configuration at which the infimum
(either over Q or an appropriately defined subspace) of the probability of a correct
selection is attained. Then this minimum value is set equal to P* and constants b;'s
determined. Since the selection rules R, and R, are based on the sum of ranks, the
probability of a correct selection assumes only a finite number of values for any given k
and n. Hence, when a P* value is specified in advance, the minimum probability may not
assume this value. The experimenter may then in fact be working with a slightly larger P*
condition than the nominal value. Selection rules R, and R, are representative members
of two classes of selection procedures investigated by McDonald (1972, 1973). These
rules were used by McDonald (1979) and by Lorenzen and McDonald (1984) in an
analysis of state traffic fatality rates over a period of nine years.

In some instances, the infimum of the probability of a correct selection may be
guaranteed to be less than P* only on a well-defined subspace Q" of Q. This will be
illustrated in a later analysis when Q'represents a slippage configuration, i.e.

Q' ={0€eQ: Oy == 01} Inorder to justify the nonparametric nature of these
rules, the constants b;’s,i = 1, ...,4 are calculated assuming the 6, s are all equal. As
developed by McDonald (1972, 1973, 1985), R, and R4 are justified over a slippage
space £, with the possible exception of &in case of rule R, or 6[4; in case of rule R3;
and R, and R, are applicable over the entire parameter space. That means that These
rules R, and R4 are valid or applicable within a specific subset of parameters called the
slippage space, Q'. This implies that in this context, the rules operate under certain

conditions or constraints. In contrast, rules R, and R, can be applied universally across
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all possible parameter values in the broader parameter space, Q. This indicates that these
rules are more general and not limited by the same conditions as R; and Rs.

The non-negative constants b,, b5, and b, are chosen as small as possible and b,
is chosen as large as possible preserving the probability P*- condition. The asymptotic

value of b; to meet the P*- condition is the solution to:

* 535
f [B(x + cb)]* ! p(x)dx = P* (635)
where @(x)and ¢(x) are the CDF and density, respectively, of a standard normal
random variable, and
o o 12 1 5.3.6
c=cnk)= [nk(kﬂ)] /2 ( )
The value of b; = b;. The values of b, and b, are given by:
k? —1 k+1 5.3.7
b, — =D ey D (53.7)
12 2
b4 — Tl(k + 1) — bz (538)

where @~1(-) is the inverse standard normal CDF. The selection rules defined above are
based on rank sums. These arise from the expected values of the order statistics from a

standard uniform distribution. The question is: how does the choice of the distribution of
the order statistics affect the performance of the subset selection procedures by choosing

an alternate distribution for G?

5.3.2 Calculation of selection rule constants, G = Standard Normal Distribution

With the choice of G to be the normal distribution with mean 0 and standard

deviation 1, the expected value of the kth largest observation in a sample of size n from G
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is given by the equation:

n! (5.3.9)

EQm) = G orce =i

J::x E — @(;t)]k_l E + @(x)]n_kqg(x)dx

where ¢(x) = (2m) 2 e 2" and D(x) = foxcp(x)dx. The selection procedures can then

be stated in terms of normal scores and score sums. Thus, the two selection rules for

choosing a subset containing the worst population are given by:

Qy:Select my if f S; = max S; — d; (5.3.10)
1=j<k
Q,: Selectm; iff S; > d, (5.3.11)

Similarly, the two selection rules for choosing a subset containing the best

population are given by:

Qs: Selectm; if f S; = min §; + dj (5.3.12)
1=j=k
Qu: Selectm; iffS; < dy (5.3.13)
where S; = Y’ a(R;;),i =1, ..., k, represent the normal scores sums.

The calculation of the constants d;s,i = 1,...,4 follow the same lines of derivation as for
the respective constants used with the uniform distribution order statistics previously.
The asymptotic value of the value of d; to meet the P* requirement is the solution to:

J-oo [@(X + hdl)]k—l (p(x)dx _ p* (5314)

where @(x)and @(x) are the CDF and density, respectively, of a standard normal

random variable, and
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h= h(nk) = [%]1/2 (5.3.15)
and ssq = Y i[a(R;;)]*.
The value of d; = d;. The values of d, and d, are given by:
d, = 350, g-1(1 — poy (5.3.16)
dy = —d, (5.3.17)

5.4 State Motor Vehicle Traffic Fatality Rates

5.4.1 Data Description (MVTFERS)

The first data of interest in the upcoming analysis is the motor vehicle traffic
fatality rates (MVTFRSs) for each of the 51 states (including the District of Columbia) for
the years 1994 through 2012. By definition the motor vehicle traffic fatality rate is the
number of motor vehicle deaths per 100,000,000 (10®) vehicle miles of travel (VMT).
The motor vehicle fatalities are recorded for the state in which the accident occurs and
the number of vehicle miles are estimated by the individual states. The National Highway
Traffic Safety Administration (NHTSA) publishes the MVTFR for all U.S. states each
year in the Fatality Analysis Reporting System (FARS). This data can be obtained from
the government website: www-fars.nhtsa.dot.gov.

The data is used here to illustrate the impact that the two rank scores described earlier in
section 5.3 have on the selected subsets using the selection procedures

Ry, ...,R4,0Q4, ..., Q4. The data is given in Appendix A (to 2 dp) where the two letter
abbreviation for states is given as the variable “State” and the fatality rates for the
respective years are given “y1994”,..., “y2012” in the order of states specified in “State”.
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Thus k = 51 populations (states) and n = 19 blocks (years) comprise the data set. The
nonparametric subset selection based on ranks can be easily described by assigning a
rank “1” to the state with the lowest MVTFR, “2” to the second lowest, and so on, until a
rank of “k” (k = 51 in our case here) is assigned to that which has the highest MVTFR
for each of n = 19.

The model (for the observation X;;) to be used is of the additive form

where, p is the overall mean, 6; is the state (population) effect, j; is the year (block)
effect, and ¢;; is the error term that may have any (but not necessarily normal) continuous
distribution function F;(x) of mean 0. The observations are taken in n blocks (time
periods). The j indicates the particular block to which the observation X;; corresponds
and i indicates the population, and F; (x, @) is a stochastically increasing family of
distributions in 6.

The above two-way model is used in earlier studies of MVTFRs by McDonald (1979), by
Lorenzen and McDonald (1984), and by Green, McDonald and Rao (2006). It is
discussed extensively by Neter, Kutner, Wasserman and Nachtsheim (1996), Kuehl
(2000), Winter (1971), Christensen (1998), and others.

Since there is only one observation for each state for each year, there is no general test for
additivity, i.e., lack of interaction between states and years. Tukey (1949) developed a
one degree-of-freedom test for non-additivity when there is a single observation per cell,
as given here. Thus, a transformation of the MVTFRs will allow reasonable use of the

additive model desired. Green, McDonald and Rao (2006) and Green and McDonald
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(2009) used this test to establish the plausibility of the model (5.4.1) for a power
transformation (raised to 0.3 power) of the MVTFRs.
That is, the two-way additive model for the transformed rates given as

is plausible as it indicates no significant evidence of interaction. For the purpose of the
nonparametric analysis to follow, the original MVVTFR data will be used because ranks
are invariant to monotone increasing transformation. That is, since the power
transformation is a monotone transformation, the ranks of the transformed data are
identical to the ranks of the original fatality rates to be used here. The cited references
provide a more detailed discussion of the data and the form of the assumed additive
model.

5.4.2 Data Application

The goal is now to choose a subset of the 51 states that can be asserted, with a
specified confidence, to contain the state with the highest MVTFR (worst population),
and similarly a state with the lowest MV TFR (best population) using nonparametric
ranking and selection procedures. The best population is defined to be that unknown state
which has the lowest rate and, similarly, the worst population is the one with the highest
rate. Based on these ranks, the selection procedure for choosing a subset of the 51 states
asserts that the best state (or worst state) is contained with a specified confidence level
P,

Similar to the structure as outlined in section 4.1 with the assumption being held, where

each random variable X;;,j = 1,...,nand i = 1, ..., k is assumed to be independent
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samples of size n from k populations with a continuous CDF F; (x; ) that is
stochastically increasing family distributions of 8, where 8;’s belong to interval ® on the
real line.

The selection procedures Ry, ..., R4, Qy, ..., Q4 in section 5.3 can now be applied to the
MVTFRs data after finding the rank sums (T; = }7_; R;;) and normal scores sums

(S; = Y71 a(R;;)) for each state.

Execution of the R-code in Appendix A yields the state rank sums and the state normal

score sums listed in Table 5.2 form McDonald and Alsaeed (2024)

Table 5.2: Rank Sums and Normal Score Sums for MVTFRs, k=51, n =19

Staten RK Sum @ State RK Sum @ State NS Sum State NS sum

MA 23 PA 288 MA  -41.30654 PA -0.28389
CT 88 1A 492 RI -28.60640 1A -0.13781
RI 93 GA 499 CT —28.16906 GA 0.25425
NJ 104 KS 605 NJ  —24.72987  KS 5.63425
MN 124 MO 606 MN  —24.61870 MO 5.64446
NH 135 X 612 NH —23.45682 TX 6.00957
WA 169 NC 614 WA -18.93026 NC 6.02964
NY 181 OK 649 NY —-17.93579 OK 8.26094
MD 221 AK 652 VT -17.14453 AK 8.68151
VT 226 FL 699 MD —-15.01171 FL 10.89390
VA 230 ID 714 VA  —14.56338 ID 11.77507
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Table 5.2 — Continued

Staten RK Sum @ State RK Sum @ State NS Sum State NS Sum

CA 258 NV 721 CA —12.79833 NV 12.90143

OH 261 TN 744 OH —12.38324 TN 13.44741
Ml 304 AL 760 DC -11.42801 AL 14.72405
IL 305 KY 769 Ml —10.20329 KY 15.43561
IN 313 WY 772 IL  -10.02509 NM 15.80883
WI 324 NM 773 IN —9.65541 wy 16.41764
DC 325 SD 786 Wi —8.87739 SD 17.81267

ME 330 AZ 823 ME  —8.52842 AZ 20.20069
uT 350 \WAY 824 ut  -7.78518 WV 20.55222
OR 397 AR 887 OR = —5.02838 AR 25.49252
HI 445 LA 899 HI —2.53294 LA 27.43415
ND 449 SC 910 ND  —2.33842 SC 28.77247
DE 453 MT 927 DE  —2.30543 MS 34.07669
NE 462 MS 930 NE  —1.60001 MT 34.48870

CO 469 CcO -0.36437

However, as the rules are defined, the constants by, ..., by and d, ..., d, need to
be obtained first. Since the values of k and n are large for this application,
(k = 51,n = 19), the selection rules are determined by the asymptotic formulas of the

constants. Recall that the values for b, and d; are based on determining the values of the
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products ¢ - b; and h - d; based on (5.3.5),(5.3.6) and (5.3.14),(5.3.15) for given values
of k,n, and P*.These two products are equal and share a common value call it

w,so, c¢-b; =w = h-d; and therefore the values of both b; and d; are calculated by
dividing the product by ¢ and h respectively. Notice that w can be easily obtained by
noting that the integral in (5.3.5) is an increasing function of it and by using the following
short R-code such as

w<3.5

func<-function(x){(pnorm(x+w))*50*dnorm(x)}

integrate(func,lower = -Inf,upper = Inf)

and successive integral halving to converge on w = 3.6666 for k = 51,n = 19 and

P* = 0.90.

The resultant constants for implementing the eight subset selection procedures

Ry, ...,R4, 04, ..., Q4 are given in the Table 5.3 (to 2 dp) given in McDonald and Alsaeed

(2024).

Table 5.3: Selection rules constants for the MVTFRs (k =51,n =19 and P* = 0.90)
R, R, R3 R, Q1 Q2 Qs Qs
bl = b2 = bg = b4 = dl = dz = d3 = d4 =

237.53 411.77  237.53 576.23 15.72 —5.44 15.72 5.44

The code uses the R function “rank” to order the state MVTFRSs for each of the

nineteen years. This function provides six methods for ranking. The one used here is the
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“random” option. If two states have the same fatality rate and are thus tied for, say, ranks
rl and r2, the allocation of those two ranks to the tied states would be done randomly,
i.e., each state would have the same probability of assignment of r1 and r2. Consequently,
for each of the years the 51 ranks are the whole numbers 1, 2, ..., 51. The “average”
option would assign to each of the tied states the average of rl1 and r2. With averaging,
not all of the states would have whole numbers assigned.

Using P* = 0.90, it can be asserted using rules (5.3.1) and (5.3.2) that the following
subset of states contain the one characterized as the worst population (state):

Ry: Selectm; if f T; = max T; — by = 930 — 237.53 = 692.47. That is, all states with
1=j<k

rank sums greater than or equal to 692.47 which are 16 states are chosen as worst states.
This means the 16 states chosen using R; can be asserted, with 90% confidence, to
contain the state with the highest MVTFR, if 50 of the states have the same MVTFR and
one (unknown) state has a rate at least as large as this common value, given that R; is
applicable over a slippage parameter space and indicated before.
Ry:Select m; if f T; > b, = 411.77. That is, all states with rank sums greater than
411.77 which are 30 states are chosen as worst states. Similarly, the same confidence
statement can be made here. The 30 states chosen using R, can be asserted, with 90%
confidence, to contain the state with the highest MVTFR, given that R, is not limited to
any constraints and can be applied over the whole parameter space.

Similarly, with P* = 0.90, it can be asserted using rules (5.3.3) and (5.3.4) that

the following subset of states contain the one characterized as the best population (state):
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Rs:Selectm; if f T; = min T; + by = 23 4+ 237.53 = 260.53. That is, all states with
1=j<k

rank sums less than or equal to 260.53 which are 12 states are chosen as best states. This
means the 12 states chosen using R5 can be asserted, with 90% confidence, to contain
the state with the lowest MVTFR, if 50 of the states have the same MVTFR and one
(unknown) state has a rate at least as large as this common value, given that R is
applicable over a slippage parameter space and indicated before.

Ry:Select m; if f T; < b, = 576.23. That is, all states with rank sums less than 576.23
which are 29 states are chosen as best states. Similarly, the same confidence statement
can be made here. The 29 states chosen using R, can be asserted, with 90% confidence,
to contain the state with the lowest MVTFR, given that R, is not limited to any
constraints and can be applied over the whole parameter space.

Following the same methodology for the NORMAL SCORS SUMS selection
rules, Table 5.4, given in McDonald and Alsaeed (2024) provides the number of selected
states in the subsets chosen by the four rules using rank sums and the four rules using
normal scores sums.

Table 5.4: Number of states chosen be selection rules with
(k =51,n =19 and P* = 0.90)
Rl RZ RS R4 Ql QZ QS Q4

16 30 12 29 7 31 3 29

Clearly, the number of populations chosen using the rank sums vs. the normal

scores sums makes a substantial difference. The subset size using Q, is slightly less than
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half of that using R, (7 vs.16). The subset size using Qs is a quarter of that using R (3
vs. 12). However, the subset sizes produced from @, and R, (Q, and R,) are within one
of each other (are equal), respectively.

The correlation between rank values and normal scores is very high (0.983),
indicating a strong linear relationship between them. This suggests that as one variable
increases, the other does as well implying that normal scores can be a good
approximation of rank scores as they can be well explained by the normal scores and that
the underlying distribution of the data is not too far from normality, or the transformation
done maintains the relative ordering of the ranks effectively. The R-code of Appendix B
produces the following figure that illustrates this relationship with a comparison of how
the two scoring rules are similar/ different for k = 51.

Figure 5.1: Comparison of Normal Scores and Ranks for k = 51

Normal Scores vs. Diff in Expected Values of
Rank Values, k = 51 Normal Order Stats, k = 51
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Comparison of normal scores and ranks for A= 51.
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The left plot displays the normal scores (which are often used to assess how well
data fits a normal distribution) vs. the rank scores (where each value is assigned based on
its position in the ordered list) along with the least regression line (Reg Line) fitted to the
data. The closeness of the data points to the regression line can be quantified using
measures like R? = 0.967, which indicates how well the regression line explains the
variability in the data and suggests a good fit overall with the exception of the two or
three end points on both sides of the line. The combination of normal scores and rank
scores in a scatter plot with a least squares regression line provides a comprehensive view
of the relationship between these two sets of data. It allows for both visual and
quantitative assessments of how well they align, enabling better interpretations and
predictions based on this relationship

However, the right plot highlights the deviation with a notable difference in the
rank values and the normal score values is the spacing between the successive values. For
rank values, the spacing between any two successive ranks of the uniform order statistics
is 1/k + 1 with k populations, and the values will increase by one for each successive
value creating a consistent difference of 1 (which is a constant) between the rank values.
In contrast, normal score values (derived from the standard normal distribution) have
variable spacing. This is especially noticeable at the extreme values (tail ends) of the
distribution, where the scores tend to spread out more than in the center and the spacing
is much larger than the other spacing. Thus, the more extreme values carry a substantial
difference weight than the more moderate values, and the spacing are symmetric about

the midpoint 25.5 as indicated by the vertical line.
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5.4.3 Extended Data Application

In this study, we expand upon our research by incorporating an extended dataset
of the MVTFRs described in the previous section with a goal to significantly enhance the
breadth and depth of our analysis. This new dataset includes additional observations and
variables, where the fatality rates are given for 51 states (taking the District of Columbia
as a state) for the years 1994, ..., 2022, allowing for a more comprehensive examination
of the underlying patterns and relationships. Thus, k = 51 populations (states) and
n = 29 blocks (years).

By leveraging this enriched data, we aim to refine our conclusions and provide more
robust insights into the phenomena under investigation. The integration of this extended
dataset not only improves the statistical power of our analyses but also facilitates a
nuanced understanding of the complexities inherent in the subject matter.

The analysis done is to be assumed carried out in a similar way done on the
original dataset that has a different input (where k = 51 populations (states) and
n = 19 blocks (years)) in accordance with the framework established in section 4.1, that

each random variable X;;,j = 1, ..,nand i = 1, ..., k consists of independent samples of

j
size n drawn from k populations and characterized by a continuous CDF F; (x; ) where
these distributions are part of a stochastically increasing family with respect to the
parameter @ € © on the real line.

One point to just keep in mind in analyzing that extended data (n = 29) with the
nonparametric selection rules is, we need to be reasonably assured of no interaction

between states and years (as we did with the original data set with n = 19). The Tukey

one degree of freedom test allows testing for this when there is just one observation per
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cell as is the case here. The test with the raw rates rejects the hypothesis of no
interaction. But testing with the rates raised to the 0.1 power gives a p-value greater than
0.9, and hence fails to reject the hypothesis of no interaction. Thus, we can proceed with
the nonparametric selection rules since the rankings of the data raised to the 0.1 power
are the same as the rankings of the original rates which is a similar logic followed before.
The selection procedures Ry, ..., R4, Qy, ..., Q4 can now be applied to the expanded
MVTFRs data after finding the rank sums for each state.
The R-codes in Appendix P and Appendix Q yield the state rank sums and the state
normal score sums along with the constants needed to apply the selection rules,

respectively. They can be viewed in Table 5.5 and Table 5.6 below

Table 5.5: Rank Sums and Normal Score Sums for MVTFRs, k=51, n =29

State  RK Sum State  RK Sum @ State NS Sum State NS sum

MA 37 PA 746 MA  -41.30654 1A -0.28714
RI 149 DE 772 RI -28.64992  PA -0.23157
MN 152 GA 803 CT  -27.74082 GA 0.30321
NJ 154 MO 900 NJ -24.55634  KS 5.62678
CT 206 NC 927 MN  -2455324 TX 5.73501
NH 241 KS 933 NH  -23.62102 MO  5.74621
NY 283 X 990 WA  -18.69788 NC 6.01958
WA 293 AK 1005 NY  -18.07752 OK 8.22282
MD 311 NV 1015 VT  -17.02779 AK 8.73345
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Table 5.5 - Continued

State  RK Sum State  RK Sum @ State NS Sum State NS Sum

VT 324 ID 1038 MD  -1543363 FL 10.93145
VA 382 OK 1058 VA  -14.48558 ID 11.77347
DC 404 WY 1079 CA  -12.89841 NV 12.91360
OH 417 FL 1102 OH -12.66343 TN 13.51545
W1 423 AL 1116 DC  -11.39293 AL 14.72909
UT 442 N 1117 Ml -10.29806  KY 15.35518
Ml 491 SD 1145 IL -9.94410 NM 15.93390
IL 492 NM 1195 IN -9.70501 WY  16.39790
IN 493 Ky 1211 Wi -8.87626 SD 17.91957
CA 502 AZ 1244 ME  -8.39963 AZ 20.08083
ME 534 WV 1261 UT  -7.69293 WV 20.38802
HI 601 AR 1337 OR  -4.85427 AR 25.49252
1A 666 LA 1357 HI -2.58399 LA 27.43415
NE 691 MT 1393 DE  -2.46654 SC 28.80465
ND 708 SC 1417 ND  -2.27741 MS 33.96465
CO 735 MS 1424 NE  -1.64933 MT 34.71417
OR 738 CO  -0.36437

The constants b1 -, by & dy, ..., dy needed to apply the selection rules are displayed in

the table 5.6 below:
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Table 5.6: Selection rules constants for the MVTFRs (k = 51,n = 29 and P* = 0.90)

Rl RZ R3 R4 Ql Q2 Q3 Q4
bl = bz = b3 = b4 = dl = dz = d3 = d4 =
29349 652.41 293.49 855.59 19.42 —6.72 19.42 6.72

Now to apply rules Ry, ..., Ry, Qy, ..., Q4, With the information given in Tables 5.5
& 5.6, all needed is simple algebraic calculations that will give the number of states in the

subset selected by a particular rule. See Table 5.7

Table 5.7: Number of states chosen be selection rules with
(k =51,n =29 and P* = 0.90)
Rl RZ RB R4 Ql QZ QB Q4

10 30 10 29 11 31 6 33

In comparison to previous findings, one can clearly observe that the change of the
number of blocks changes the outcomes. We can see, in the data with n = 29, that the
number of states chosen by R; (10 worst states) is less than those chosen by @; (11 best
states) indicating that the rank sums are of a better choice as a scoring test to be applied
here. That contradicts our findings before with the data where n = 19 and the results
favored normal scores as the scoring test (R; chose 16 worst states in comparison to the 7
best states chosen by Q).

So, what scoring tests/rules should be carried out in practice with real-world

applications? That remains to the analyst decide what rule to apply, yet analyses should
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be conducted using multiple scoring rules. By applying various scoring rules, you can
assess different aspects of the data, providing a more thorough understanding of the
underlying patterns and relationships which helps to verify the consistency of the findings
and can help identify the best-performing populations more effectively, as each rule may
emphasize different strengths or weaknesses and if different methods yield similar
conclusions, it increases confidence in the results.

Moreover, different scoring rules can show how responsive the findings are to
modifications in the assumptions or properties of the data and how sensitive the results
are to changes in assumptions or data characteristics. Carrying out the results of the R-
code in Appendix Q listed in Table 5.8, we can examine how changes in the input

assumptions or characteristics of the data affect the results of a model or analysis.

Table 5.8: Number of States Chosen by Selection Rules with Different P*

(k =51,n =29)
Py Ry R, R; R, Q1 Q2 Q3 Q4
Rule
0.99 16 31 14 32 16 38 9 37
0.95 12 30 10 29 13 33 6 34
0.90 10 30 10 29 11 31 6 33
0.75 9 28 6 29 7 30 3 29
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The table shows that adjusting the value of the preassigned probability
P* = 0.75,0.90, 0.95, 0.99 changes the outcomes, and that might suggest that the
changes done on that character may have significant impact on the outcomes and may be
critical to understanding the data being studied. This can help researchers see that their
conclusions might depend heavily on the assumptions they make on particular
characteristics of their data.

It demonstrates the relationship between P* and the size of the selected subset.
That is the number of populations included in the selected subset is a non-decreasing
function of P*. This means that as the confidence level increases, the size of the subset
does not decrease; it either stays the same or increases. The justification behind it is that a
higher confidence level generally requires a broader subset to ensure that the best
population is included. For example, if a higher value of P* is assigned (like 99% instead
of 95%), you might need to include more populations to meet that requirement, as it is
displayed in the table. Overall, the choice of P directly impacts the statistical power of
the selection procedure. By specifying P* and understanding its implications, analysts
can better manage risks associated with making incorrect selections, ensuring that the
decision-making process is statistically valid, after all, P* represents the probability of a
correct selection as defined.
5.5 State Homicide Rates
Data Description (SHRs) and Application

Homicide rates can vary significantly by state and overtime. They are typically

expressed as the number of homicides per 100,000 residents. For the most current and
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specific homicide rates by state, you would need to refer to the latest data from the
CDC’s National Center for Health Statistics in the website:

https://www.cdc.gov/nchs/pressroom/sosmap/homicide mortality/homicide.htm

The data used here, as analyzed by Wang and McDonald 2022, can be found (to 2 dp) in
Appendix C for the years 2005, 2014 to 2020 of 50 states. (There is an existing gap from
the year 2005 — 2013 whiles addressing the data as the CDC website does not contain the
data through those years). Thus, k = 50 and n = 8. An indicated rate of 0.00 is not
actually zero since only 2 decimal points were retained for the data.

As in the MVTFR data described in the previous section, we would assume that the
assumptions from section 4.1 are held, and the power transformation, x %4, applied to the
SHRs results in a two-way additive model which, plausibly, lacks interaction between the
categorical variables ‘state’ and ‘year’ based on the Tukey one degree-of-freedom test as
shown in the cited reference. Since this transformation is monotone, analysis can be done
directly with the original rates without the power transformation as it is a monotone
increasing transformation. The rank sums and the normal scores sums, calculated with the

R-code in Appendix C, are given in the following table.

Table 5.9: Rank Sums and Normal Score Sums for SHRs (k = 50,n = 8)

State RK Sum @ State RK Sum  State NS Sum State NS Sum

VT 24 \WAY 217 NH —14.25764 \WAY 0.66234
NH 25 X 230 VT —13.84980 X 1.31531
ME 27 PA 239 ME —13.11673 PA 1.77072
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State

uT

ID

MA

ND

MN

HI

1A

OR

WY

NE

CT

WA

NY

SD

MT

NJ

CO

WI

KS

VA

RK Sum

58

61

61

61

69

72

84

98

99

103

116

128

133

149

154

156

157

158

196

199

State

IN

KY

AZ

FL

MI

NC

NV

AK

DE

OK

GA

IL

TN

AR

NM

SC

MO

MD

AL

MS

Table 5.9 — Continued

RK Sum

244

245

249

256

266

274

282

285

285

307

314

316

333

346

347

356

361

362

384

390

56

State

ND

ID

RI

Ut

MN

H

wy

1A

OR

NE

CT

WA

NY

SD

MT

NJ

CO

Wi

KS

VA

NS Sum

—10.29260

-9.15845

—9.09363

—8.85947

—7.98909

—7.72306

—7.07594

—6.88568

—5.78677

—5.69598

—4.66888

—3.96127

—3.72165

—2.85342

—2.57816

—2.46596

—2.39117

—2.34701

—0.40414

—0.24508

State

IN

KY

AZ

FL

MI

NC

NV

DE

AK

OK

GA

IL

TN

AR

NM

SC

MO

MD

AL

MS

NS Sum

1.83492

2.12983

2.64468

2.66931

3.22598

3.66404

4.18924

4.33158

4.78824

5.72751

6.03714

6.27973

7.46995

8.60699

8.72040

9.40882

10.12647

10.37644

13.09039

14.87734



Table 5.9 — Continued
State  RK Sum @ State RK Sum  State NS Sum State NS Sum

CA 202 LA 398 CA —0.06694 LA 17.20416

Applying the selection rules Ry, ..., R4, Q4, ..., @4 to the SHRs data set with
P* = 0.90, the constants by, ..., b, and d;, ..., d, need to be obtained as in subsection

5.4.2 and are given in Table 5.6 (to 2 dp).

Table 5.10: Selection rules constants for the SHRs (k = 50, n = 8 and P* = 0.90)

Ry R, R3 Ry Q1 Q2 Q3 Q4

b, =148 b,=151 b, =148 b, =257 d, =1013 d, =353  dy =10.13 d, —3.54

150.85 151.7 150.85 256.3 10.18 -3.53 10.18 3.53

For this data set, k = 50 statesand n = 8 years. The b, (and b3) are obtained
from the R-code given in Appendix D based on 50,000 simulations. The b, and b,
values are obtained using the Appendix E R-code. Similarly, the d; (and d3) are obtained
from Appendix F, and d, and d, from Appendix G. A simulation approach seems
preferable to the asymptotic approach used in subsection 5.4.2 since n is relatively small.
For comparison, the asymptotic values of the selection constants are given in the last row
of Table 5.10 in italics and are seen to be quite close to the simulated values in the first

row. The sum of squares for the normal scores, ssq for
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k = 50and n = 8,1is47.4217 and is used in the calculations for the asymptotic values,

where ssq = Y, [a(R;;)]” as defined before. Table 5.11 provides the number of

selected states in the subset chosen by the four rank sums rules and by the four normal

scores sums rules.

Table 5.11: Number of states chosen be selection rules with
(k =50,n =8 and P* = 0.90)
Rl RZ RB R4 Ql Q2 QB Q4

19 32 22 32 9 33 15 34

As noted for the MVVTFRs before in Table 5.4, clearly here the number of
populations chosen using the rank sum vs. the normal score sum makes a substantial
difference. The subset size using Q, is less than half that using R, (9 vs. 19). The subset
size using Qs is substantially less in comparison to that of R; (15 vs. 22). However, the
subset sizes Q, and R, (Q4 and R,) are within one (two) of each other. The results of
the comparative analyses of the MVTFRs and the SHRs are very similar.

5.6 Key Findings and Related Remarks

Comparing the rules R; and R,, it is observed that, R, chooses substantially more
populations in the selected subset than does rule R;. This might be expected since R,
guarantees a probability of correct selection to be no less than P* for any configuration of
the population 6-parameters, while that guarantee for rule R, is proven for slippage

configurations of the 6-parameters. However, limited simulation studies do suggest that
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the stronger unconstrained P* guarantee for R; may hold for some classes of distributions
(e.g., see Lorenzen and McDonald 1984). In general, for the rank sums,

n(k + 1) (5.6.1)

< maX(T‘,j =1, ...,k) =n-k

So, for k = 51 and n = 19, the two-sided inequality becomes: 494 < max(T;) < 969.
For P* = 0.90, b; = 237.53, 50 494 — 237.53 < max(T;) — b; =< 969 — 237.53 yields
to 256.47 < max(T;) — b, = 731.47. With b, = 237.53 and max(T;) = 930, then we
have 256,47 = 930 — 237.53 = 731.47 or equivalently 256.47 = 692.47 < 731.47
and thus rule R, selects all states such that T; = 692.47. (Recall,

Ry:selectm; if f T; = maxT; — by).

For rule R, the determination of constant b, does not depend on the ranks, it depends
only on k,n and P*. So with b, = 411.77 the rule R, chooses all states such that

T; > 411.77. (Recall, Ry:select m; if f T; > b,). So which rule places more population
in the selected subset depends on max T;. If its value is relatively close to the upper
bound n - k, then R, chooses fewer populations than R,. If its value is relatively close to
the lower bound n(k + 1)/2, then R; chooses more populations than R,.

It is clear that in both datasets used, the rank sums scores and the normal score sums
produced different numbers of the selected subsets. With the traffic fatality rates
considered earlier, rule @ placed seven states in the selected subset and rule R, placed
sixteen states in the selected subset. So, it is natural to wonder which of these two rules to
use in practice? From Figure 5.1, it appears that Q; would be the appropriate choice when
it is desired to place relatively greater weight on the extreme three or four observations

and the underlying distribution of the data is approximately symmetric. Figure 5.2 shows
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the values of the MV TFRs for the year 1994 to be approximately symmetric and normal,
a characteristic shared by most of the years. Such a pattern seems to favor the choice of

normal scores over the rank scores.

Figure 5.2: Distribution of 1994 MV TFRs for states
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Distribution of 1994 motor vehicle traffic fatality rates for states.

The same statements would apply to the choice between Q3 and R3. Clearly there is
more work to be done in this area of statistical inference. Sections 5.4 and 5.5 compared
only two scoring rules based on the expected values of order statistics from two
distributions, the uniform distribution and the normal distribution. Substantial differences
in the size of selected subsets result from the application of these nonparametric subset

selection rules to a study of state motor vehicle traffic fatality rates (state homicide rates)
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over a nineteen (eight) year period. So is it possible for R, to place fewer populations in
the selected subset than rule @, ?

While the applications given in sections 5.4 and 5.5 demonstrate that the selected
subset size using rule Q; (normal scores) can be smaller than that using rule R, (rank
scores), it should be noted that this is not always so.

Consider the case where the probability distributions for each of the populations share
support over the same interval. Then it’s possible that within each block any rank order of
the population observations can occur. Using the R-code in Appendix H with
k = 7,n = 2,and P* = 0.75, it’s determined that b; = 6 and d; = 2.70436.

Assuming the observations yield the ranked values given in Table 5.12 as follows:

Table 5.12: Ranked data for (k =7 ,n = 2 and P* = 0.75)

Popula- Ty T, T3 T4 v T v
tion

Blockl 1 2 3 4 5 6 7
ranks

Block2 1 3 2 7 5 6 4
ranks

T; 2 5 5 11 10 12 11

S; -2.7043 -1.1100 -1.1100 1.3521 0.7054 1.5147 1.3521

Then using the selection rules given in (5.3.1) and (5.3.10) we have:
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Ry:selectm; if f T; = maxT; — b, = 12 — 6 = 6. So, rule R, chooses four populations,
and

Qq:select m; if f S; = max§; — dy = 1.51474 — 2.70436 = —1.18962. So rule Q,
chooses six populations (a larger number).

With k = 7, there are 7! = 5040 permutations of possible rank orders for a
given block. Thus, with k = 7and n = 2 there are 50402 = 25,401,600 possible
rank order configurations for this experimental design with two blocks. The number of
these configurations yielding specific differences in number of populations chosen by the
two ranking procedures is calculated with the R-code in Appendix H and is given in

Table 5.13.

Table 5.13: the Number of Configurations (N) for Which the Number of Populations
Chosen by R, less than the Number Chosen by Q, is Equal to A for
(k=7,n=2and P* = 0.75)
A -2 -1 0 1

N 40,320 665,280 23,486,400 1,209,600

With these closing findings, what ought to be done in real life? The state of
theoretical development along with observance of outcomes using differing scoring rules,
suggests analyses should be carried out with several scoring rules, such as ranks and
normal scores used here, including but not limited to Cauchy, logistic, and lognormal
scoring. This approach allows for a more comprehensive evaluation of data, enabling

decision-makers to identify the most appropriate scoring method for their specific
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context. For a fixed value of P, analyses should focus on determining the results that
yield the smallest subset size. This practice ensures efficiency in decision-making,
allowing stakeholders to make well-informed choices without unnecessary complexity.
Then use the results that yield the smaller subset size for the given probability of correct
selection criteria. Incorporate these methods into existing decision-making frameworks to
enhance the interpretability and effectiveness of results. This integration will facilitate a

clearer understanding of how statistical outcomes translate into practical actions.
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CHAPTER SIX

PERFORMANCE OF THE SELECTION PROCEDURES UNDER DIFFERENT
CONFIGURATION OF POPULATIONS’ PARAMETERS

6.1 Introduction to the Least Favorable Configuration (LFC)

The subset selection procedure selects a subset of the populations with the goal of
including within the chosen subset the population which is “best” (e.g., that characterized
with the largest mean), with a prescribed probability no less than a user prescribed
probability, P* . Specifying such procedures requires determination of the parameter
configuration that minimizes the probability of a correct selection and subsequent
calculation of the constant required to implement the procedure so that the probabilistic
inference is valid over the entire parameter space. This minimizing configuration is
referred to as the “least favorable configuration”. Generally, the term least favorable
configuration, LFC, usually refers to the least advantageous or optimal where the
performance across the options under study is particularly close, or statistically
indistinguishable. In statistics, the LFC might be the distribution of data that maximizes
the variance or error, making it hard to accurately estimate parameters as this can
complicate identifying the best option or subset of options. The concept of LFC is
important, especially for research containing decision making because it helps to clarify
boundaries of performance and efficiency and in developing algorithms or methods that
work well in the absolute worst case since the occurrence of the LFC impacts the
traditional ranking procedures may turn out to be indecisive, which, in turn, increases

uncertainty during the choice-making process. In general, the problem of determining the
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LFC on population parameters is an open question, for selection procedures based on
ranks.
Recall that the P*- condition is defined as:

Inf P{CS|R} = P*where2 ={6 = (64, ...,0,) :6;€ @ some interval on the real line,
—
n

i =1,..., k}. The LFC is represented when all populations are identically distributed
and the population parameters are the same, i.e., the LFC, Q, , is given by the Equi
parameter configuration and so, Qy = {6 € Q: O3 = O = ... = Opqt

However, Rizvi and Rizvi and Woodworth (1970) and McDonald (1972) show
that for an unrestricted parameter space, the LFC occurs when all populations are
identically distributed, and they present a class of distributions for which this condition
does not hold for rules R; and R which are justified over a slippage space, ' as derived
in McDonald (1972). Various discussions have been made to get the LFC of some
procedures. Their investigation involved two different population parameter
configurations: slippage and equal spaced configurations.

6.1.1 Slippage Configuration

The first step in the direction of a somewhat more realistic approach came in the
form of a test proposed for deciding whether one of populations has slipped to the right of
the rest, under the null hypothesis that all populations are continuous and identical. So,
suppose we have k samples of size n each. It is desired to test the alternative hypothesis
that one of the populations, from which the samples were drawn, has been rigidly
translated to the right relative to the remaining populations. The null hypothesis is that all

the populations have the same location parameter. In other words, we test the hypotheses
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mentioned above against one or more of the alternatives, which implies slippage to the
right, or the left.

Statistically speaking and with respect to experimental design and analysis, the
word slippage refers to a case when some kind of misalignment or error occurs in the
intended structure of an experiment or data collection process. It typically refers to
configurations or settings that result in inefficiencies or discrepancies from expected
outcomes. The primary goal is to improve model accuracy and reliability. By adjusting
parameters, researchers or analysts can better reflect the conditions or dynamics of the
system being studied. This parameter configuration is described where all parameters 6;
are equal with the possible exception of 6,;(6[47) in case of rule R; (R3). Thus,

Q' ={0eQ: 0= = Op_1]}.

6.1.2 Equi-spaced Configuration

Equi-spaced configuration simply means a set of all points or elements which are
evenly spaced or distributed. Evenly spaced parameters can help ensure that the entire
range of parameter space is explored, aiding in identifying trends and behaviors. It is
commonly used to assess how changes in parameters affect outcomes, providing a clear
view of parameter influence. Equi-spaced configurations form the basis of a lot of
mathematical and statistical methods since they ensure homogeneity and systematic
covering of a domain under study for more precise and reliable results. This parameter
configuration is described as Q" = {@ € Q. : |0 — Oyl = 6,6 > 0}

6.2 Two-Way Randomized Block Design Model
In many statistical procedures, especially those involving probability and

inference, constants are used to calibrate the method. This could be related to confidence
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levels, error rates, or other statistical measures that ensure the method's validity.
Computing the constants required to implement a specific nonparametric subset selection
procedure based on ranks of data is widely studied in Statistical Randomized Block
Experimental Designs. Randomized and Small block designs, which are commonly
employed to control for variability within the blocks when experimental subjects vary in
natural heterogeneity, are experimental designs in which treatments are organized into
blocks smaller than the total number of treatments and every treatment is applied in every
block. However, it is sometimes impractical or impossible for all the treatments to be
applied to each block, especially when the number of treatments is large, and the block
size is limited. For example, if 20 different foods (treatments) are to be tasted, each judge
(block) may find it quite difficult to rank accurately all 20 foods in order of preference.
But if each judge tastes only 5 foods and then four times as many judges are used, the
judging may be easier and more accurate. Thses experimental designs in which not all
treatments are applied to each block are called incomplete block designs. This is not the
focus of our application here, but it is worth mentioning.

A model of three populations and two blocks (to get exact calculations) is used to
compute the probability distribution of the relevant statistic, the maximum of the
population rank sums minus the rank sum of the “best” population. Calculations are done
for populations following a normal distribution, and for populations following a bi-
uniform distribution.

Nonparametric (distribution-free) subset selection procedures are based on
random data assumed to follow a continuous probability distribution stochastically
ordered by the parameter of interest (e.g., a location or a scale parameter). The subset
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selection procedure selects a subset of the populations with the goal of including within
the chosen subset the population which is “best” (e.g., that characterized with the largest
mean), with a prescribed probability no less than a user prescribed probability, P*, that is
the LFC. In the next section, the LFC for selection rule R; described earlier, will be
thoroughly examined under two cases: normal populations differing in their mean values
and bi-uniform counterexample distributions also differing in location parameters. The
examples will be for a small model of k = 3 and n = 2 so as to facilitate exact
calculations.

6.2.1 Normal Populations

The normal distribution is chosen as an example of a widely used distribution in
practice that is unimodal and symmetric. We begin by deriving a general expression for
Py,3 = Pr(X; = X, < X3), where X; ~ Normal (y;,0;), i = 1,2,3, and the three
variates are independent.

Py3 = Prl(Xy —pp) /0, = (X —pp) /0, = (X3 — 13) /03] (6.2.1)

= 7 pr(* < i) pr(x = 222) p(x)dx

= f_mw @ ((.uz — U X 0'2)/0'1) ) ((,u3 — Uy + X 0'2)/0'3) @ (x)dx
where @(x) and ¢ (x) are the cumulative distribution function (cdf) and probability
density function (pdf), respectively, of a standard normal random variable (mean =0,
standard deviation = 1).
While Equation (6.2.1) and Appendix I is structured for three independent normal
distributions, they can be easily adjusted to handle other location-scale families of

distributions such as the logistic, t-distributions, etc.
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There are six permutations of the digits 1,2,3 and hence there are six orderings of
X, X5, X5 given as follows: Orderl (X; < X, < X3), Order2 (X; < X; < X,), Order3
(X, =X, < X3),0rderd (X, < X3 = X;),0rder5 (X; < X, < X,), Order6
(X3 = X, = X;). The probabilities of these orders are designated by: Probl, Prob2, ...,
Prob6, respectively. These six probabilities are calculated with the R-code in Appendix |
using (6.2.1) matching the specific population means and standard deviations with the
appropriate permutation of the population indices (1, 2, 3). Appendix , as herein stated, is
set for the three means equal to 0 and the three standard deviations set equal to 1. These
probabilities are the probabilities of the possible six orderings of the random draws from
the three populations in each of the two blocks. There are thus 36 possible outcomes in
the ordering of the data in a randomized block design for three populations and two
blocks. The probability of permutation 1 for block one and permutation 2 for block two
is, by block independence, Prob1 times Prob2. Similar calculations hold for the other
thirty-five joint occurrences for the permutations. The probabilities of these 36 joint
permutations events are given as the dfl data.frame output. The column under Probl are
the probabilities of the six joint occurrences of permutation 1 with each of the six
permutations 1 through 6 in that order. Similarly, the same type probabilities occur under
the columns Prob2 through Prob6. The dfl data.frame provides the probabilities for the
sample space of all possible rank orderings of a randomized block designed experiment
with three normal populations and two blocks. The rank sums of the three populations
can now be calculated along with the corresponding probabilities and from these, the

probability mass function (pmf) and cumulative distribution function (cdf) of the statistic
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§ = max T; — T; can be determined.
1=j<3

Note that a CS, using the rule (5.3.1) Ry: select mr; if f T; = max T; — by, occurs when
1<j=3

T, =z max T; — by,orT; = max T; — by, given k = 3. Which is equivalent to
1723 1<j=3

by = max T; —T; ,or S < b;. Thus, the cdf of the statistic S is the relevant quantity
1=j=3

linking the value of b; with the preassigned P".
To illustrate the appropriate computation, suppose both blocks 1 and 2 yield
Orderl(X; = X, = X3). Then table 6.1 gives an explanation to compute the value of S as

follows:

Table 6.1: Value of S when both blocks 1 and 2 yield Orderl(X; < X, < X3)

Block/ m My Ty T3
Block 1 X~ Ry =1 X, ~ Ry = 2 Xa1 ~ Rsy =3
Block 2 Xip ~ Ry =1 Xyp ~ Ryp = 2 Xsp ~ Rsy = 3
RK Sum T, T, =2 T, = 4 T, =6

And so, S = max T; — T3 = 6 — 6 = 0. Applying same logic with the 36 possible
1=j=3

outcomes in the ordering of the data, therefore, the statistic S can assume only the values

d = 0,1,2,3,4. The subsets of the 36 permutation configurations that result in values of 0,
1, 2, 3, 4 are given in Appendix | and coupled with the probabilities of the configurations,
yield the pmf of S (denoted by Pr0, ..., Pr4) and the cdf of S (denoted by cumdfO, ...,

cumdf4) displayed in Table 6.2 below.
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Table 6.2: Pmf and cdf for the statistic S = max T; — T3 with
1=j=<3

u=c(0,0,00ando =c(1,1,1)

d Pr(S=d) Pr(s <d)
0 0.5 0.5
1 0.11111 0.61111
2 0.16667 0.77778
3 0.16667 0.94444
4 0.05556 1

Implementing the subset selection rule R, requires the calculation of b; so that the
P*-condition is satisfied, i.e., that the probability of a correct selection is no less than a
prescribed P* for any underlying population parameter configurations. The analysis
explores the LFC when the populations are normally distributed differing only in their
mean values under the slippage configuration where two populations have an equal mean
value of 0 and the third has a mean value of § = 0. The R-code in Appendix | is run with
standard deviations equal to 1 and the mean values set at ¢(0,0,6) withé = 0(0.1) 5.2.
The values of the cumcdf0, ..., cumcdf4 are entered into the R-code of Appendix J as
Pr0, ..., Pr4 which then generates Figure 6.1 left.

The second is the equi-spaced configuration, where the first population has mean

value of 0, the second population has mean value &, and the third mean value 26. As
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before, the R-code of Appendix I is run with standard deviations equal to 1 and the mean
values set at c(0, §, 26) with § = 0 (0.1) 4.2. The values of the cumcdf0, ..., cumcdf4
are entered into the R-code of Appendix K as Pr0, ..., Pr4 which then generates Figure
6.1 right.

Figure 6.1: Pr(CS) for Normal populations with equal variances and slippage

configuration (left) and equal spaced configuration (right), k =3,n = 2
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As shown, in both parameter configurations the Pr(CS|d) is a nondecreasing function of
6 ford = 0(1) 4 andis minimizedat§ = 0, i.e., when the three populations have
identical probability distributions, providing that the LFC occurs indeed when all
population parameters are equal.

6.2.2 Bi-Uniform Distributions

McDonald (1972) gives a class of continuous distribution functions for which the

Pr(CS) for nonparametric selection rule R; does not occur when the populations are
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identically distributed, and hence yields a counterexample to that hypothesis. The bi-
uniform distribution (counterexample distribution) is chosen since it is the singular
example of a family of distributions which does not possess the “usual” property for the
LFC and hence limits an unqualified endorsement for the nonparametric subset selection

procedures (R; and R3). For 0 < a < 1 < c, let F(x) be defined as:

0
c+x/2a xf_io
12 ~f=*= 2,
F(x) = /_1 0<x=1 (62.2)
L1<x£1+a
21*51 14+a<x

F (x) is composed of two non-overlapping uniform distributions: one on the interval
(—c, 0) and the other on the interval (1,1 + a ) and each scaled to have mass 0.5. The
counterexample is constructed for k = 3, the population location parameters are equal
with the exception of the two largest which are themselves equal, and n is asymptotically
large. A sufficiently large value of “’c” can be chosen to establish the counterexample. In
the analysis done here, the case n = 2 is considered. The R-code of Appendix L
generates the cdf of the statistic S based on a large sample of bi-uniform variates as
defined in (6.2.2). Based on input values of ¢, a, §;, §,, and nsim. The values é;, , are
location parameters of the second and third population, and nsim is the number of
random draws from the three populations. The nsim draws are structured in pairs so as to
provide nsim/2 random block experimental designs with three populations and two
blocks. The R-codes of Appendix M and Appendix N generate output similar to that of
Appendix J and Appendix K respectively. The output is displayed in Figure 6.2. The cdf

of the statistic S is based on nsim = 200,000 in Appendix L.
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Figure 6.2: Pr(CS) for Bi-Uniform populations with ¢ = a = 1, slippage configuration

(left) and equal spaced configuration (right), k = 3,n = 2
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The patterns in Figure 6.2 are qualitatively the same as those in Figure 6.1. That
is, in both parameter configurations the Pr(CS|d) is a nondecreasing function of 6 and is
minimized at § = 0, i.e., when the three populations have identical probability
distributions, providing that the LFC in this small model occurs indeed when all
population parameters are equal.

6.3 Key Findings and Related Remarks
The analysis done in the previous section was key to get an idea on the

performance of the selection procedure and searching for cases when LFC should occur

74



minimizing Pr (CS) under the two different configurations that lead to be when all the
populations are identically distributed. As for the Bi-Uniform (as a counterexample
leading to rejecting that hypothesis), it should be stated that to establish that to establish
such counterexample, a critical inequality must be held. That is for any £ > 0, there exists
0.5 < P. < 1 such that

A=AP.,k) = (1 +e)2Y2p71(R) (6.3.1)
and A is given by:

f "0t ) pGdx = P, (63.2)

For k = 3, the value of £ for the counterexample can be shown to be (to 5 dp)
0.06066. Using the R-code in Appendix O yields the values of A and P. to be 5.0 and
0.99960 (to 5 dp), respectively, to establish the counterexample for large sample sizes
(blocks) n. The value of P. is excessively large for most practical applications making it
become less of a big constraint.

In contrast, revisiting the Bi-Uniform distribution but for small model
(k = 3,n = 2) was to get exact calculations and demonstrate when Inf P(CS|R) occurs,
reinforcing our belief (not as a proof) that for practical applications Inf P(CS|R) occurs
where it should.

The exact small model results given here, along with larger model simulation
results, support the use of identical population distributions for the LFC and computation
of P* for the lower bound of the Pr(CS). The results found indicate that the use of

identical population distributions is justified, as they lead to consistent outcomes in both
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small model analyses and larger simulations. This reinforces the validity of statistical
methods that rely on this assumption.

One last point to add is for a given value of P* and unrestricted parameter space,
the decision rule R, (or R,) is the only one which can be used with the assurance that the
probability of a correct selection is at least as large as P*. When in fact, the parameter
space represents a slippage configuration, both R; &R, (R;&R,) can be used with the
guarantee that the basic probability requirement is satisfied. The choice of which rule to
actually implement should then be based on additional operating characteristics of the
selection procedures. A reasonable measure of “goodness” of a selection procedure is the
ration of the expected number of populations in the selected subset to the probability of a
CS. Arule R is said to be “better” than rule R* if the ratio for R is less than the

corresponding ration for R*.
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CHAPTER SEVEN

CONCLUSION

This research explored ranking and selection procedures through the eye of a
nonparametric statistical process. Primary advantages in the nonparametric process are
computational ease and valid inference based on weak assumptions. Since there are many
practical situations where it may be better to select more than one population, the focus of
this was the approach to subset selection of the best population (defined by the analyst
depending on certain performance of the parameter of interest) from a set of candidates
without relying on specific distributional assumptions. Various methodologies were
highlighted throughout the study, including rank-based scoring tests on the expected
values of order statistics that demonstrated how applicable they are across different
scenarios and under distinct characteristics, as specific conditions or rules used to choose
items can vary widely.

First, the main elements of the analysis that are to be known prior to the analysis
were presented and it was shown how notably they can affect the decision-making
process on the final results and how they can make a big impact on the size of the
selected subset which is a crucial aspect that influences the robustness and reliability of
the conclusions drawn from statistical analyses.. The number of populations, number of
blocks along with incorporating a probabilistic element, allowing users to specify the
desired likelihood of selecting the correct population. This means that the method not

only aims for accuracy but also quantifies the certainty associated with the selection.
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Four block design selection rules to provide a screening technique to that purpose
were illustrated, for which two are aiming to choose the ‘best’ population and the other to
choose the ‘worst’ one. With respect to nonparametric methods, the development of easy
ways (asymptotically or by simulation) to compute the necessary constants used to relate
a selected subset size to the probability of making a correct selection was applied using
either calculator based or R-coding methods.

The calculations of such contents were done through scoring rules that are based
on the expected values of order statistics from uniform distribution (yielding rank sums)
and normal distribution (yielding normal score sums) and it was suggested that the
ranking of items correlates very closely with their transformed normal scores. This means
that higher ranks tend to correspond to higher normal scores, indicating a strong
consistent relationship. A comparison was made via the datasets of MVTFRs over 19
years and SHRs over 8 years and a substantial difference in the size of selected subsets
resulted that using the rule @, (normal scores) is smaller than using the rule R;. Which
raised the question of whether the normal score sums will be always preferred in practical
situations. It was noted, however, that it is not always so and a case of 8 populations and
2 block was considered, and it was shown that there are possible configurations yield
smaller subset sizes by R; compared to that of @, . The status of these theoretical
developments and findings and the utilizing various scoring rules indicates that many
scoring rules should be used for studies. In addition, this result got the inspiration for
future studies to discover and examine how other scoring rules can be applied, like
Cauchy and lognormal scores then use the results that yield the smaller subset size for the

given probability of correct selection criteria.
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Extended data for MVTFRs was used and the same scoring rules implemented on
the original data, implemented here as well with different values of P*. It was revealed
that a higher confidence level generally requires a broader subset to ensure that the best
population is captured. By allowing for flexibility and strategic decision-making, the
relationship between P* and the size of the chosen subset allows analysts to strike a
compromise between the number of populations taken into consideration and confidence
improving the statistical inference's resilience. Ultimately, the value P* is essential for
determining which populations are the best or worse.

Moreover, the configuration of population parameters for which P* is minimized
known as the least favorable configuration was investigated and the done for populations
following normal distribution, and bi-uniform distribution revealing that, indeed for a
smaller model of 3 populations and 2 blocks, the LFC occurs when all populations are
identically distributed, and the parameters are equal.

In conclusion, this research contributes to the understanding of nonparametric
subset selection procedures by demonstrating their utility and effectiveness in practical
applications. The results highlight how crucial it is to choose suitable approaches
depending on the properties of the data and the objectives of the research. Future research
ought to concentrate on improving these processes and extending their application to
more complex data structures. In the end, this research emphasizes the necessity of
ongoing innovation in subset selection techniques to improve decision-making in a

variety of fields.
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APPENDIX
CODES USED
Appendix A

#MVTFR Ranks 1994 2012

#Rank sums for the MVTFRs

#WIREs Comput Stat 2016, 8:222-237, doi: 10.1002/wics.1385

#k is the number of populations (e.g., states); n is the number of blocks (e.g.,years)
k=51;n=19
State=c("AL","AK","AZ""AR","CA","CO","CT","DE","DC","FL","GA","HI","ID","IL"
CJINTUTAYUKST ' KY LAY "ME" "MD", "MA","MI","MN","MS","MO","MT","NE","N
V" UNH""NJ","NM","NY" "NC","ND","OH","OK","OR","PA" "RI","SC","SD","TN" "
X", "UT","VT","VA" "WA","WV","WI""WY")
y1994=c(2.21,2.05,2.33,2.44,1.56,1.74,1.14,1.59,2.00,2.2,1.72,1.54,2.15,1.68,1.59,1.86,1
79,
1.95,2.25,1.51,1.47,0.94,1.67,1.49,2.77,1.9,2.22,1.75,2.26,1.13,1.26,2.18,1.49,1.99,1.39,
1.4,1.93,1.68,1.56,0.89,2.27,2.02,2.23,1.79,1.9,1.25,1.38,1.35,2.08,1.42,2.15)
y1995=c(2.2,2.11,2.61,2.37,1.52,1.84,1.13,1.61,1.67,2.19,1.74,1.64,2.13,1.68,1.49,2.03,1
.76,
2.07,2.31,1.49,1.5,0.92,1.79,1.35,2.94,1.87,2.28,1.61,2.24,1.11,1.27,2.29,1.46,1.9,1.13,
1.35,1.74,1.91,1.57,1.00,2.28,2.06,2.24,1.76,1.73,1.71,1.29,1.33,2.16,1.45,2.41)
y1996=c(2.23,1.97,2.36,2.21,1.43,1.71,1.1,1.51,1.59,2.12,1.76,1.84,1.99,1.53,1.49,1.73,1
.89,
1.98,2.37,1.32,1.32,0.83,1.67,1.3,2.65,1.88,2.12,1.8,2.18,1.22,1.31,2.25,1.34,1.89,1.26,
1.35,1.96,1.73,1.52,0.97,2.34,2.24,2.12,2.02,1.64,1.38,1.23,1.44,1.97,1.44,1.94)
y1997=c(2.23,1.76,2.19,2.35,1.32,1.62,1.19,1.79,1.8,2.08,1.69,1.65,2.01,1.41,1.36,1.67,1
.82,
1.97,2.44,1.45,1.31,0.87,1.58,1.22,2.73,1.89,2.82,1.77,2.13,1.12,1.23,2.21,1.37,1.81,1.47,
1.39,2.02,1.62,1.59,1.06,2.18,1.86,2.02,1.77,1.79,1.48,1.4,1.32,2.08,1.33,1.81)
y1998=c(1.94,1.55,2.17,2.2,1.2,1.6,1.12,1.4,1.63,2.05,1.63,1.5,1.97,1.38,1.42,1.55,1.82,1
91,
2.3,1.42,1.25,0.78,1.46,1.31,2.77,1.81,2.47,1.79,2.19,1.11,1.15,1.91,1.23,1.87,1.25,1.36,1
.8,1.61,1.48,0.93,2.34,2.04,1.94,1.74,1.65,1.58,1.29,1.27,1.9,1.26,1.92)
y1999=c(2.03,1.74,2.18,2.07,1.19,1.54,1.01,1.18,1.18,2.06,1.52,1.21,1.99,1.42,1.46,1.68,
1.95,
1.75,2.28,1.28,1.2,0.8,1.44,1.22,2.66,1.64,2.24,1.64,2.01,1.18,1.11,2.05,1.26,1.71,1.64,1.
36,1.74,1.19,1.52,1.06,2.41,1.82,2.01,1.67,1.63,1.38,1.19,1.21,2.08,1.31,2.42)
y2000=c(1.76,2.3,2.11,2.24,1.22,1.63,1.11,1.49,1.37,1.99,1.47,1.55,2.04,1.38,1.25,1.51,1
.64,
1.75,2.3,1.19,1.17,0.82,1.41,1.19,2.67,1.72,2.4,1.53,1.83,1.05,1.08,1.9,1.13,1.74,1.19,1.2
9,1.5,1.33,1.49,0.96,2.34,2.05,1.99,1.72,1.65,1.12,1.24,1.18,2.14,1.4,1.88)
y2001=c(1.75,1.89,2.12,2.08,1.27,1.73,1.03,1.58,1.81,1.77,1.53,1.61,1.84,1.37,1.27,1.49,
1.75,
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1.83,2.2,1.33,1.27,0.9,1.34,1.06,2.18,1.62,2.3,1.36,1.72,1.15,1.08,2.00,1.2,1.67,1.45,1.29,
1.57,1.42,1.49,1.01,2.27,2.00,1.85,1.73,1.24,1.17,1.27,1.21,1.91,1.33,2.16)
y2002=c(1.8,1.82,2.18,2.13,1.27,1.71,1.04,1.4,1.33,1.76,1.41,1.34,1.86,1.35,1.09,1.31,1.
78,
1.95,2.09,1.47,1.23,0.86,1.28,1.2,2.43,1.77,2.59,1.64,2.12,1.01,1.1,1.97,1.15,1.7,1.32,1.3
1,1.62,1.26,1.54,1.03,2.23,2.12,1.73,1.73,1.34,0.98,1.18,1.2,2.19,1.37,1.95)
y2003=c(1.71,1.98,2.07,2.09,1.31,1.48,0.95,1.57,1.87,1.71,1.47,1.43,2.05,1.36,1.15,1.42,
1.64,
1.99,2.13,1.39,1.19,0.86,1.27,1.18,2.33,1.81,2.41,1.54,1.91,0.98,1.05,1.92,1.11,1.66,1.41,
1.17,1.47,1.46,1.48,1.24,2.01,2.38,1.73,1.71,1.29,0.83,1.23,1.09,1.96,1.42,1.79)
y2004=c(1.95,2.02,2.01,2.22,1.25,1.45,0.93,1.44,1.15,1.65,1.44,1.46,1.77,1.24,1.3,1.23,1
57,
2.04,2.08,1.3,1.16,0.87,1.12,1.00,2.28,1.64,2.04,1.32,1.95,1.26,0.99,2.18,1.08,1.64,1.32,1
15, 1.67,1.28,1.38,0.98,2.11,2.24,1.89,1.6,1.2,1.25,1.17,1.02,2.02,1.31,1.77)
y2005=c(1.92,1.45,1.97,2.05,1.32,1.26,0.88,1.4,1.29,1.75,1.52,1.39,1.85,1.27,1.31,1.45,1
44,
2.08,2.14,1.13,1.09,0.8,1.09,0.98,2.32,1.83,2.26,1.43,2.06,1.24,1.01,2.04,1.03,1.53,1.62,
1.2,1.71,1.38,1.5,1.05,2.21,2.22,1.79,1.5,1.12,0.95,1.18,1.17,1.82,1.36,1.88)
y2006=c(1.99,1.49,2.07,2.01,1.29,1.1,0.98,1.57,1.02,1.65,1.49,1.58,1.76,1.17,1.27,1.4,1.
55,
1.91,2.17,1.25,1.16,0.78,1.04,0.87,2.2,1.59,2.34,1.39,1.97,0.93,1.02,1.88,1.03,1.53,1.41,
1.11,157,1.35,1.41,0.98,2.08,2.08,1.82,1.48,1.11,1.11,1.19,1.12,1.96,1.22,2.07)
y2007=c(1.81,1.59,1.7,1.96,1.22,1.14,0.92,1.23,1.22,1.56,1.46,1.33,1.6,1.16,1.23,1.43,1.
38,
1.8,2.19,1.22,1.09,0.79,1.04,0.89,2.04,1.43,2.45,1.32,1.68,0.96,0.95,1.54,0.97,1.62,1.42,
1.13,1.61,1.31,1.37,0.8,2.11,1.62,1.7,1.42,1.11,0.86,1.25,1.0,2.1,1.27,1.6)
y2008=c(1.63,1.27,1.52,1.81,1.05,1.15,0.95,1.35,0.94,1.5,1.37,1.04,1.52,0.98,1.11,1.34,1
29,
1.74,2.03,1.06,1.07,0.67,0.96,0.78,1.79,1.41,2.12,1.09,1.56,1.06,0.8,1.39,0.92,1.4,1.33,1.
1,1.55,1.24,1.36,0.79,1.86,1.35,1.5,1.48,1.06,1.0,1.0,0.94,1.82,1.05,1.68)
y2009=c(1.38,1.3,1.31,1.8,0.95,1.01,0.71,1.28,0.8,1.3,1.18,1.09,1.46,0.86,0.9,1.19,1.31,1
67,
1.84,1.1,0.99,0.62,0.9,0.74,1.73,1.27,2.01,1.15,1.19,0.85,0.8,1.39,0.87,1.28,1.72,0.92,1.5
7,1.11,1.22,1.01,1.82,1.48,1.4,1.35,0.93,0.97,0.94,0.87,1.82,0.96,1.4)
y2010=c(1.34,1.17,1.27,1.7,0.84,1.96,1.02,1.13,0.67,1.25,1.12,1.13,1.32,0.88,1.0,1.24,1.
44,
1.58,1.59,1.11,0.88,0.64,0.97,0.73,1.61,1.16,1.69,0.98,1.16,0.98,0.76,1.38,0.92,1.29,1.27,
0.97,1.4,0.94,1.32,0.81,1.65,1.58,1.47,1.29,0.95,0.98,0.9,0.8,1.64,0.96,1.66)
y2011=c(1.38,1.57,1.39,1.67,0.88,0.96,0.71,1.1,0.76,1.25,1.13,0.99,1.05,0.89,0.98,1.15,1
29,
1.5,1.46,0.95,0.86,0.68,0.94,0.65,1.62,1.14,1.79,0.95,1.02,0.71,0.86,1.36,0.92,1.19,1.62,
0.91,1.47,0.99,1.3,0.84,1.7,1.23,1.32,1.29,0.93,0.77,0.94,0.8,1.78,0.99,1.46)
y2012=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
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1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)

MV<-
data.frame(State,y1994,y1995,y1996,y1997,y1998,y1999,y2000,y2001,y2002,y2003,y20
04, y2005,y2006,y2007,y2008,y2009,y2010,y2011,y2012)

MV

#Tied ranks are resolved at random

x1<-rank(y1994,ties.method="random"); x2<-rank(y1995,ties.method="random")
x3<-rank(y1996,ties.method="random");x4<-rank(y1997,ties.method="random")
x5<-rank(y1998,ties.method="random");x6<-rank(y1999,ties.method="random")
x7<-rank(y2000,ties.method="random");x8<-rank(y2001,ties.method="random")
x9<-rank(y2002,ties.method="random");x10<-rank(y2003,ties.method="random")
x11<-rank(y2004,ties.method="random");x12<-rank(y2005,ties.method="random")
x13<-rank(y2006,ties.method="random");x14<-rank(y2007,ties.method="random")
x15<-rank(y2008,ties.method="random");x16<-rank(y2009,ties.method="random")
x17<-rank(y2010,ties.method="random");x18<-rank(y2011,ties.method="random")
x19<-rank(y2012,ties.method="random")
ra<-data.frame(x1,x2,x3,x4,x5,x6,x7,x8,x9,x10,x11, x12,x13,x14,x15,x16,x17,x18,x19)
#ra

ram<-as.matrix(ra)

ram

RkSum<-rep(0,k)

for (i in 1:K){RkSum[i]<-sum(ram[i,])}

#RkSum

StRk<-data.frame(State,RkSum)

#StRk

StRkOrd<-StRk[order(StRk$RkSum),]

#StRkOrd

NorSc<-rep(0,51)

#The following are approximations to exact values given by Harter

#for (i in L:K){NorSc[i]<-gnorm(i/(k+1))}

#NorSc<-round(NorSc,4)

#The following expected values of normal order stats are taken from

#"Expected Values of Normal Order Statistics,” by H. Leon Harter (1961)

#If two states are tied and the rank values are rl and r2 (ri< #If two states are tied and the
rank values are rl and r2 (rl<r2).then rl

#is assigned to the state abbreviation;r2 is assigned to the other state.

#similarly if there are three or more states are tied in their MVTFRS
NorSc<-c(-2.25678,-1.86371,-1.63829,-1.47409,-1.34207,-1.23003,-1.13162, -1.04312,-
0.96213,-0.88701,-0.81661,-0.75004,-0.68666,-0.62592,-0.56742, -0.51080,-0.45578, -
0.40211,-0.34957,-0.29799,-0.24719,-0.19702,-0.14735, -0.09803,-
0.04896,0,0.04896,0.09803,0.14735,0.19702,0.24719,0.29799,
0.34957,0.40211,0.45578,0.51080,0.56742,0.62592,0.68666,0.75004,0.81661,
0.88701,0.96213,1.04312,1.13162,1.23003,1.34207,1.47409,1.63829,1.86371, 2.25678)
sum(NorSc)
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#NorSc

df94<-data.frame(State,x1)

ns94<-rep(0,51) for (i in 1:51){ns94[i]<-NorSc[x1[i]]}
df94<-data.frame(State,x1,ns94)

#df94 #

df95<-data.frame(State,x2)

ns95<-rep(0,51) for (i in 1:51){ns95[i]<-NorSc[x2[i]]}
df95<-data.frame(State,x2,ns95)

#df95 #

df96<-data.frame(State,x3)

ns96<-rep(0,51) for (i in 1:51){ns96[i]<-NorSc[x3[i]]}
df96<-data.frame(State,x3,ns96)

#df96 #

df97<-data.frame(State,x4)

ns97<-rep(0,51) for (i in 1:51){ns97[i]<-NorSc[x4[i]]}
df97<-data.frame(State,x4,ns97)

#Af97 #

df98<-data.frame(State,x5)

ns98<-rep(0,51) for (i in 1:51){ns98[i]<-NorSc[x5[i]]}
df98<-data.frame(State,x5,ns98)

#df98 #

df99<-data.frame(State,x6)

ns99<-rep(0,51) for (i in 1:51){ns99[i]<-NorSc[x6[i]]}
df99<-data.frame(State,x6,ns99)

#df99 #

df00<-data.frame(State,x7)

ns00<-rep(0,51) for (i in 1:51){ns00[i]<-NorSc[x7[i]]}
df00<-data.frame(State,x7,ns00)

#df0O #

df01<-data.frame(State,x8)

ns01<-rep(0,51) for (i in 1:51){ns01[i]<-NorSc[x8[i]]}
df01<-data.frame(State,x8,ns01)

#dfOl #

df02<-data.frame(State,x9)

ns02<-rep(0,51) for (i in 1:51){ns02[i]<-NorSc[x9[i]]}
df02<-data.frame(State,x9,ns02)

#df02 #

df03<-data.frame(State,x10)

ns03<-rep(0,51) for (i in 1:51){ns03[i]<-NorSc[x10[i]]}
df03<-data.frame(State,x10,ns03)

#df03 #

df04<-data.frame(State,x11)

ns04<-rep(0,51) for (i in 1:51){ns04[i]<-NorSc[x11[i]]}
df04<-data.frame(State,x11,ns04)

#df04 #
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df05<-data.frame(State,x12)

ns05<-rep(0,51) for (i in 1:51){ns05[i]<-NorSc[x12[i]]}
df05<-data.frame(State,x12,ns05)

#df05 #

df06<-data.frame(State,x13)

ns06<-rep(0,51) for (i in 1:51){ns06[i]<-NorSc[x13[i]]}
df06<-data.frame(State,x13,ns06)

#df06 #

df07<-data.frame(State,x14)

ns07<-rep(0,51) for (i in 1:51){ns07[i]<-NorSc[x14[i]]}
df07<-data.frame(State,x14,ns07)

#dfO7 #

df08<-data.frame(State,x15)

ns08<-rep(0,51) for (i in 1:51){ns08[i]<-NorSc[x15[i]]}
df08<-data.frame(State,x15,ns08) #

dfo8 #

df09<-data.frame(State,x16)

ns09<-rep(0,51) for (i in 1:51){ns09[i]<-NorSc[x16[i]]}
df09<-data.frame(State,x16,ns09)

#df09 #

df10<-data.frame(State,x17)

ns10<-rep(0,51) for (i in 1:51){ns10[i]<-NorSc[x17[i]]}
df10<-data.frame(State,x17,ns10)

#df10 #

dfll<-data.frame(State,x18)

ns11<-rep(0,51) for (i in 1:51){ns11[i]<-NorSc[x18[i]]}
dfll<-data.frame(State,x18,ns11)

#df11 #

dfl12<-data.frame(State,x19)

ns12<-rep(0,51) for (i in 1:51){ns12[i]<-NorSc[x19[i]]}
df12<-data.frame(State,x19,ns12)

#df12 #
Ns<-data.frame(ns94,ns95,ns96,ns97,ns98,ns99,ns00,ns01,
ns02,ns03,ns04,ns05,ns06,ns07,ns08,ns09,ns10,ns11,ns12)
scm<-as.matrix(Ns)

#scm

NsSum<-rep(0,k) for (i in 1:K){NsSum[i]<-sum(scm[i,])}
#NsSum

StRkNs<-data.frame(State,NsSum)

#StRKNs #

StNs<-data.frame(State,NsSum)

StNs

StNsOrd<-StNs[order(StNs$NsSum),]

StNsOrd

StRks<-data.frame(State,RkSum)
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StRks

StRksOrd<-StRks[order(StRks$RkSum),]

StRksOrd

#

Summary<-data.frame(StRkOrd,StNsOrd)

Summary

#check on distribution of MVTFRs for one year, 1994
hist(y1994,col="red',freq=FALSE,

main="Histogram of 1994 MVTFRs\n Normal Density Overlay")
low<-min(y1994)-0.1;up<-max(y1994)+0.1
curve(dnorm(x,mean(y1994),sd(y1994),),from=Ilow,to=up,add=TRUE)

Appendix B

#Regression of exp51 and seq(2:51)

#Differences in the Expected value of normal order stats, n=51
exp51<-c(-2.25678,-1.86371,-1.63829,-1.47409,-1.34207,-1.23003,-1.13162, -1.04312,-
0.96213,-0.88701,-0.81661,-0.75004,-0.68666,-0.62592,-0.56742, -0.51080,-0.45578, -
0.40211,-0.34957,-0.29799,-0.24719,-0.19702,-0.14735, -0.09803,-
0.04896,0,0.04896,0.09803,0.14735,0.19702,0.24719,0.29799,
0.34957,0.40211,0.45578,0.51080,0.56742,0.62592,0.68666,0.75004,0.81661,
0.88701,0.96213,1.04312,1.13162,1.23003,1.34207,1.47409,1.63829,1.86371, 2.25678)
sum(exp51)

diff<-rep(0,50)

for (i in 1:50){ diff[i]<-exp51[i+1]-exp51[i] }

diff

x<-seq(1:50)

#plot(x,diff,main="Difference in expected values of normal order stats\n k = 51")

#1st point is E[X(2)]-E[X(1)], 2nd point is E[X(3)]-E[X(2)], etc.

xx<-seq(1:51) par(mfrow=c(1,2)) model<-Im(exp51~xx)
plot(xx,exp51,xlab="Ranks",ylab="Normal Scores",main="Normal Scores vs.\n Rank
Values, k = 51",cex.main=1,pch=16)

abline(model,col="red",Iwd=2)

legend("topleft","Reg Line\nR"2 = 0.967",col="red",Ity=1,cex=0.8,bg="yellow")
plot(x,diff,xlab="Ranks",ylab="Difference",cex.main=1,

main="Diff in Expected Values of\n Normal Order Stats, k = 51",pch=16)
abline(v=25.5,col="red",Ity=2)

Appendix C

#State Homicide Rates 2005,2014-2020

#Rank sums for the HRs

#Applied Mathematics,2022,13,585-601

#https://lwww.scirp.org/journal/am

#k is the number of populations (e.g., states); n is the number of blocks (e.g., years)
k=50;n=8
State=c("AK","AL","AR""AZ","CA","CO","CT","DE","FL","GA","HI","IA","ID","IL",
"IN",”KS”,
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"KY""LA","MA","MD""ME","MI","MN","MO","MS","MT","NC","ND","NE","NH","
NJ","NM","NV",
"NY""OH","OK","OR","PA","RI","SC","SD" " TN","TX","UT" "VA" "VT","WA","WI"
WV WY
y2005=c(1.93,2.47,2.30,2.41,2.17,1.71,1.59,2.13,2.02,2.19,1.29,1.21,1.59,2.15,2.03,1.72,
1.96,2.77,1.51,2.55,1.24,2.17,1.49,2.21,2.41,1.63,2.25,0.00,1.44,0.00,1.92,2.29,2.27,
1.86,1.99,2.06,1.53,2.09,1.57,2.29,1.53,2.33,2.11,1.42,2.10,0.00,1.67,1.79,1.96,0.00)
y2014=c(1.86,2.31,2.26,1.90,1.84,1.61,1.53,2.13,2.07,2.13,1.37,1.44,1.42,2.07,2.01,1.67,
1.86,2.67,1.32,2.14,1.32,2.09,1.29,2.24,2.65,1.53,1.99,0.00,1.63,0.00,1.81,2.15,2.09,
1.63,1.93,2.13,1.42,1.93,1.44,2.25,1.57,2.11,1.93,1.32,1.76,0.00,1.57,1.55,2.03,1.81)
y2015=c(2.30,2.53,2.23,1.98,1.90,1.69,1.67,2.24,2.09,2.21,1.37,1.44,1.32,2.17,2.05,1.86,
2.02,2.74,1.35,2.54,1.24,2.10,1.51,2.47,2.64,1.74,2.06,1.57,1.74,0.00,1.83,2.30,2.14,1.63,
2.05,2.35,1.63,1.99,1.51,2.46,1.78,2.20,1.99,1.32,1.83,0.00,1.63,1.83,1.83,0.00)
y2016=c(2.21,2.68,2.38,2.09,1.95,1.79,1.49,2.18,2.15,2.29,1.51,1.51,1.29,2.43,2.25,1.95,
2.20,2.90,1.35,2.52,0.00,2.14,1.42,2.50,2.71,1.79,2.23,0.00,1.61,0.00,1.84,2.45,2.23,1.67,
2.11,2.36,1.61,2.05,1.40,2.41,1.86,2.39,2.05,1.44,1.98,0.00,1.53,1.87,2.09,0.00)
y2017=c(2.57,2.78,2.49,2.13,1.92,1.84,1.59,2.17,2.10,2.29,1.44,1.63,1.55,2.41,2.20,2.11,
2.21,2.91,1.47,2.53,0.00,2.09,1.37,2.64,2.76,1.79,2.17,0.00,1.49,0.00,1.76,2.35,2.25,1.55,
2.24,2.35,1.57,2.13,0.00,2.44,1.78,2.39,2.02,1.47,1.96,0.00,1.67,1.69,2.11,0.00)
y2018=c(2.24,2.72,2.42,2.06,1.87,1.86,1.51,2.15,2.13,2.26,1.57,1.49,1.40,2.30,2.23,2.03,
2.06,2.82,1.40,2.44,0.00,2.11,1.40,2.65,2.82,1.78,2.10,1.44,1.29,1.27,1.69,2.59,2.26,1.59,
2.15,2.18,1.44,2.10,0.00,2.53,1.72,2.43,1.96,1.37,1.92,0.00,1.69,1.72,2.02,1.76)
y2019=c(2.59,2.77,2.45,2.03,1.83,1.79,1.57,2.06,2.14,2.31,1.44,1.49,1.24,2.31,2.20,1.89,
2.03,2.93,1.40,2.51,1.27,2.11,1.51,2.59,2.99,1.69,2.18,1.57,1.57,1.51,1.63,2.68,1.98,1.59,
2.13,2.39,1.55,2.06,1.44,2.61,1.67,2.43,2.03,1.47,1.95,0.00,1.59,1.78,2.01,1.81)
y2020=c(2.21,2.89,2.79,2.24,2.06,2.02,1.84,2.50,2.27,2.56,1.61,1.67,1.44,2.63,1.48,2.18,
2.46,3.31,1.49,2.65,1.21,2.38,1.67,2.87,3.35,2.13,2.36,1.81,1.76,0.00,1.79,2.59,2.21,1.86,
2.42,2.41,1.71,2.35,1.55,2.76,2.11,2.66,2.25,1.53,2.10,0.00,1.78,2.06,2.18,1.89)
HR<-data.frame(State,y2005,y2014,y2015,y2016,y2017,y2018,y2019,y2020)

HR

#Tied ranks are resolved at random
x1<-rank(y2005,ties.method="random");x2<-rank(y2014,ties.method="random")
x3<-rank(y2015,ties.method="random");x4<-rank(y2016,ties.method="random")
x5<-rank(y2017,ties.method="random");x6<-rank(y2018,ties.method="random")
X7<-rank(y2019,ties.method="random");x8<-rank(y2020,ties.method="random")
ra<-data.frame(x1,x2,x3,x4,x5,x6,X7,x8)

ram<-as.matrix(ra)

#ram

RkSum<-rep(0,k) for (i in 1:k){RkSum[i]<-sum(ram[i,])}

#RkSum

StRk<-data.frame(State,RkSum)

#StRk

StRkOrd<-StRk[order(StRk$RkSum),]

#StRkOrd

#NorSc taken from Harter, Biometrika (1961)
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NorSc<-c(-2.24907,-1.85487,-1.62863,-1.46374,-1.33109, -1.21846,-1.11948,-1.03042,-
0.94887,-0.87321,-0.80225, -0.73513,-0.67117,-0.60986,-0.55077,-0.49354,-0.43789, -
0.38357,-0.33036,-0.27807,-0.22653,-0.17559,-0.12511, -0.07494,-
0.02496,0.02496,0.07494,0.12511,0.17559,
0.22653,0.27807,0.33036,0.38357,0.43789,0.49354,
0.55077,0.60986,0.67117,0.73513,0.80225,0.87321,
0.94887,1.03042,1.11948,1.21846,1.33109,1.46374, 1.62863,1.85487,2.24907)
#Approx to exact NorSc given above

#NorSc<-rep(0,k) #for (i in 1:k){NorSc[i]<-gnorm(i/(k+1))}
#NorSc<-round(NorSc,4)

#NorSc df05<-data.frame(State,x1)
df05<-df05[order(df05$x1,decreasing=FALSE),]
df05<-cbind(df05,NorSc)

#df05

df05<-df05[order(df05$State,decreasing=FALSE),]

#df05

NS05<-df05$NorSc

#NS05

dfl4<-data.frame(State,x2)
dfl4<-dfl4[order(df14$x2,decreasing=FALSE),]
dfl4<-cbind(df14,NorSc)

#df14

dfl4<-dfl4[order(df14$State,decreasing=FALSE),]

#df14

NS14<-df14$NorSc

#NS14

df15<-data.frame(State,x3)
df15<-df15[order(df15$x3,decreasing=FALSE),]
df15<-cbind(df15,NorSc)

#df15

df15<-df15[order(df15$State,decreasing=FALSE),]

#df15

NS15<-df15$NorSc

#NS15

dfl6<-data.frame(State,x4)
df16<-df16[order(df16$x4,decreasing=FALSE),]
df16<-cbind(df16,NorSc)

#df16

df16<-df16[order(df16$State,decreasing=FALSE),]

#df16

NS16<-df16$NorSc

#NS16

df17<-data.frame(State,x5)
df17<-df17[order(df17$x5,decreasing=FALSE),]
df17<-cbind(df17,NorSc)
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#df17
df17<-dfl17[order(df17$State,decreasing=FALSE),]
#df17

NS17<-df17$NorSc

#NS17

df18<-data.frame(State,x6)
df18<-df18[order(df18%x6,decreasing=FALSE),]
df18<-chind(df18,NorSc)

#df18
df18<-df18[order(df18$State,decreasing=FALSE),]
#df18

NS18<-df18$NorSc

#NS18

df19<-data.frame(State,x7)
df19<-df19[order(df19$x7,decreasing=FALSE),]
df19<-cbind(df19,NorSc)

#df19
df19<-df19[order(df19%State,decreasing=FALSE),]
#df19

NS19<-df19$NorSc

#NS19

df20<-data.frame(State,x8)
df20<-df20[order(df20$x8,decreasing=FALSE),]
df20<-cbind(df20,NorSc)

#df20
df20<-df20[order(df20$State,decreasing=FALSE),]
#df20

NS20<-df20$NorSc

#NS20
Ns<-data.frame(NS05,NS14,NS15NS16,NS17,NS18,NS19,NS20)
scm<-as.matrix(Ns)

#scm

NsSum<-rep(0,k) for (i in 1:K){NsSum[i]<-sum(scm[i,])}
#NsSum
StRkNs<-data.frame(State,RkSum,NsSum)
#StRKNs #

StNs<-data.frame(State,NsSum)
StNsOrd<-StNs[order(StNs$NsSum),]

#StNsOrd
Summary<-data.frame(StRkOrd,StNsOrd)
Summary

Appendix D (b1 and b3)
#Nonparametric Block Design Selection Procedure Based on Ranks
#k=no. of population;n=no. of blocks;w=no. of simulations
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#P=min Prob of Correct Selection
k<-50;n<-8;w<-50000;P=0.90

#calculate quantiles of max(T)-Ti for iid populations
rnk<-seq(1:k); T<-rep(0,k);U<-rep(0,k);Q<-rep(0,w);b1<-0;
V<-rep(0,k);C<-rep(0,k);W<-rep(0,k)

for (hin 1:w){

M<-matrix(0,nrow=n,ncol=k)

for (j in 1:n){M[j,]<-sample(rnk,size=k,replace=FALSE)}
M

for (i in L:K){T[i]<-sum(MLi]}

T

for (j in 1:K){U[j]<-max(T)-T[j1}

U

Q[h]<-U[K] }

message("k =" k,", n=",n", w="w,", P="P)
quan<-c(0.50,0.75,0.90,0.95,0.99)
Qile<-quantile(Q,quan)

Qile

Qile<-unname(Qile)

Qile

#table(Q)

if (P==0.50){b1<-Qile[1]}

if (P==0.75){b1<-Qile[2]}

if (P==0.90){b1<-Qile[3]}

if (P==0.95){b1<-Qile[4]}

if (P==0.99){b1<-Qile[5]}

c(P,bl)

#Select population i iff Ti>=max(T)-b1l
a<-rep(1,k);b<-rep(5,k)

V<-rep(0,k)

for (hin 1:w){
C<-rep(0,k);x<-rep(0,k);rk<-rep(0,k); T<-rep(0,k)
M<-matrix(0,nrow=n,ncol=k);U<-rep(0,k)
for (j in 1:n){

for (i in 1:K){x[i]<-runif(1,a[i],b[i])}
rk<-rank(x)

MJj,]J<-rk }

M

for (i in 1:K){T[i]<-sum(M[,i])}
T

for (i in 1:K){UJi]<-max(T)-TIi]

if (U[i]<=b1){C[i]<-1}

else {C[i]<-0} }

V<-V+C }

message("'The probabilities of population selections are")
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Viw
ESS<-sum(V)/w
message("'The expected subset size is ",round(ESS,3))

Appendix E (b2 and b4)

#Nonparametric Block Design Selection Procedure Based on Ranks
#k=no. of population;n=no. of blocks;w=no. of simulations
#P=min Prob of Correct Selection
k<-50;n<-8;w<-50000;P=0.90

#calculate quantiles of Tk for iid populations
rnk<-seq(1:k); T<-rep(0,k);U<-rep(0,k);Q<-rep(0,w);b1<-0;
V<-rep(0,k);C<-rep(0,k);W<-rep(0,k)

for (hin 1:w){

M<-matrix(0,nrow=n,ncol=k)

for (j in 1:n){M[j,]<-sample(rnk,size=k,replace=FALSE)}
for (i in L:K{T[i]<-sum(ML,i])}

Qlh]<-TIK] }

message("k =" k,", n=",n", w="w,", P="P)
quan<-c(0.01,0.05,0.10,0.25,0.50)
Qile<-quantile(Q,quan)

Qile

Qile<-unname(Qile)

Qile

#table(Q)

if (P==0.50){b2<-Qile[5]}

if (P==0.75){b2<-Qile[4]}

if (P==0.90){b2<-Qile[3]}

if (P==0.95){b2<-Qile[2]}

if (P==0.99){b2<-Qile[1]}

b4<-(n*(k+1))-b2

message("P =",P,", b2 =",b2,", b4 = ",b4)
#Select population i iff Ti>b2
a<-rep(1,k);b<-rep(5,k)

V<-rep(0,k)

for (h in 1:w){
C<-rep(0,k);x<-rep(0,k);rk<-rep(0,k); T<-rep(0,k)
M<-matrix(0,nrow=n,ncol=k);U<-rep(0,k)

for (j in 1:n){

for (i in 1:K){x[i]<-runif(1,a[i],b[i])}

rk<-rank(x)

M[j,]<-rk }

for (i in L:K{T[i]<-sum(ML,i])}

for (i in 1:K){UJi]<-T[i]

if (U[i]>b2){C[i]<-1}

else {C[i]<-0} }
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V<-V+C }

message(*"The probabilities of population selections are")
V/w ESS<-sum(V)/w

message("'The expected subset size is ",round(ESS,3))

Appendix F (d1 and d3 Values)

#Nonparametric Block Design Selection Procedure Based on Normal Scores
#k=no. of population;n=no. of blocks;w=no. of simulations

#P=min Prob of Correct Selection

k<-50;n<-8;w<-50000;P=0.90

#calculate quantiles of max(T)-Ti for iid populations

rnk<-seq(1:k); T<-rep(0,k);U<-rep(0,k);Q<-rep(0,w);b1<-0;
V<-rep(0,k);C<-rep(0,k);W<-rep(0,k);nsc<-rep(0,k)

#For approx expected values of normal order statistics use:

#for (i in L:k){nsc[i]<-gnorm(i/(k+1))}

#for exact expected values of normal order stats read in:

#nsc taken from Harter, Biometrika (1961)
nsc<-c(-2.24907,-1.85487,-1.62863,-1.46374,-1.33109, -1.21846,-1.11948,-1.03042,-
0.94887,-0.87321,-0.80225, -0.73513,-0.67117,-0.60986,-0.55077,-0.49354,-0.43789, -
0.38357,-0.33036,-0.27807,-0.22653,-0.17559,-0.12511, -0.07494,-
0.02496,0.02496,0.07494,0.12511,0.17559,
0.22653,0.27807,0.33036,0.38357,0.43789,0.49354,
0.55077,0.60986,0.67117,0.73513,0.80225,0.87321,
0.94887,1.03042,1.11948,1.21846,1.33109,1.46374, 1.62863,1.85487,2.24907)
for (hin 1:w){

M<-matrix(0,nrow=n,ncol=k)

for (j in 1:n){M[j,]<-sample(nsc,size=k,replace=FALSE)}

M

for (i in L:K{T[i]<-sum(ML,i])}

T

for (j in 1:K){U[j]<-max(T)-T[j]}

U

Q[h]<-U[K] }

message("k =" k,", n="n,", w="w,", P="P)
quan<-¢(0.50,0.75,0.90,0.95,0.99)

Qile<-quantile(Q,quan)

Qile

Qile<-unname(Qile)

Qile

#table(Q)

if (P==0.50){b1<-Qile[1]}

if (P==0.75){b1<-Qile[2]}

if (P==0.90){b1<-Qile[3]}

if (P==0.95){b1<-Qile[4]}

if (P==0.99){b1<-Qile[5]}
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c(P,b1)

#Select population i iff Ti>=max(T)-b1l
a<-rep(1,k);b<-rep(2,k)

V<-rep(0,k)

for (hin 1:w){
C<-rep(0,k);W<-rep(0,k);x<-rep(0,k);rk<-rep(0,k);S<-rep(0,k)
ns<-rep(0,k)

M<-matrix(0,nrow=n,ncol=k)

for (j in 1:n){

for (i in L:K){x[i]<-runif(1,a[i],b[i])}
rk<-rank(x) for (i in 1:k){ns[i]<-nsc[rk[i]]}

M[j,]J<-ns }

M

for (i in 1:K){S[i]<-sum(M[,i]}
S

for (i in 1:k){WI[i]<-max(S)-SJi]

if (W[i]l<=b1){CJi]<-1}

else {CJ[i]<-0} }

V<-V+C }

message("'The probabilities of population selections are")
Viw

ESS<-sum(V)/w

message("'The expected subset size is ",round(ESS,3))

Appendix G (d2 and d4 Values)

#Nonparametric Block Design Selection Procedure Based on Normal Scores
#k=no. of population;n=no. of blocks;w=no. of simulations

#P=min Prob of Correct Selection

k<-50;n<-8;w<-50000;P=0.90

#calculate quantiles of max(T)-Ti for iid populations

rnk<-seq(1:k); T<-rep(0,k);U<-rep(0,k);Q<-rep(0,w);b1<-0;
V<-rep(0,k);C<-rep(0,k); W<-rep(0,k);nsc<-rep(0,k)

#For approx expected values of normal order statistics use:

#for (i in L:k){nsc[i]<-gnorm(i/(k+1))}

#for exact expected values of normal order stats read in:

#nsc taken from Harter, Biometrika (1961)
nsc<-c(-2.24907,-1.85487,-1.62863,-1.46374,-1.33109, -1.21846,-1.11948,-1.03042,-
0.94887,-0.87321,-0.80225, -0.73513,-0.67117,-0.60986,-0.55077,-0.49354,-0.43789, -
0.38357,-0.33036,-0.27807,-0.22653,-0.17559,-0.12511, -0.07494,-
0.02496,0.02496,0.07494,0.12511,0.17559,
0.22653,0.27807,0.33036,0.38357,0.43789,0.49354,
0.55077,0.60986,0.67117,0.73513,0.80225,0.87321,
0.94887,1.03042,1.11948,1.21846,1.33109,1.46374, 1.62863,1.85487,2.24907)
for (hin 1:w){

M<-matrix(0,nrow=n,ncol=k)
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for (j in 1:n){M[j,]<-sample(nsc,size=k,replace=FALSE)}
for (i in L:K){T[i]<-sum(ML,i])}

Q[h]<-TIK] }

message("k ="k,", n=",n", w="w,", P="P)
quan<-c(0.01,0.05,0.10,0.25,0.50)
Qile<-quantile(Q,quan)

Qile

Qile<-unname(Qile)

Qile

#table(Q) if (P==0.50){d2<-Qile[5]}

if (P==0.75){d2<-Qile[4]}

if (P==0.90){d2<-Qile[3]}

if (P==0.95){d2<-Qile[2]}

if (P==0.99){d2<-Qile[1]}

d4<--d2

c(P,d2)

message("P =",P,", d2 = ",d2,", d4 = ",d4)

#Select population 1 iff Ti>d2

a<-rep(1,k);b<-rep(5,k)

V<-rep(0,k)

for (hin 1:w){
C<-rep(0,k);W<-rep(0,k);x<-rep(0,k);rk<-rep(0,k);S<-rep(0,k)
ns<-rep(0,k)

M<-matrix(0,nrow=n,ncol=k)

for (j in 1:n){

for (i in L:K){x[i]<-runif(1,a[i],b[i])}

rk<-rank(x)

for (i in 1:k){ns[i]<-nsc[rk[i]]}

M[j,]<-ns }

for (i in L:K){S[i]<-sum(M[,i]D}

for (i in 1:K){WI[i]<-S[i]

if (W[i]>d2){C[i]<-1}

else {C[i]<-0} }

V<-V+C }

message("The probabilities of population selections are™)
Viw

ESS<-sum(V)/w

message("'The expected subset size is ",round(ESS,3))

Appendix H

#k=7,n=2

#generates all the permutations of 1:7
k<-7;n=2

f<-factorial (k)

f2<-fn2
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D<-matrix(0,nrow=f,ncol=Kk)
E<-matrix(0,nrow=f,ncol=k)
C<-matrix(0,nrow=f2,ncol=Kk)
F<-matrix(0,nrow=f2,ncol=k)
permutations <- function(n){
if(n==1){ return(matrix(1))
}else {

sp <- permutations(n-1)

p <- nrow(sp)

A <- matrix(nrow=n*p,ncol=n)
for(i in 1:n){

A[(i-1)*p+1:p,] <- cbind(i,sp+(sp>=i))

return(A)

¥
¥

D<-permutations(k)

dim(D)

head(D,5)

tail(D,5)

a<-c(rep(0,f));b<-c(rep(0,f))

for (i in 1:f){a[i]<-(i-1)*f+1

b[i]<-i*f }

#for (i in a[1]:b[1D{C]i,]<-D[1,]+DIi,]}
#for (i in a[2]:b[2]){C][i,]<-D[2,]+D[i-f,]}
#for (i in a[3]:b[3]){C]i,]<-D[3,]+DIi-2*f,]}
#for (i in a[4]:b[4]){C]i,]<-D[4,]+DJi-3*f,]}
#for (i in a[5]:b[5]){C]i,]<-D[5,]+DIi-4*f,]}
HitH#

#for (i in a[f]:b[f){C[i,]<-D[f,]+D[i-(f-1)*f,]} ####
for (i in 1:f){

for (j in 1:f){ C[(i-1)*f+j,]<-D[i,]+DIj.] } }
dim(C)

head(C,5)

tail(C,5)

S<-c(rep(0,f2))

for(i in 1:f2){S[i]<-max(C[i,])-C[i,1]}
head(S,5)

tail(S,5)

table(S)

df<-data.frame(table(S))

df

Pr<-df$Freq/f2

Pr<-round(Pr,5)

CDF<-cumsum(Pr)
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dfl<-data.frame(df,Pr,CDF) dfl

HHHHHHH AR

v3<-c(rep(0,f2))

for(i in 1:f2){v3[i]<-max(C[i,])-6}
message("max(Ti)-d fork=7,n=2,d =6 and

P* =0.74904")

head(v3,5)

tail(v3,5)

v2<-c(rep(0,f2))

for(i in 1:f2){v2[i]<-max(C[i,])-8}
message("max(Ti)-d fork=7,n=2,d=8and
P*=10.906")

head(v2,5)

tail(v2,5)

K<-c(rep(0,f2))

for (iin 1:f2){

if (C[i,1]>=v3[i]{K]i]<-1}

if (C[1,2]>=v3[iID{K]il<-K[i]+1}

if (C[1,3]>=v3[iI{KIil<-K[i]+1}

if (C[1,4]>=v3[iI]){KIi]<-K[i]+1}

if (C[i,5]>=v3[iI){K[il<-K[i]+1}

if (C[i,6]>=v3[iI{KJil<-K[i]+1}

if (C[i,7]>=v3[IN{K[il<-K[i]+1}

}

length(K)

message("*number of pops chosen with k =7, n =2,

d =6, and P* = 0.74904 for each of the ",f2," rank sums")
head(K,5)

tail(K,5)

L<-c(rep(0,f2))

for (i in 1:f2){

if (C[i,1]>=v2[iD{L[i]<-1}

if (C[i,2]>=v2[i]){L[i]<-L[i]+1}

if (C[i,3]>=v2[i]){L[i]<-L[i]+1}

if (C[i,4]>=v2[i]){L[i]<-L[i]+1}

if (C[i,5]>=v2[i]){L[i]<-L[i]+1}

if (C[i,6]>=v2[i]){L[i]<-L[i]+1} if (C[i,7]>=v2[i]){L[i]<-L[i]+1}
}

length(L)

message("*number of pops chosen with k =7, n =2,

d =8, and P* = 0.906 for each of the ",f2," rank sums")
head(L,5)

tail(L,5)

HUHHH R R R R
#Now replace ranks by normal scores (k=7) given by ns
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ns<-c(-1.35218,-0.75737,-0.35271,0,0.35271,0.75737,1.35218)
sum(ns)

E<-matrix(0,nrow=f,ncol=k)

for (i in 1:f){ for (j in 1:k){

for (min 1:k){

i}f (DI, j]l==m)}{E[i,j]J<-ns[m]}

}

}

dim(E)

for (i in 1:f){

for (j in 1:H){
F[(i-1)*f+j,]<-E[i,]+E[j.]
}

}

dim(F)

head(F,5)

tail(F,5)

U<-c(rep(0,f2))

for (i in 1:f2){U[i]<-max(F[i,])-F[i,1]}
U<-round(U,5)

length(U)

head(U,5)

tail(U,5)

table(U)

df3<-data.frame(table(U))
Pro<-df3$Freq/f2

Pro<-round(Pro,5)

CDF1<-cumsum(Pro)
df4<-data.frame(df3,Pro,CDF1)
df4[40:length(Pro),]
HHTHHHHEH
v5<-c(rep(0,f2))

for (i in 1:f2){v5[i]<-max(F[i,])-2.70436}
message("max(Si)-d fork =7,n=2,d = 2.70436
and P* = 0.75324")

head(v5,5)

tail(v5,5)

va<-c(rep(0,f2))

for (i in 1:f2){v4[i]<-max(F[i,])-3.62429}
message("'max(Si)-d fork =7,n=2,d = 3.62429
and P* =0.90840")

head(v4,5)

tail(v4,5)

K1<-c(rep(0,f2))
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for (i in 1:f2){

if (F[i,1]>=v5[i){K1[i]<-1}

if (F[i,2]>=v5[i]){K1[i]<-K1[i]+1}

if (F[i,3]>=v5[i]){K1[i]<-K1[i]+1}

if (F[i,4]>=v5[i])){K1[i]<-K1[i]+1}

if (F[i,5]>=v5[i]){K1[i]<-K1[i]+1}

if (F[i,6]>=v5[i])){K1[i]<-K1[i]+1}

if (F[i,7]>=v5[i]){K1[i]<-K1[i]+1}

}

length(K1)

message("*number of pops chosen with k =7, n =2,

d =6, and P* = 0.74904 for each of the ",f2," norm scores")
head(K1,5)

tail(K1,5)

L1<-c(rep(0,f2))

for (iin 1:f2){

if (F[i,2]>=vA4[iD{L1[i]<-1}

if (F[i,2]>=vA4[i]){L1[i]<-L1[i]+1}

if (F[i,3]>=vA4[i]){L1[i]<-L1[i]+1}

if (F[i,4]>=vA4[iD{L1[i]<-L1[i]+1}

if (F[i,5]>=vA4[i]){L1[i]<-L1[i]+1}

if (F[i,6]>=vA4[i]{L1[i]<-L1[i]+1}

if (F[i,7]>=vA4[i]){L1[i]<-L1[i]+1}

}

length(L1)

message("*number of pops chosen with k =7, n =2,

d =8, and P* = 0.906 for each of the ",f2," norm scores")
head(L1,5)

tail(L1,5)

T

#K-K1 < 0 means fewer pops chosen using rank scores at P* = 0.75
#L-L1 < 0 means fewer pops chosen using rank scores at P* = 0.90
Z<-K-K1

max(Z)

min(Z)

W<-L-L1

max (W)

min(W)

table(2)

table(W)

#note that Z[142] = -2

#C[142,]=c(2,5,5,11,10,12,11)
#C[142,]=c(1,2,3,4,5,6,7)+c(1,3,2,7,5,6,4)

#rank sums =¢(2,5,5,11,10,12,11)

#norm scores = ¢(-2.70436,-1.11008,-1.11008,1.35218,0.70542,
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#1.51474,1.35218)

#Rank procedure chooses popi if Ti>=max(T)-6=6 so 4 chosen

#Norm score procedure choose if Si>=max(S)-2.70436=-1.18962 so 6 chosen
#Rank procedure chooses 2 fewer than Norm score procedure

Chapter 6
Appendix I.
Ordering Probabilities for Three Independent Normal Variates

#General Normal Ordering for k=3 and n=2 #Compute the Pr(X1<X2<X3) where Xi’s
are independent normal variates with

#means m[i] and standard deviations sJi].

#order 1 is (X1<X2<X3); order 2 is (X1<X3<X2); order 3 is (X2<X1<X3);
#order 4 is (X2<X3<X1); order 5 is (X3<X1<X2); order 6 is (X3<X2<X1).
#Input the values of the means and standard deviations in next line
m=c(0,0,0);s=c(1,1,1)

order<-NULL; error<-NULL
Probl1<-NULL;Prob2<-NULL;Prob3<-NULL;Prob4<-NULL;Prob5<-
NULL;Prob6<-NULL

integrand1<-function(x){
((pnorm((s[2]*x+m[2]-m[1])/s[1]))*(pnorm((-x*s[2]+m[3]-
m[2])/s[3]))*dnorm(x,mean=0,sd=1))

}

intl<-integrate(integrandl,lower=-Inf,upper=Inf)

order[1]<-int1$value

order[1]

error[1]<-int1$abs.error

integrand2<-function(x){
((pnorm((s[3]*x+m[3]-m[1])/s[1]))*(pnorm((-x*s[3]+m[2]-
m[3])/s[2]))*dnorm(x,mean=0,sd=1))

int2<-integrate(integrand2,lower=-Inf,upper=Inf)
order[2]<-int2$value

order[2]

error[2]<-int2$abs.error
integrand3<-function(x){
((pnorm((s[1]*x+m[1]-m[2])/s[2]))*(pnorm((-x*s[1]+m[3]-
m[1])/s[3]))*dnorm(x,mean=0,sd=1))

}
int3<-integrate(integrand3,lower=-Inf,upper=Inf)
order[3]<-int3$value

order[3]

error[3]<-int3%abs.error
integrand4<-function(x){
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((pnorm((s[3]*x+m[3]-m[2])/s[2]))*(pnorm((-x*s[3]+m[1]-
m[3])/s[1]))*dnorm(x,mean=0,sd=1))

int4<-integrate(integrand4,lower=-Inf,upper=Inf)
order[4]<-int4$value

order[4]

error[4]<-int4$abs.error

integrand5<-function(x){
((pnorm((s[1]*x+m[1]-m[3])/s[3]))*(pnorm((-x*s[1]+m[2]-
m[1])/s[2]))*dnorm(x,mean=0,sd=1))

}

int5<-integrate(integrand5,lower=-Inf,upper=Inf)
order[5]<-int5$value

order[5]

error[5]<-int5%abs.error

integrand6<-function(x){
((pnorm((s[2]*x+m[2]-m[3])/s[3]))*(pnorm((-x*s[2]+m[1]-
m[2])/s[1]))*dnorm(x,mean=0,sd=1))

int6<-integrate(integrand6,lower=-Inf,upper=Inf)
order[6]<-int6$value

order[6]

error[6]<-int6$abs.error
df<-data.frame(order,error)

df

Total<-sum(order)

Total

#ProbX is the probability that order X & order[i] occur in 2 samples (blocks)
for (1'in 1:6){

Probl[i]<-order[1]*order[i]

}

for (1in 1:6){
Prob2[i]<-order[2]*order][i]
}

for (1in 1:6){
Prob3Ji]<-order[3]*order][i]

}

for (1in 1:6){
Prob4[i]<-order[4]*order[i]
}

for (1in 1:6){
Prob5[i]<-order[5]*order][i]

}
for (1'in 1:6){
Prob6[i]<-order[6]*order][i]
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}

dfl<-data.frame(Probl,Prob2,Prob3,Prob4,Prob5,Prob6)
round(dfl,5)

sum(Probl,Prob2,Prob3,Prob4,Prob5,Prob6)

#PrX is the probability that Tmax-T3 = X for X=0,1,2,3,4
PrO<-Prob1[1]+Prob1[2]+Probl[3]+Probl[4]+Probl[6]+Prob2[1]+
Prob2[3]+Prob2[4]+Prob3[1]+Prob3[2]+Prob3[3]+
Prob3[4]+Prob3[5]+Prob4[1]+Prob4[2]+Prob4[3]+
Prob5[3]+Prob6[1]

Pri<-Prob1[5]+Prob3[6]+Prob5[1]+Prob6[3]
Pr2<-Prob2[2]+Prob2[6]+Prob4[4]+Prob4[5]+Prob5[4]+Prob6[2]
Pr3<-Prob2[5]+Prob4[6]+Prob5[2]+Prob5[6]+Prob6[4]+Prob6[5]
Pr4<-Prob5[5]+Prob6[6]

df2<-data.frame(Pr0,Pr1,Pr2,Pr3,Pr4)

round(df2,5)

#cumdfX is the cdf of Tmax-T3 for X=0,1,2,3,4

cumdfO<-Pr0

cumdfl<-cumdfO+Prl

cumdf2<-cumdfl+Pr2

cumdf3<-cumdf2+Pr3

cumdf4<-cumdf3+Pr4
df3<-data.frame(cumdf0,cumdfl,cumdf2,cumdf3,cumdf4)
round(df3,5)

Appendix J.

Pr(CS) for Three Independent Normal Populations with Slippage Configuration
(Figure 1 Left Panel)

#norm_ord_computations using normal ordering.txt
#slippage parameter configurations

#mu=(0,0,delta)

require(splines)

delta<-seq(from=0,t0=5.2,by=0.1)

delta

length(delta)
Pr0<-c(0.5,0.53756,0.57477,0.61131,0.64687,0.68115,0.71391,
0.74494,0.77405,0.80114,0.82612,0.84895,0.86964,0.88822,
0.90478,0.91942,0.93224,0.94338,0.95299,0.96121,0.96819,
0.97407,0.97899,0.98308,0.98645,0.98922,0.99146,0.99328,
0.99474,0.9959,0.99683,0.99756,0.99813,0.99857,0.99892,
0.99918,0.99939,0.99954,0.99966,0.99975,0.99982,0.99987,
0.9999,0.99993,0.99995,0.99996,0.99997,0.99998,0.99999,
0.99999,0.99999,1,1)

length(Pr0)

plot(delta,Pr0)

fit0<-smooth.spline(delta,Pr0)
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lines(fit0,lwd=2,col=""red”)
Pri<-c(0.61111,0.64818,0.68394,0.71811,0.75042,0.78069,0.80877,
0.83454,0.85797,0.87906,0.89785,0.91444,0.92892,0.94145,
0.95218,0.96127,0.96891,0.97525,0.98047,0.98473,0.98816,
0.9909,0.99307,0.99477,0.99609,0.9971,0.99787,0.99845,
0.99888,0.9992,0.99943,0.9996,0.99972,0.99981,0.99987,
0.99991,0.99994,0.99996,0.99997,0.99999,0.99999,0.99999,
1,1,1,1,1,1,1,1,1,1,1)

length(Pr1)

par(ask=TRUE)

plot(delta,Prl)

fitl<-smooth.spline(delta,Prl)

lines(fitl,lwd=2,col="blue”)
Pr2<-c(0.77778,0.80502,0.83024,0.85338,0.87438,0.89328,0.910009,
0.92491,0.93784,0.949,0.95853,0.9666,0.97334,0.97892,
0.9835,0.9872,0.99017,0.99252,0.99437,0.9958,0.99609,
0.99774,0.99836,0.99883,0.99917,0.99942,0.9996,0.99972,
0.99981,0.99987,0.99992,0.99994,0.99996,0.99998,0.99999,
0.99999,0.99999,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1)

length(Pr2)

par(ask=TRUE)

plot(delta,Pr2)

fit2<-smooth.spline(delta,Pr2)

lines(fit2,lwd=2,col="green”)
Pr3<-c(0.94444,0.9533,0.9611,0.96789,0.97374,0.97873,0.98293,
0.98644,0.98933,0.99169,0.99359,0.99511,0.99631,0.99724,
0.99796,0.99851,0.99892,0.99922,0.99945,0.99962,0.99973,
0.99982,0.99988,0.99992,0.99995,0.99996,0.99998,0.99999,
0.99999,0.99999,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,

1,1,1)

length(Pr3)

par(ask=TRUE)

plot(delta,Pr3)

fit3<-smooth.spline(delta,Pr3)
lines(fit3,Iwd=2,col="purple”)

Prd<-c(rep(1,53))

length(Pr4)

par(ask=TRUE)

plot(delta,Pr4)

fitd<-smooth.spline(delta,Pr4)
lines(fit4,Ilwd=2,col="0orange”)

par(ask=TRUE)

plot(delta,Pr0,ylab="P(CS|d)”)
fit0<-smooth.spline(delta,Pr0)

lines(fit0,Iwd=2,col="red”)
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title(“Pr(T3>=max(T1,T2,T3)-d) = Pr(CS|d)

for 3 Normal Populations—slippage config & 2 blocks™)
points(delta,Prl)

fitl<-smooth.spline(delta,Pr1)

lines(fitl,lwd=2,col="blue”)

points(delta,Pr2)

fit2<-smooth.spline(delta,Pr2)

lines(fit2,lwd=2,col="green”)

points(delta,Pr3)

fit3<-smooth.spline(delta,Pr3)

lines(fit3,lwd=2,col="purple”)

points(delta,Pr4)

fitd<-smooth.spline(delta,Pr4)

lines(fit4,lwd=2,col="orange”)

legend(2.5,0.85,legend=c(“d = 0”,’d = 1”,”’d = 2”,”d = 3”,”d = 4”),
col=c(“red”,”blue”,”green”,”purple”,”orange’),pch=c(“0”,”0”,”0”,”0”,”0”),
Ity=c(1,2,3,4,5),ncol=1)

Appendix K. Pr(CS) for Three Independent Normal Populations with Equi-Spaced
Configuration (Figure 1 Right Panel)
#norm_ord_computations using normal ordering.txt
#equi-spaced parameter configurations

#mu=(0,delta,2*delta)

require(splines)

delta<-seq(from=0,t0=4.2,by=0.1)

delta

length(delta)
Pr0<-c(0.5,0.55563,0.60899,0.65921,0.70571,0.74812,0.78629,
0.82026,0.85017,0.87625,0.89875,0.91797,0.93421,0.94777,
0.95895,0.96806,0.97539,0.98122,0.98579,0.98933,0.99205,
0.99412,0.99568,0.99684,0.99771,0.99835,0.99881,0.99915,
0.9994,0.99958,0.9997,0.9998,0.99986,0.9999,0.99993,
0.99996,0.99997,0.99998,0.99999,0.99999,0.99999,1,1)
length(Pr0)

plot(delta,Pr0)

fit0O<-smooth.spline(delta,Pr0)

lines(fit0,lwd=2,col="red”)
Pr1<-c(0.61111,0.66562,0.71566,0.76058,0.80009,0.83419,0.8632,
0.88756,0.90786,0.92467,0.93856,0.95001,0.95946,0.96725,
0.97367,0.97895,0.98328,0.98681,0.98967,0.99197,0.99381,
0.99527,0.99641,0.9973,0.99799,0.99851,0.99891,0.99921,
0.99943,0.99959,0.99971,0.9998,0.99986,0.9999,0.99993,
0.99996,0.99997,0.99998,0.99999,0.99999,0.99999,1,1)
length(Pr1)

par(ask=TRUE)
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plot(delta,Prl)

fitl<-smooth.spline(delta,Pr1)

lines(fitl,lwd=2,col="blue”)
Pr2<-c(0.77778,0.81764,0.85252,0.88246,0.90774,0.92868,0.94573,
0.95938,0.97011,0.97839,0.98466,0.98932,0.9927,0.99512,
0.9968,0.99795,0.99871,0.99921,0.99953,0.99972,0.99984,
0.99991,0.99995,0.99997,0.99999,0.99999,1,1,1,1,1,1,1,1,
1,1,1,1,1,1,1,1,1)

length(Pr2)

par(ask=TRUE)

plot(delta,Pr2)

fit2<-smooth.spline(delta,Pr2)
lines(fit2,lwd=2,col="green”)
Pr3<-c(0.94444,0.95735,0.96797,0.97649,0.9832,0.98829,0.99207,
0.99478,0.99667,0.99794,0.99876,0.99928,0.9996,0.99978,
0.99989,0.99994,0.99997,0.99999,0.99999,1,1,1,1,1,1,1,1,
11,1,1,11,11,1,11,1,1,1,1,1)

length(Pr3)

par(ask=TRUE)

plot(delta,Pr3)

fit3<-smooth.spline(delta,Pr3)
lines(fit3,lwd=2,col="purple”)

Pra<-c(rep(1,43))

length(Pr4)

par(ask=TRUE)

plot(delta,Pr4)

fitd<-smooth.spline(delta,Pr4)
lines(fit4,lwd=2,col="orange”)

par(ask=TRUE)
plot(delta,Pr0,ylab="P(CS|d)”)
fit0<-smooth.spline(delta,Pr0)
lines(fit0,lwd=2,col="red”)
title(“Pr(T3>=max(T1,T2,T3)-d) = Pr(CS|d)
for 3 equi-spaced Normal Populations & 2 blocks™)
points(delta,Prl)
fitl<-smooth.spline(delta,Prl)
lines(fitl,Iwd=2,col="blue”)
points(delta,Pr2)
fit2<-smooth.spline(delta,Pr2)
lines(fit2,lwd=2,col="green”)
points(delta,Pr3)
fit3<-smooth.spline(delta,Pr3)
lines(fit3,Iwd=2,col="purple”)
points(delta,Pr4)
fit4<-smooth.spline(delta,Pr4)
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lines(fit4,lwd=2,col="orange”)

legend(2.5,0.85,legend=c(“d = 0”,”d = 1”,”d = 2”,”d = 3”,”d = 4”),
COIZC(“rEd”’”bIUe”’”green”’”purpIe”,”orange”),pCh:C(“O””’O””,O’,,”O””,O”),
Ity=c(1,2,3,4,5),ncol=1)

Appendix L. Ordering Probabilities for Three Independent Bi-Uniform Variates
#Bi-Uniform for nonparametric block design, k=3,n=2

#See McDonald (1972), Sankhya, Series A, Vol. 34, Part 1, pp.53-64

#The distribution is a mixture of two uniform densities

#Population 1: Uniform(-c,0) and uniform(1,1+a), ¢c>-0 and a>-0

#Population 2: Uniform(-c+deltal,deltal) and uniform(1+deltal,1+a+deltal),
#c>0, a>0, deltal>=0

#Populatiom 3: Uniform(-c+delta2,delta2) and uniform(1+delta2,1+a+delta2),
#c>0, a>0, delta2>=deltal

#set ¢, a, deltal, delta2 and number of random draws (nsim)
c<-5;a<-1;deltal<-0;delta2<-0;nsim<-200000
y1=NULL;y2=NULL,;y3=NULL

z1=NULL;z2=NULL;z3=NULL

p1=NULL;p2=NULL;p3=NULL

for (1 in 1:nsim){

y1[i]<-runif(1,-c,0)

z1[i]<-runif(1,1,1+a)

p1[i]<-rbinom(1,1,0.5)

X1[i]<-p1[iT*y1[i] + (1-p1[i))*z1[i]

}

for (j in 1:nsim){
y2[j]<-runif(1,-c+deltal,deltal)
z2[j]<-runif(1,1+deltal,1+a+deltal)
p2[j]<-rbinom(1,1,0.5)
>}<2[j]<-p2[i]*y2[i] + (1-p2[il)*22[i]
for (k in L:nsim){
y3[k]<-runif(1,-c+delta2,delta?)
z3[K]<-runif(1,1+delta2,1+a+delta2)
p3[k]<-rbinom(1,1,0.5)
x3[Kk]<-p3[k]*y3[k] + (1-p3[K])*z3[K]
}

df<-data.frame(x1,x2,x3)

head(df,5)

tail(df,5)
avg<-c(mean(x1),mean(x2),mean(x3))
std<-c(sd(x1),sd(x2),sd(x3))
var<-std"2
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avg
std

r1=NULL;r2=NULL;rk1=NULL;rk2=NULL;add=NULL
d=NULL
nl<-floor((nsim+1)/2)

for (I'in 1:n1){

j<-2*i-1
ri<-c(x1[j],x2[j1.x3[j])
r2<-c(x1[j+1],x2[j+1],x3[j+1])
rkl<-rank(rl)

rk2<-rank(r2)

add<-rk1+rk2
d[i]<-max(add)-add[3]

}

pd<-table(d)

pd

sum(pd)

den<-pd/sum(pd)

den

cdf<-cumsum(den)

cdf
summary<-data.frame(den,cdf)
summary

Appendix M. Pr(CS) for Three Independent Bi-Uniform Populations with Slippage
Configuration (Figure2 Left Panel)

#Computations using Counterexample Distribution k=3,n=2

#slippage parameter configurations

#c=a=1; 200,000 simulations

# theta=(0,0,delta)

require(splines)

delta<-seq(from=0,t0=1.0,by=0.1)

delta

length(delta)

Pr0<-c(0.50035,0.56392,0.61917,0.67020,0.70652,
0.74557,0.76886,0.78770,0.80021,0.81007,0.81374)
length(Pr0)

plot(delta,Pr0)

fit0O<-smooth.spline(delta,Pr0)
lines(fit0,Iwd=2,col="red”)
Pr1<-c(0.61072,0.67262,0.72432,0.77131,0.80291,
0.83586,0.85383,0.86842,0.88060,0.88930,0.89132)
length(Pr1)
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par(ask=TRUE)

plot(delta,Prl)

fitl<-smooth.spline(delta,Pr1)
lines(fitl,lwd=2,col="blue”)
Pr2<-c(0.77821,0.82438,0.85743,0.88818,0.90752,
0.92597,0.93527,0.94186,0.94859,0.95162,0.95389)
length(Pr2)

par(ask=TRUE)

plot(delta,Pr2)

fit2<-smooth.spline(delta,Pr2)
lines(fit2,lwd=2,col="green”)
Pr3<-c(0.94404,0.95971,0.96915,0.97726,0.98219,
0.98690,0.98899,0.99011,0.99115,0.99182,0.99229)
length(Pr3)

par(ask=TRUE)

plot(delta,Pr3)

fit3<-smooth.spline(delta,Pr3)
lines(fit3,lwd=2,col="purple”)

Prd<-c(rep(1,11))

length(Pr4)

par(ask=TRUE)

plot(delta,Pr4)

fitd<-smooth.spline(delta,Pr4)
lines(fit4,lwd=2,col="orange”)

par(ask=TRUE)
plot(delta,Pr0,ylab="P(CS|d)”,xlim=c(0,1),ylim=c(0.5,1))
fit0O<-smooth.spline(delta,Pr0)
lines(fit0,lwd=2,col="red”)
title(“Pr(T3>=max(T1,T2,T3)-d) = Pr(CS|d)

for 3 slippage Counterexample Populations & 2 blocks™)
points(delta,Prl)

fitl<-smooth.spline(delta,Prl)
lines(fitl,Iwd=2,col="blue”)

points(delta,Pr2)

fit2<-smooth.spline(delta,Pr2)
lines(fit2,lwd=2,col="green”)

points(delta,Pr3)

fit3<-smooth.spline(delta,Pr3)
lines(fit3,Iwd=2,col="purple”)

points(delta,Pr4)

fit4<-smooth.spline(delta,Pr4)
lines(fit4,lwd=2,col="orange”)
legend(0.8,0.7,legend=c(“d = 0”,’d = 1”,”d = 2”,”d = 3”,”d = 4”),
col=c(“red”,”blue”,”green”,”purple”,”orange”),pch=c(*“0”,”0”,70”,0”,”0"),
Ity=c(1,2,3,4,5),ncol=1)
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Appendix N. Pr(CS) for Three Independent Bi-Uniform Populations with Equi-
Spaced Configuration (Figure 2 Right Panel)

#Computations using Counterexample Distribution k=3,n=2

#equi-spaced parameter configurations

#c=a=1; 200,000 simulations

# theta=(0,delta,2*delta)

require(splines)

delta<-seq(from=0,t0=1.0,by=0.1)

delta

length(delta)

Pr0<-c(0.50035,0.59002,0.66110,0.71370,0.74518,
0.76439,0.76724,0.78088,0.80236,0.82969,0.86351)
length(Pr0)

plot(delta,Pr0)

fit0O<-smooth.spline(delta,Pr0)
lines(fit0,lwd=2,col=""red”)
Pr1<-c(0.61072,0.69698,0.76194,0.81093,0.84024,
0.86286,0.87304,0.88545,0.90072,0.91396,0.92584)
length(Pr1)

par(ask=TRUE)

plot(delta,Prl)

fitl<-smooth.spline(delta,Pr1)
lines(fitl,lwd=2,col="blue”)
Pr2<-c(0.77821,0.84163,0.88157,0.91152,0.92619,
0.93778,0.94237,0.94811,0.95687,0.96347,0.97230)
length(Pr2)

par(ask=TRUE)

plot(delta,Pr2)

fit2<-smooth.spline(delta,Pr2)
lines(fit2,Iwd=2,col="green”)
Pr3<-c(0.94404,0.96501,0.97582,0.98380,0.98613,
0.98695,0.98671,0.98726,0.98959,0.99269,0.99564)
length(Pr3)

par(ask=TRUE)

plot(delta,Pr3)

fit3<-smooth.spline(delta,Pr3)
lines(fit3,lwd=2,col="purple”)

Prd<-c(rep(1,11))

length(Pr4)

par(ask=TRUE)

plot(delta,Pr4)

fit4<-smooth.spline(delta,Pr4)
lines(fit4,lwd=2,col="orange”)
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par(ask=TRUE)
plot(delta,Pr0,ylab="P(CS|d)”,xlim=c(0,1),ylim=c(0.5,1))
fit0O<-smooth.spline(delta,Pr0)
lines(fit0,Iwd=2,col="red”)
title(“Pr(T3>=max(T1,T2,T3)-d) = Pr(CS|d)

for 3 equi-spaced Bi-Uniform Populations & 2 blocks™)
points(delta,Prl)

fitl<-smooth.spline(delta,Pr1)
lines(fitl,lwd=2,col="blue”)

points(delta,Pr2)

fit2<-smooth.spline(delta,Pr2)
lines(fit2,lwd=2,col="green”)

points(delta,Pr3)

fit3<-smooth.spline(delta,Pr3)
lines(fit3,lwd=2,col="purple”)

points(delta,Pr4)

fitd<-smooth.spline(delta,Pr4)
lines(fit4,lwd=2,col="orange”)
legend(0.8,0.7,legend=c(“d = 0”,”’d = 1”,”d = 2”,”d = 3”,”d = 4”),
col=c(“red”,”blue”,”green”,”purple”,”orange”),pch=c(“0”,”0”,”0”,”0”,”0”),
Ity=c(1,2,3,4,5),ncol=1)

Appendix O. Calculation of A and Pe to Satisfy Equation (6.3.1)

#For a given k and epsilon, solves for A and P

#Specify k, epsilon, and an appropriate seq for A
k<-3;epsilon<-0.06066
integrand<-function(x,A=0){((pnorm(x+A))"*(k-1))*dnorm(x)}
int<-function(A){integrate(integrand,lower=-Inf,upper=Inf,A=A)$value}
A =seq(0,10,by=0.5)

len<-length(A)

pstar<-sapply(A,int)

df<-data.frame(A,pstar)

ipstar<-gnorm(pstar)

bound<-ipstar*sqrt(2)*(1+epsilon)

diff<-bound-A

print("If diff>0, then A<bound and counterexample inequality holds™)
dfl<-data.frame(A,pstar,ipstar,bound,diff)

dfl

plot(A,bound,main=paste("bound vs. A, k =" k,", epsilon = ",epsilon,
"\nline is A = bound"), ylim=c(bound[1],bound[len]))
abline(@=0,b=1)

Chapter 5

Appendix P. EXPANDED MVTFRs DATA
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#MVTFR Ranks 1994 2022

#Rank sums for the MVTFRs

#k is the number of populations (e.g., states); n is the number of blocks (e.g., years)
k<-51;n<-29
State=c("AL","AK","AZ""AR","CA","CO","CT","DE","DC","FL","GA","HI","ID","IL"
L IN" A",
"KS""KY""LA","ME","MD","MA","MI","MN","MS","MO","MT","NE","NV","NH" "
NJ","NM","NY","NC",
"ND","OH","OK","OR","PA","RI","SC","SD","TN","TX","UT","VT","VA","WA","WV
"WITTWY'™!)
y1994=c(2.21,2.05,2.33,2.44,1.56,1.74,1.14,1.59,2.00,2.2,1.72,1.54,2.15,1.68,1.59,1.86,1
79,
1.95,2.25,1.51,1.47,0.94,1.67,1.49,2.77,1.9,2.22,1.75,2.26,1.13,1.26,2.18,1.49,1.99,1.39,
1.4,1.93,1.68,1.56,0.89,2.27,2.02,2.23,1.79,1.9,1.25,1.38,1.35,2.08,1.42,2.15)
y1995=c(2.2,2.11,2.61,2.37,1.52,1.84,1.13,1.61,1.67,2.19,1.74,1.64,2.13,1.68,1.49,2.03,1
.76,
2.07,2.31,1.49,1.5,0.92,1.79,1.35,2.94,1.87,2.28,1.61,2.24,1.11,1.27,2.29,1.46,1.9,1.13,
1.35,1.74,1.91,1.57,1.00,2.28,2.06,2.24,1.76,1.73,1.71,1.29,1.33,2.16,1.45,2.41)
y1996=c(2.23,1.97,2.36,2.21,1.43,1.71,1.1,1.51,1.59,2.12,1.76,1.84,1.99,1.53,1.49,1.73,1
.89,
1.98,2.37,1.32,1.32,0.83,1.67,1.3,2.65,1.88,2.12,1.8,2.18,1.22,1.31,2.25,1.34,1.89,1.26,
1.35,1.96,1.73,1.52,0.97,2.34,2.24,2.12,2.02,1.64,1.38,1.23,1.44,1.97,1.44,1.94)
y1997=c(2.23,1.76,2.19,2.35,1.32,1.62,1.19,1.79,1.8,2.08,1.69,1.65,2.01,1.41,1.36,1.67,1
82,
1.97,2.44,1.45,1.31,0.87,1.58,1.22,2.73,1.89,2.82,1.77,2.13,1.12,1.23,2.21,1.37,1.81,1.47,
1.39,2.02,1.62,1.59,1.06,2.18,1.86,2.02,1.77,1.79,1.48,1.4,1.32,2.08,1.33,1.81)
y1998=c(1.94,1.55,2.17,2.2,1.2,1.6,1.12,1.4,1.63,2.05,1.63,1.5,1.97,1.38,1.42,1.55,1.82,1
91,
2.3,1.42,1.25,0.78,1.46,1.31,2.77,1.81,2.47,1.79,2.19,1.11,1.15,1.91,1.23,1.87,1.25,1.36,1
8,

1.61,1.48,0.93,2.34,2.04,1.94,1.74,1.65,1.58,1.29,1.27,1.9,1.26,1.92)
y1999=c(2.03,1.74,2.18,2.07,1.19,1.54,1.01,1.18,1.18,2.06,1.52,1.21,1.99,1.42,1.46,1.68,
1.95,
1.75,2.28,1.28,1.2,0.8,1.44,1.22,2.66,1.64,2.24,1.64,2.01,1.18,1.11,2.05,1.26,1.71,1.64,1.
36,

1.74,1.19,1.52,1.06,2.41,1.82,2.01,1.67,1.63,1.38,1.19,1.21,2.08,1.31,2.42)
y2000=c(1.76,2.3,2.11,2.24,1.22,1.63,1.11,1.49,1.37,1.99,1.47,1.55,2.04,1.38,1.25,1.51,1
.64,
1.75,2.3,1.19,1.17,0.82,1.41,1.19,2.67,1.72,2.4,1.53,1.83,1.05,1.08,1.9,1.13,1.74,1.19,1.2
9,

1.5,1.33,1.49,0.96,2.34,2.05,1.99,1.72,1.65,1.12,1.24,1.18,2.14,1.4,1.88)
y2001=c(1.75,1.89,2.12,2.08,1.27,1.73,1.03,1.58,1.81,1.77,1.53,1.61,1.84,1.37,1.27,1.49,
1.75,
1.83,2.2,1.33,1.27,0.9,1.34,1.06,2.18,1.62,2.3,1.36,1.72,1.15,1.08,2.00,1.2,1.67,1.45,1.29,
1.57,1.42,1.49,1.01,2.27,2.00,1.85,1.73,1.24,1.17,1.27,1.21,1.91,1.33,2.16)

109



y2002=c(1.8,1.82,2.18,2.13,1.27,1.71,1.04,1.4,1.33,1.76,1.41,1.34,1.86,1.35,1.09,1.31,1.
78,
1.95,2.09,1.47,1.23,0.86,1.28,1.2,2.43,1.77,2.59,1.64,2.12,1.01,1.1,1.97,1.15,1.7,1.32,1.3
1,

1.62,1.26,1.54,1.03,2.23,2.12,1.73,1.73,1.34,0.98,1.18,1.2,2.19,1.37,1.95)
y2003=¢(1.71,1.98,2.07,2.09,1.31,1.48,0.95,1.57,1.87,1.71,1.47,1.43,2.05,1.36,1.15,1.42,
1.64,
1.99,2.13,1.39,1.19,0.86,1.27,1.18,2.33,1.81,2.41,1.54,1.91,0.98,1.05,1.92,1.11,1.66,1.41,
1.17,

1.47,1.46,1.48,1.24,2.01,2.38,1.73,1.71,1.29,0.83,1.23,1.09,1.96,1.42,1.79)
y2004=¢(1.95,2.02,2.01,2.22,1.25,1.45,0.93,1.44,1.15,1.65,1.44,1.46,1.77,1.24,1.3,1.23,1
57,
2.04,2.08,1.3,1.16,0.87,1.12,1.00,2.28,1.64,2.04,1.32,1.95,1.26,0.99,2.18,1.08,1.64,1.32,1
15,

1.67,1.28,1.38,0.98,2.11,2.24,1.89,1.6,1.2,1.25,1.17,1.02,2.02,1.31,1.77)
y2005=¢(1.92,1.45,1.97,2.05,1.32,1.26,0.88,1.4,1.29,1.75,1.52,1.39,1.85,1.27,1.31,1.45,1
44,
2.08,2.14,1.13,1.09,0.8,1.09,0.98,2.32,1.83,2.26,1.43,2.06,1.24,1.01,2.04,1.03,1.53,1.62,
1.2,1.71,1.38,1.5,1.05,2.21,2.22,1.79,1.5,1.12,0.95,1.18,1.17,1.82,1.36,1.88)
y2006=c(1.99,1.49,2.07,2.01,1.29,1.1,0.98,1.57,1.02,1.65,1.49,1.58,1.76,1.17,1.27,1.4,1.
55,
1.91,2.17,1.25,1.16,0.78,1.04,0.87,2.2,1.59,2.34,1.39,1.97,0.93,1.02,1.88,1.03,1.53,1.41,
1.11,1.57,1.35,1.41,0.98,2.08,2.08,1.82,1.48,1.11,1.11,1.19,1.12,1.96,1.22,2.07)
y2007=¢(1.81,1.59,1.7,1.96,1.22,1.14,0.92,1.23,1.22,1.56,1.46,1.33,1.6,1.16,1.23,1.43, 1.
38,
1.8,2.19,1.22,1.09,0.79,1.04,0.89,2.04,1.43,2.45,1.32,1.68,0.96,0.95,1.54,0.97,1.62,1.42,
1.13,1.61,1.31,1.37,0.8,2.11,1.62,1.7,1.42,1.11,0.86,1.25,1.0,2.1,1.27,1.6)
y2008=c(1.63,1.27,1.52,1.81,1.05,1.15,0.95,1.35,0.94,1.5,1.37,1.04,1.52,0.98,1.11,1.34,1
29,
1.74,2.03,1.06,1.07,0.67,0.96,0.78,1.79,1.41,2.12,1.09,1.56,1.06,0.8,1.39,0.92,1.4,1.33,1.
1,

1.55,1.24,1.36,0.79,1.86,1.35,1.5,1.48,1.06,1.0,1.0,0.94,1.82,1.05,1.68)
y2009=c(1.38,1.3,1.31,1.8,0.95,1.01,0.71,1.28,0.8,1.3,1.18,1.09,1.46,0.86,0.9,1.19,1.31,1
67,
1.84,1.1,0.99,0.62,0.9,0.74,1.73,1.27,2.01,1.15,1.19,0.85,0.8,1.39,0.87,1.28,1.72,0.92,1.5
7,

1.11,1.22,1.01,1.82,1.48,1.4,1.35,0.93,0.97,0.94,0.87,1.82,0.96,1.4)
y2010=¢(1.34,1.17,1.27,1.7,0.84,1.96,1.02,1.13,0.67,1.25,1.12,1.13,1.32,0.88,1.0,1.24,1.
44,
1.58,1.59,1.11,0.88,0.64,0.97,0.73,1.61,1.16,1.69,0.98,1.16,0.98,0.76,1.38,0.92,1.29,1.27,
0.97,1.4,0.94,1.32,0.81,1.65,1.58,1.47,1.29,0.95,0.98,0.9,0.8,1.64,0.96,1.66)
y2011=c(1.38,1.57,1.39,1.67,0.88,0.96,0.71,1.1,0.76,1.25,1.13,0.99,1.05,0.89,0.98,1.15,1
29,
1.5,1.46,0.95,0.86,0.68,0.94,0.65,1.62,1.14,1.79,0.95,1.02,0.71,0.86,1.36,0.92,1.19,1.62,
0.91,1.47,0.99,1.3,0.84,1.7,1.23,1.32,1.29,0.93,0.77,0.94,0.8,1.78,0.99,1.46)
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y2012=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)

HEHHH
y2013=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)
y2014=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)
y2015=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)
y2016=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)
y2017=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)
y2018=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)
y2019=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)
y2020=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)
y2021=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)
y2022=c(1.33,1.23,1.37,1.65,0.88,1.01,0.75,1.24,0.42,1.27,1.11,1.25,1.13,0.91,0.99,1.16,
1.32,
1.58,1.54,1.16,0.89,0.62,0.99,0.69,1.51,1.21,1.72,1.1,1.07,0.84,0.79,1.43,0.91,1.23,1.69,
1.0,1.48,1.01,1.32,0.82,1.76,1.46,1.42,1.43,0.82,1.07,0.96,0.78,1.76,1.04,1.33)
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HitHHH

MV<-
data.frame(State,y1994,y1995,y1996,y1997,y1998,y1999,y2000,y2001,y2002,y2003,y20
04,
y2005,y2006,y2007,y2008,y2009,y2010,y2011,y2012,y2013,y2014,y2015,y2016,y2017,
y2018,y2019,

y2020,y2021,y2022)

MV

#Tied ranks are resolved at random
x1<-rank(y1994ties.method="random");x2<-rank(y1995,ties.method="random")
x3<-rank(y1996,ties.method="random");x4<-rank(y1997,ties.method="random")
x5<-rank(y1998,ties.method="random");x6<-rank(y1999,ties.method="random")
x7<-rank(y2000,ties.method="random");x8<-rank(y2001,ties.method="random")
x9<-rank(y2002,ties.method="random");x10<-rank(y2003,ties.method="random")
x11<-rank(y2004,ties.method="random");x12<-rank(y2005,ties.method="random")
x13<-rank(y2006,ties.method="random");x14<-rank(y2007,ties.method="random")
x15<-rank(y2008,ties.method="random");x16<-rank(y2009,ties.method="random")
x17<-rank(y2010,ties.method="random");x18<-rank(y2011,ties.method="random")
x19<-rank(y2012,ties.method="random");x20<-rank(y2013,ties.method="random")
x21<-rank(y2014,ties.method="random");x22<-rank(y2015,ties.method="random")
x23<-rank(y2016,ties.method="random");x24<-rank(y2017,ties.method="random")
x25<-rank(y2018,ties.method="random");x26<-rank(y2019,ties.method="random")
x27<-rank(y2020,ties.method="random");x28<-rank(y2021,ties.method="random")
x29<-rank(y2022,ties.method="random")
ra<-data.frame(x1,x2,x3,x4,x5,x6,x7,x8,x9,x10,x11,x12,x13,x14,x15,x16,x17,
x18,x19,x20,x21,x22,%x23,X24,x25,x26,x27,x28,x29)

#ra

ram<-as.matrix(ra)

ram

RkSum<-rep(0,k)

for (i in 1:K){RkSum[i]<-sum(ram[i,])}

#RkSum

StRk<-data.frame(State,RkSum)

#StRk

StRkOrd<-StRk[order(StRk$RkSum),]

#StRkOrd

NorSc<-rep(0,51)

#The following are approximations to exact values given by Harter

#for (i in 1:kK){NorSc[i]<-gnorm(i/(k+1))}

#NorSc<-round(NorSc,4)

#The following expected values of normal order stats are taken from

#"Expected Values of Normal Order Statistics,” by H. Leon Harter (1961)

#If two states are tied and the rank values are rl and r2 (r1<r2), then rl

#is assigned to the state that is lower in alphabetical order (using the

#two letter state abbreviation; r2 is assigned to the other state.
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#Similarly if three are more states are tied in their MVTFRs.
NorSc<-c(-2.25678,-1.86371,-1.63829,-1.47409,-1.34207,-1.23003,-1.13162,
-1.04312,-0.96213,-0.88701,-0.81661,-0.75004,-0.68666,-0.62592,-0.56742,
-0.51080,-0.45578,-0.40211,-0.34957,-0.29799,-0.24719,-0.19702,-0.14735,
-0.09803,-0.04896,0,0.04896,0.09803,0.14735,0.19702,0.24719,0.29799,
0.34957,0.40211,0.45578,0.51080,0.56742,0.62592,0.68666,0.75004,0.81661,
0.88701,0.96213,1.04312,1.13162,1.23003,1.34207,1.47409,1.63829,1.86371,
2.25678)

sum(NorSc)

#NorSc

df94<-data.frame(State,x1)

ns94<-rep(0,51)

for (i in 1:51){ns94[i]<-NorSc[x1[i]]}

df94<-data.frame(State,x1,ns94)

#df94

#

df95<-data.frame(State,x2)

ns95<-rep(0,51)

for (i in 1:51){ns95[i]<-NorSc[x2[i]]}

df95<-data.frame(State,x2,ns95)

#df95

#

df96<-data.frame(State,x3)

ns96<-rep(0,51)

for (i in 1:51){ns96[i]<-NorSc[x3[i]]}

df96<-data.frame(State,x3,ns96)

#df96

#

df97<-data.frame(State,x4)

ns97<-rep(0,51)

for (i in 1:51){ns97[i]<-NorSc[x4[i]]}

df97<-data.frame(State,x4,ns97)

#df97

#

df98<-data.frame(State,x5)

ns98<-rep(0,51)

for (i in 1:51){ns98[i]<-NorSc[x5[i]]}

df98<-data.frame(State,x5,ns98)

#df98

#

df99<-data.frame(State,x6)

ns99<-rep(0,51)

for (i in 1:51){ns99[i]<-NorSc[x6[i]]}

df99<-data.frame(State,x6,ns99)

#df99
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#

df00<-data.frame(State,x7)
ns00<-rep(0,51)

for (i in 1:51){ns00[i]<-NorSc[x7[i]]}
df00<-data.frame(State,x7,ns00)
#df00

#

df01<-data.frame(State,x8)
ns01<-rep(0,51)

for (i in 1:51){ns01[i]<-NorSc[x8[i]]}
df01<-data.frame(State,x8,ns01)
#dfol

#

df02<-data.frame(State,x9)
ns02<-rep(0,51)

for (i in 1:51){ns02[i]<-NorSc[x9[i]]}
df02<-data.frame(State,x9,ns02)
#df02

#

df03<-data.frame(State,x10)
ns03<-rep(0,51)

for (i in 1:51){ns03[i]<-NorSc[x10[i]]}
df03<-data.frame(State,x10,ns03)
#df03

#

df04<-data.frame(State,x11)
ns04<-rep(0,51)

for (i in 1:51){ns04[i]<-NorSc[x11[i]]}
df04<-data.frame(State,x11,ns04)
#dfo4

#

df05<-data.frame(State,x12)
ns05<-rep(0,51)

for (i in 1:51){ns05[i]<-NorSc[x12[i]]}
df05<-data.frame(State,x12,ns05)
#df05

#

df06<-data.frame(State,x13)
ns06<-rep(0,51)

for (i in 1:51){ns06[i]<-NorSc[x13[i]]}
df06<-data.frame(State,x13,ns06)
#df06

#

df07<-data.frame(State,x14)
ns07<-rep(0,51)
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for (i in 1:51){ns07[i]<-NorSc[x14[i]]}
df07<-data.frame(State,x14,ns07)
#dfo7

#

df08<-data.frame(State,x15)
ns08<-rep(0,51)

for (i in 1:51){ns08[i]<-NorSc[x15[i]]}
df08<-data.frame(State,x15,ns08)
#df08

#

df09<-data.frame(State,x16)
ns09<-rep(0,51)

for (i in 1:51){ns09[i]<-NorSc[x16[i]]}
df09<-data.frame(State,x16,ns09)
#df09

#

df10<-data.frame(State,x17)
ns10<-rep(0,51)

for (i in 1:51){ns10[i]<-NorSc[x17[i]]}
df10<-data.frame(State,x17,ns10)
#df10

#

dfll<-data.frame(State,x18)
nsl1<-rep(0,51)

for (i in 1:51){ns11[i]<-NorSc[x18][i]]}
dfll<-data.frame(State,x18,ns11)
#df11l

#

dfl12<-data.frame(State,x19)
ns12<-rep(0,51)

for (i in 1:51){ns12[i]<-NorSc[x19[i]]}
dfl2<-data.frame(State,x19,ns12)
#df12

#

df13<-data.frame(State,x20)
ns13<-rep(0,51)

for (i in 1:51){ns13[i]<-NorSc[x20[i]]}
df13<-data.frame(State,x20,ns13)
#df13

#

dfl4<-data.frame(State,x21)
nsl4<-rep(0,51)

for (i in 1:51){ns14[i]<-NorSc[x21[i]]}
dfl4<-data.frame(State,x21,ns14)
#df14
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#

df15<-data.frame(State,x22)
ns15<-rep(0,51)

for (i in 1:51){ns15[i]<-NorSc[x22[i]]}
df15<-data.frame(State,x22,ns15)
#df15

#

df16<-data.frame(State,x23)
ns16<-rep(0,51)

for (i in 1:51){ns16[i]<-NorSc[x23[i]]}
df16<-data.frame(State,x23,ns16)
#df16

#

dfl7<-data.frame(State,x24)
nsl7<-rep(0,51)

for (i in 1:51){ns17[i]<-NorSc[x24[i]]}
dfl17<-data.frame(State,x24,ns17)
#df17

#

df18<-data.frame(State,x25)
ns18<-rep(0,51)

for (i in 1:51){ns18[i]<-NorSc[x25[i]]}
df18<-data.frame(State,x25,ns18)
#df18

#

df19<-data.frame(State,x26)
ns19<-rep(0,51)

for (i in 1:51){ns19[i]<-NorSc[x26[i]]}
df19<-data.frame(State,x26,ns19)
#df19

#

df20<-data.frame(State,x27)
ns20<-rep(0,51)

for (i in 1:51){ns20[i]<-NorSc[x27[i]]}
df20<-data.frame(State,x27,ns20)
#df20

#

df21<-data.frame(State,x28)
ns21<-rep(0,51)

for (i in 1:51){ns21[i]<-NorSc[x28[i]]}
df21<-data.frame(State,x28,ns21)
#df21

#

df22<-data.frame(State,x29)
ns22<-rep(0,51)
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for (i in 1:51){ns22[i]<-NorSc[x29[i]]}
df22<-data.frame(State,x29,ns22)

#df22

#

Ns<-data.frame(ns94,ns95,ns96,ns97,ns98,ns99,ns00,ns01,
ns02,ns03,ns04,ns05,ns06,ns07,ns08,ns09,ns10,ns11,ns12)
scm<-as.matrix(Ns)

#scm

NsSum<-rep(0,k)

for (i in 1:k){NsSum[i]<-sum(scm[i,])}

#NsSum

StRkNs<-data.frame(State,NsSum)

#StRKkNs

#

StNs<-data.frame(State,NsSum)

StNs

StNsOrd<-StNs[order(StNs$NsSum),]

StNsOrd

StRks<-data.frame(State,RkSum)

StRks

StRksOrd<-StRks[order(StRks$RkSum),]

StRksOrd

#

Summary<-data.frame(StRkOrd,StNsOrd)

Summary

#check on distribution of MVTFRs for one year, 1994
hist(y1994,col="red',freq=FALSE,xlab="1994 MV TFRs",
main="Histogram of 1994 MVTFRs\n Normal Density Overlay")
low<-min(y1994)-0.1;up<-max(y1994)+0.1
curve(dnorm(x,mean(y1994),sd(y1994),),from=Ilow,to=up,add=TRUE)
#

#check on distribution of MVTFRs for one year, 2012
#hist(y2012,col="red',freq=FALSE xlab="2012 MV TFRs",ylim=c(0,1.4),
#main="Histogram of 2012 MV TFRs\n Normal Density Overlay")
#low<-min(y2012)-0.2;up<-max(y2012)+0.2
#curve(dnorm(x,mean(y2012),sd(y2012),),from=Ilow,to=up,add=TRUE)
App. A.expanded.txt

Displaying App. A.expanded.txt.

Appendix Q: constants calculations for different values of P* (0.75,0.90,0.95,0.99)
HHHHHHH

# CALCULATIONs RELATED TO WHEN P*=0.75

HHHHHHH
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# Find the d's constants#

# find d1 by simulation #

# N simulations#

k=51; n=29; N=25000

size<-k*n

m<-rep(0,size)
M<-matrix(m,nrow=n,ncol=k,byrow=TRUE)
S<-rep(0,k)

row.seq<-rep(0,k)

#for (i in L:k){

#row.seq[i]<-gnorm(i/(k+1))

#}

#row.seq<-seq(1:k)

#normal.score.51 taken from H. Leon Harter (1961), Biometrika
norm.score.51<-c(-2.25678,-1.86371,-1.63829,-1.47409,-1.34207,
-1.23003,-1.13162,-1.04312,-0.96213,-0.88701,
-0.81661,-0.75004,-0.68666,-0.62592,-0.56742,
-0.51080,-0.45578,-0.40211,-0.34957,-0.29799,
-0.24719,-0.19702,-0.14735,-0.09803,-0.04896,0.00000,
0.04896,0.09803,0.14735,0.19702,0.24719,
0.29799,0.34957,0.40211,0.45578,0.51080,
0.56742,0.62592,0.68666,0.75004,0.81661,
0.88701,0.96213,1.04312,1.13162,1.23003,
1.34207,1.47409,1.63829,1.86371,2.25678)
row.seq<-norm.score.51

for (m in 1:N){

for (i in 1:n){
M[i,]<-sample(row.seq,replace=FALSE)
¥

M

for (j in 1:k){
Sfil<-sum(MLj])

}

S
T[m]<-max(S)-S[K]
¥

#T

#sort(unique(T))
quan<-c¢(0.50,0.75,0.90,0.95,0.97,0.99)
round(quantile(T,quan),4)
norm.sc.sg<-(norm.score.51)"2
ssg<-sum(norm.sc.sq)
h<-((k-1)/(n*ssq))"0.5

h

d1=15.7484
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h*d1

Pstar<-0.75
d2<-((n*ssq)/k)"0.5*qnorm(1-Pstar)
d2

d3=d1

d3

d4=-d2

d4

w<-h*d1
w

B e S e

# Find the b's constants#

#find the constant b1 and d1 based on determining the values of c.b1 and h.d1
#which they share a common value call it w#

# find bl #

#k populations; n blocks#

w<-2.971838 # P* is 75

k=51

n=29
func<-function(x){(pnorm(x+w))*50*dnorm(x)}
integrate(func,lower=-Inf,upper=Inf)
c<-(12/(n*k*(k+1)))"0.5

# to find b1 now, all we need is to divide w by c#
bl<-w/c

bl

Pstar<-0.75
b2<-((n*(k"2-1))/12)"0.5*gnorm(1-Pstar)+(n*(k+1))/2
b2

b3=bl

b3

b4<-n*(k+1)-b2

b4

HHHHHH

# CALCULATIONs RELATED TO WHEN P*=0.90
HHHHH

# Find the d's constants#

# find d1 by simulation #

# N simulations#

k=51; n=29; N=25000

size<-k*n
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m<-rep(0,size)
M<-matrix(m,nrow=n,ncol=k,byrow=TRUE)
S<-rep(0,k)

row.seq<-rep(0,k)

#for (i in L:K){

#row.seq[i]<-gnorm(i/(k+1))

#}

#row.seq<-seq(1:k)

#normal.score.51 taken from H. Leon Harter (1961), Biometrika
norm.score.51<-c(-2.25678,-1.86371,-1.63829,-1.47409,-1.34207,
-1.23003,-1.13162,-1.04312,-0.96213,-0.88701,
-0.81661,-0.75004,-0.68666,-0.62592,-0.56742,
-0.51080,-0.45578,-0.40211,-0.34957,-0.29799,
-0.24719,-0.19702,-0.14735,-0.09803,-0.04896,0.00000,
0.04896,0.09803,0.14735,0.19702,0.24719,
0.29799,0.34957,0.40211,0.45578,0.51080,
0.56742,0.62592,0.68666,0.75004,0.81661,
0.88701,0.96213,1.04312,1.13162,1.23003,
1.34207,1.47409,1.63829,1.86371,2.25678)
row.seq<-norm.score.51

for (min L:N){

for (iin 1:n){
M[i,]<-sample(row.seq,replace=FALSE)
}

M

for (j in 1:k){

?[i]<-sum(l\/l[,j])

S

T[m]<-max(S)-S[k]

#T

#sort(unique(T))
quan<-c(0.50,0.75,0.90,0.95,0.97,0.99)
round(quantile(T,quan),4)
norm.sc.sg<-(norm.score.51)"2
ssg<-sum(norm.sc.sq)
h<-((k-1)/(n*ssq))"0.5

h

d1=19.4745

h*d1

Pstar<-0.90
d2<-((n*ssq)/k)"0.5*qnorm(1-Pstar)
d2

d3=d1
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d3
d4=-d2
d4

w<-h*d1
W

B R R R R

# Find the b's constants#

#find the constant b1 and d1 based on determining the values of c¢.b1 and h.d1
#which they share a common value call it w#

#find bl #

#k populations; n blocks#

w<-3.674981 # P* is 90

k=51

n=29
func<-function(x){(pnorm(x+w))"50*dnorm(x)}
integrate(func,lower=-Inf,upper=Inf)
c<-(12/(n*k*(k+1)))"0.5

# to find b1 now, all we need is to divide w by c#
bl<-w/c

bl

Pstar<-0.90
b2<-((n*(k"2-1))/12)"0.5*gnorm(1-Pstar)+(n*(k+1))/2
b2

b3=bl

b3

b4<-n*(k+1)-b2

b4

T

# CALCULATIONs RELATED TO WHEN P*=0.95
M

# Find the d's constants#

# find d1 by simulation #

# N simulations#

k=51; n=29; N=25000

size<-k*n

m<-rep(0,size)
M<-matrix(m,nrow=n,ncol=k,byrow=TRUE)
S<-rep(0,k)

row.seqg<-rep(0,k)

#for (i in L:k){

#row.seq[i]<-gnorm(i/(k+1))

#}
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#row.seq<-seq(1:k)

#normal.score.51 taken from H. Leon Harter (1961), Biometrika
norm.score.51<-c(-2.25678,-1.86371,-1.63829,-1.47409,-1.34207,
-1.23003,-1.13162,-1.04312,-0.96213,-0.88701,
-0.81661,-0.75004,-0.68666,-0.62592,-0.56742,
-0.51080,-0.45578,-0.40211,-0.34957,-0.29799,
-0.24719,-0.19702,-0.14735,-0.09803,-0.04896,0.00000,
0.04896,0.09803,0.14735,0.19702,0.24719,
0.29799,0.34957,0.40211,0.45578,0.51080,
0.56742,0.62592,0.68666,0.75004,0.81661,
0.88701,0.96213,1.04312,1.13162,1.23003,
1.34207,1.47409,1.63829,1.86371,2.25678)
row.seq<-norm.score.51

for (min 1:N){

for (i in 1:n){
M[i,]<-sample(row.seq,replace=FALSE)
}

M

for (j in 1:k){
Shil<-sum(ML,j])

}

S
T[m]<-max(S)-S[k]
}

#T

#sort(unique(T))
quan<-c(0.50,0.75,0.90,0.95,0.97,0.99)
round(quantile(T,quan),4)
norm.sc.sg<-(norm.score.51)"2
ssg<-sum(norm.sc.sq)
h<-((k-1)/(n*ssq))"0.5

h

d1=21.5202

h*d1

Pstar<-0.95
d2<-((n*ssq)/k)"0.5*qnorm(1-Pstar)
d2

d3=d1

d3

d4=-d2

d4

w<-h*d1
w
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U R

# Find the b's constants#

#find the constant b1 and d1 based on determining the values of c.b1 and h.d1
#which they share a common value call it w#

#find bl #

#k populations; n blocks#

w<-4.061019 # P* is 95

k=51

n=29
func<-function(x){(pnorm(x+w))"50*dnorm(x)}
integrate(func,lower=-Inf,upper=Inf)
c<-(12/(n*k*(k+1)))"0.5

# to find b1 now, all we need is to divide w by c#
bl<-w/c

bl

Pstar<-0.95
b2<-((n*(k"2-1))/12)"0.5*gnorm(1-Pstar)+(n*(k+1))/2
b2

b3=bl

b3

b4<-n*(k+1)-b2

b4

T

# CALCULATIONs RELATED TO WHEN P*=0.99
T

# Find the d's constants#

# find d1 by simulation #

# N simulations#

k=51; n=29; N=25000

size<-k*n

m<-rep(0,size)

M<-matrix(m,nrow=n,ncol=k,byrow=TRUE)

S<-rep(0,k)

row.seq<-rep(0,k)

#for (i in 1:k){

#row.seq[i]<-gnorm(i/(k+1))

#}

#row.seq<-seq(1:k)

#normal.score.51 taken from H. Leon Harter (1961), Biometrika
norm.score.51<-c(-2.25678,-1.86371,-1.63829,-1.47409,-1.34207,
-1.23003,-1.13162,-1.04312,-0.96213,-0.88701,

123



-0.81661,-0.75004,-0.68666,-0.62592,-0.56742,
-0.51080,-0.45578,-0.40211,-0.34957,-0.29799,
-0.24719,-0.19702,-0.14735,-0.09803,-0.04896,0.00000,
0.04896,0.09803,0.14735,0.19702,0.24719,
0.29799,0.34957,0.40211,0.45578,0.51080,
0.56742,0.62592,0.68666,0.75004,0.81661,
0.88701,0.96213,1.04312,1.13162,1.23003,
1.34207,1.47409,1.63829,1.86371,2.25678)
row.seq<-norm.score.51

for (min L:N){

for (i in 1:n){
M[i,]<-sample(row.seq,replace=FALSE)

M

for (j in 1:k){
S[il<-sum(ML;j])

}

S
T[m]<-max(S)-S[k]

#T

#sort(unique(T))
quan<-c(0.50,0.75,0.90,0.95,0.97,0.99)
round(quantile(T,quan),4)
norm.sc.sg<-(norm.score.51)"2
ssg<-sum(norm.sc.sq)
h<-((k-1)/(n*ssq))"0.5

h

d1=25.5102

h*d1l

Pstar<-0.99
d2<-((n*ssq)/k)"0.5*qnorm(1-Pstar)
d2

d3=d1l

d3

d4=-d2

d4

w<-h*d1
W

M

# Find the b's constants#

#find the constant b1 and d1 based on determining the values of ¢.b1 and h.d1
#which they share a common value call it w#
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#find bl #

#k populations; n blocks#

w<-4.813962 # P* is 99

k=51

n=29
func<-function(x){(pnorm(x+w))*50*dnorm(x)}
integrate(func,lower=-Inf,upper=Inf)
c<-(12/(n*k*(k+1)))"0.5

# to find b1 now, all we need is to divide w by c#
bl<-w/c

bl

Pstar<-0.99
b2<-((n*(k"2-1))/12)"0.5*gnorm(1-Pstar)+(n*(k+1))/2
b2

b3=bl

b3

b4<-n*(k+1)-b2

b4
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