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Abstract. We apply the recent theory of evolution inclusions for set-valued pseudomonotone
maps, developed in Kuttler and Shillor [Commun. Contemp. Math., 1 (1999), pp. 87-123] to the
problem of dynamic frictional contact with normal compliance and wear. The friction coefficient is
assumed to be slip rate dependent, and may be continuous, or discontinuous in the form of a graph
with a vertical segment at the origin, representing the transition from the static to the dynamic
value. The wear of the contacting surfaces is modeled by the Archard law. We prove the existence of
a weak solution for the problem. We establish the uniqueness of the weak solution in the case when
the friction coefficient is continuous. We also show that the problem with prescribed wear depends
continuously on the wear.

Key words. dynamic frictional contact, set-valued inclusions, existence and uniqueness, dis-
continuous friction coefficient, normal compliance, wear

AMS subject classifications. 74M10, 74M15, 35R35, 35R05, 35R70

PII. S0036141001391184

1. Introduction. We use the theory of set-valued pseudomonotone maps, which
we have developed in [18], to establish the existence of a weak solution of a dynamic
frictional contact problem with wear, when the friction coefficient depends discontin-
uously on the slip velocity. The problem describes frictional dynamic contact between
a deformable body, assumed to be viscoelastic, and a moving foundation and the re-
sulting wear of the contact surface. This paper is a continuation of our investigation
in [18], where the contact problem has been considered, however, with continuous
coefficient of friction and without wear. The new features in the model are the de-
scription of friction with a discontinuous coefficient and inclusion of the wear of the
contacting surfaces. We investigate the case when the friction coefficient jumps from
a static value, when the contacting surfaces stick together, to the lower dynamic value
at the onset of relative motion between them. Such a behavior is often assumed in
engineering applications. The contact between the body and a moving rigid founda-
tion is modeled with the normal compliance condition, and friction is modeled with
the pressure dependent condition. We use the Archard law to describe the evolution
of the wear. The problem is formulated as an abstract inclusion in a Banach space to
which the results of [18] apply.

Dynamic frictional contact problems have been considered recently in [5, 6, 9, 19,
21, 26, 31], while quasi-static problems can be found in [2, 4, 7, 27, 30] and references
to therein. See also [29] and the papers therein. It is a common assumption in
engineering literature that the friction coefficient depends on the slip speed. However,
there are only few and very recent mathematical publications which consider dynamic
contact with a friction coefficient which depends on the slip velocity of the contacting
surface [2, 10, 18, 19]. The last reference deals with a discontinuous slip-dependent
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coefficient, but in that problem the contact was assumed to be maintained and there
was no wear. A simple one-dimensional dynamic problem was analyzed in [10], where
a criterion for the appearance of dynamic instabilities was discovered. Analysis and
numerical simulations of thermoelastic frictional contact of a beam were performed
in [17]. The quasi-static problem with slip or total slip (over the contact history)
dependent coefficient of friction can be found in [2] and the dynamic thermoviscoelastic
problem in [3]. Frictional contact problems with wear can be found in [6] and [31].

In section 2, we present preliminary material which includes the abstract existence
theorem of [18] that underlies our results here. The classical model for the process, its
abstract formulation, the assumptions on the problem data, and the statement of our
main result, Theorem 3.2, are given in section 3. Section 4 is devoted to approximate
problems, with a known wear function, whose unique solvability, stated in Theorem
4.1, follows from the existence theorem in section 2. A solution of the contact problem
with known wear, when the friction coefficient p is continuous, is obtained as a limit of
these approximate solutions in section 5. Under a mild additional assumption on the
problem data we show that the solution is unique. We investigate in section 6 the case
of a discontinuous friction coefficient. It is found that many of the necessary estimates
do not depend on the continuity of p, and this fact is exploited in establishing the
existence of a weak solution in the case when p has a jump discontinuity at the origin,
when slip motion is initiated. The result is stated in Theorem 3.2, in the case when
the wear is known. Uniqueness remains an unsolved problem in this case. In section
7, we prove the continuous dependence of the solutions of the problem on the wear
function w. The result is stated in Theorem 7.1, and it has some merit on its own. In
section 8, we deal with the problem with wear, which is assumed to evolve according
to a local version of the Archard law. We use the results up to this point to establish
the existence of the weak solution to the problem with wear; however, the questions
of uniqueness and stability of the solutions remain open.

2. Preliminaries. The existence results to be presented in this paper are based
on our recent theorems [18] for differential inclusions of the form

(B(t)u(t)) +Au> f(t),

where A is a set-valued pseudomonotone map. Here, the prime denotes the time
derivative which is understood in the sense of distributions. Let V be a reflexive
Banach space, over C, and let V' denote the space of conjugate linear maps. We start
with (see, e.g., [22]) the following definition.
DEFINITION 2.1. A map A:V — P (V') is said to be pseudomonotone if
1. the set Au is nonempty, bounded, closed, and convex for all u € V;
2. if F is a finite-dimensional subspace of V, u € F, and if U is a weakly open
set in V' such that Au C U, then there exists 6 > 0 such that if v € Bs(u) N F,
then Av C U;
3. if u; — u weakly in V and u} € Au; is such that

(2.1) lim sup Re(u},u; — u)y <0,

1— 00
then, for each v € V, there exists u* (v) € Au such that

(2.2) lim inf Re(u;,u; —v)y > Re(u*(v),u — v)y.

71— 00

Here Bs(u) denotes the ball of radius ¢ centered at u.
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Our theory of set-valued evolution equations was developed in general reflexive
Banach spaces. Here we restrict ourselves to the spaces which we now describe. Let
Q Cc RN (N = 2,3) be a domain, occupied by the deformable body, with Lipschitz
boundary I'. The surface is divided into three mutually disjoint parts I'p, 'y, and
I'c such that T'c # () is the potential contact surface. Next, we choose the space
W as follows: if the body is clamped over I'p, with meas'p > 0, then we set
W ={ue (HYQ))N : u=0on I'p}; if the body is not held fixed (measT'p = 0),
then W = (H'(Q))". Now we let ¢,p > 2, set D = W N (C>*(Q))Y, and define

(2.3) V,={ueW:que (L(Ic)V},

with notm [[ul 5 = |[ullw + 1yl zo(reyye where 3 W — (L(Te))Y is the trace

operator. V,, is a reflexive Banach space since it is isometric to a closed subspace of
W x (LP(T'¢))N. We denote by V,, the closure of D in V,. Then V,, is a reflexive
Banach space, and for p < ¢

(2.4) Vo 2 Vg, Vy is dense in V.

Since V}, is dense in H = (L*(Q))Y, we identify H and H' and write V, C H = H' C
V,. Let

(2.5) Vo ={u e L*0,T;V,) : |ully, < oo},

equipped with norm

(2.6) l[ally, = [[allz20,0;w) + vallLeo,7:(Lr (0e))V) -

V), is a reflexive Banach space since it is isometric to a closed subspace of L2(0,T; W) x
LP(0,T; (LP(T¢))N), and V, is dense in V), when p < q. Note that v, C LPI(O,T; V;)
and the inclusion map is continuous.

Next, we define the Banach space X as follows:

(2.7) X={ueV,:u' eV}, |jullx = |ully, + [l

We shall use the following two results.
THEOREM 2.2 (see [20]). Letp>1, ¢ > 1, W C U CY with compact inclusion
map ©: W — U and continuous inclusion map v : U — Y and let

SR = {u € LP(O,T; W) : U.I c Lq(O,T;Y), HuHLP(O,T;W) + ||ul‘|Lq(07T;y) < R}
Then Sg is precompact in LP(0,T;U).
THEOREM 2.3 (see [28]). Let W, U, and Y be as above and let
Srr = {u:|[u@®)|lw + [[0|[Leo,ry) < R, t€[0,T]}

for ¢ > 1. Then Sgr is precompact in C(0,T;U).

We now describe the abstract setting we shall use. Let V and W be reflexive
Banach spaces over C and let I = [a,b]. We denote W; = L% (I;W) and then
Wi = L% (I;W'). Also, when I = [0,T], we write V instead of V;.

We assume that the family of operators B (t) satisfies B (¢t) € £ (W, W’) and

(2.8) (B (t) u, v) = (B (t) v, u),
(2.9) (B (t)u, u) >0,

(2.10) B(t) = B(0) + /t B'(s)ds.
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The operator L, associated with B, is defined as

(2.11) D(L)={ucV: (i*Bu) € V'),
(2.12) Lu = (i*Bu)’ for u € D(L),

where ¢ is the inclusion map of V into W. The following lemma results from the
definitions.

LEMMA 2.4. L is a closed operator.

We define

X=D(L), |lullx = I[[Lully +[lully-

By Lemma 2.4, X is isometric to a closed subspace of a product of reflexive Banach
spaces and thus X is also reflexive. Under these conditions the following theorem was
proved in [18].

THEOREM 2.5 (see [18]). Let u,v € X; then the following hold.

1.t = (B@®)u(t),v()w w equals an absolutely continuous function a.e. t,

denoted by (Bu,v) ( ).

Re(Lu (t),u(t)) = 1 [(Bu,u)’ (t) + (B’ (t)u(t),u(t))] for a.e. t.
|(Bu,v) (t)| < C||u\|X [lv]|x for some C >0 and for all t € [0,T].
t — B(t)u(t) equals a function in C (0, T;W'), a.e. t, denoted by Bu (-).
sup{||Bu (t)||y., t € [0,T]} < C|Jul|x for some C > 0.
If K: X — X' is given by

Al e

T
(K, o) xr x = /O (Lu (8) v (£))dt + (Bu, v) (0),

then
6. K is linear, continuous, and weakly continuous.
7. Re(Ku,u) = L[(Bu,u) (T) + (Bu,u) (0)] + 3 [T (B (t)u(t),u(t))dt.
The operator A in the theorem and below is assumed to satisfy

(2.13) A:V — P(V') is bounded;
(2.14) i inf {2Re(u*, u) + (B'u,u) + (Bu,u) (T') : u* € Au} _
' llully—oo [lully

for u € X; and
(2.15) A+ K : X — P(X') is pseudomonotone.

The following abstract theorem is the basis for the results in this paper.

THEOREM 2.6 (see [18]). Let the spaces V and W be as defined above and let the
operators A : YV — P (V') and B (t) satisfy (2.13)—(2.15) and (2.10)—(2.12), respec-
twely. If f € V' and ug € W, then there exists a solution u € V to the initial value
problem

(i*Bu) + Au s f in V, Bu (0) = Bug in W'.

Here, 7 is the inclusion map i : V' — W. The proof of the theorem can be found
n [18].
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3. The model. We describe the classical problem and the assumptions on the
data, then we formulate it abstractly, and we state our main results in Theorems
3.2-3.3. We use the isothermal version of the problem in [6] (see also [21, 8]). We
refer the reader there for a more detailed description of the model. We use the normal
compliance contact condition (see, e.g., [6, 5, 15, 13, 21, 27] ) to describe the contact,
together with a condition for dry friction. Dynamic problems with this condition have
been investigated in [15, 5, 9, 6]. We use the Archard law, as has been done in [6], to
describe the wear of the contact surface (see also [27, 30, 31]).

A viscoelastic body occupies the reference configuration Q C R¥, with boundary
surface I' = 09, such that I’ = T¢ UTp UTy. It may come in contact with a
deformable moving foundation on the part I'c. We set Qpr = Q x (0,T) for 0 < T
and denote the displacements vector by u = (ug,...,uy) and the stress tensor by
o = o(u,u’) = (0y5), where here and below 4, j = 1,..., N, and a comma separates
the components of a vector or tensor from partial derivatives.

The equations of motion, in dimensionless form, are

(3.1) u” —Divo(u,u') =fp in Qr,
where fp represents the volume force acting on the body. Initially,
(32) u(x, O) = uO(X)a u'(x, 0) = VO(X) in Qv

where ug and vq are the prescribed displacement and velocity fields, respectively.
The body is held fixed on I'p (when measIT'p # 0) and tractions fi act on 'y,
thus

(3.3) u=0 onIp, on="fy only,

where n is the unit outward normal to 2 on I

Our interest lies in the process on the contact surface I'c. We denote the normal
component of the displacements vector on I' by u,, = u - n, the tangential components
by ur = u — (u-n)n, the normal component of the traction by o, = o;;n;n;, and
the tangential tractions by or; = o;jn; — opn,.

We model the contact between the body and the foundation by the normal com-
pliance condition. Let g = g(x) be a nonnegative function on I'¢, representing the
gap between the body’s surface (in the reference configuration) and the foundation,
measured along the normal n. We denote by w = w(x,t) the wear function which
measures the wear of I'c at position x and time t. It describes the change in the
surface, in the (negative) direction of the normal, resulting from material removal
because of friction. We assume that the contact pressure is given by

(34) On = 7p(un —w = 9)7

where p(-) is a nonnegative monotone function which vanishes for negative argument
values. Thus, the pressure on the contact surface depends on the interpenetration
un — w — g, when positive. The choice p(r) = ()" can be found in [13, 21].

We note that as the wear of the surface increases the normal displacement needed
for contact increases, too. In the tangential direction we employ a dry friction condi-
tion that is compatible with (3.4) and which has a slip dependent and discontinuous
friction coefficient. Let p* denote the friction graph,

N B2 TN when r = 0,
(3.5) i) = { e(r) when r > 0,
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where r = |u/, — v,| denotes the relative slip between the surface and the foundation.
Here, v, is the tangential velocity of the foundation, and generally it depends on
the location on the surface, thus it is assumed to lie in L*°(0,T; L*>° (RN)). If the
contact surface is flat, a portion of a plane, we may choose v, to be a function of time
only, but when the contact surface is not flat, even if the velocity of the foundation is
constant, the tangential velocity is not constant and depends on the position and on
time.

In the slip state (0 < r) the coefficient u is given by p.(r), and pg = lims_.¢ pc(s)
denotes the dynamic value at zero slip. In the absence of relative slip g may have
any value in the interval [p4, pt5]. Thus, we do not insist that it has the static value
s, although it is likely when the body is in stick state for a while. We assume that
te(r), for r > 0, is a given positive Lipschitz function which satisfies the conditions
below.

Next, we consider the friction condition. As is well known in applications, and
explained well in [25, 32], when the contact pressure is low to moderate, the real
contact area is a small fraction of the nominal contact area, and the frictional tan-
gential traction is proportional to the contact pressure, given by up. This is the usual
Coulomb’s condition which is often used both in engineering and mathematical pub-
lications. However, when the contact pressure is very high, such as in metal forming
processes, the fraction of the real contact area approaches unity, and the frictional
traction reaches saturation and the maximal frictional resistance becomes indepen-
dent of the contact pressure. Thus, there is a transition from the Coulomb law to the
so-called Tresca law; see, e.g., [32]. Such a transition is observed both in elastic and
plastic materials. A simple way to model such behavior is to introduce the truncated
contact pressure function

_Jp it p<R,
"R if R<p.

Here, R = const. is the pressure at which the friction traction levels off. We could
have used, instead, a more general, and less transparent, function F' such that F' = up
for small p, and asymptotically F' — uR as p — oc.

Then the friction bound is defined as up,,, and the friction law is

(3.6) p(lur — vi|) € p*(Juf — i) a.e. on I'c,
(3.7) lor| < pspp (un —w = g),
u, — v, .
(3.8) UT:—hﬂcﬂu%_"*\)‘”n(“n_W—g) if up — v, #0.
T *

Conditions (3.6)—(3.8) model friction as follows. The tangential part of the traction
is bounded by psp,,. Sliding commences when |or| reaches the bound psp,,, and then
the tangential force has a direction opposite to the relative tangential velocity. The
actual value of p is a selection out of the graph, (3.6).

The contact surface I'¢ is divided, at each time instant, into the separation, slip,
and stick zones.

We assume that the wear of the surface is either a given function or else it is
proportional to the friction force and to the sliding speed, as in the Archard law,

ow

(3.9) 5

= kwﬂCﬂu/T = Vi )Pg (Uy —w — 9)50(|u/T — Vi)
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Here, k,, is a positive material constant, very small in practice. The function s. is a
regularization of | - | on RY which is uniformly bounded and such that s.(r) = 0 for
r = 0. Note that we used . in (3.9) since s, vanishes when there is no slip.

The new features in the model are the dependence, which often can be observed
experimentally, of the friction coefficient on the magnitude of the slip, |u} — v, |, with
a jump from a static to a dynamic value at the onset of sliding, and the wear of the
contact surface. The problem with Lipschitz p and without wear was investigated in
[18].

Finally, we assume that the material is viscoelastic with constitutive law

(3.10) o=o(u,u’)=Au+ Cu,

ie., ;5 = Aijriuk, + Cijriu}, ;, where the elasticity tensor A has the components A,
and the viscosity tensor C has the components Cjji.

The classical formulation of the problem of dynamic frictional contact with normal
compliance wear and discontinuous slip dependent friction coefficient is as follows:
Find {u,w} such that (3.1)—(3.10) hold.

We make the following assumptions on the problem data. The normal pressure
function p(-) is increasing and satisfies

(3.11) Ip(r1) — p(r2)| < K(1+ 772+ 75 72)|ry — o),
and either

(3.12) 0<p(r)<Kandp=2; p(r)=0, r <0,
or

(3.13) 2Pl - K <p(r) < K(1+rP71), r>0; p(r)=0, r <0,

where p > 2 is a fixed exponent here and everywhere below, and 6 and K are positive
constants. Also, p is the exponent and p(-) is the normal compliance function. The
choice made in [21] and [13] of p(r) = r'*, where 1 < my < m,,, corresponds to
p —1=m, and clearly (3.13) holds for suitable constants K and 6. The function s,
satisfies

(3.14) se(r) < s, [sc(r1) — se(r2)| < 6%|r1 — ral.

We assume that the coefficient of friction is a graph composed of the vertical
segment [u4, 5] and the function u. is bounded, positive, and Lipschitz continuous,

(3.15) e (r1) = pre (r2)| < Lipy, e — 7ol lpell e < e

We assume that the elasticity and viscosity coefficients A and C' lie in L>°(£2) and
satisfy the following symmetries for B = A or C"

(3.16) Bijri = Bijik, Bjiri = Bijki, Bijri = By,
and
(317) BijleijCkl > )\Crsé-rm

for all symmetric matrices ¢, where 0 < .
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We now obtain a weak formulation of problem (3.1)-(3.10) since, generally, the

friction law and the set inclusion (3.6) preclude the existence of classical solutions.
We begin by defining the viscosity and elasticity operators M, A :V, — Vp’ as

(3.18) (Mu,v) Z/Cijkluk,lvi,j dz,
Q

(3.19) (Au,v) = / Ajjrug v j do.
Q
It follows from our assumptions and Korn’s inequality [23] that both M and A satisfy
<Bu7u> 262”1‘1”%[/_)\0“1@{’ <Buvu> 207 <B11,V>:<BV,11>

for B= M or A, for some § > 0, and for Ay > 0.
The normal compliance operator (v, w) — P(u,w), which maps V; x L? (I'¢) to
V, (for each ¢ > p), is given by

(3.20) (P(u,w),z) = /0 /F p(un —w — g)z, dUdt,

where u(t) = ug + fotv(s)ds, for uy € V. Next, we define f € W' as

T T
(321) <f7Z>W’,W = / / fBZ dxdt + / fN’)/Z dl'dt
0 Q 0 o0

for all z € W. Here fp represents a body force in L?(0,T; H) and fy is a traction
force in L2(0,T; L2(0Q)N).
Let v4 : LP (0, T; L (De)N) — V; be defined as

T
(vr€,w) = / & - wrdldt.
0 JTe

The abstract form of the problem for the displacement u, the velocity v, and the
wear w, is the following.
Problem P. Find u,v € V,, w € L? (0,T; LP (I'¢)) such that

(3.22) v+ Mv+ Au+ P(u,w) + 776 =f  in V),
(3.23) w' = Kupte (V1 = Vil) P (un —w — g) sc (Ivr — Vi),
(3.24) w (0) =0, v(0) = v € H,

t
(3.25) u(t) =ug +/0 v(s)ds, up €V,

the inclusion (3.6) holds and for all w €V,

T
6200 (r&w) < [ [ pepn(ve = vet wrl = Jvr - vi]) drdt,
0 T'e
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where e = pe(|vr — v.|) and p, = p, (un —w —g).

When the triplet {u, v, w} solves the abstract problem (3.22)—(3.26), then u and
w are a weak solution of (3.1)—(3.10).

The main results in this paper are presented according to whether the wear is a
given function or is determined by the differential equation (3.23). To begin with, we
consider the following basic result, proved in section 5, in the case of a given wear
function. We note that it includes all the published versions of the problem, such as
[14, 21] or [15].

THEOREM 3.1. Letp > 2 and let w € L? (0,T; L? (T'¢)), w' € LP(0,T; L?(T'¢)),
w >0,u€V,,voe H, fe V}', and assume p* (r) = p. (r), where ue is bounded
and Lipschitz. Then there exists ¢ € LV (0,T; L" (T¢)N) and v € L2(0,T; W) such
that

(3.27) (U, —w —g)+ € L=(0,T; LP(T'¢c)),
(3.28) V4 Mv+ Au+ P (u,w) +yp€ =1 in V),
t
(3.29) v(0) =vq, u(t) =ug +/ v(s)ds,
0
and

T
(3.30) (vp&,w) < / / ey (Ve — v + wp| — |vp — v, |) dl dt,
0o Jre

where i = pie([vr — v.) and p, = py (un —w — g).

If, in addition, p < 4, then the solution {u,v} is unique.

Next, we consider the case of a set-valued friction coefficient and given wear
function. The proof can be found in section 6.

THEOREM 3.2. Let p > 2 and let ug € V,,, vo € H, f € V), and w,w’ €
L? (0, T; LP (T¢)) with w' > 0. Then there exists a pair {v,£} such that

(331) v E L2(07T7 W)7 (un 711}79)4,_ € Loo(ovTaLp(FC))a
(3.32) V4 Mv+ Au+ P (u,w) +7:E = in V,
t
(3.33) v(0) = vo,  u(t)=up+ / v(s) ds,
0

where & satisfies the inequality

T
(3.34) (i€, w) < / /1“ tepn (Ve — v + wr| — |vp — v,|) dldt,
0 c

and where pe = p(|ve — vi|) and p, = p, (un —w — g), for an element (|vy — V.|,
w(|vr —vy|)) from the graph p*, a.e., and for allw € V).

We note that this theorem guarantees only the existence of a solution. Indeed,
it seems unreasonable to expect uniqueness when we have a graph in the problem;
however, the question remains open.

Finally, we consider the case where the wear is a solution of the differential equa-
tion of Archard’s law and p* = .. This leads to the following theorem whose proof
is in section 8.
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THEOREM 3.3. Assume (3.12) and that p = p. = p* and s. are bounded and
Lipschitz continuous. Let ug € Vo,vog € H, and f € V). Then there exists a unique
solution {u,v,w} of problem (3.22)—(3.26), and it satisfies

v e L*(0,T;Vp), v €L*(0,T;Vy), w,w € L¥(0,T;L>®(T¢)).

If we wish to take into account the possible dependence of p and p(-) on the po-
sition x on the contact surface, all we need to do is to assume that both functions are
measurable in x, in addition to the other assumptions above. This increase in gener-
ality is mainly technical and does not change any of the arguments and conclusions
that follow. Therefore, we have omitted an explicit reference to it in the models.

Existence of weak solutions for the problem with friction graph and a wear func-
tion that is an unknown of the problem remains an important unresolved problem.

4. Approximate problems with given wear. In this section we consider
regularized approximate problems in which w is a given function satisfying

we LP(0,T; L7 (T¢)), w € LP(0,T;LP(T¢)), w >0,

and 4 = p. = p* is a given Lipschitz continuous function of |vy — v.|.
First, let ug. be a sequence in D satisfying lim._.o upc = ug in V},. We assume
that ¢ = p?(p — 1)1, thus
p—1 1 1

— +-4-=1
a P q

Next, let the operator J be defined by
(4.1) (uv) = [ Ipullr 2 v,
I'c

We use J to regularize problem (3.22)—(3.26) and for each ¢ > 0 the approximate
problem is the following.
Problem P(e). Find v, € V, such that

(4.2) vl + Mv, + Au. +eJv. + P(uz,w) + Q(ve,w) 5 f in V,;,
(43) VE(O) =vyg € H,
t
(4.4) u.(t) = uge +/ ve(s)ds.
0

Here, by v* € Q(v,w) C V) we mean that there exists z € L>(0,T; L=(T'¢)") such
that

(4.5) (v*,w) :/0 /F w(vr = vil) pp (unp —w — g)z - wr dl'dt,

and z satisfies

T T
(4.6) / / z - wrdldt < / / ([vr = vie + wr| — |vr — vi|) ddt,
0o Jre 0o Jre

for all w €V,.
Below we omit the subscript € for the sake of simplicity. We have the following
result for the approximate problems.
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THEOREM 4.1. Assume that p(-) satisfies (3.13). Then for each e > 0 there exists
a solution v. € Vy of P(e).

The proof of the theorem is accomplished in a number of steps. We begin with
the following assertion which follows directly from the definitions.

LEMMA 4.2. The operators J, Q, M, A, and P (-,w) are bounded maps from V,
or Vg x LP (0, T; L? (T'¢)) into V, or P(Vy).

Next, we change the dependent variable and set ye* = v. Then, in terms of y,
the problem P(e) consists of finding y € V, such that

Yy 4+ \y+My + e 20 Au 4 e ) (X Vy)

(4.7) + e M P(u,w) + e AQ(My, w) 3 e AOF inV/

q’

(4.8) y(0) =vo € H.

Let X be the space given in (2.7). The next lemma will be used to show the operator
Q) given by

(4.9) y =Qx (y,w) = e *0Q(e*Vy, w)

is pseudomonotone.

LeEMMA 4.3. If vk — v in X, then yv* — v in LP(0,T; (LP(T'c))N).

Proof. Since p > 2, it is straightforward to verify that if v € X, then v/ €
L9(0,T; Vy) and v(t1) — v(ta) = ftt; v/(s)ds. Let W C U be such that the injection
W — U is compact and v : U — (L?(I'¢))" is continuous. Since V, embeds continu-
ously into L?(0, T; W), Theorem 2.2 implies that v¥ — v in L2(0, T; U). It follows that
vk — v in L2(0,T; (L*(T¢))"). Now if the lemma is not true, then there exists a
sequence {vF} C X such that vF — v in X but |[yv* — V|| 0,7,(nrroyy) =1 >0
for some 7. By taking a subsequence, we may assume Wk(x, t) — v(x,t) a.e.
(x,t) € T¢ x (0,T), since yv¥ — ~yv in L2(0,T; (L?(T.))"). Here, “ ~ ” means a
product measurable representative. Since 7v" is bounded in (L?((0,T) x T'c:))Y, the
Fatou lemma guarantees that yv is also bounded in L%((0,T) x I'c). Thus, the se-
quence { \Wk —~v|P} is uniformly integrable, so it follows from the Vitali convergence
theorem that

lim |3V — V[P dTdt = 0.
k=00 J(0,T)xT o
This contradicts the assumption that |[yvF — YIlLro,r5Lr(re))ny = m > 0 and thus
proves the lemma.
LEMMA 4.4. Ify* —y in X, then

(4.10) p(ufl —w—g) = plu, —w—g) in ) (0, T; )i (Te))
and
(4.11) p(vE=vil) = p(lvr —v.]) in LP (0,T; L7 (T¢)).

k — o2k

Proof. To simplify the notation we let F' = p(u,—w—g), F* = p(ui—w—g), p =
p(|vr — i), and p* = p(|vk — v.|). Now it follows from (3.13) that

[FE = Pl < K (1 b7 a7 ful = ]
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We will show that |u? [P~2|uf —u,| — 0 in L? (0, T; L? (U'¢)) and observe that simpler
arguments apply to the other two terms. We have

T ’ ’
/ / |ufl‘(p_2)p |uﬁ—un‘p drdt
0 JTe
T »'/p T
< (/ / |uf —u,|” dl“dt) (/ / |uk |” dl“dt)
0 Fc 0 FC
T »'/p
<e (/ / ’ufl — un|p dI‘dt> ,
0 Jre

which converges to zero by Lemma 4.3. Moreover,

T T
/ / |k — plP dTdt < C Lipﬂ/ / |’yvk - ’yv’p dl'dt,
0 FC 0 FC

which also converges to zero by Lemma 4.3. The other terms behave similarly.
LEMMA 4.5. Let y* — y in X and z¥ — z in L=(0,T; L (Tc)N). If w €
LP(0,T; LP(T¢)N), then

T T
(4.12) / / FFu* 2% . wop drdt — / / Fu z-wrdldt.
0 FC 0 FC

Proof. We argue by contradiction. If (4.12) does not hold, then there exist two
sequences y* — y in X and z*¥ — zin L°°(0,T; L>=(T'¢)™) and w €LP(0,T; LP(T'¢)™)

such that
T T
/ / Fkuk zF . wr dl'dt — / / Fuz- - wpdldt
0o Jre o Jre

Since L>(0,T;L>®(T'¢)Y) is dense in LP(0,T;LP(T'c)Y), we find that, for w €
L0, T; L= (Te)N),

T T
/ / Fruk 2% wop dldt — / / Fuz-wrpdldt
0 Fc 0 l—‘C’

However, by Lemma 4.4, u(|vh — v.|)p(ut —w —g) — p(lvr — vi))p(u, —w —g) in

LY(0,T; L (T'¢)). Therefore, (4.13) cannot hold for all k, which proves the lemma.
LEMMA 4.6. Q) is a bounded pseudomonotone operator.

(p—p")/p

> 2€.

(4.13) > e,

Proof. We have already observed that @) is bounded, and it is straightforward
to show that @\ (y) is convex. Suppose that Qx(y) C U, where U is a weakly open
set in X', that yj € Qi (y)\ U, and that y* — y in X, where y; € Qx (y*) . Let
Uy = e*OU; then Uy, is weakly open in X’ containing Q(v), v¥ — v in X, and vy =
Oyt € Q(vF) \ Uy. Next, let {zF} be a sequence in L>®(0,T; L=(I'c)") as in the
definition of @ such that, possibly for a subsequence, z¥ — z in L>(0,T; L>(I'c)).
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From Lemma 4.3,

T
/ / z-wpdldt = hm / / zF -wr dl'dt
0 Fc FC

< lim / / (| vh — v+ wr| — [vh — v.|) dTdt
e

k—oo Jq

T
S/ / (lvr = Vi + wr| = [vp — Vi) dI'dt.
0o Jre

k

Now, using the notation p’; =p,(u;, —w—g) and p, = p,(u, —w — g), we have

(Vi, W / / |VT - v*|) p]; 2" -wo dldt,

and so from Lemma 4.5 we know that vj — v*, where

T
(4.14) (v, w) = / / w(|vr —vi|) py 2 - wp dLdt.
0 T'e

Thus, v* € Q(v) C U, by the definition of . This contradicts the assumption
that vi ¢ U, for all k, and hence Q(v*) C U, for all large k. This argument also
shows that @x(y) is closed. It remains to verify conditions (2.1) and (2.2).
To that end let y* — y and y; € Qx(y*). We show that if w € X, then
lim inf (vl y" - w) > (" (w)oy - w), vt (w) €@a ().
We choose a subsequence y* (depending on w) such that
klim (yi,y* —w) =lim kinf (yi,y* —w).
For vi = eA(')y}; €eq (vk) we let z¥ € L>(0,T; L=(I'c)™V) be as in the definition of Q.

We take a further subsequence, if necessary, such that z8 — z in L (0, T; L (I'¢)N).
Then z satisfies (4.6) by Lemma 4.3. It follows from Lemma 4.5 that if we define

y*(w) by

T
b) = / / e Mpy (un —w—g) (Ve — vi|) z - by dldt,
then
lim inf (y};,yk —w) = lim <yl’$7yk - W)
k—o00 k —oo

T
= lim / / >‘25,ukp§z k. (y? — WT) dr’dt
T'c

k—oo

//rc z- (yr — wr)dldt = (y* (w),y — w).

This proves the lemma.
LEMMA 4.7. If vk — v in X, then P(u*,w) — P(u,w) in V.
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Proof. Let w € V,. Then we have from the definition of P and (3.13) that
’<P(uk,w) — P(u, w),w>‘

T
SK/ / (14 [uf P72 + [un [P72) | ul — |y, | ATt
0 e

T v »
gK/ (/ (1+|ui§|1’+un|P)dr> (/ uﬁ—unpdr>
0 I'c e
1
p
x(/ |wn|de> dt
T'e

< Kk =l rmie o | Wy

Thus, ||P(u®, w)— P(u, w)lly, < K||yu* —yul| 1007, (1r (1))~ and the result follows
from Lemma 4.3.
Now for each A > 0 the map y — e~*() Au is monotone; in fact,

A 1T d
(4-15) <e A(ul - 112)7}’1 - Y2> = 3 € at <A(111 - 112)7111 - u2> dt
0

= 2T (AW (T) (1), wa(T) — us(T)
+ )\/0 (A — ug),u; —uy) e 2Mat.

Also, the map y — Ee*A(')J(e)‘(')y) is monotone. Next, y* — y in X if and only
if v — v in X, and Lemma 4.7 implies that the operator y — e_’\(')P(u,w) is
completely continuous; and if we let

Ay = Ay + My + e 20 A(u) + ce O J (A Vy)
(4.16) + e 20Q(MVy) + e O P(u, w),

then A, is a sum of bounded pseudomonotone operators. Consequently, Ay : X —
P (X') is pseudomonotone [22], verifying condition (2.15) for Ay. We now check the
coercivity of Ay (2.14). To this end, we consider the various terms of (A4,y,y). Let
y* € Qa(y), which implies that y* € e *)Q(e*)v) and so y* = e *O)v*, where
v eqQ (ek(')v). Therefore,

T
<y*7y> — <e—>\(')v*,e>\(')v> = <V*,V> = / / UDp Z VT drdt’
0 T'c

where p, = p,,(u, —w — g) and z €L>(0,T; L= (T¢)") satisfies

T T
(4.17) / / z-wrpdldt < / / (|e/\(')vT — v +wr|— vy — v*|) drdt,
0 T'e 0 I'c

and u(t) = ug + fg e*v(s) ds. Thus,
T
y*,y) =/ / e Mup, z- (XM — v.,) dldt
0o Jre

T
(4.18) —|—/ / e Mup, z- v, dldt.
0o Jre
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Now the first integral is nonnegative by a routine argument involving (4.17), and since
v, € L®(0,T; LP(T¢)") we have that the second integral is bounded below by

T 1/p
—c—c/ (/ (un—w—g)idf> dt
0o \Jre
T st
(4.19) > —cy,—1 ; /0 vn (8) = we (8)[ 70 (r) dsdt

for n > 0. Next, we examine the term (e *")P(u,w),y). Let h(r,x) = f;(x)p(s -
g(x))ds and define H : L?>(I'¢) — [0,00) by

(4.20) H(u):/F h(u,x)dl.

Then

(4.21) = /1‘ p(tn —w — g) (v, —w') dU = (P(u,w),v) — / p(t, —w — g)w' dl.

Te
Therefore,
T
<e_>‘(')P(u, w),y> :/ e M (P(u,w), v) dt
0
T d T
(4.22) = / e M —H(u, —w)dt + / / p(u, —w — g)w' dU
0 dt 0o Jre

T
> H(up (T) — w (T))e > — H(ugep) + 2X / H(u)e M dt,
0
due to the assumptions that w’ > 0 and p(-) > 0. Similarly,
1
<e_’\(‘)Au,y> =3 (Au(T),u(T)) e~ AT

T
(423) <AL1()E, ll()5> + )\/ <All, ll> 6_2>\t dt.
0

1
2
It follows from (4.19), (4.22), and (4.23) that

<~A/\y»Y> > §2||Y||%2(0,T;W) + 56_2AT||’7y||%q(o,T;(Lq(pO))N)
T
— ¢y — n/ / vn () = w'(8) |70 (rp) dsdt — H(uoen).
o Jo

We conclude that A4y is coercive when 7 is sufficiently small and by Lemma 4.2
that Ay :V, — V[I is bounded. All the assumptions of Theorem 2.6 are satisfied now,
and the proof of Theorem 4.1 is complete.

We use this result in the following section. However, we note that the theorem
has merit of its own.
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5. Existence and uniqueness. We obtain a solution for problem P, when w
is a known function, by deriving estimates on the solutions of P (¢) and passing to

the limit € — 0, thus proving Theorem 3.1. We are still assuming that p is Lipschitz
continuous.

The proof of Theorem 3.1 is accomplished in a number of steps. We denote by ¢
a generic positive constant which is independent of e. Multiplying both sides of (4.2)
by VX0, and using the above formulas along with the assumption that w’ > 0, and
performing routine manipulations, we obtain the following estimates for v* € Qv:

1 1 ¢ 1
§IV(t)I% - §|Vo|§1 + 52/0 VI3 ds + §<Au(t),u(t)>

+ z’:‘/o /F |'Yv|q dlds + (v*, VX[07t]> + H(uy, (t) —w (t)) — H(ugen)
(5.1) < /0 (£(s),v(s))ds + 1(A1105a1105>

Now, when A =0 in (4.18), we obtain

t
(Vv VX)) > —c— ¢ / / (tn — w— g% dI,
0 T'e
thus

|V |H+62/||v||wds+ (Au(t) +5// |yv|?dlds
Te

+/ h(ug, (t,x) —w (6,x) ,x)dl < c+ = | Vol + (AuOE,u()E) + H(ugen)

(5.2) /Hf Wy ds + — /||v ||st+c// n—w— g)i dl'ds.
T 252 r'e

The assumptions on p(-) given in (3.13) imply that if » > g(x), then

r 2
63 = | =g —ods= 2= 9 GO, — el = ).

Now, since p(r) = 0 for » < 0, (5.3) holds also when r < g(x). Then (5.2) yields

|v ()\H+62/ |[v||% ds + (Au(t) +2£// |[yv|?dlds
e
262

) )~ g e / (nlt) () = ) T

1 t
<c+ |v0|2 + (Auge, uge) + 2H (upen) + 6—2/ ||f(s)||?,[,, ds
0

(5.4) —l—c/ / —w— g)h dlds.
Te
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Applying the Holder inequality to the sixth term on the right-hand side we obtain

|<>\H+62/ VI3, ds + {Aut) +Qs// lyv|e dTds
T
62 :
+ — (un(t) w— g)h dl' < e+ |vol* + (Aug., uoe) + 2H (uo.)

(5.5) /||f \|W,ds—|—c// —w — g)} dlds.
Te

Now using the Gronwall inequality yields

[v(t) 3 + /HvHst—&-(Au +5// |[yv|? dlds
Te

(5.6) +/F (un(t) —w —g)h dl’ <,

where ¢ does not depend on €, ¢ (for ¢ > p) or w. If w € V,, then (5.6) and the
definition of J imply

(Jv,v)V ) (Jw, w)1/D

[{eJv,w)| < e
(e(Jv, v)) MDD lwl|y, < ceV/D||w]|y,.

<
(5.7) <

Thus, when v, is a solution of problem P(¢) we have
(5.8) eJve — 0 in V.
From (5.6) and the growth conditions for p(-) we find that Q(v.,w) and P(u., w)

are bounded in VI’, - thz' Using Theorems 2.2 and 2.3 we find that there exists a
subsequence, still denoted by € — 0, such that

(5.9) ve — v weakly in L2(0,T; W),
(5.10) vi—=v  inV,

(5.11) u. —u in C(0,7;0),

(5.12) v. —v in L*0,T;U),

(5.13) Mv. — Mv  weakly in L*(0,T; W),
(5.14) Au. — Au  weakly in L*(0,T; W').

Here U denotes a space containing W with compact identity map and such that the
trace map v : U — L2 (T¢)™ is continuous. Letting z. be as in (4.5) and (4.6), (5.11)
and (5.12) imply that, for a subsequence,

(5.15) yu_(x,t) — yu(x,t) a.e. inT¢e x (0,7),
(5.16) W.(x,t) = Av(x,t) a.e. in e x (0,7),
p(ver = vil)pp (Uen —w —g)ze — &
(5.17) weakly in LP' (0, T; L” (T¢)N).

LeEmMMA 5.1. P(uc,w) — P(u,w) in V, and P(uc,w) — P(u,w) weakly in V.
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Proof. Let w € V,; then, by (3.13),

T
|<P(us,w)*P(u,w),W>|§/ g K(L+ (uen —w = g)57% + (un —w — g)7%)

X (Uen —w = g)4 — (un —w — g)4| |wy| dldt

sc/OT(/FCuHum—w—g>ﬁ+<un—w—g>ﬁ> dr)

x(/ [(Uer, —w —g)+ — (up —w—g)+|rdF> i (/ wn|‘1dF> ’ dt,
I'c Ie

where r = pq(2q — p)*l. It follows from (5.6) that

p—2
P

| (P (ue, w) = P (u,w),w)|

(5.18) <c(// (tern —w — g)4 — (up —w—g)+|rdI‘dt> [lwlly,-
I'c

Now note that r < p and so estimate (5.6) implies the functions |(ue —w —g)+ — (up —
w — g)+|" are uniformly integrable. Then (5.15) and the Vitali convergence theorem

imply

T
lim / / (ter, —w — ¢)+ — (U, —w — g)4|"dl'dt = 0.
Te

e—0 0
Now

1P (ue, w) — P (u,w) v,

1

T
<c(/ / |(um—w—g)+—(un—w—gnrdrdt),
0 T'e

and hence P (u.,w) — P (u,w) in V.

To obtain the other assertion, we note that P (u.,w) is bounded in VZ’” and
therefore it has a convergent subsequence such that P (u.,w) — ¢ weakly in Vz/v'
However, V, is dense in V, and so £ = P (u,w). Since this holds for every weakly
convergent subsequence, it follows that P (u.,w) — P (u,w).

LEMMA 5.2. For each w €V,

T
(5.19) (€, wy < / / wpy (Ve — v + wp| — |vp — v,|) dldt,
o Jre

where p(|ve — vi|) and p, = p, (up —w —g).

Proof. To simplify the notation we let F' = p, (u, —w —g), F: = p,, (Uen —w —g),
w=p(|vr —vy|), and p. = p(|ver — v4|). First suppose that w € V,. It follows from
the assumptions on z. that z. - wr < (|ver — v + wrp| — |ver — vi) for ae. ¢ and
a.e. X. Therefore,

(yp&, w) = lim / / F.p.z. - wp dl'dt
I'c

e—0

(5.20) < lim 1nf/ / Fope ([Ver — Vi + Wr| — |[Ver — Vi) dDdt.
e
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Now the integrand converges pointwise to Fu (|[vy — v, + wp| — |[vp — v,|) and is
bounded in absolute value by ¢(1+ (uey, fwfg)}:l)|WT|. These functions are bounded
in L"((0,T) xT'¢), independently of e, where r = pq/(pg+p—q). Indeed, (p—1)rq/(q—
r) = p, and thus
=7 || e a
(uan —w— g)+ |WT| < (uan —w—= g)-i— =+ |WT‘
= (Uen —w — g)} +|wrl?,

which is bounded in L', independent of ¢. Therefore, using the Vitali convergence
theorem in (5.20), we may pass to the limit and obtain (5.19) for all w €V, and since

V, is dense in V, this inequality holds for all w €V,. This proves the lemma.
Next, from (4.2), (5.13), (5.14), (5.9), and Lemma 5.1 we obtain

v+ Mv+Aut+yrE + P(uw) = fin V.

Since v;-£, Au, Mv and f are all in Vzlw so is v’. This proves the existence part of the
theorem.

Proof of uniqueness. Suppose vi and vy are two solutions of P. Let, for i =
1,2, w(t) =ug + fg v;(s) ds. It follows that

1 t
§|V1(t)—vQ(t)|12q+/ (Mvy — Mvy, vy —v3)ds
0

t t
+/ (A(u; —uy), vy —va)ds +/ (vpé1 — y1r€a, vi — va) ds
0 0

t
(5.21) +/ (P (ug,w) — P (uz,w),vy —va)ds =0.
0
Thus, if we denote by ¢ a positive generic constant, we have
1 1
Vi) = Vo)l + 5 (Al () — wa(t)), wi(t) — ua (1))

t t
—|—/ (P (u1,w) — P (ug,w), vy — Vo) ds+(52/ ||v1—vQH%Vds
0 0

t t
(5.22)  + / (Vi1 — Vo, vi — va)ds < o / va(s) = va(s)[ ds.

Let F' = p, (upm —w —g), u* = u(|vir — vi|), for i = 1,2; then using condition (5.20)
we observe

t
/ (&1 — vpéa, V1 — V) ds
0

t
2/ / (F'u' — F?1?) (|vir — vi| — [Vor — v.|) dl'ds.
0 JTo

Consequently, the last term on the left-hand side in (5.22) dominates

t t
(5.23) —c/ F? [vir — vor|* dlds — c/ / |F' — F?| |vir — var| dUds.
0 FC 0 FC
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The third term in (5.22) is greater than or equal to
¢
(5.24) —/ / |p(u1n — w — g) — p(ugn — w — g)| |v1n — von| dl'ds.
0 Jre
From the assumptions on p(-) and from (5.22) we obtain
¢
Wﬂﬂ*vﬂﬂ@+ﬁAmdﬂ*uﬂULMG%*MQD+ﬁ2/IWlfvm%dS

0

sc/o'/rc<1+|<um—w—g>+|2+|<u2n—w—g>+|2>

X |u1n - u2n| ‘Uln - U27L| dl'ds
¢ ¢
+ c/ [vi(s) — vz(s)ﬁq ds + c/ / |vir — var|? dlds.
0 0 Jre

Since (u, —w — g)4 € L*>(0,T; L?(I'c)), we obtain, with another ¢ which depends
on u; and us,

t t
|vl<t>fv2<t>|fq+62/ Hvlfvgnivdséc/ Vi = vall% dt
0 0 )
t i :
—|—c/ </ |u1n—uQn|4dF> (/ |111n—112n|4dF> ds
0 I'c I'c
¢ 2
+c/ |V1(S)_V2(S>|Hd5
0
t t 9
Sc/ ||u1fu2||w|\vlfv2\|wds+c/ [va(s) — va(s)[? ds
0 0

t
+K/ [Ivi = vall}; dt,
0

where we used the fact that the trace map W — L*(9f2) is continuous. It follows
from the compactness of the embedding U — W that

52 t
i) = Vel + 5 [ llvr = valfh ds
0
t s t 9
< C§T/ / ||[vi — val|} drds —|—KE/ [vi(s) — va(s)|F ds
0o Jo 0
! 2
+ 5/ ||V1 —V2||W dt.
0
Choosing € = % and adjusting the constants yields

52 t
walt) v+ 7 [ Iivi = valfy s

t S
SC5T/ (/ |vl—v2|%vdr+vl(s)—w(s)li) ds.
0 0

By the Gronwall inequality we obtain v; = v5. This concludes the proof of Theorem
3.1 in the case that p satisfies (3.13).
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In the case when p(-) satisfies (3.12) the proof is much easier, not requiring the
consideration of the approximate problems where £J was added in.

THEOREM 5.3. Let p > 2 and let w € LP (0,T; L? (T'¢)), w' € LP(0,T; LP(T'¢)),
w' >0,u9 €V, ,vo € H, eV, and assume p* (r) = pc (), where . is bounded
and Lipschitz. Then there exists € € L¥ (0,T; L* (T¢)N) and v € L*(0,T; W) such
that

(5.25) (up, —w — g)y € L=(0,T; LP(T¢)),
(5.26) vV + Mv+Au+ P (uw)+ypE =1 in V),
t
(5.27) v(0) =vg, u(t) =ug —|—/ v(s) ds,
0
and
T
628 Giew < [ [ up(ve - vt wr| = lvr - v.)) dUat
0o Jre

where pp = p([vr — vi|) and p, = p(un —w — g).

Moreover, if the function p(-) satisfies (3.12), the solution {u,v} is unique.

We note that (3.28) and the fact that vy = vy imply 7.1 = vi€e; however, we
do not know if & = &s.

6. Discontinuous friction coefficient. In this section we consider the case
when the coefficient of friction is a discontinuous function of the slip speed and es-
tablish Theorem 3.2. This is the case often described in elementary courses where it
is stated that the coefficient of sliding friction is smaller than the coefficient of static
friction. Therefore, we assume that the function p has a jump discontinuity at zero,
becoming smaller when slip takes place, and is represented by the friction graph p*
(3.5).

To investigate this case when p satisfies (3.13), we regularize the graph p* by
defining p.. (r) = pg for all r <0 and

pie (1) = pre (1) = hL (1) +n,

where 27 = s — pg and ho(r) = (1?12 + €)'/2, for 0 < € small. Thus, 7 is half the
size of the jump at 0 between pg and ps. From this definition, it follows that

pe (r) if >0,
lirr(l),u6 (r)=1q pc(r)+2n=ps if r <0,
7 pag+nifr=20

which is a function whose graph has a jump of height 2n = ps — g at r = 0.

Let v. be the solution of the approximate problem (4.2)—(4.6) in which p is
replaced with p.. Then, estimate (5.6) holds for v, and, consequently, there exists a
subsequence such that (5.9)—(5.17) hold. Passing to a further subsequence if necessary,
we may assume there exists ¢ € L™ (0,T; L* (I'¢)) such that

R. (|ver — vi]) — ¥ weak x in L™ (0,T; L (T¢)) .

We note that Lemma 5.1 still holds. As above, we let F = p,(u, — w — g) and
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Fe :pR(Uan —w —g). Let w € V,,

e—0

(yr€, w) = lim / / F.p.z. - wr dldt
Te

< lim 1nf / / Fopie (|[Ver — Vi + Wrp| — |ver — i) dDdt
Te

hmelg%{/ /FCFs(,LLc(|VETV*|)¢+77)

X (|[Ver — Vi + Wp| — [ver — Vi) dTdt

// (6 — B ([ver — v 1))

X (|[Ver — Vi + Wr| — [ver — Vi) dTdt]|.

As in the proof of Lemma 5.2, the first integral on the right-hand side converges to

T
/ / (e (V7 = Val) = &+ 1) P (V1 — v + wr| — v — v. ) dTdt,
0 T'e

where p,, = p,, (up, —w — g). We need to show that the second integral converges to
zero. This follows from the observation that, since p, is bounded,

|pR(u8n —w— g)(|VET — Vi + WT| - ‘ Ver — V*D|
is bounded in L2((0,7) x I'¢), independently of e, and converges pointwise to
|F ([vr — v« + wr| — [vy — v.|)|, which lies in L?((0,T) x I'¢). Thus, the sequence is
uniformly integrable, and by the Vitali convergence theorem it converges strongly in
LY((0,T) x T'¢). Since ¢ — h(|ver — v.|) converges weaks* in L> to zero, the second
integral converges to zero as desired. Next, we consider .
First, note that, from the convexity of h,,

W ([Ver = Vil) 2 < he ([Ver = vi| + 2) = he ([ver — Vi),

thus for arbitrary z € L' (0,T; L' (T'¢))

T T
/ wzdthg/ / [n(Jvr — vi| + 2)| — [n(Jvy — vi])| dTdt
0 T'e 0 I'c
which implies that, for a.e. ¢,
Yz < [n(lve = vil + 2)| = [n(|ve — v.])|
for a.e. x. Letting 6 (r) = |nr|, it follows that, for a.e. x,t,
P (t,x) € 90 (Jvy — vi| (¢,%x)) .
Therefore, for a.e. t,x,

¢ (t7 X) € [_’% 77] :
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More particularly, if [vp — vi| > 0, ¥ = n, while if |vy — v,| = 0, the above holds.
Therefore, the pair

(v = Vil pre ([ve —Vvil) =9 +1)

is an element of the graph of u*, a.e. The proof of Theorem 3.2 is now complete in
the case where p (-) satisfies (3.13). Theorem 3.2 holds in the case where p (-) satisfies
(3.12) from arguments similar to the above but without the necessity of dealing with
the limit as ¢ — 0 in the solutions of the approximate problems in which eJv. was
added.

The uniqueness of the solution remains an open question.

7. Dependence on w. In this section we investigate the dependence of the
solution of (3.27)-(3.30) on w in the situation of (3.12) and p* = p = p.. Therefore,
in this section we do not need to employ the truncation p,. We need to identify the
dependence of v5.¢ on w and for this reason we write v}.€,, and rewrite (3.27)—(3.29)
as follows:

(7.1) v+ Mv+ Au+ 7€ + P(u,w) = f in V),
¢
(7.2) v (0) = vg, u(t) =ug +/ v (s) ds,
0
and
T
13 Opbew < [ [l ves |~ vr - vl|) drde
0o Jre

where i = p(|vr — v.|) and p = p(un — w  g).

Now let w;, for i = 1,2, be two wear functions as above and let v denote
the corresponding solutions of problem (7.1)—(7.3). We need the following estimates.
From (7.3) we obtain

t
/0 <'7%€w1 - '7;*51027"1 - V2> ds
t
7/ / Flul (|v% fv*| — |v%~ fv*|) dl' ds
0o Jre
t
—/ / F2u2 (|V1T —V*‘ — |v% —v*|) dl' ds
0 Jre

t
/o/r (F?u? = F'u") ([vg = vi| = [vp — vi]) dlds,
C

Y]

where F' = p(uf, — w; — g) and p' = p(|vh — v.|), for i = 1,2. Let ¢ be a positive
constant which depends on Lip,,, Lip,, p(-), and the bounds on p and p(-); then

t t
/ (V6w = V1€ws, V! — v )ds > —c/ / i —v3[* dT'ds
0 0 JI¢

¢ ¢
(74) - c/ / Vi — v [wy — wo| dFd—c/ / v — v |uy, — ul| dlds.
0 Fc 0 1—‘C
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Next, we consider the term [} (P (u',w) — P (u®ws),v! — v?) ds. From (3.11) and
(3.20), the definition of P(u,w), we obtain that this expression is no smaller than

_/Ot/rc (p (uh = w1 = 9) = p (1 — w2 — 9)) (v}, — v2) dT'ds

t
(7.5) > —c/ / (|up = w2 | + w1 — wal) v, — v2| dlds.
0 Jre

Now let U be a space in which V5 embeds compactly and for which the trace map
from U to L? (09) is continuous. Then, after adjusting the constant ¢ and denoting
by H¢ the Hilbert space L? (I'), we obtain from (7.4) and (7.5)

t t
/ <7’>1k’§w1 - ’V;“gwwvl - V2> ds + / <P (u17w1) - P (UQ,’LUQ) 7V1 - V2> ds
0 0

(7.6) z—c/otHvl_vzHZUds_c/otwl_wzi,cds.
It follows from (7.6) and (7.1) that
- @+ 8 [ v 0 -V G, ds
oA () - u (1) ut (1) - 1)
Sc/(f“vl —VQH?] ds+c/0t|w1 —w2|§fc ds
+ 6 /Ot V' (s) = V2 (s)[3, ds.

. 2
By the compactness of the embedding Vo — U we have ||z[|?, < & ||ZH%/2 + cs |zl3;
hence,

1 2 62 ! 1 2
Vi) —v (t)|i1+5/0 v (s) = v2 (s)||5, ds

t t
< 05/ [v!(s) = v (s)ﬁq ds + c/ lwy — wgﬁqc ds.
0 0

It follows from the Gronwall inequality that
t
2 2
|v1 (t) — v? (t)|H—|— /0 Hv1 (s) v?2 (s)||v2 ds

t
(7.7) < c (6, T)/O wy — wol%,, ds,

where the constant ¢ depends on the indicated quantities and the bounds and Lipschitz
constants of p and p but not on the choice of w;. We conclude with the following
theorem.

THEOREM 7.1. The solutions v of problem (3.27)—(3.30) depend continuously on
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8. Archard law. We now consider Theorem 3.3. We use a fixed point argument
to prove Theorem 3.3, which guarantees the existence and uniqueness of the weak so-
lution. Since p (+) is assumed to be bounded, we do not need to employ the truncation

PRr.
The Archard law of wear, in its differential form (3.9), may be written as

w/:\ll(VT)p(“n_w_g)v

where U(vy) = kypu(|ve — vi])se(|vre — vi|). It follows from our assumptions that ¥
is bounded, nonnegative, and Lipschitz continuous. Let v € V, and w;, for i = 1,2,
be the solutions of the problem

(8.1) w;,wi € L*(0,T; He),
(8.2) wl = (Vi) p (u, — wi — ).
(8.3) w; (-,0) = 0.

Since the function ¥ is bounded, we actually have
w,w’ € L>®(0,T; L™ (T'¢e)),

and so these functions may be considered as known wear functions in the preceding
theory. Thus,

2w () = s (9%,

t
< c(\P,R)/ (Jud — w2 [0 + |1 — walare) (Jr — walre) ds
0

+ ¢( Lipg, R, p) /Ot !V%« —V%’HCN |wy — wg\HC ds,
where He = L?(I'¢). It follows that
w1 () = w2 ()],
< (U, R, p, Lipy,T) (/Ot lwy — wg\i,c ds + /Ot I _lef] ds> ,

where U is an intermediate space. Thus, by the Gronwall inequality,

t
. 2
(8.4) i (t) = ws (1)}, < (¥, R,p, Lipy, T) / [Iv! = v2[[; ds.

Now we construct the following mapping. Starting with v € Vs, we denote by w(v)
the solution of problem (8.1)—(8.3), with ¢ omitted. Then we use w(v) as the wear
function in the system (7.1)—(7.3). In this manner we define a mapping, A : Vo — Vs,
where z = Av, and z is the solution of (7.1)—(7.3) with the given wear function w(v).
Now, from (7.7) and (8.4) we obtain

t t s
/ ||Av1 — AV2||3/2 ds < c¢(6,T,¥,R,p, Lipq,)/ / HV1 — v2||3/2 drds.
0 o Jo

By iterating this inequality m times we find that every A™ is a contraction mapping
on Vs, for all sufficiently large m. Consequently, A has a unique fixed point, which is
the unique solution of problem P. This establishes Theorem 3.3.
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