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Abstract. We apply the recent theory of evolution inclusions for set-valued pseudomonotone
maps, developed in Kuttler and Shillor [Commun. Contemp. Math., 1 (1999), pp. 87–123] to the
problem of dynamic frictional contact with normal compliance and wear. The friction coefficient is
assumed to be slip rate dependent, and may be continuous, or discontinuous in the form of a graph
with a vertical segment at the origin, representing the transition from the static to the dynamic
value. The wear of the contacting surfaces is modeled by the Archard law. We prove the existence of
a weak solution for the problem. We establish the uniqueness of the weak solution in the case when
the friction coefficient is continuous. We also show that the problem with prescribed wear depends
continuously on the wear.
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1. Introduction. We use the theory of set-valued pseudomonotone maps, which
we have developed in [18], to establish the existence of a weak solution of a dynamic
frictional contact problem with wear, when the friction coefficient depends discontin-
uously on the slip velocity. The problem describes frictional dynamic contact between
a deformable body, assumed to be viscoelastic, and a moving foundation and the re-
sulting wear of the contact surface. This paper is a continuation of our investigation
in [18], where the contact problem has been considered, however, with continuous
coefficient of friction and without wear. The new features in the model are the de-
scription of friction with a discontinuous coefficient and inclusion of the wear of the
contacting surfaces. We investigate the case when the friction coefficient jumps from
a static value, when the contacting surfaces stick together, to the lower dynamic value
at the onset of relative motion between them. Such a behavior is often assumed in
engineering applications. The contact between the body and a moving rigid founda-
tion is modeled with the normal compliance condition, and friction is modeled with
the pressure dependent condition. We use the Archard law to describe the evolution
of the wear. The problem is formulated as an abstract inclusion in a Banach space to
which the results of [18] apply.

Dynamic frictional contact problems have been considered recently in [5, 6, 9, 19,
21, 26, 31], while quasi-static problems can be found in [2, 4, 7, 27, 30] and references
to therein. See also [29] and the papers therein. It is a common assumption in
engineering literature that the friction coefficient depends on the slip speed. However,
there are only few and very recent mathematical publications which consider dynamic
contact with a friction coefficient which depends on the slip velocity of the contacting
surface [2, 10, 18, 19]. The last reference deals with a discontinuous slip-dependent
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2 KENNETH L. KUTTLER AND MEIR SHILLOR

coefficient, but in that problem the contact was assumed to be maintained and there
was no wear. A simple one-dimensional dynamic problem was analyzed in [10], where
a criterion for the appearance of dynamic instabilities was discovered. Analysis and
numerical simulations of thermoelastic frictional contact of a beam were performed
in [17]. The quasi-static problem with slip or total slip (over the contact history)
dependent coefficient of friction can be found in [2] and the dynamic thermoviscoelastic
problem in [3]. Frictional contact problems with wear can be found in [6] and [31].

In section 2, we present preliminary material which includes the abstract existence
theorem of [18] that underlies our results here. The classical model for the process, its
abstract formulation, the assumptions on the problem data, and the statement of our
main result, Theorem 3.2, are given in section 3. Section 4 is devoted to approximate
problems, with a known wear function, whose unique solvability, stated in Theorem
4.1, follows from the existence theorem in section 2. A solution of the contact problem
with known wear, when the friction coefficient µ is continuous, is obtained as a limit of
these approximate solutions in section 5. Under a mild additional assumption on the
problem data we show that the solution is unique. We investigate in section 6 the case
of a discontinuous friction coefficient. It is found that many of the necessary estimates
do not depend on the continuity of µ, and this fact is exploited in establishing the
existence of a weak solution in the case when µ has a jump discontinuity at the origin,
when slip motion is initiated. The result is stated in Theorem 3.2, in the case when
the wear is known. Uniqueness remains an unsolved problem in this case. In section
7, we prove the continuous dependence of the solutions of the problem on the wear
function w. The result is stated in Theorem 7.1, and it has some merit on its own. In
section 8, we deal with the problem with wear, which is assumed to evolve according
to a local version of the Archard law. We use the results up to this point to establish
the existence of the weak solution to the problem with wear; however, the questions
of uniqueness and stability of the solutions remain open.

2. Preliminaries. The existence results to be presented in this paper are based
on our recent theorems [18] for differential inclusions of the form

(B (t)u (t))
′
+Au � f (t) ,

where A is a set-valued pseudomonotone map. Here, the prime denotes the time
derivative which is understood in the sense of distributions. Let V be a reflexive
Banach space, over C, and let V ′ denote the space of conjugate linear maps. We start
with (see, e.g., [22]) the following definition.

Definition 2.1. A map A : V → P (V ′) is said to be pseudomonotone if
1. the set Au is nonempty, bounded, closed, and convex for all u ∈ V;
2. if F is a finite-dimensional subspace of V, u ∈ F, and if U is a weakly open

set in V ′ such that Au ⊆ U, then there exists δ > 0 such that if v ∈ Bδ(u)∩ F,
then Av ⊆ U ;

3. if ui → u weakly in V and u∗
i ∈ Aui is such that

lim sup
i→∞

Re〈u∗
i , ui − u〉V ≤ 0,(2.1)

then, for each v ∈ V, there exists u∗ (v) ∈ Au such that

lim inf
i→∞

Re〈u∗
i , ui − v〉V ≥ Re〈u∗(v), u− v〉V .(2.2)

Here Bδ(u) denotes the ball of radius δ centered at u.
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DYNAMIC FRICTIONAL CONTACT 3

Our theory of set-valued evolution equations was developed in general reflexive
Banach spaces. Here we restrict ourselves to the spaces which we now describe. Let
Ω ⊂ R

N (N = 2, 3) be a domain, occupied by the deformable body, with Lipschitz
boundary Γ. The surface is divided into three mutually disjoint parts ΓD,ΓN , and
ΓC such that ΓC �= ∅ is the potential contact surface. Next, we choose the space
W as follows: if the body is clamped over ΓD, with meas ΓD > 0, then we set
W = {u ∈ (H1(Ω))N : u = 0 on ΓD}; if the body is not held fixed (meas ΓD = 0),
then W = (H1(Ω))N . Now we let q, p ≥ 2, set D =W ∩ (C∞(Ω))N , and define

Ṽp = {u ∈ W : γu ∈ (Lp(ΓC))
N},(2.3)

with norm ||u||
Ṽp
= ||u||W + ||γu||(Lp(ΓC))N , where γ : W → (L2(ΓC))

N is the trace

operator. Ṽp is a reflexive Banach space since it is isometric to a closed subspace of

W × (Lp(ΓC))
N . We denote by Vp the closure of D in Ṽp. Then Vp is a reflexive

Banach space, and for p < q

Vp ⊇ Vq, Vq is dense in Vp.(2.4)

Since Vp is dense in H = (L2(Ω))N , we identify H and H ′ and write Vp ⊆ H = H ′ ⊆
V ′
p . Let

Vp = {u ∈ L2(0, T ;Vp) : ||u||Vp < ∞},(2.5)

equipped with norm

||u||Vp = ||u||L2(0,T ;W ) + ||γu||Lp(0,T ;(Lp(ΓC))N ).(2.6)

Vp is a reflexive Banach space since it is isometric to a closed subspace of L2(0, T ;W )×
Lp(0, T ; (Lp(ΓC))

N ), and Vq is dense in Vp when p < q. Note that V ′
p ⊆ Lp′(0, T ;V

′
p )

and the inclusion map is continuous.
Next, we define the Banach space X as follows:

X = {u ∈ Vp : u′ ∈ V ′
p}, ||u||X = ||u||Vp

+ ||u′||V′
p
.(2.7)

We shall use the following two results.
Theorem 2.2 (see [20]). Let p ≥ 1, q > 1, W ⊆ U ⊆ Y with compact inclusion

map i :W → U and continuous inclusion map i : U → Y and let

SR = {u ∈ Lp(0, T ;W ) : u′ ∈ Lq(0, T ;Y ), ||u||Lp(0,T ;W ) + ||u′||Lq(0,T ;Y ) < R}.
Then SR is precompact in Lp(0, T ;U).

Theorem 2.3 (see [28]). Let W, U, and Y be as above and let

SRT = {u : ||u(t)||W + ||u′||Lq(0,T ;Y ) ≤ R, t ∈ [0, T ]}
for q > 1. Then SRT is precompact in C(0, T ;U).

We now describe the abstract setting we shall use. Let V and W be reflexive
Banach spaces over C and let I = [a, b]. We denote WI ≡ L2 (I;W ) and then
W ′

I = L2 (I;W ′) . Also, when I = [0, T ] , we write V instead of VI .
We assume that the family of operators B (t) satisfies B (t) ∈ L (W,W ′) and

〈B (t)u, v〉 = 〈B (t) v, u〉,(2.8)

〈B (t)u, u〉 ≥ 0,(2.9)

B(t) = B(0) +

∫ t

0

B′(s) ds.(2.10)
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4 KENNETH L. KUTTLER AND MEIR SHILLOR

The operator L, associated with B, is defined as

D (L) ≡ {u ∈ V : (i∗Bu)′ ∈ V ′},(2.11)

Lu ≡ (i∗Bu)′ for u ∈ D(L),(2.12)

where i is the inclusion map of V into W . The following lemma results from the
definitions.

Lemma 2.4. L is a closed operator.
We define

X ≡ D (L) , ||u||X ≡ ||Lu||V′ + ||u||V .

By Lemma 2.4, X is isometric to a closed subspace of a product of reflexive Banach
spaces and thus X is also reflexive. Under these conditions the following theorem was
proved in [18].

Theorem 2.5 (see [18]). Let u, v ∈ X; then the following hold.
1. t → 〈B (t)u (t) , v (t)〉W ′,W equals an absolutely continuous function a.e. t,

denoted by 〈Bu, v〉 (·) .
2. Re〈Lu (t) , u (t)〉 = 1

2 [〈Bu, u〉′ (t) + 〈B′ (t)u (t) , u (t)〉] for a.e. t.
3. |〈Bu, v〉 (t)| ≤ C ||u||X ||v||X for some C > 0 and for all t ∈ [0, T ].
4. t → B (t)u (t) equals a function in C (0, T ;W ′) , a.e. t, denoted by Bu (·) .
5. sup{||Bu (t)||W ′ , t ∈ [0, T ]} ≤ C||u||X for some C > 0.

If K : X → X ′ is given by

〈Ku, v〉X′,X ≡
∫ T

0

〈Lu (t) , v (t)〉dt+ 〈Bu, v〉 (0) ,

then
6. K is linear, continuous, and weakly continuous.

7. Re〈Ku, u〉 = 1
2 [〈Bu, u〉 (T ) + 〈Bu, u〉 (0)] + 1

2

∫ T
0
〈B′ (t)u (t) , u (t)〉dt.

The operator A in the theorem and below is assumed to satisfy

A : V → P(V ′
) is bounded;(2.13)

lim inf
||u||V→∞

{2Re〈u∗, u〉+ 〈B′u, u〉+ 〈Bu, u〉 (T ) : u∗ ∈ Au}
||u||V =∞(2.14)

for u ∈ X; and

A+K : X → P(X ′) is pseudomonotone.(2.15)

The following abstract theorem is the basis for the results in this paper.
Theorem 2.6 (see [18]). Let the spaces V and W be as defined above and let the

operators A : V → P (V ′) and B (t) satisfy (2.13)–(2.15) and (2.10)–(2.12), respec-
tively. If f ∈ V ′ and u0 ∈ W, then there exists a solution u ∈ V to the initial value
problem

(i∗Bu)
′
+Au � f in V ′, Bu (0) = Bu0 in W ′.

Here, i is the inclusion map i : V → W . The proof of the theorem can be found
in [18].
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DYNAMIC FRICTIONAL CONTACT 5

3. The model. We describe the classical problem and the assumptions on the
data, then we formulate it abstractly, and we state our main results in Theorems
3.2–3.3. We use the isothermal version of the problem in [6] (see also [21, 8]). We
refer the reader there for a more detailed description of the model. We use the normal
compliance contact condition (see, e.g., [6, 5, 15, 13, 21, 27] ) to describe the contact,
together with a condition for dry friction. Dynamic problems with this condition have
been investigated in [15, 5, 9, 6]. We use the Archard law, as has been done in [6], to
describe the wear of the contact surface (see also [27, 30, 31]).

A viscoelastic body occupies the reference configuration Ω ⊂ R
N , with boundary

surface Γ = ∂Ω, such that Γ = ΓC ∪ ΓD ∪ ΓN . It may come in contact with a
deformable moving foundation on the part ΓC . We set ΩT = Ω × (0, T ) for 0 < T
and denote the displacements vector by u = (u1, . . . , uN ) and the stress tensor by
σ = σ(u,u′) = (σij), where here and below i, j = 1, . . . , N , and a comma separates
the components of a vector or tensor from partial derivatives.

The equations of motion, in dimensionless form, are

u′′ −Div σ(u,u′) = fB in ΩT ,(3.1)

where fB represents the volume force acting on the body. Initially,

u(x, 0) = u0(x), u′(x, 0) = v0(x) in Ω,(3.2)

where u0 and v0 are the prescribed displacement and velocity fields, respectively.
The body is held fixed on ΓD (when meas ΓD �= 0) and tractions fN act on ΓN ,

thus

u = 0 on ΓD, σn = fN on ΓN ,(3.3)

where n is the unit outward normal to Ω on Γ.
Our interest lies in the process on the contact surface ΓC . We denote the normal

component of the displacements vector on Γ by un = u · n, the tangential components
by uT = u − (u · n)n, the normal component of the traction by σn = σijnjni, and
the tangential tractions by σTi = σijnj − σnni.

We model the contact between the body and the foundation by the normal com-
pliance condition. Let g = g(x) be a nonnegative function on ΓC , representing the
gap between the body’s surface (in the reference configuration) and the foundation,
measured along the normal n. We denote by w = w(x, t) the wear function which
measures the wear of ΓC at position x and time t. It describes the change in the
surface, in the (negative) direction of the normal, resulting from material removal
because of friction. We assume that the contact pressure is given by

σn = −p(un − w − g),(3.4)

where p(·) is a nonnegative monotone function which vanishes for negative argument
values. Thus, the pressure on the contact surface depends on the interpenetration
un − w − g, when positive. The choice p(r) = (r)mn

+ can be found in [13, 21].
We note that as the wear of the surface increases the normal displacement needed

for contact increases, too. In the tangential direction we employ a dry friction condi-
tion that is compatible with (3.4) and which has a slip dependent and discontinuous
friction coefficient. Let µ∗ denote the friction graph,

µ∗(r) =
{
[µd, µs] when r = 0,
µc(r) when r > 0,

(3.5)
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6 KENNETH L. KUTTLER AND MEIR SHILLOR

where r = |u′T −v∗| denotes the relative slip between the surface and the foundation.
Here, v∗ is the tangential velocity of the foundation, and generally it depends on
the location on the surface, thus it is assumed to lie in L∞(0, T ;L∞ (

R
N
)
). If the

contact surface is flat, a portion of a plane, we may choose v∗ to be a function of time
only, but when the contact surface is not flat, even if the velocity of the foundation is
constant, the tangential velocity is not constant and depends on the position and on
time.

In the slip state (0 < r) the coefficient µ is given by µc(r), and µd = lims→0 µc(s)
denotes the dynamic value at zero slip. In the absence of relative slip µ may have
any value in the interval [µd, µs]. Thus, we do not insist that it has the static value
µs, although it is likely when the body is in stick state for a while. We assume that
µc(r), for r ≥ 0, is a given positive Lipschitz function which satisfies the conditions
below.

Next, we consider the friction condition. As is well known in applications, and
explained well in [25, 32], when the contact pressure is low to moderate, the real
contact area is a small fraction of the nominal contact area, and the frictional tan-
gential traction is proportional to the contact pressure, given by µp. This is the usual
Coulomb’s condition which is often used both in engineering and mathematical pub-
lications. However, when the contact pressure is very high, such as in metal forming
processes, the fraction of the real contact area approaches unity, and the frictional
traction reaches saturation and the maximal frictional resistance becomes indepen-
dent of the contact pressure. Thus, there is a transition from the Coulomb law to the
so-called Tresca law; see, e.g., [32]. Such a transition is observed both in elastic and
plastic materials. A simple way to model such behavior is to introduce the truncated
contact pressure function

p
R
=

{
p if p ≤ R,

R if R ≤ p.

Here, R = const. is the pressure at which the friction traction levels off. We could
have used, instead, a more general, and less transparent, function F such that F = µp
for small p, and asymptotically F → µR as p → ∞.

Then the friction bound is defined as µp
R
, and the friction law is

µ(|u′T − v∗|) ∈ µ∗(|u′T − v∗|) a.e. on ΓC ,(3.6)

|σT | ≤ µspR
(un − w − g),(3.7)

σT = − u
′
T − v∗

|u′T − v∗|µc (|u
′
T − v∗|) pR

(un − w − g) if u′T − v∗ �= 0.(3.8)

Conditions (3.6)–(3.8) model friction as follows. The tangential part of the traction
is bounded by µspR

. Sliding commences when |σT | reaches the bound µspR
, and then

the tangential force has a direction opposite to the relative tangential velocity. The
actual value of µ is a selection out of the graph, (3.6).

The contact surface ΓC is divided, at each time instant, into the separation, slip,
and stick zones.

We assume that the wear of the surface is either a given function or else it is
proportional to the friction force and to the sliding speed, as in the Archard law,

∂w

∂t
= kwµc(|u′T − v∗|)pR

(un − w − g)sc(|u′T − v∗|).(3.9)
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DYNAMIC FRICTIONAL CONTACT 7

Here, kw is a positive material constant, very small in practice. The function sc is a
regularization of | · | on R

N which is uniformly bounded and such that sc(r) = 0 for
r = 0. Note that we used µc in (3.9) since sc vanishes when there is no slip.

The new features in the model are the dependence, which often can be observed
experimentally, of the friction coefficient on the magnitude of the slip, |u′T −v∗|, with
a jump from a static to a dynamic value at the onset of sliding, and the wear of the
contact surface. The problem with Lipschitz µ and without wear was investigated in
[18].

Finally, we assume that the material is viscoelastic with constitutive law

σ = σ(u,u′) = Au+ Cu′,(3.10)

i.e., σij = Aijkluk,l+Cijklu
′
k,l, where the elasticity tensor A has the components Aijkl

and the viscosity tensor C has the components Cijkl.
The classical formulation of the problem of dynamic frictional contact with normal

compliance wear and discontinuous slip dependent friction coefficient is as follows:
Find {u, w} such that (3.1)–(3.10) hold.

We make the following assumptions on the problem data. The normal pressure
function p(·) is increasing and satisfies

|p(r1)− p(r2)| ≤ K(1 + rp−2
1 + rp−2

2 )|r1 − r2|,(3.11)

and either

0 ≤ p (r) ≤ K and p = 2; p(r) = 0, r < 0,(3.12)

or

δ2rp−1 −K ≤ p(r) ≤ K(1 + rp−1), r ≥ 0; p(r) = 0, r < 0,(3.13)

where p ≥ 2 is a fixed exponent here and everywhere below, and δ and K are positive
constants. Also, p is the exponent and p(·) is the normal compliance function. The
choice made in [21] and [13] of p(r) = rmn

+ , where 1 < mT ≤ mn, corresponds to
p− 1 = mn and clearly (3.13) holds for suitable constants K and δ. The function sc
satisfies

sc(r) ≤ s∗c , |sc(r1)− sc(r2)| ≤ δ∗c |r1 − r2|.(3.14)

We assume that the coefficient of friction is a graph composed of the vertical
segment [µd, µs] and the function µc is bounded, positive, and Lipschitz continuous,

|µc (r1)− µc (r2)| ≤ Lipµ |r1 − r2| , ||µc||L∞ ≤ cµ.(3.15)

We assume that the elasticity and viscosity coefficients A and C lie in L∞(Ω) and
satisfy the following symmetries for B = A or C:

Bijkl = Bijlk, Bjikl = Bijkl, Bijkl = Bklij ,(3.16)

and

Bijklζijζkl ≥ λζrsζrs,(3.17)

for all symmetric matrices ζ, where 0 < λ.
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8 KENNETH L. KUTTLER AND MEIR SHILLOR

We now obtain a weak formulation of problem (3.1)–(3.10) since, generally, the
friction law and the set inclusion (3.6) preclude the existence of classical solutions.

We begin by defining the viscosity and elasticity operators M,A : Vp → V ′
p as

〈Mu,v〉 =
∫

Ω

Cijkluk,lvi,j dx,(3.18)

〈Au,v〉 =
∫

Ω

Aijkluk,lvi,j dx.(3.19)

It follows from our assumptions and Korn’s inequality [23] that bothM and A satisfy

〈Bu,u〉 ≥ δ2||u||2W − λ0|u|2H , 〈 Bu,u〉 ≥ 0, 〈Bu,v〉 = 〈Bv,u〉
for B =M or A, for some δ > 0, and for λ0 ≥ 0.

The normal compliance operator (v, w)→ P (u, w), which maps Vq × Lp (ΓC) to
V ′
q (for each q ≥ p), is given by

〈P (u, w), z〉 =
∫ T

0

∫
ΓC

p(un − w − g)zn dΓdt,(3.20)

where u(t) = u0 +
∫ t
0
v(s)ds, for u0 ∈ Vq. Next, we define f ∈ W ′ as

〈f , z〉W′,W =

∫ T

0

∫
Ω

fBz dxdt+

∫ T

0

∫
∂Ω

fNγz dΓdt(3.21)

for all z ∈ W. Here fB represents a body force in L2(0, T ;H) and fN is a traction
force in L2(0, T ;L2(∂Ω)N ).

Let γ∗
T : L

p′(0, T ;Lp′(ΓC)
N )→ V ′

p be defined as

〈γ∗
T ξ,w〉 =

∫ T

0

∫
ΓC

ξ ·wT dΓdt.

The abstract form of the problem for the displacement u, the velocity v, and the
wear w, is the following.

Problem P. Find u,v ∈ Vp, w ∈ Lp (0, T ;Lp (ΓC)) such that

v′ +Mv +Au+ P (u, w) + γ∗
T ξ = f in V ′

p,(3.22)

w′ = kwµc (|vT − v∗|) pR
(un − w − g) sc (|vT − v∗|) ,(3.23)

w (0) = 0, v(0) = v0 ∈ H,(3.24)

u(t) = u0 +

∫ t

0

v(s) ds, u0 ∈ Vp,(3.25)

the inclusion (3.6) holds and for all w ∈Vp,

〈γ∗
T ξ,w〉 ≤

∫ T

0

∫
ΓC

µcpR
(|vT − v∗ +wT | − |vT − v∗|) dΓdt,(3.26)

D
ow

nl
oa

de
d 

02
/1

2/
16

 to
 1

41
.2

10
.1

19
.2

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



DYNAMIC FRICTIONAL CONTACT 9

where µc = µc(|vT − v∗|) and p
R
= p

R
(un − w − g).

When the triplet {u,v, w} solves the abstract problem (3.22)–(3.26), then u and
w are a weak solution of (3.1)–(3.10).

The main results in this paper are presented according to whether the wear is a
given function or is determined by the differential equation (3.23). To begin with, we
consider the following basic result, proved in section 5, in the case of a given wear
function. We note that it includes all the published versions of the problem, such as
[14, 21] or [15].

Theorem 3.1. Let p ≥ 2 and let w ∈ Lp (0, T ;Lp (ΓC)), w′ ∈ Lp(0, T ;Lp(ΓC)),
w′ ≥ 0, u0 ∈ Vp ,v0 ∈ H, f ∈ V ′

p and assume µ∗ (r) = µc (r), where µc is bounded

and Lipschitz. Then there exists ξ ∈ Lp′(0, T ;Lp′(ΓC)
N ) and v ∈ L2(0, T ;W ) such

that

(un − w − g)+ ∈ L∞(0, T ;Lp(ΓC)),(3.27)

v′ +Mv +Au+ P (u, w) + γ∗
T ξ = f in V ′

p,(3.28)

v(0) = v0 , u(t) = u0 +

∫ t

0

v(s) ds,(3.29)

and

〈γ∗
T ξ,w〉 ≤

∫ T

0

∫
ΓC

µcpR
(|vT − v∗ +wT | − |vT − v∗|) dΓ dt,(3.30)

where µc = µc(|vT − v∗|) and p
R
= p

R
(un − w − g).

If, in addition, p ≤ 4, then the solution {u,v} is unique.
Next, we consider the case of a set-valued friction coefficient and given wear

function. The proof can be found in section 6.
Theorem 3.2. Let p ≥ 2 and let u0 ∈ Vp, v0 ∈ H, f ∈ V ′

p, and w,w′ ∈
Lp (0, T ;Lp (ΓC)) with w′ ≥ 0. Then there exists a pair {v, ξ} such that

v ∈ L2(0, T ;W ), (un − w − g)+ ∈ L∞(0, T ;Lp(ΓC)),(3.31)

v′ +Mv +Au+ P (u, w) + γ∗
T ξ = f in V ′

p,(3.32)

v(0) = v0, u(t) = u0 +

∫ t

0

v(s) ds,(3.33)

where ξ satisfies the inequality

〈γ∗
T ξ,w〉 ≤

∫ T

0

∫
ΓC

µcpR
(|vT − v∗ +wT | − |vT − v∗|) dΓdt,(3.34)

and where µc = µc(|vT − v∗|) and p
R
= p

R
(un − w − g), for an element (|vT − v∗|,

µ(|vT − v∗|)) from the graph µ∗, a.e., and for all w ∈ Vp.
We note that this theorem guarantees only the existence of a solution. Indeed,

it seems unreasonable to expect uniqueness when we have a graph in the problem;
however, the question remains open.

Finally, we consider the case where the wear is a solution of the differential equa-
tion of Archard’s law and µ∗ = µc. This leads to the following theorem whose proof
is in section 8.
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10 KENNETH L. KUTTLER AND MEIR SHILLOR

Theorem 3.3. Assume (3.12) and that µ = µc = µ∗ and sc are bounded and
Lipschitz continuous. Let u0 ∈ V2,v0 ∈ H, and f ∈ V ′

2. Then there exists a unique
solution {u,v, w} of problem (3.22)–(3.26), and it satisfies

v ∈ L2(0, T ;V2), v′ ∈ L2(0, T ;V ′
2), w, w′ ∈ L∞(0, T ;L∞ (ΓC)).

If we wish to take into account the possible dependence of µ and p(·) on the po-
sition x on the contact surface, all we need to do is to assume that both functions are
measurable in x, in addition to the other assumptions above. This increase in gener-
ality is mainly technical and does not change any of the arguments and conclusions
that follow. Therefore, we have omitted an explicit reference to it in the models.

Existence of weak solutions for the problem with friction graph and a wear func-
tion that is an unknown of the problem remains an important unresolved problem.

4. Approximate problems with given wear. In this section we consider
regularized approximate problems in which w is a given function satisfying

w ∈ Lp (0, T ;Lp (ΓC)) , w′ ∈ Lp(0, T ;Lp(ΓC)), w′ ≥ 0,

and µ = µc = µ∗ is a given Lipschitz continuous function of |vT − v∗|.
First, let u0ε be a sequence in D satisfying limε→0 u0ε = u0 in Vp. We assume

that q = p2(p− 1)−1, thus

p− 1
q

+
1

p
+
1

q
= 1.

Next, let the operator J be defined by

〈Ju,v〉 =
∫

ΓC

||γu||q−2γu · γv dΓ.(4.1)

We use J to regularize problem (3.22)–(3.26) and for each ε > 0 the approximate
problem is the following.

Problem P(ε). Find vε ∈ Vq such that
v′ε +Mvε +Auε + εJvε + P (uε, w) +Q(vε, w) � f in V ′

q,(4.2)

vε(0) = v0 ∈ H,(4.3)

uε(t) = u0ε +

∫ t

0

vε(s) ds.(4.4)

Here, by v∗ ∈ Q(v, w) ⊆ V ′
p we mean that there exists z ∈ L∞(0, T ;L∞(ΓC)N ) such

that

〈v∗,w〉 =
∫ T

0

∫
ΓC

µ (|vT − v∗|) pR
(un − w − g) z ·wT dΓdt,(4.5)

and z satisfies∫ T

0

∫
ΓC

z ·wT dΓdt ≤
∫ T

0

∫
ΓC

(|vT − v∗ +wT | − |vT − v∗|) dΓdt,(4.6)

for all w ∈Vp.
Below we omit the subscript ε for the sake of simplicity. We have the following

result for the approximate problems.
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DYNAMIC FRICTIONAL CONTACT 11

Theorem 4.1. Assume that p(·) satisfies (3.13). Then for each ε > 0 there exists
a solution vε ∈ Vq of P(ε).

The proof of the theorem is accomplished in a number of steps. We begin with
the following assertion which follows directly from the definitions.

Lemma 4.2. The operators J, Q, M, A, and P (·, w) are bounded maps from Vq
or Vq × Lp (0, T ;Lp (ΓC)) into V ′

q or P(V ′
q).

Next, we change the dependent variable and set yeλt = v. Then, in terms of y,
the problem P(ε) consists of finding y ∈ Vq such that

y′ + λy+My + e−λ(·)Au+ εe−λ(·)J(eλ(·)y)

+ e−λ(·)P (u, w) + e−λ(·)Q(eλ(·)y, w) � e−λ(·)f in V ′
q,(4.7)

y(0) = v0 ∈ H.(4.8)

Let X be the space given in (2.7). The next lemma will be used to show the operator
Qλ given by

y→Qλ (y, w) ≡ e−λ(·)Q(eλ(·)y, w)(4.9)

is pseudomonotone.
Lemma 4.3. If vk ⇀ v in X, then γvk → γv in Lp(0, T ; (Lp(ΓC))

N ).
Proof. Since p ≥ 2, it is straightforward to verify that if v ∈ X, then v′ ∈

Lq′(0, T ;V ′
q ) and v(t1) − v(t2) =

∫ t1
t2
v′(s) ds. Let W ⊆ U be such that the injection

W → U is compact and γ : U → (L2(ΓC))
N is continuous. Since Vq embeds continu-

ously into L2(0, T ;W ), Theorem 2.2 implies that vk → v in L2(0, T ;U). It follows that
γvk → γv in L2(0, T ; (L2(ΓC))

N ). Now if the lemma is not true, then there exists a
sequence {vk} ⊆ X such that vk ⇀ v in X but ||γvk − γv||Lp(0,T ;(Lp(ΓC))N ) ≥ η > 0

for some η. By taking a subsequence, we may assume γ̃v
k
(x, t) → γ̃v(x, t) a.e.

(x, t) ∈ ΓC × (0, T ), since γvk → γv in L2(0, T ; (L2(Γc))
N ). Here, “ ∼ ” means a

product measurable representative. Since γ̃v
k
is bounded in (Lq((0, T )× ΓC))N , the

Fatou lemma guarantees that γ̃v is also bounded in Lq((0, T ) × ΓC). Thus, the se-
quence {|γ̃vk− γ̃v|p} is uniformly integrable, so it follows from the Vitali convergence
theorem that

lim
k→∞

∫
(0,T )×ΓC

|γ̃vk − γ̃v|p dΓdt = 0.

This contradicts the assumption that ||γvk − γv||Lp(0,T ;(Lp(ΓC))N ) ≥ η > 0 and thus
proves the lemma.

Lemma 4.4. If yk ⇀ y in X, then

p(ukn − w − g)→ p(un − w − g) in Lp′(0, T ;Lp′(ΓC))(4.10)

and

µ
(|vkT − v∗|

)→ µ (|vT − v∗|) in Lp (0, T ;Lp (ΓC)) .(4.11)

Proof. To simplify the notation we let F = p(un−w−g), F k = p(ukn−w−g), µ =
µ(|vT − v∗|), and µk = µ(|vkT − v∗|). Now it follows from (3.13) that∣∣F k − F

∣∣ ≤ K
(
1 +

∣∣ukn∣∣p−2
+ |un|p−2

) ∣∣ukn − un
∣∣ .
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12 KENNETH L. KUTTLER AND MEIR SHILLOR

We will show that |ukn|p−2|ukn−un| → 0 in Lp′(0, T ;Lp′(ΓC)) and observe that simpler
arguments apply to the other two terms. We have

∫ T

0

∫
ΓC

∣∣ukn∣∣(p−2)p′ ∣∣ukn − un
∣∣p′ dΓdt

≤
(∫ T

0

∫
ΓC

∣∣ukn − un
∣∣p dΓdt)p′/p(∫ T

0

∫
ΓC

∣∣ukn∣∣p dΓdt

)(p−p′)/p

≤ c

(∫ T

0

∫
ΓC

∣∣ukn − un
∣∣p dΓdt)p′/p

,

which converges to zero by Lemma 4.3. Moreover,

∫ T

0

∫
ΓC

|µk − µ|p dΓdt ≤ C Lippµ

∫ T

0

∫
ΓC

∣∣γvk − γv
∣∣p dΓdt,

which also converges to zero by Lemma 4.3. The other terms behave similarly.

Lemma 4.5. Let yk ⇀ y in X and zk ⇀ z in L∞(0, T ;L∞(ΓC)N ). If w ∈
Lp(0, T ;Lp(ΓC)

N ), then

∫ T

0

∫
ΓC

F kµk zk ·wT dΓdt →
∫ T

0

∫
ΓC

Fµ z ·wT dΓdt.(4.12)

Proof. We argue by contradiction. If (4.12) does not hold, then there exist two
sequences yk ⇀ y inX and zk ⇀ z in L∞(0, T ;L∞(ΓC)N ) andw ∈Lp(0, T ;Lp(ΓC)

N )
such that ∣∣∣∣∣

∫ T

0

∫
ΓC

F kµk zk ·wT dΓdt−
∫ T

0

∫
ΓC

Fµ z ·wT dΓdt

∣∣∣∣∣ ≥ 2ε̂.

Since L∞(0, T ;L∞(ΓC)N ) is dense in Lp(0, T ;Lp(ΓC)
N ), we find that, for w ∈

L∞(0, T ;L∞(ΓC)N ),∣∣∣∣∣
∫ T

0

∫
ΓC

F kµk zk ·wT dΓdt−
∫ T

0

∫
ΓC

Fµ z ·wT dΓdt

∣∣∣∣∣ ≥ ε̂.(4.13)

However, by Lemma 4.4, µ(|vkT − v∗|)p(ukn −w− g) → µ(|vT − v∗|)p(un −w− g) in
L1(0, T ;L1(ΓC)). Therefore, (4.13) cannot hold for all k, which proves the lemma.

Lemma 4.6. Qλ is a bounded pseudomonotone operator.

Proof. We have already observed that Qλ is bounded, and it is straightforward
to show that Qλ(y) is convex. Suppose that Qλ(y) ⊆ U, where U is a weakly open
set in X ′, that y∗k ∈ Qλ (y) \ U, and that yk ⇀ y in X, where y∗k ∈ Qλ

(
yk
)
. Let

Uλ ≡ eλ(·)U ; then Uλ is weakly open in X ′ containing Q(v), vk ⇀ v in X, and v∗k ≡
eλ(·)y∗k ∈ Q(vk) \ Uλ. Next, let {zk} be a sequence in L∞(0, T ;L∞(ΓC)N ) as in the
definition of Q such that, possibly for a subsequence, zk ⇀ z in L∞(0, T ;L∞(ΓC)N ).
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DYNAMIC FRICTIONAL CONTACT 13

From Lemma 4.3,∫ T

0

∫
ΓC

z ·wT dΓdt = lim
k→∞

∫ T

0

∫
ΓC

zk·wT dΓdt

≤ lim
k→∞

∫ T

0

∫
ΓC

(| vkT − v∗ +wT | − |vkT − v∗|
)
dΓdt

≤
∫ T

0

∫
ΓC

(|vT − v∗ +wT | − |vT − v∗|) dΓ dt.

Now, using the notation pk
R
= p

R
(ukn − w − g) and p

R
= p

R
(un − w − g), we have

〈v∗k,w〉 ≡
∫ T

0

∫
ΓC

µ
(∣∣vkT − v∗

∣∣) pk
R
zk·wT dΓdt,

and so from Lemma 4.5 we know that v∗k ⇀ v∗, where

〈v∗,w〉 ≡
∫ T

0

∫
ΓC

µ (|vT − v∗|) pR
z ·wT dΓdt.(4.14)

Thus, v∗ ∈ Q (v) ⊆ Uλ by the definition of Q. This contradicts the assumption
that v∗k /∈ Uλ for all k, and hence Q(vk) ⊆ Uλ for all large k. This argument also
shows that Qλ(y) is closed. It remains to verify conditions (2.1) and (2.2).

To that end let yk ⇀ y and y∗k ∈ Qλ(y
k). We show that if w ∈ X, then

lim inf
k→∞

〈y∗k,yk −w〉 ≥ 〈y∗ (w) ,y −w〉, y∗ (w) ∈ Qλ (y) .

We choose a subsequence yk (depending on w) such that

lim
k→∞

〈y∗k,yk −w〉 = lim inf
k→∞

〈y∗k,yk −w〉.

For v∗k = eλ(·)y∗k ∈ Q
(
vk
)
we let zk ∈ L∞(0, T ;L∞(ΓC)N ) be as in the definition ofQ.

We take a further subsequence, if necessary, such that zk ⇀ z in L∞(0, T ;L∞(ΓC)N ).
Then z satisfies (4.6) by Lemma 4.3. It follows from Lemma 4.5 that if we define
y∗(w) by

〈y∗ (w) ,b〉 =
∫ T

0

∫
ΓC

e−λtp
R
(un − w − g)µ (|vT − v∗|) z · bT dΓdt,

then

lim inf
k→∞

〈y∗k,yk −w〉 = lim
k →∞

〈y∗k,yk −w〉

= lim
k→∞

∫ T

0

∫
ΓC

e−λtµk pk
R
zk· (ykT −wT

)
dΓdt

=

∫ T

0

∫
ΓC

e−λtµ p
R
z· (yT −wT ) dΓdt = 〈y∗ (w) ,y −w〉.

This proves the lemma.
Lemma 4.7. If vk ⇀ v in X, then P (uk, w)→ P (u, w) in V ′

q.
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14 KENNETH L. KUTTLER AND MEIR SHILLOR

Proof. Let w ∈ Vq. Then we have from the definition of P and (3.13) that∣∣〈P (uk, w)− P (u, w),w
〉∣∣

≤ K

∫ T

0

∫
ΓC

(1 + |ukn|p−2 + |un|p−2)|ukn − un||wn| dΓdt

≤ K

∫ T

0

(∫
ΓC

(1 + |ukn|p + |un|p) dΓ
) p−2

p
(∫

ΓC

|ukn − un|p dΓ
) 1

p

×
(∫

ΓC

|wn|pdΓ
) 1

p

dt

≤ K||ukn − un||Lp(0,T ;(Lp(ΓC ))N )
|| w||Vq

.

Thus, ||P (uk, w)−P (u, w)||V′
q
≤ K||γuk−γu||Lp(0,T ;(Lp(ΓC))N ), and the result follows

from Lemma 4.3.
Now for each λ ≥ 0 the map y→ e−λ(·)Au is monotone; in fact,〈

e−λ(·)A(u1 − u2),y1 − y2

〉
=
1

2

∫ T

0

e−2λt d

dt
〈A(u1 − u2),u1 − u2〉 dt(4.15)

=
1

2
e−2λT 〈A(u1(T )− u2(T )),u1(T )− u2(T )〉

+ λ

∫ T

0

〈A(u1 − u2),u1 − u2〉 e−2λtdt.

Also, the map y → εe−λ(·)J(eλ(·)y) is monotone. Next, yk ⇀ y in X if and only
if vk ⇀ v in X, and Lemma 4.7 implies that the operator y → e−λ(·)P (u, w) is
completely continuous; and if we let

Aλy = λy +My + e−λ(·)A(u) + εe−λ(·)J(eλ(·)y)
+ e−λ(·)Q(eλ(·)y) + e−λ(·)P (u, w),(4.16)

then Aλ is a sum of bounded pseudomonotone operators. Consequently, Aλ : X →
P (X ′) is pseudomonotone [22], verifying condition (2.15) for Aλ. We now check the
coercivity of Aλ (2.14). To this end, we consider the various terms of 〈Aλy,y〉. Let
y∗ ∈ Qλ(y), which implies that y

∗ ∈ e−λ(·)Q(eλ(·)v) and so y∗ = e−λ(·)v∗, where
v∗ ∈ Q

(
eλ(·)v

)
. Therefore,

〈y∗,y〉 = 〈e−λ(·)v∗, eλ(·)v〉 = 〈v∗,v〉 =
∫ T

0

∫
ΓC

µp
R
z · vT dΓdt,

where p
R
= p

R
(un − w − g) and z ∈L∞(0, T ;L∞(ΓC)N ) satisfies∫ T

0

∫
ΓC

z ·wT dΓdt ≤
∫ T

0

∫
ΓC

(
|eλ(·)vT − v∗ +wT | − |eλ(·)vT − v∗|

)
dΓdt,(4.17)

and u(t) = u0 +
∫ t
0
eλsv(s) ds. Thus,

〈y∗,y〉 =
∫ T

0

∫
ΓC

e−λtµp
R
z· (eλtvT − v∗

)
dΓdt

+

∫ T

0

∫
ΓC

e−λtµp
R
z · v∗ dΓdt.(4.18)
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DYNAMIC FRICTIONAL CONTACT 15

Now the first integral is nonnegative by a routine argument involving (4.17), and since
v∗ ∈ L∞(0, T ;Lp(ΓC)

N ) we have that the second integral is bounded below by

−c− c

∫ T

0

(∫
ΓC

(un − w − g)
p
+ dΓ

)1/p

dt

≥ −cη − η

∫ T

0

∫ t

0

|vn (s)− wt (s)|pLp(ΓC) dsdt(4.19)

for η > 0. Next, we examine the term
〈
e−λ(·)P (u, w),y

〉
. Let h(r,x) =

∫ r
g(x)

p(s −
g(x)) ds and define H : L2(ΓC)→ [0,∞) by

H(u) =

∫
ΓC

h(u,x) dΓ.(4.20)

Then

d

dt
H(un − w) = 〈DH(un − w), vn − w′〉

=

∫
ΓC

p(un − w − g) (vn − w′) dΓ = 〈P (u, w),v〉 −
∫

ΓC

p(un − w − g)w′ dΓ.(4.21)

Therefore, 〈
e−λ(·)P (u, w),y

〉
=

∫ T

0

e−2λt 〈P (u, w),v〉 dt

=

∫ T

0

e−2λt d

dt
H(un − w) dt+

∫ T

0

∫
ΓC

p(un − w − g)w′ dΓ(4.22)

≥ H(un (T )− w (T ))e−2λT −H(u0εn) + 2λ

∫ T

0

H(u)e−2λt dt,

due to the assumptions that w′ ≥ 0 and p(·) ≥ 0. Similarly,〈
e−λ(·)Au,y

〉
=
1

2
〈Au(T ),u(T )〉 e−2λT

− 1

2
〈Au0ε,u0ε〉+ λ

∫ T

0

〈Au,u〉 e−2λt dt.(4.23)

It follows from (4.19), (4.22), and (4.23) that

〈Aλy,y〉 ≥ δ2||y||2L2(0,T ;W ) + εe−2λT ||γy||q
Lq(0,T ;(Lq(ΓC))N )

− cη − η

∫ T

0

∫ t

0

|vn (s)− w′(s)|pLp(ΓC) dsdt−H(u0εn).

We conclude that Aλ is coercive when η is sufficiently small and by Lemma 4.2
that Aλ : Vq → V ′

q is bounded. All the assumptions of Theorem 2.6 are satisfied now,
and the proof of Theorem 4.1 is complete.

We use this result in the following section. However, we note that the theorem
has merit of its own.
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16 KENNETH L. KUTTLER AND MEIR SHILLOR

5. Existence and uniqueness. We obtain a solution for problem P, when w
is a known function, by deriving estimates on the solutions of P (ε) and passing to
the limit ε → 0, thus proving Theorem 3.1. We are still assuming that µ is Lipschitz
continuous.

The proof of Theorem 3.1 is accomplished in a number of steps. We denote by c
a generic positive constant which is independent of ε. Multiplying both sides of (4.2)
by vχ[0,t] and using the above formulas along with the assumption that w

′ ≥ 0, and
performing routine manipulations, we obtain the following estimates for v∗ ∈ Qv:

1

2
|v(t)|2H − 1

2
|v0|2H + δ2

∫ t

0

||v||2W ds+
1

2
〈Au(t),u(t)〉

+ ε

∫ t

0

∫
ΓC

|γv|q dΓds+ 〈v∗,vχ[0,t]〉+H(un (t)− w (t))−H(u0εn)

≤
∫ t

0

〈f(s),v(s)〉 ds+ 1

2
〈Au0ε,u0ε〉.(5.1)

Now, when λ = 0 in (4.18), we obtain

〈v∗,vχ[0,t]〉 ≥ −c− c

∫ t

0

∫
ΓC

(un − w − g)p+ dΓ,

thus

1

2
|v(t)|2H + δ2

∫ t

0

||v||2W ds+
1

2
〈Au(t),u(t)〉+ ε

∫ t

0

∫
ΓC

|γv|q dΓds

+

∫
ΓC

h(un (t,x)− w (t,x) ,x) dΓ ≤ c+
1

2
| v0|2H +

1

2
〈Au0ε,u0ε〉+H(u0εn)

+
1

2δ2

∫ t

0

||f(s)||2W ′ ds+
δ2

2

∫ t

0

||v(s)||2W ds+ c

∫ t

0

∫
ΓC

(un − w − g)p+ dΓds.(5.2)

The assumptions on p(·) given in (3.13) imply that if r ≥ g(x), then

h(r,x) ≥
∫ r

g(x)

(δ2(s− g)p−1
+ − c) ds =

δ2

p
(r − g (x))p+ − c(r − g(x))+.(5.3)

Now, since p(r) = 0 for r ≤ 0, (5.3) holds also when r < g(x). Then (5.2) yields

|v(t)|2H + δ2

∫ t

0

||v||2W ds+ 〈Au(t),u(t)〉+ 2ε
∫ t

0

∫
ΓC

|γv|q dΓds

+
2δ2

p

∫
ΓC

(un(t)− w (t)− g)p+dΓ− 2c
∫

ΓC

(un(t)− w (t)− g)+ dΓ

≤ c+ |v0|2 + 〈Au0ε,u0ε〉+ 2H(u0εn) +
1

δ2

∫ t

0

||f(s)||2W ′ ds

+ c

∫ t

0

∫
ΓC

(un − w − g)p+ dΓds.(5.4)
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DYNAMIC FRICTIONAL CONTACT 17

Applying the Hölder inequality to the sixth term on the right-hand side we obtain

|v(t)|2H + δ2

∫ t

0

||v||2W ds+ 〈Au(t),u(t)〉+ 2ε
∫ t

0

∫
ΓC

|γv|q dΓds

+
δ2

p

∫
ΓC

(un(t)− w − g)p+ dΓ ≤ c+ |v0|2 + 〈Au0ε,u0ε〉+ 2H(u0ε)

+
1

δ2

∫ t

0

||f(s)||2W ′ ds+ c

∫ t

0

∫
ΓC

(un − w − g)p+ dΓds.(5.5)

Now using the Gronwall inequality yields

|v(t)|2H +
∫ t

0

||v||2W ds+ 〈Au(t),u(t)〉+ ε

∫ t

0

∫
ΓC

|γv|q dΓds

+

∫
ΓC

(un(t)− w − g)p+ dΓ ≤ c,(5.6)

where c does not depend on ε, q (for q > p) or w. If w ∈ Vq, then (5.6) and the
definition of J imply

|〈εJv,w〉| ≤ ε〈Jv,v〉(1/q′)〈Jw,w〉(1/q)
≤ (ε〈Jv,v〉)(1/q′)ε(1/q)||w||Vq ≤ cε(1/q)||w||Vq .(5.7)

Thus, when vε is a solution of problem P(ε) we have

εJvε → 0 in V ′
q.(5.8)

From (5.6) and the growth conditions for p(·) we find that Q(vε, w) and P (uε, w)
are bounded in V ′

p ⊆ V ′
q. Using Theorems 2.2 and 2.3 we find that there exists a

subsequence, still denoted by ε → 0, such that

vε → v weakly in L2(0, T ;W ),(5.9)

v′ε → v′ in V ′
q,(5.10)

uε → u in C(0, T ;U),(5.11)

vε → v in L2(0, T ;U),(5.12)

Mvε → Mv weakly in L2(0, T ;W ′),(5.13)

Auε → Au weakly in L2(0, T ;W ′).(5.14)

Here U denotes a space containing W with compact identity map and such that the
trace map γ : U → L2 (ΓC)

N
is continuous. Letting zε be as in (4.5) and (4.6), (5.11)

and (5.12) imply that, for a subsequence,

γ̃uε(x, t)→ γ̃u(x, t) a.e. in ΓC × (0, T ),(5.15)

γ̃vε(x, t)→ γ̃v(x, t) a.e. in ΓC × (0, T ),(5.16)

µ (|vεT − v∗|) pR
(uεn − w − g) zε ⇀ ξ

weakly in Lp′(0, T ;Lp′(ΓC)
N ).(5.17)

Lemma 5.1. P (uε, w)→ P (u, w) in V ′
q and P (uε, w)⇀ P (u, w) weakly in V ′

p.
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18 KENNETH L. KUTTLER AND MEIR SHILLOR

Proof. Let w ∈ Vq; then, by (3.13),

|〈P (uε, w) − P (u, w),w〉| ≤
∫ T

0

∫
ΓC

K(1 + (uεn − w − g)p−2
+ + (un − w − g)p−2

+ )

× |(uεn − w − g)+ − (un − w − g)+| |wn| dΓdt

≤ c

∫ T

0

(∫
ΓC

(1 + (uεn − w − g)p+ + (un − w − g)p+) dΓ

) p−2
p

×
(∫

ΓC

|(uεn − w − g)+ − (un − w − g)+|r dΓ
) 1

r

·
(∫

ΓC

|wn|qdΓ
) 1

q

dt,

where r = pq(2q − p)−1. It follows from (5.6) that

| 〈P (uε, w)− P (u, w) ,w〉 |

≤ c

(∫ T

0

∫
ΓC

|(uεn − w − g)+ − (un − w − g)+|r dΓdt
) 1

r

||w||Vq .(5.18)

Now note that r < p and so estimate (5.6) implies the functions |(uε−w−g)+−(un−
w − g)+|r are uniformly integrable. Then (5.15) and the Vitali convergence theorem
imply

lim
ε→0

∫ T

0

∫
ΓC

|(uεn − w − g)+ − (un − w − g)+|rdΓdt = 0.

Now

‖P (uε, w)− P (u, w) ‖V′
q

≤ c

(∫ T

0

∫
ΓC

|(uεn − w − g)+ − (un − w − g)+|r dΓ dt

) 1
r

,

and hence P (uε, w)→ P (u, w) in V ′
q.

To obtain the other assertion, we note that P (uε, w) is bounded in V ′
p, and

therefore it has a convergent subsequence such that P (uε, w) ⇀ ? weakly in V ′
p.

However, Vq is dense in Vp and so ? = P (u, w) . Since this holds for every weakly
convergent subsequence, it follows that P (uε, w)⇀ P (u, w).

Lemma 5.2. For each w ∈Vp,

〈γ∗
T ξ,w〉 ≤

∫ T

0

∫
ΓC

µp
R
(|vT − v∗ + wT | − |vT − v∗|) dΓ dt,(5.19)

where µ(|vT − v∗|) and p
R
= p

R
(un − w − g).

Proof. To simplify the notation we let F = p
R
(un−w−g), Fε = p

R
(uεn−w−g),

µ = µ(|vT −v∗|), and µε = µ(|vεT −v∗|). First suppose that w ∈ Vq. It follows from
the assumptions on zε that zε ·wT ≤ (|vεT − v∗ +wT | − |vεT − v∗|) for a.e. t and
a.e. x. Therefore,

〈γ∗
T ξ,w〉 = lim

ε→0

∫ T

0

∫
ΓC

Fεµεzε ·wT dΓdt

≤ lim inf
ε→0

∫ T

0

∫
ΓC

Fεµε (|vεT − v∗ +wT | − |vεT − v∗|) dΓdt.(5.20)
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DYNAMIC FRICTIONAL CONTACT 19

Now the integrand converges pointwise to Fµ (|vT − v∗ +wT | − |vT − v∗|) and is
bounded in absolute value by c(1+(uεn−w−g)p−1

+ )|wT |. These functions are bounded
in Lr((0, T )×ΓC), independently of ε, where r ≡ pq/(pq+p−q). Indeed, (p−1)rq/(q−
r) = p, and thus

(uεn − w − g)
(p−1)r
+ |wT |r ≤ (uεn − w − g)

(p−1)rq
q−r

+ + |wT |q
= (uεn − w − g)

p
+ + |wT |q ,

which is bounded in L1, independent of ε. Therefore, using the Vitali convergence
theorem in (5.20), we may pass to the limit and obtain (5.19) for all w ∈Vq, and since
Vq is dense in Vp this inequality holds for all w ∈Vp. This proves the lemma.

Next, from (4.2), (5.13), (5.14), (5.9), and Lemma 5.1 we obtain

v′ +Mv+Au+γ∗
T ξ + P (u,w) = f in V ′

q.

Since γ∗
T ξ, Au, Mv and f are all in V ′

p, so is v
′. This proves the existence part of the

theorem.
Proof of uniqueness. Suppose v1 and v2 are two solutions of P. Let, for i =

1, 2, ui(t) = u0 +
∫ t
0
vi(s) ds. It follows that

1

2
|v1(t)− v2(t)|2H +

∫ t

0

〈Mv1 −Mv2,v1 − v2〉 ds

+

∫ t

0

〈A(u1 − u2),v1 − v2〉 ds+
∫ t

0

〈γ∗
T ξ1 − γ∗

T ξ2,v1 − v2〉 ds

+

∫ t

0

〈P (u1, w)− P (u2, w) ,v1 − v2〉 ds = 0.(5.21)

Thus, if we denote by c a positive generic constant, we have

1

2
|v1(t)− v2(t)|2H +

1

2
〈A(u1(t)− u2(t)),u1(t)− u2(t)〉

+

∫ t

0

〈P (u1, w)− P (u2, w) ,v1 − v2〉 ds+ δ2

∫ t

0

||v1 − v2||2W ds

+

∫ t

0

〈γ∗
T ξ1 − γ∗

T ξ2,v1 − v2〉 ds ≤ c

∫ t

0

|v1(s)− v2(s)|2H ds.(5.22)

Let F i = p
R
(uin−w− g), µi = µ(|viT −v∗|), for i = 1, 2; then using condition (5.20)

we observe ∫ t

0

〈γ∗
T ξ1 − γ∗

T ξ2,v1 − v2〉 ds

≥
∫ t

0

∫
ΓC

(F 1µ1 − F 2µ2) (|v1T − v∗| − |v2T − v∗|) dΓds.

Consequently, the last term on the left-hand side in (5.22) dominates

−c

∫ t

0

∫
ΓC

F 2 |v1T − v2T |2 dΓds− c

∫ t

0

∫
ΓC

|F 1 − F 2| |v1T − v2T | dΓds.(5.23)
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20 KENNETH L. KUTTLER AND MEIR SHILLOR

The third term in (5.22) is greater than or equal to

−
∫ t

0

∫
ΓC

|p(u1n − w − g)− p(u2n − w − g)| |v1n − v2n| dΓds.(5.24)

From the assumptions on p(·) and from (5.22) we obtain

|v1(t)− v2(t)|2H + 〈A(u1(t)− u2(t)),u1(t)− u2(t)〉+ δ2

∫ t

0

||v1 − v2||2W ds

≤ c

∫ t

0

∫
ΓC

(1 + |(u1n − w − g)+|2 + |(u2n − w − g)+|2)
× |u1n − u2n| |v1n − v2n| dΓds

+ c

∫ t

0

|v1(s)− v2(s)|2H ds+ c

∫ t

0

∫
ΓC

|v1T − v2T |2 dΓds.

Since (un − w − g)+ ∈ L∞(0, T ;Lp(ΓC)), we obtain, with another c which depends
on u1 and u2,

|v1(t)− v2(t)|2H + δ2

∫ t

0

||v1 − v2||2W ds ≤ c

∫ t

0

||v1 − v2||2U dt

+ c

∫ t

0

(∫
ΓC

|u1n − u2n|4dΓ
) 1

4
(∫

ΓC

|v1n − v2n|4dΓ
) 1

4

ds

+ c

∫ t

0

|v1(s)− v2(s)|2H ds

≤ c

∫ t

0

||u1 − u2||W ||v1 − v2||W ds+ c

∫ t

0

|v1(s)− v2(s)|2H ds

+K

∫ t

0

||v1 − v2||2U dt,

where we used the fact that the trace map W → L4(∂Ω) is continuous. It follows
from the compactness of the embedding U → W that

|v1(t)− v2(t)|2H +
δ2

2

∫ t

0

||v1 − v2||2W ds

≤ cδT

∫ t

0

∫ s

0

||v1 − v2||2W drds+Kε

∫ t

0

|v1(s)− v2(s)|2H ds

+ ε

∫ t

0

||v1 − v2||2W dt.

Choosing ε = δ2

4 and adjusting the constants yields

|v1(t)− v2(t)|2H +
δ2

4

∫ t

0

||v1 − v2||2W ds

≤ cδT

∫ t

0

(∫ s

0

||v1 − v2||2W dr + |v1(s)− v2(s)|2H
)

ds.

By the Gronwall inequality we obtain v1 = v2. This concludes the proof of Theorem
3.1 in the case that p satisfies (3.13).
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DYNAMIC FRICTIONAL CONTACT 21

In the case when p(·) satisfies (3.12) the proof is much easier, not requiring the
consideration of the approximate problems where εJ was added in.

Theorem 5.3. Let p ≥ 2 and let w ∈ Lp (0, T ;Lp (ΓC)), w′ ∈ Lp(0, T ;Lp(ΓC)),
w′ ≥ 0, u0 ∈ Vp ,v0 ∈ H, f ∈ V ′

p and assume µ∗ (r) = µc (r) , where µc is bounded

and Lipschitz. Then there exists ξ ∈ Lp′(0, T ;Lp′(ΓC)
N ) and v ∈ L2(0, T ;W ) such

that

(un − w − g)+ ∈ L∞(0, T ;Lp(ΓC)),(5.25)

v′ +Mv +Au+ P (u, w) + γ∗
T ξ = f in V ′

p,(5.26)

v(0) = v0 , u(t) = u0 +

∫ t

0

v(s) ds,(5.27)

and

〈γ∗
T ξ,w〉 ≤

∫ T

0

∫
ΓC

µp
R
(|vT − v∗ +wT | − |vT − v∗|) dΓ dt,(5.28)

where µ = µ(|vT − v∗|) and p
R
= p

R
(un − w − g).

Moreover, if the function p(·) satisfies (3.12), the solution {u,v} is unique.
We note that (3.28) and the fact that v1 = v2 imply γ∗

T ξ1 = γ∗
T ξ2; however, we

do not know if ξ1 = ξ2.

6. Discontinuous friction coefficient. In this section we consider the case
when the coefficient of friction is a discontinuous function of the slip speed and es-
tablish Theorem 3.2. This is the case often described in elementary courses where it
is stated that the coefficient of sliding friction is smaller than the coefficient of static
friction. Therefore, we assume that the function µ has a jump discontinuity at zero,
becoming smaller when slip takes place, and is represented by the friction graph µ∗

(3.5).
To investigate this case when p satisfies (3.13), we regularize the graph µ∗ by

defining µc (r) = µd for all r ≤ 0 and

µε (r) = µc (r)− h′
ε (r) + η,

where 2η = µs − µd and hε(r) ≡ (η2r2 + ε)1/2, for 0 < ε small. Thus, η is half the
size of the jump at 0 between µd and µs. From this definition, it follows that

lim
ε→0

µε (r) =


µc (r) if r > 0,
µc (r) + 2η = µs if r < 0,
µd + η if r = 0

which is a function whose graph has a jump of height 2η = µs − µd at r = 0.
Let vε be the solution of the approximate problem (4.2)–(4.6) in which µ is

replaced with µε. Then, estimate (5.6) holds for vε and, consequently, there exists a
subsequence such that (5.9)–(5.17) hold. Passing to a further subsequence if necessary,
we may assume there exists ψ ∈ L∞ (0, T ;L∞ (ΓC)) such that

h′
ε (|vεT − v∗|)→ ψ weak ∗ in L∞ (0, T ;L∞ (ΓC)) .

We note that Lemma 5.1 still holds. As above, we let F = p
R
(un − w − g) and
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22 KENNETH L. KUTTLER AND MEIR SHILLOR

Fε = p
R
(uεn − w − g). Let w ∈ Vq,

〈γ∗
T ξ,w〉 = lim

ε→0

∫ T

0

∫
ΓC

Fεµεzε ·wT dΓdt

≤ lim inf
ε→0

∫ T

0

∫
ΓC

Fεµε (|vεT − v∗ +wT | − |vεT − v∗|) dΓdt

= lim inf
ε→0

[∫ T

0

∫
ΓC

Fε (µc (|vεT − v∗|)− ψ + η)

× (|vεT − v∗ +wT | − |vεT − v∗|) dΓdt

+

∫ T

0

∫
ΓC

Fε (ψ − h′
ε (|vεT − v∗|))

× (|vεT − v∗ +wT | − |vεT − v∗|) dΓdt
]
.

As in the proof of Lemma 5.2, the first integral on the right-hand side converges to∫ T

0

∫
ΓC

(µc (|vT − v∗|)− ψ + η) p
R
(|vT − v∗ +wT | − |vT − v∗|) dΓdt,

where p
R
= p

R
(un − w − g). We need to show that the second integral converges to

zero. This follows from the observation that, since p
R
is bounded,

|p
R
(uεn − w − g)(|vεT − v∗ +wT | − | vεT − v∗|)|

is bounded in L2((0, T ) × ΓC), independently of ε, and converges pointwise to
|F (|vT − v∗ +wT | − |vT − v∗|)|, which lies in L2((0, T )×ΓC). Thus, the sequence is
uniformly integrable, and by the Vitali convergence theorem it converges strongly in
L1((0, T )× ΓC). Since ψ− h′

ε(|vεT − v∗|) converges weak∗ in L∞ to zero, the second
integral converges to zero as desired. Next, we consider ψ.

First, note that, from the convexity of hε,

h′
ε (|vεT − v∗|) z ≤ hε (|vεT − v∗|+ z)− hε (|vεT − v∗|) ,

thus for arbitrary z ∈ L1
(
0, T ;L1 (ΓC)

)
∫ T

0

∫
ΓC

ψzdΓdt ≤
∫ T

0

∫
ΓC

|η (|vT − v∗|+ z)| − |η(|vT − v∗|)| dΓdt

which implies that, for a.e. t,

ψz ≤ |η (|vT − v∗|+ z)| − |η(|vT − v∗|)|

for a.e. x. Letting θ (r) ≡ |ηr|, it follows that, for a.e. x, t,

ψ (t,x) ∈ ∂θ (|vT − v∗| (t,x)) .

Therefore, for a.e. t,x,

ψ (t,x) ∈ [−η, η] .
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DYNAMIC FRICTIONAL CONTACT 23

More particularly, if |vT − v∗| > 0, ψ = η, while if |vT − v∗| = 0, the above holds.
Therefore, the pair

(|vT − v∗| , µc (|vT − v∗|)− ψ + η)

is an element of the graph of µ∗, a.e. The proof of Theorem 3.2 is now complete in
the case where p (·) satisfies (3.13). Theorem 3.2 holds in the case where p (·) satisfies
(3.12) from arguments similar to the above but without the necessity of dealing with
the limit as ε → 0 in the solutions of the approximate problems in which εJvε was
added.

The uniqueness of the solution remains an open question.

7. Dependence on w. In this section we investigate the dependence of the
solution of (3.27)–(3.30) on w in the situation of (3.12) and µ∗ = µ = µc. Therefore,
in this section we do not need to employ the truncation p

R
. We need to identify the

dependence of γ∗
T ξ on w and for this reason we write γ∗

T ξw and rewrite (3.27)–(3.29)
as follows:

v′ +Mv +Au+ γ∗
T ξw + P (u, w) = f in V ′

2,(7.1)

v (0) = v0, u (t) = u0 +

∫ t

0

v (s) ds,(7.2)

and

〈γ∗
T ξw,w〉 ≤

∫ T

0

∫
ΓC

µp (|vT − v∗ +wT | − |vT − v∗|) dΓdt,(7.3)

where µ = µ(|vT − v∗|) and p = p(un − w − g).
Now let wi, for i = 1, 2, be two wear functions as above and let vi denote

the corresponding solutions of problem (7.1)–(7.3). We need the following estimates.
From (7.3) we obtain∫ t

0

〈γ∗
T ξw1 − γ∗

T ξw2
,v1 − v2〉 ds

≥ −
∫ t

0

∫
ΓC

F 1µ1
(∣∣v2

T − v∗
∣∣− ∣∣v1

T − v∗
∣∣) dΓ ds

−
∫ t

0

∫
ΓC

F 2µ2
(∣∣v1

T − v∗
∣∣− ∣∣v2

T − v∗
∣∣) dΓ ds

=

∫ t

0

∫
ΓC

(
F 2µ2 − F 1µ1

) (|v2
T − v∗| − |v1

T − v∗|
)
dΓ ds,

where F i = p(uin − wi − g) and µi = µ(|viT − v∗|), for i = 1, 2. Let c be a positive
constant which depends on Lipµ, Lipp, p(·), and the bounds on µ and p(·); then∫ t

0

〈γ∗
T ξw1 − γ∗

T ξw2 ,v
1 − v2〉ds ≥ −c

∫ t

0

∫
ΓC

∣∣v1
T − v2

T

∣∣2 dΓds

− c

∫ t

0

∫
ΓC

∣∣v2
T − v1

T

∣∣ |w1 − w2| dΓd− c

∫ t

0

∫
ΓC

∣∣v1
T − v2

T

∣∣ ∣∣u1
n − u2

n

∣∣ dΓds.(7.4)
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24 KENNETH L. KUTTLER AND MEIR SHILLOR

Next, we consider the term
∫ t
0
〈P (u1, w1

)− P
(
u2, w2

)
,v1 − v2〉 ds. From (3.11) and

(3.20), the definition of P (u, w), we obtain that this expression is no smaller than

−
∫ t

0

∫
ΓC

(
p
(
u1
n − w1 − g

)− p
(
u2
n − w2 − g

)) (
v1
n − v2

n

)
dΓds

≥ −c

∫ t

0

∫
ΓC

(∣∣u1
n − u2

n

∣∣+ |w1 − w2|
) ∣∣v1

n − v2
n

∣∣ dΓds.(7.5)

Now let U be a space in which V2 embeds compactly and for which the trace map
from U to L2 (∂Ω) is continuous. Then, after adjusting the constant c and denoting
by HC the Hilbert space L2 (ΓC), we obtain from (7.4) and (7.5)∫ t

0

〈γ∗
T ξw1 − γ∗

T ξw2 ,v
1 − v2〉 ds+

∫ t

0

〈P (u1, w1

)− P
(
u2, w2

)
,v1 − v2〉 ds

≥ −c

∫ t

0

∣∣∣∣v1 − v2
∣∣∣∣2
U
ds− c

∫ t

0

|w1 − w2|2HC
ds.(7.6)

It follows from (7.6) and (7.1) that∣∣v1 (t)− v2 (t)
∣∣2
H
+ δ2

∫ t

0

∣∣∣∣v1 (s)− v2 (s)
∣∣∣∣2
V2

ds

+
1

2
〈A (u1 (t)− u2 (t)

)
,u1 (t)− u2 (t)〉

≤ c

∫ t

0

∣∣∣∣v1 − v2
∣∣∣∣2
U

ds+ c

∫ t

0

|w1 − w2|2HC
ds

+ δ2

∫ t

0

∣∣v1 (s)− v2 (s)
∣∣2
H

ds.

By the compactness of the embedding V2 → U we have ||z||2U ≤ δ2

2 ||z||2V2
+ cδ |z|2H ;

hence, ∣∣v1 (t)− v2 (t)
∣∣2
H
+

δ2

2

∫ t

0

∣∣∣∣v1 (s)− v2 (s)
∣∣∣∣2
V2

ds

≤ cδ

∫ t

0

∣∣v1 (s)− v2 (s)
∣∣2
H

ds+ c

∫ t

0

|w1 − w2|2HC
ds.

It follows from the Gronwall inequality that∣∣v1 (t)− v2 (t)
∣∣2
H
+

∫ t

0

∣∣∣∣v1 (s)− v2 (s)
∣∣∣∣2
V2

ds

≤ c (δ, T )

∫ t

0

|w1 − w2|2HC
ds,(7.7)

where the constant c depends on the indicated quantities and the bounds and Lipschitz
constants of p and µ but not on the choice of wi. We conclude with the following
theorem.

Theorem 7.1. The solutions v of problem (3.27)–(3.30) depend continuously on
w.
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8. Archard law. We now consider Theorem 3.3. We use a fixed point argument
to prove Theorem 3.3, which guarantees the existence and uniqueness of the weak so-
lution. Since p (·) is assumed to be bounded, we do not need to employ the truncation
pR.

The Archard law of wear, in its differential form (3.9), may be written as

w′ = Ψ(vT ) p (un − w − g) ,

where Ψ(vT ) ≡ kwµ(|vT − v∗|)sc(|vT − v∗|). It follows from our assumptions that Ψ
is bounded, nonnegative, and Lipschitz continuous. Let vi ∈ V2 and wi, for i = 1, 2,
be the solutions of the problem

wi, w
′
i ∈ L2 (0, T ;HC) ,(8.1)

w′
i = Ψ

(
viT
)
p
(
uin − wi − g

)
,(8.2)

wi (·, 0) = 0.(8.3)

Since the function Ψ is bounded, we actually have

w,w′ ∈ L∞ (0, T ;L∞ (ΓC)) ,

and so these functions may be considered as known wear functions in the preceding
theory. Thus,

1

2
|w1 (t)− w2 (t)|2HC

≤ c(Ψ, R)

∫ t

0

(|u1
n − u2

n|HC
+ |w1 − w2|HC

)
(|w1 − w2|HC

) ds

+ c( LipΨ, R, p)

∫ t

0

∣∣v1
T − v2

T

∣∣
HN

C

|w1 − w2|HC
ds,

where HC = L2(ΓC). It follows that

|w1 (t)− w2 (t)|2HC

≤ c(Ψ, R, p, LipΨ, T )

(∫ t

0

|w1 − w2|2HC
ds+

∫ t

0

∣∣∣∣v2 − v1
∣∣∣∣2
U

ds

)
,

where U is an intermediate space. Thus, by the Gronwall inequality,

|w1 (t)− w2 (t)|2HC
≤ c(Ψ, R, p, LipΨ, T )

∫ t

0

∣∣∣∣v1 − v2
∣∣∣∣2
U

ds.(8.4)

Now we construct the following mapping. Starting with v ∈ V2, we denote by w(v)
the solution of problem (8.1)–(8.3), with i omitted. Then we use w(v) as the wear
function in the system (7.1)–(7.3). In this manner we define a mapping, Λ : V2 → V2,
where z = Λv, and z is the solution of (7.1)–(7.3) with the given wear function w(v).
Now, from (7.7) and (8.4) we obtain∫ t

0

∣∣∣∣Λv1 − Λv2
∣∣∣∣2
V2

ds ≤ c(δ, T,Ψ, R, p, LipΨ)

∫ t

0

∫ s

0

∣∣∣∣v1 − v2
∣∣∣∣2
V2

drds.

By iterating this inequality m times we find that every Λm is a contraction mapping
on V2 for all sufficiently large m. Consequently, Λ has a unique fixed point, which is
the unique solution of problem P. This establishes Theorem 3.3.

D
ow

nl
oa

de
d 

02
/1

2/
16

 to
 1

41
.2

10
.1

19
.2

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



26 KENNETH L. KUTTLER AND MEIR SHILLOR

REFERENCES

[1] R. Adams, Sobolev Spaces, Academic Press, New York, 1975.
[2] A. Amassad, M. Shillor, and M. Sofonea, A quasistatic contact problem with slip dependent

coefficient of friction, Math. Methods Appl. Sci., 22 (1999), pp. 267–284.
[3] A. Amassad, K. L. Kuttler, M. Rochdi, and M. Shillor, Existence for a Dynamic Ther-

moviscoelastic Contact Problem with Slip-Dependent Friction Coefficient, preprint.
[4] L.-E. Andersson, A quasistatic frictional problem with normal compliance, Nonlinear Anal.,

16 (1991), pp. 347–370.
[5] K. T. Andrews, K. L. Kuttler, and M. Shillor, On the dynamic behaviour of a thermo-

viscoelastic body in frictional contact with a rigid obstacle, European J. Appl. Math., 8
(1997), pp. 417–436.

[6] K. T. Andrews, A. Klarbring, M. Shillor, and S. Wright, A dynamic contact problem
with friction and wear, Internat. J. Engrg. Sci., 35 (1997), pp. 1291–1309.

[7] M. Cocu, E. Pratt, and M. Raous, Formulation and approximation of quasistatic frictional
contact, Internat. J. Engrg. Sci., 34 (1996), pp. 783–798.

[8] G. Duvaut and J. L. Lions, Inequalities in Mechanics and Physics, Springer-Verlag, New
York, 1976.

[9] I. Figueirdo and L. Trabucho, A class of contact and friction dynamic problems in ther-
moelasticity and in thermoviscoelasticity, Internat. J. Engrg. Sci., 33 (1995), pp. 45–66.

[10] I. R. Ionescu and J.-C. Paumier, On the contact problem with slip dependent friction in
elastodynamics, European J. Mech. A Solids, 13 (1994), pp. 555–568.

[11] J. Jarusek and Ch. Eck, Dynamic contact problems with friction in linear viscoelasticity, C.
R. Acad. Sci. Paris Ser. I Math., 322 (1996), pp. 497–502.

[12] J. Jarusek and Ch. Eck, Dynamic contact problems with small Coulomb friction for vis-
coelastic bodies. Existence of solutions, Math. Models Methods Appl. Sci., 9 (1999), pp.
11–34.

[13] A. Klarbring, A. Mikelic, and M. Shillor, Frictional contact problems with normal com-
pliance, Internat. J. Engrg. Sci., 26 (1988), pp. 811–832.

[14] N. Kikuchi and T. J. Oden, Contact Problems in Elasticity: A Study of Variational Inequal-
ities and Finite Element Methods, SIAM Stud. Appl. Math. 8, Philadelphia, 1988.

[15] K. L. Kuttler, Dynamic friction contact problems for general normal and friction laws,
Nonlinear Anal., 28 (1997), pp. 559–575.

[16] K. L. Kuttler, Modern Analysis, CRC Press, Boca Raton, FL, 1998.
[17] K. L. Kuttler, Y. Renard, and M. Shillor, Models and simulations of dynamic frictional

contact of a beam, Comput. Methods Appl. Mech. Engrg., 177 (1999), pp. 259–272.
[18] K. L. Kuttler and M. Shillor, Set-valued pseudomonotone maps and degenerate evolution

inclusions, Commun. Contemp. Math., 1 (1999), pp. 87–123.
[19] K. L. Kuttler and M. Shillor, Dynamic bilateral contact with discontinuous friction coef-

ficient, Nonlinear Anal., 45 (2001), pp. 309–327.
[20] J. L. Lions, Quelques Methods de Resolution des Problemes aux Limites Non Lineaires, Dunod,

Paris, 1969.
[21] J. A. C. Martins and J. T. Oden, Existence and uniqueness results for dynamic contact

problems with nonlinear normal and friction interface laws, Nonlinear Anal., 11 (1987),
pp. 407–428.

[22] Z. Naniewicz and P. D. Panagiotopoulos, Mathematical Theory of Hemivariational In-
equalities and Applications, Marcel Dekker, New York, 1995.

[23] O. A. Oleinik, A. S. Shamaev, and G. A. Yosifian, Mathematical Problems in Elasticity
and Homogenization, North-Holland, Amsterdam, 1992.

[24] P. D. Panagiotopoulos, Inequality Problems in Mechanics and Applications, Birkhäuser,
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