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ABSTRACT 
 

MODELING AND CONTROL OF HEAT TRANSFER IN A SINGLE VERTICAL 
GROUND HEAT EXCHANGER FOR A GEOTHERMAL HEAT PUMP SYSTEM 

 
 

by 
 

KHALED ASHAREF ASSUDANI SALHEIN 
 
 

Adviser:  Mohamed A. Zohdy, Ph.D. 
 
 

 The Ground Heat Exchanger (GHE) is regarded as the most critical component of 

a Geothermal Heat Pump System (GHPS) due to its direct contact with the Earth and 

ability to benefit from its relatively steady temperature. A GHE can attain the maximum 

benefit from the Earth's heat when the water temperature reaches the ground, which 

occurs when the water velocity is moderate, allowing the heat exchanger to balance. 

Optimally, controlling water velocity is crucial such that the water reaches the desired 

temperature. Therefore, in this dissertation, I proposed a novel mathematical model of 

heat transfer behavior between the water inside the underground pipe and the surrounding 

ground for heating and cooling modes in a GHE. The proposed dynamic model was 

applied to three case studies of GHPS at Oakland University, the University Politècnica 

de València, and Oklahoma State University in heating and cooling modes to assess its 

validity and further enhance the performance of the GHE by determining the optimum 

velocity range. The results revealed the optimal water velocity ranges for three GHPSs.  

 Model Predictive Control (MPC) was designed to optimize the GHE’s output 

temperature by controlling the water velocity, which can reduce the power consumption 

used for the water circulation pump and therefore maximize efficiency.  



 vi

 In this dissertation, I also introduced an Improved Grey Prediction Model (IGM 

(1,1)). The proposed IGM (1,1) model was based on optimizing the current predicted 

value by subtracting the error prediction between the previous accumulated time response 

of the GM (1,1) model and the previous background value throughout the prediction 

length. The IGM (1,1) model was applied to perform the GHPS’s output temperature 

prediction eight hours in advance at Oklahoma State University, the University 

Politècnica de València, and Oakland University, respectively. Thus, the IGM (1,1) 

model outperformed the traditional GM (1,1) model for all used datasets. 
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CHAPTER ONE 

INTRODUCTION 

 

1.1 Motivation and Challenges  

 The energy needed to power buildings accounts for an estimated 30% of the total 

world’s energy consumption in most regions; however, this figure could reach 40% in 

colder regions. For example, the United States experiences an increased demand for 

space heating during winter months, with 60% of those utility bills dedicated to heating 

buildings alone [1]-[2]. Overall, the energy demand is rapidly increasing, particularly for 

heating and cooling in buildings, as the world's population grows, and climate conditions 

change. These changes continue to increase costs, making these bills too expensive for 

many households. Furthermore, conventional heating and cooling systems are entirely 

powered by fossil fuel-produced electricity, adding to air pollution. This has become a 

major source of concern as the globe faces future challenges of unaffordable fossil fuel 

energy, and climate conditions change which will influence all aspects of daily living. 

Thus, an innovative and efficient technology known as the geothermal heat pump system 

(GHPS) was proposed to address this issue by utilizing the relatively constant 

temperature of the earth. The GHPS technology was developed over decades to provide 

high-efficiency heating and cooling for buildings and domestic hot water production that 

can be used in different applications.  

 The performance of vertical ground heat exchanger (GHE) systems faces several 

challenges to maximize the benefits from the Earth’s heat including the installation site, 
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borehole depth, and optimum water velocity inside the U-tube pipe. Moreover, the 

performance of the GHE is highly site dependent; while it may work correctly in one site, 

it does not function the same in other sites with higher soil thermal properties, such as 

thermal conductivity and heat transfer capacity. This indicates that choosing a suitable 

geological site with better soil conditions, preferably moist soil, is essential to 

maximizing efficiency. Furthermore, the vertical GHE systems require a lot of depth to 

function effectively, which is estimated to be around 120 m. If the GHE performance 

parameters are improved, they might be able to achieve that level of efficiency even if 

they were installed in a shorter borehole, which would prevent the need for further 

drilling and thereby decreases initial capital costs. For example, increasing the thermal 

conductivity of backfill material can shorten the length of the borehole drilling depth.   

 Additionally, the working fluid (i.e., water or antifreeze solution) velocity inside 

the U-tube pipe should be optimal—not too low or too high—to ensure that the heat 

pump system delivers the desired temperature from the ground. For instance, if the water 

velocity is low, the water temperature will reach the ground even before the loop ends, 

rendering most of the pipe useless. However, if the water velocity is high, which 

consumes more energy than is used for the water circulation pump to increase its 

velocity, the water temperature will not reach the ground temperature.  In this case, the 

heat pump needs to compensate for the heat that is not being delivered from the ground. 

This indicates that allowing sufficient time for the heat exchanger process between the 

water inside the pipe and the surrounding ground is critical to reach the equilibrium point 

and ensure that the exit temperature is the same as the ground temperature and that the 

entire loop is utilized equally.  
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1.2 Dissertation Objectives 

 The main objectives of this research are to address the challenges of the vertical 

ground heat exchanger performance caused by the water flow rate within the U-tube pipe 

to obtain the most benefit from the earth’s heat without wasting energy. To do so, I 

proposed a novel mathematical model of heat transfer behavior between the working 

fluid inside the U-tube pipes and the surrounding ground in a GHE. The proposed 

dynamic heat transfer model was applied to three case studies of GHPS at Oakland 

University, the University Politècnica de València, and Oklahoma State University, in 

both heating and cooling modes, to evaluate its validity and identify the optimal water 

velocity ranges to maximize the efficiency of their GHE. 

 Model Predictive Control (MPC) was designed to control the water velocity 

inside the U-tube pipe to optimize the water temperature and was implemented in 

MATLAB/Simulink. This research investigated of the effect of water velocity on the 

performance of the GHE and loop exit temperature by applying four different water 

velocities in various U-tube pipe diameters as well as the energy consumed by the water 

circulation pump.  

 Additionally, this research aimed to improve the Grey Prediction Model (GM 

(1,1)) that can be used to predict the GHE’s output temperature precisely up to eight 

hours in advance. The Improved Grey Prediction Model IGM (1,1) was applied to all 

three GHPS datasets. These GHPS temperature datasets were used to validate the IGM 

(1,1) model accuracy. 
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1.3 Problem Statement 

 Circulating water through a U-tube pipe affects the GHE’s output temperature, 

which consumes energy as velocity increases. When the water velocity is too high, more 

energy is required to circulate the water, but more importantly, the exit temperature from 

the loop is not different enough from the entrance. However, when the flow velocity is 

too low, the water temperature reaches the ground temperature well before the exit, 

rendering most of the loop useless. Optimally, one would control the velocity such that 

the exit temperature is the same as the ground and that the entire loop is utilized equally. 

 Furthermore, due to the GM (1,1) model producing an inaccurate prediction, its 

accuracy prediction needs to be improved. Thus, the IGM (1,1) model was proposed to 

reduce prediction error and improve the overall GM (1,1) model performance. The IGM 

(1,1) model can be used to precisely predict the GHE’s output temperature up to eight 

hours in advance. 

 

1.4 Dissertation Outline 

 This dissertation is arranged as follows: Chapter II describes the overview of the 

geothermal systems including their definition, history, types of GHPS, application, 

operation principles, advantages, disadvantages, and dissertation contributions. Chapter 

III discusses the vertical ground heat exchanger and its performance factors in detail, 

making suggestions on how to maximize the benefits from the heat of the Earth while 

exerting the minimum amount of energy used for the water circulation pump. Chapter IV 

presents the mathematical model of heat transfer behavior between the water flowing 

inside the U-tube pipes and the surrounding ground for heating and cooling modes in a 
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GHE. Chapter V describes the linearization system model and MPC control approach 

design. Chapter VI presents the Grey Prediction model. Chapter VII presents the 

simulation results and discussion. Finally, Chapter VIII offers the conclusion and future 

work. 
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CHAPTER TWO 

GEOTHERMAL SYSTEMS OVERVIEW 

 

 This chapter will give a general overview of geothermal systems, covering their 

definition, history, applications, system components, and operations in both heating and 

cooling modes, as well as their advantages and disadvantages. Open-loop and closed-loop 

geothermal heat pump systems will be thoroughly detailed. The configuration of a 

closed-loop ground heat exchanger is comprehensively compared and discussed. 

Geothermal systems can be classified into geothermal heating/cooling and geothermal 

power, as shown in Figure 2.1. 

 

Figure 2.1. Geothermal systems 

 

2.1 Geothermal Power 

 Geothermal Power (GP) is a renewable energy source that is defined as thermal 

energy generated and stored within the Earth. Additionally, GPs—are referred to as deep 

geothermal power as they go hundreds of meters beneath the earth's surface to reach 
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boiling temperatures of up to 150 °C (i.e., the full heat region) [3, 4]. GPs are the 

preferred solution to produce electricity owing to their reliance on the Earth’s relatively 

constant heat to drive steam and spin turbines that generate electricity. Therefore, GP is 

considered a clean, reliable, renewable, and sustainable source of energy that is available 

all year and is unaffected by weather conditions, which typically stabilizes energy output 

to meet baseload electricity demand, unlike other renewable energy sources including 

wind, hydro, and solar energy. Furthermore, geothermal power can be installed anywhere 

on the Earth's surface, taking up less space than wind, solar, or hydropower installations. 

For instance, using geothermal power, wind energy, or solar energy, to produce one 

gigawatts-hour (GWh) of electricity would require roughly 404, 1,335, and 2,340 square 

miles of the land surface, respectively [5]. However, despite all the advantages, GPs do 

have some disadvantages. Due to the extensive drilling required to reach the Earth's 

innate heat and the high costs of facility construction, giving geothermal power a 

significantly higher initial capital cost than other renewable energy sources. Therefore, 

the initial cost of constructing geothermal energy ranges between $4,000 and $6,000 per 

kilowatt-hour (kWh) according to Lazard’s Levelized Cost of Energy (LCOE) [6].  

 

2.1.1 Using GP to Produce Electricity 

 Geothermal Power wells are drilled deep enough to bring hot water or steam to 

the Earth’s surface. Hot water is pumped at high pressure from deep underground to the 

surface through a well. When the hot water reaches the surface, the pressure drops, 

causing the water to condense into steam. Then, the steam spins a turbine connected to an 

electrical generator, resulting in the generation of electricity. The steam condenses back 
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into the water after cooling in the designated tower. Cooled water from this cycle is then 

pumped back into the ground, where it circulates in loop pipes to repeat the process. 

 

2.1.2 GP Components 

 Geothermal Power consists of underground loop pipes specifically designed for 

high temperatures, a turbine, a generator, and a cooling tower, as shown in Figure 2.2.  

 

Figure 2.2. Geothermal power system [3].  

  

2.1.3 GP Historical Applications 

 Geothermal power has been used to generate electricity since 1913 and this output 

has increased dramatically over the last three decades. Even with the initial capital costs 

of constructing the geothermal power plant, the installation of new geothermal power 

units has grown in popularity around the world. Currently, the global geothermal power 

installation capacity exceeded 15,644 megawatts (MW), according to Statista [7]. This 
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usage has been identified in over 27 countries. Annually, approximately 865 MW of new 

installed capacity is added to the existing stock of geothermal power generation systems. 

Furthermore, the global geothermal power installed capacity is expected to reach 25,436 

MW by 2030 [8].  

 

2.2 Geothermal Heat Pump Systems 

2.2.1 Definition 

 The geothermal heat pump harnesses the “heat energy from the earth,” which is 

denoted in the origin of the name: "Geo" is the Greek word for "earth" and "thermal" 

translates to heat. Additionally, geothermal heat pumps (GHP)—referred to as ground 

source heat pumps (GSHP) or ground-coupled heat pumps (GCHPs), as they are 

commonly known in North America—are a preferred solution for heating and cooling 

buildings owing to their cost-effectiveness and high efficiency when compared to the 

conventional heating and cooling systems. The GHPSs—also colloquially referred to as 

heat pumps—draw heat from the ground and transfer it into the building through a loop 

of underground, liquid-filled pipes by taking advantage of the relatively constant 

temperature of the earth. GHPSs do not burn fuel to provide heat; rather, they simply 

transfer existing heat from one place to another.  

 

2.2.2 GHPS Historical Applications 

 The heat pump was initially introduced by Lord Kelvin in 1853, and Peter Ritter 

von Rittinger further developed it a couple of years later in 1855. In 1940, Robert 

Webber built into the first direct exchange ground source heat pump after experimenting 
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with it using a freezer [9]. In the late 1940s, Professor Carl Nielsen of Ohio State 

University constructed the first open loop ground heat exchange configurated for use at 

his home. This configuration became dominant for use until the invention of 

polybutylene pipe in 1979, which made closed-loop system configuration achievable 

[10]. After decades of theoretical and practical research and development, GHPS has 

been gaining popularity globally. This is especially true in colder regions because of its 

high efficiency and utility bill cost savings compared to conventional heating and cooling 

systems. As of 2021, there were 6.46 million ground source heat pump units in operation 

in approximately 30 countries; of those, 1.7 million—or roughly 26.2%—were in 

operation in the United States with 60% of those installations being commercial and the 

remaining 40% being residents, according to the International Energy Agency (IEA) 

2020 Geothermal Report [11]. Therefore, GHPS technology is now becoming the most 

popular heating and cooling system for both commercial and residential buildings. 

 

2.2.3 Advantages 

 Even though the GHPS uses very little electricity to power its heat pump, it still 

consumes between 25% and 50% less electricity than conventional heating and cooling 

systems, which is regarded as its significant advantage. This indicates that a GHPS has a 

high coefficient of performance (COP) which can move three units of heat from the 

ground to the heat pump system while using only one unit of electricity [12]. The GHPS 

can lower heating bills by 30 to 60% and cooling costs by 20 to 50%, in comparison to 

conventional heating and cooling systems [13, 14]. It would be preferable if the power 

needs of the GHPS were met by renewable energy sources rather than electric utilities. 
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Thus, the heat pump supplies heat without generating any carbon emissions while 

lowering utility costs. Moreover, GHPSs are an incredibly energy-efficient technology 

than traditional heating and cooling systems, especially during the winter because they do 

not burn fuel to provide heat. Instead, their main operating principle is to transfer existing 

heat from one place to another. For instance, the heating efficiency of the GHPS is 30% 

to 70% higher than conventional heating and 20% to 50% higher than air conditioning 

systems; it is also effective in controlling humidity [15, 16]. The GHPS does have a 

longer lifespan than other most conventional heating and cooling systems, with high-

density polyethylene (HDPE) pipes that are expected to last up to 50 years and a heat 

pump unit lasting up to 25 years [12]. Consequently, the GHPS is regarded as a clean, 

dependable, renewable, and sustainable source of energy that requires exceptionally little 

maintenance leading to an increase in its popularity when compared to conventional 

heating and cooling systems.  

 It is also regarded as the most promising stable renewable energy source because 

it is continuously available, unaffected by weather conditions, and relies entirely on the 

relatively constant temperature of the Earth, allowing it to consistently maintain the 

indoor temperature, regardless of weather conditions, unlike other renewable energy 

sources such as solar and wind which change according to the weather condition. The 

GHPS runs very quietly because its piping loops are buried in the ground, with very little 

noise like that of a typical refrigerator coming from the heat supplier's indoor unit. Even 

better, using this GHPS technology will bring significant environmental benefits such as 

reducing greenhouse gas (GHG) emissions, which perpetuate global warming, as well as 

producing a quieter atmosphere with less noise pollution. For instance, GHPS could 
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dramatically reduce overall GHG emissions by 66% and carbon dioxide (CO2) emissions 

by up to 50% when compared to the conventional heating and cooling system powered by 

fossil fuels [9]. Better yet, after incurring initial installation costs, the GHPS is expected 

to return the initial capital investment in as little as four years, depending on system 

configuration and underground loop size [15-21]. Despite a high initial investment cost 

for installation, the geothermal heat pump technology is rapidly expanding 

because it promises cost savings as previously mentioned in section 2.2.2. GHPS is 

regarded as a fast-growing technology worldwide, evidenced by the increasing number of 

new geothermal installed units each year. For example, each year, approximately 50,000 

units are installed in the United States [22]. Since there are few restrictions, GHPS 

technology can be installed effectively anywhere, but it should be installed in a suitable 

site with good soil conditions, preferably moist soil, to maximize the benefits of the 

Earth’s heat [23]. 

 

2.2.4 Disadvantages 

 However, despite all the advantages, GHPSs do have a few disadvantages. First, 

they require drilling to install the loop pipes, in contrast to other renewable energy 

equipment like solar and wind, which affects system installation costs. The initial cost of 

GHPS is relatively high and is typically 30%–50% more expensive than the cost of 

conventional heating, ventilation, and air conditioning (HVAC) systems [24]. Therefore, 

residential GHPS installation costs between $10,000 and $30,000, depending on the 

system configuration, the underground loop size, the amount of drilling required, and the 

soil conditions. For example, installing GHPS in a typical 2,000 square foot house in the 
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United States will cost between $10,000 and $20,000 [21]. The vertical ground loop 

configuration requires heavy drilling, which typically extends from 30 to 130 m below 

ground. This configuration is costly, and it will become even more expensive if it is done 

in dense materials like rocks or stone. The horizontal ground loop configuration requires 

less drilling and is simpler to construct than the vertical configuration, which is typically 

1.5 to 4 m below the surface and is thus preferred by many households. However, it 

requires a large amount of proximate land to bury the looping pipes. Overall, the pipe 

materials, heat pumps, and construction service are costly.  

The process from exploration to heat extraction may take longer than other 

renewable energy equipment installations, such as solar and wind, which can be stressful 

for designers and laborers. For example, GHPS system installation is expected to take 6 

to 8 weeks, depending on the system capacity, configuration, and soil condition [25]. 

Furthermore, the installation process can be disruptive to neighbors, especially during the 

drilling process, and it is even more disruptive if the configuration is vertical. Moreover, 

the GHPS’s output is limited and can only provide buildings with a certain amount of 

heat if the system functions properly because it depends on the earth's temperature, which 

remains relatively constant over the year. Because the GHPS cannot fulfill all the 

building heat demands during the cold months, especially in January and February in the 

northern hemisphere, the building requires an alternative heating source, which incurs 

additional costs; this drawback could be sufficient to deter installation. The performance 

of the GHPS is highly site-dependent; while it might function properly in one site, it may 

not perform as well in an area with poor soil. Due to these factors, the GHPS is not 

utilized as widely as it would be if the installation costs were cheaper. 
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2.2.5 Geothermal System Utilizations 

 The geothermal system is entirely dependent on the Earth's heat and varies by 

region due to differences in radioactive decay, volcanic activity, and rock properties. For 

example, the Oakland University GHPS ground temperature was 11.6 ℃ at 98 m depth, 

while the University Politècnica de Valencia’s was 22.1 ℃ at 50 m depth and the 

Oklahoma State University was 18.5 ℃ at 20 m depth [26-28]. Therefore, the ground 

temperature depends not only on depth, but also on geography. The utilization of 

geothermal energy resources is classified into the following categories according to the 

ground temperature:  

 Low Ground Source Temperature ( 𝑇௚ < 32 ℃) 

These heat sources are used to provide high-efficiency heating and cooling for 

commercial, industrial, and residential buildings through the GHPS. Furthermore, these 

systems are the most widely used and well-known applications of geothermal systems.  

 Intermediate-and-Low Ground Source Temperature (32 ℃ < 𝑇௚ < 150 ℃) 

This category refers to heat energy sources that can produce hot water and can be used 

directly for different applications, including industrial processes, agriculture, mineral 

extraction, snow melting, space heating, greenhouse heating, fish farming, bathing, and 

swimming. These sources can also be used for GHPS applications if the ground 

temperature is 32 ℃ or less. 

 High Ground Source Temperature ( 𝑇௚ > 150 ℃) 

Finally, these heat sources can generate hot water or steam, which can be used to produce 

electricity. Temperatures between 110 ℃ and 150 ℃ are not appropriate for generating 

electricity. 
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2.2.6 Geothermal Heat Pump System Functionality 

The geothermal heat pump system, unlike other traditional heating systems 

powered by electricity, fossil fuels, or wood, is an efficient and clean heating system that 

does not burn fossil fuels to produce heat. Simply, its main operating principle is to 

transfer existing heat from one place to another. During the winter, the surface air 

temperature is always cooler than underground. Therefore, the GHPS operates in a 

heating mode by pumping the cooled fluid through loop pipes to the ground, absorbing 

heat from the ground, and transferring it to the heat pump. The heat pump compresses the 

liquid to increase its temperature, which depends on the desired room temperature and the 

amount of heat absorbed from the ground, which ultimately warms the air. Fans circulate 

the warm air around the building to exchange it with the cooler air. The cool liquid from 

this cycle is pumped back into the ground to continue circulating in loop pipes forming a 

closed loop. By contrast, during the summer, the system operates in reverse; the cooler 

temperature refrigerant absorbs heat from the building, as it is warmer than the ground. 

The heated liquid then transfers the heat from the building into the ground and returns the 

cooled liquid to the building to cool it. Interestingly, the heat pump is not needed for 

summer because the ground temperature is cooler than the room temperature, thus overall 

reducing operation costs.  
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2.2.7 GHPS Components 

The GHPS typically consists of a heat pump, Ground Heat Exchanger (GHE), and 

a distribution unit system, as shown in Figure 2.3.  

 

Figure 2.3. Geothermal heat pump system [29]. 

  

2.2.7.1 Heat Pump  

 The heat pump is an electrical device that collects the heat from the ground, 

water, or air, and concentrates it using an electrically driven compressor so that it is at the 

proper temperature for heating the building. However, the process is reversed for cooling, 

where the heat pump collects the heat from the inside of the building and efficiently 

transfers it to the outside. The heat pump uses less electricity to produce heating and 

cooling than does heat production powered by oil, gas, and electricity. Additionally, the 

heat pump reduces carbon dioxide by 50% when compared to the production of heat 
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utilizing the resources mentioned above [15]. The heat pump is a key component of the 

GHPS and typically comes in two primary types: the water-to-water heat pump and the 

water-to-air heat pump, with the latter being the most popular in North America. The 

three components of the heat pump system are the compressor, condenser, and 

evaporator. 

 The heat pump efficiency is measured using the Coefficient of Performance 

(COP), which typically ranges from 3 to 6. Accordingly, the heat pump uses one unit of 

electricity to generate between 3 and 6 units of heat. When the COP is high, it leads to 

better performance, less power consumption, and consequently lower operational 

expenses. On the other hand, when COP is low, it causes low performance and will 

ultimately result in more power consumption. The heat pump efficiency is greatly 

influenced by operating conditions and the absolute and relative temperatures between 

the ground and the building. These characteristics are crucial to the efficiency of the 

system. The COP is given by the following equation. 

    𝐶𝑂𝑃 =
หொ̇ห

ௐ̇
=

ொ̇

ௐ̇
     (2.1)  

where Q is the heat supplied and W > 0 is the system work done which is considered in 

one cycle.  

The COP for cooling is: 

    𝐶𝑂𝑃௖௢௢௟௜௡௚ =
หொ̇಴ห

ௐ̇
=

ொ̇಴

ௐ̇
    (2.2) 

 

The COP for heating is:  

 

    𝐶𝑂𝑃௛௘௔௧௜ =
หொ̇ಹห

ௐ̇
=

ொ̇಴ାௐ̇

ௐ̇
=  𝐶𝑂𝑃௖௢௢௟௜௡௚ + 1 (2.3) 
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where QC > 0 is the amount of heat that is supplied into the system and extracted from the 

low-temperature reservoir, QH is the heat released into the hot reservoir; and QH < 0, is 

negative because it loses by the system mechanism [30].  

 

2.2.7.2 Ground Heat Exchanger 

 The GHE is regarded as the most critical component of a GHPS due to its direct 

contact with the earth and ability to benefit from its relatively steady temperature. This 

system is classified into a few types according to the pipes inserted into the ground which 

will be detailed in section 2.2.8. The GHE consists of a network of loop pipes that are 

buried into the ground to exchange heat with the surrounding ground. These pipes are made 

of High-Density Polyethylene (HDPE) plastic and are specifically designed for use in 

geothermal applications. Additionally, these GHE pipes are often filled with either pure 

water or a water-antifreeze mixture and are then continuously circulated by a water 

circulation pump to promote the heat transfer between the water inside the pipe and the 

surrounding ground, which ultimately transfers the heat to the heat pump.  

 

2.2.7.3 Distribution System 

The distribution system is comprised of a network of ducts specifically designed 

for air use that are mounted to the underside of the building's roof and wall sides and 

connected to the heat pump. The distribution network system circulates heated and 

conditioned air distribution through ductwork to keep the entire building room 

temperatures consistent.  
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2.2.8 GHPS Types 

The GHPS systems can be classified into open-loop and closed-loop systems 

according to their GHE, as shown in Figure 2.4. 

 

Figure 2.4 Types of GHPS    

 

2.2.8.1 Open-Loop Systems 

The open loop system depends entirely on the existing flow of groundwater for the 

heat exchange process, by pumping the groundwater into an opened pipe. The open loop 

system also is commonly known as pump-and-dump. Figure 2.5 shows the open loop 

system. This type of geothermal has better heat performance and requires lower 

installation costs in comparison to the closed-loop systems [15], but its lifespan is 

reduced due to the usage of unclean fluid, (i.e., groundwater). This groundwater could 
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contain contaminants and sediment that cause damage to the heat pump system by 

clogging pipes and blocking airflow, raising the expense of maintenance for the system. 

Consequently, its application is limited because it needs an adequate supply of clean 

water. This disadvantage does not occur with closed-loop systems because the pipes are 

filled with clean fluid before sealing, circulating it in a closed-loop, without actual 

contact with groundwater. This system only allows heat to pass through efficiently in 

both directions from the water inside the pipe to the ground or from the ground to the 

water.  

 

Figure 2.5. Open loop geothermal system [22].  

 

2.2.8.2 Closed-Loop Systems 

In a closed-loop system, the working fluid circulates within the loop pipes. A 

closed-loop system is the most typical type of geothermal heat pump system used, in 
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which the loop pipes are buried to reach the ground in a variety of configurations, 

including vertical, horizontal, and pond loop configurations. 

 

2.2.8.2.1 Vertical Configuration 

 The vertical GHE, also known as a borehole heat exchanger (BHE), is the most 

common application of GHPS. A schematic diagram of a vertical closed-loop ground 

heat exchanger is illustrated in Figure 2.6.  

 

 

Figure 2.6. A vertical closed-loop geothermal system [22]. 

 

 The vertical GHE is an alternative option when there is little available space, and 

the ground surface is rocky. Furthermore, the vertical GHEs have a more stable 

performance than the horizontal GHEs configuration because the vertical configuration is 

placed several meters beneath the surface, where the ground temperature is unaffected by 
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weather changes. The vertical configuration allows the ground to be utilized as a heat 

source, a heat sink, as well as a thermal heat storage medium. The vertical ground loop 

installation is significantly more expensive than the horizontal configuration. The loop 

pipes in this configuration are inserted vertically into geothermal boreholes with a depth 

range of 30 to 120 m that depends on the soil thermal properties, but remains effective 

at around 120 m to maximize benefits from the heat in the Earth, with borehole diameters 

typically ranging from 0.1 to 0.2 m. The drilling depth is based on the specification 

design of each soil's thermal properties and the building’s capacity. The pipes are spaced 

5 to 7 m apart to prevent any thermal interference as it affects the performance of the 

GHE [31]. The space between the loop pipes and the borehole wall is often well-filled 

with backfill material that has high thermal conductivity to avoid the borehole wall 

collapsing and groundwater contamination, and extends system life, providing a more 

efficient transfer of heat between the water inside the pipe and the sounding ground. 

Preferably, soil moisture. These pipes can be configured in one borehole as a single U-

tube, double U-tube, triple U-tube, multi-tube, W-tube, helical, or coaxial loop 

configuration, connected in either a series or parallel to the heat pump system for heating 

and cooling applications. The series connection uses fewer pipes, but it performs less 

efficiently than a parallel connection. Despite its lower performance than other 

configurations, a single U-tube GHE is the most commonly used vertical ground heat 

exchanger due to its ease of installation, small space requirement, and low cost. A major 

advantage of the vertical loop configuration is that it can be installed in small places, but 

this configuration is costly because considerable drilling is required. The number, depth, 

and diameter of the boreholes are determined based on the soil properties, temperature 
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variations, and the building's heating and cooling needs. Interestingly, single U-tube BHE 

configurations are more common in North America, while double U-tube ground heat 

exchangers are more common in Europe [32].  

 

2.2.8.2.2 Horizontal Configuration 

The horizontal ground heat exchanger is the most economical choice when 

enough ground space is available and/or if the soil is rock [33]. A schematic diagram of a 

horizontal closed-loop ground heat exchanger is shown in Figure 2.7.  

 

 

Figure 2.7. Horizontal closed-loop geothermal system [22].  

 

 This configuration involves burying the loop pipes horizontally in trenches a 

minimum of 1.5 meters apart, and typically 2 to 6 meters below the surface, with a length 
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of  35 to 60 meters for every kilowatt (kW) capacity for both the heating and cooling 

modes [34]. These systems necessitate a large space to build their ground loop pipes. The 

pipes can be placed in trenches and are either connected in series or parallel spiral or 

slinky configurations. The slinky loop occupies the same space as the other trench 

connections, as well as the series or parallel pipe connections, but additional coils of 

pipes are used to overlap themselves and can be buried in a shallow trench to conserve 

space. However, the performance of this configuration is lower than the ground heat 

exchanger horizontal loop configuration [35]. Nevertheless, the parallel connection is 

more widely applied because of the advantage that it consumes less power than a series 

connection. As a result, the spiral and vertical arrangements outperform the horizontal 

and slinky configurations in terms of heat transfer capacity.  

 

2.2.8.2.3 Pond/Lake Configuration 

 Finally, the pond loop configuration, also known as the lake loop configuration, 

consists of loop pipes connected in series that are typically slinky-shaped and expanded 

in a lake, pond, river, or other available body of water near the building to utilize its 

heating and cooling outputs. This type of geothermal is regarded as the most efficient 

among all configurations mentioned because it relies on preexisting natural water 

sources, whose thermal conductivity is higher than that of soil. These systems are simple 

to install because drilling is not required, and the pipes can be placed on skids and pushed 

into the water, which cuts down on installation costs [36]. However, despite all this 

configuration's advantages, its applications are limited because it requires a body of water 

to be near the building that is available to use for its heating and cooling output services. 
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A schematic diagram of a pond closed loop ground heat exchanger is illustrated in Figure 

2.8. 

 

Figure 2.8. Pond closed loop geothermal system [22]. 

 

2.3 Comparison of Closed-Loop Ground Heat Exchanger Configurations 

Some closed-loop configurations perform better in terms of heat transfer 

efficiency and have lower installation costs than others. For instance, the authors in [37] 

pointed out that a vertical GHE often has better energy performance than a horizontal 

configuration. The spiral GHE configuration requires less drilling depth than the U-tube 

configuration, resulting in significant savings in initial capital cost, as stated by the 

authors in [38]. The authors in [39] conducted a comparative analysis of double U-tube 

GHE and helical-shaped pipe configurations. They found that the helical heat 
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exchanger has better thermal performance than the double U-tube. 

Furthermore, the authors in [40] assessed the performance of heat transfer in 

various ground heat exchanger arrangements, such as single U-tube, double U-tube, triple 

U-tube, and W-shaped tube configurations. The findings demonstrated that the W-shaped 

tube performed better than the mentioned comparison configurations. The authors in [41] 

compared W-pipe and single-U-pipe vertical ground heat exchanger configurations. They 

found that the W-shaped heat exchanger in diaphragm walls has a heat transfer rate that is 

25–40% higher than the U-pipe configuration. Additionally, the authors in [42, 43] 

compared the heat transfer performance of three various piles-foundation GHE 

configurations, including the U-tube, the W-tube, and the spiral-tube configurations, and 

proved that the spiral configuration was found to be the most efficient, followed by the 

W-tube, then the U-tube configuration. The findings demonstrated the spiral coil ground 

heat exchanger configuration performs heat transfer about 10-15% better than the W-tube 

configuration [44]. Moreover, the authors in [45] investigated the cooling and heating 

performance of the spiral tube, double W-tube, and double U-tube GHE configurations. 

The findings demonstrated that the spiral tube and double W-tube configurations have a 

higher thermal efficiency than the double U-tube configuration by 67-69%. According to 

their findings, the thermal efficiency of double W-tube and spiral tube configurations is 

the same. In the spiral tube GHE configuration, increasing the pipe diameter from 25 mm 

to 32 mm can increase the heat transfer rate by 32% as indicated by the authors in [45]. 

 Another performance factor to consider is the borehole configuration, which 

could enhance the GHE's thermal performance, as stated by the authors in [46]. The 

authors in [47] examined the impact of pipe spacing and bending number on a horizontal 
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GHE and stated that increasing the bending number improved the heat transfer rate of the 

horizontal GHE. The authors in [48] presented a numerical model to investigate the 

performance of the single U-tube, spiral, and spiral double GHEs. According to their 

findings, the spiral-double GHE outperformed the single U-tube and spiral GHE in terms 

of thermal heat transfer performance. The authors in [49] also examined the heat 

extraction capabilities of three ground heat exchanger configurations, including a spiral-

tube and multiple-tubes with parallel and series connections, and concluded that the 

spiral-tube configuration was the most efficient. 

A comparison of heat transfer performance in series and parallel connections of 

one U-tube shaped, one W-tube shaped, and W-shaped-all round configurations for 

vertical loop design was carried out by the authors in [43]. The results revealed that the 

W-shaped-all loop configuration in a series connection was the most efficient in 

comparison to the other mentioned configurations. Moreover, the W-tube BHE 

configuration, which is approximately 14% more efficient than the U-tube ground heat 

exchanger, was investigated by the authors in [50]. The W-tube GHE configurations have 

a 10-15% higher average heat exchange rate than the U-tube GHEs configurations, 

according to the authors in [51], due to the W-GHEs having a larger heat exchange area 

than the U-tube GHE. Given these advantages, the W-tube GHE configuration is the 

preferred configuration for ground heat exchanger thermal performance. The authors in 

[33] compared the heat performance of single and double U-tube GHE configurations 

connected in series and parallel. They found that the double U-tube configuration, in both 

series and parallel connections, outperformed the single U-tube BHE configuration. The 

authors in [49] investigated the performance of multi-tube vertical ground heat 
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exchangers connected in parallel, serial, as well as spiral tubes. They concluded that the 

spiral tube GHE configuration demonstrated the best thermal performance among these 

configurations. Additionally, the spiral tube GHE configuration achieved the highest rate 

of heat extraction when compared to other vertical ground heat exchanger configurations.  

Additionally, the authors in [35] assessed the thermal performance of slinky and 

spiral GHE configurations and found that the spiral GHE configuration outperforms the 

slinky GHE configuration. Regardless of soil conditions, the horizontal GHE coil 

configuration has a 10-11% higher heat exchange rate than the horizontal GHE slinky 

configuration, as stated by the authors in [35]. The coaxial BHE loop configuration is 

more effective than the U-tube BHE loop configuration because of its borehole’s low 

thermal resistance, as stated by the authors in [52]. The authors in [53] conducted an 

analytical evaluation of the thermal performance of a coaxial tube GHE. According to 

their findings, the coaxial tube GHE can reduce the depth of the borehole by 23% due to 

a reduction in BHE thermal resistance. The authors in [54] compared the thermal 

performance of helical and triple U-tube ground heat exchangers and discovered that the 

thermal performance of a helical ground heat exchanger is significantly better than that of 

a triple U-tube ground heat exchanger. Therefore, this configuration becomes more 

attractive than other GHE configurations because it is based on short GHEs, as noted by 

the authors in [55]. 

Furthermore, the installation fees and material costs of the spiral heat exchanger 

capacity are 30% less expensive than the double U-tube heat exchanger configuration 

[56]. The authors [57] compared the techno-economic performance of spiral, linear, 

horizontal, and vertical slinky GHE configurations. They discovered that spiral and linear 
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GHE configurations had the lowest initial installation costs, in both single and parallel 

connections. The cost-benefits evaluation shows that the triple-U-shaped ground heat 

exchanger has the highest economic performance, followed by double-U, spiral, and 

double-W types. The installation cost of the triple U-tube, double U-tube, double W-tube, 

and spiral tube ground heat exchangers was evaluated by the authors in [45]. According 

to their findings, the triple U-tube GHE configuration has the best economic 

performance, followed by the double U-tube, spiral tube, and double W-tube GHE 

configurations. Furthermore, the authors in [44] compared the installation costs of coil-

tube, W-tube, and triple U-tube GHE configurations and found that the coil-tube 

configuration was 200-250% more expensive than the W-tube and triple U-tube GHE 

configurations. The authors in [58] conducted a comparative analysis of heat transfer 

performance in single and double U-tube BHE configurations. The results demonstrated 

that the double U-tube BHE outperformed the single U-tube ground heat exchanger 

configuration. The authors in [58] agreed with the authors in [40] that the double U-tube 

BHE configuration outperformed the single U-tube ground heat exchanger in terms of 

heat transfer performance. Finally, the authors in [59] examined the heat transfer 

efficiency of the enhanced coaxial and U-shaped vertical BHE configurations. The 

findings revealed that the enhanced coaxial BHE configuration can heat transfer by a 

factor of 1.46, and 1.45 times faster than a U-shaped BHE in winter and summer 

operations, respectively. 
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CHAPTER THREE 
 

VERTICAL GROUND HEAT EXHNGER PERFORMANCE FACTORS  
 
 
 

3.1 Introduction 

The ground heat exchanger (GHE) is an important component of the geothermal heat 

pump system (GHPS), which can exploit the earth’s heat by exchanging energy with 

it. Most benefits from the earth's heat can be attained when the borehole heat exchanger 

(BHE) is improved by lowering its thermal resistance. This ensures efficient heat transfer 

between the water inside the pipe and the surrounding ground, allowing the GHE's output 

temperature to be delivered to the heat pump. The ground heat exchanger performance is 

affected by numerous factors, including operational and thermo-physical variables. In 

particular, the underground thermal properties have the biggest impact on GHE's thermal 

performance. Hence, understanding these performance factors is crucial for improving 

the overall GHPS efficiency. This chapter discusses the thermal performance factors for 

vertical GHE and how they impact the efficiency of heat transfer between the flowing 

water in the U-tube pipe and the surrounding ground. This concept is further discussed in 

the following literature review, including examples and suggestions to achieve the 

optimal thermal parameters for each performance factor. 

 

3.2 GHE Performance Factors  

 The GHE's principal objective is to efficiently transfer heat between the ground 

and the heat pump system through an underground loop pipe filled with a heat carrier 

fluid (i.e., pure water or antifreeze solution). Numerous factors can affect the 
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performance of the vertical GHE, including the thermal properties of the soil and backfill 

material, the depth of the borehole, spacing between two boreholes, the thermal 

properties of the U-tube pipe, the spacing between the legs of the U-tube pipes, the type  

of working fluid and its velocity. Figure 3.1 illustrates the thermal performance factors of 

the vertical GHE. 

 

Figure 3.1 Thermal performance factors of the vertical GHE [23].  
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3.2.1 Soil Thermal Properties  

 The thermal properties of each type of soil vary depending on its thermal 

conductivity and heat capacity, which are controlled by the degree of saturation. 

Saturated soil has a high thermal conductivity which lowers its thermal resistance and 

enables rapid heat conduction through its layers—even more rapidly than in unsaturated 

soils. By contrast, dry or unsaturated soil has a low thermal conductivity, increasing its 

thermal resistance and slowing the flow of heat, making this type of soil less effective for 

heat transfer. Sand-rich soil typically has a thermal conductivity that is higher than clay, 

but lower than rock and sandstone. Sandstone has a high quartz content, which increases 

its thermal conductivity. The proportion of quartz must be accurate because a low quartz 

percentage will affect the thermal conductivity of the sandstone, while a very high 

percentage will increase thermal conductivity beyond an adequate level and decrease the 

efficiency of heat transfer interactions in vertical GHEs [60]. Due to moisture migration, 

increasing the water content in soil results in higher thermal conductivity and decreases 

thermal resistance [61]. Hence, three important parameters—sand content, dry density, 

and degree of saturation—significantly influence the soil’s thermo-physical properties 

and ultimately the heat exchange process between the circulating water inside the U-tube 

pipe and the surrounding ground. Soil thermal conductivity can be increased by adding 

additives such as quartz, bentonite, and metal particles as indicated by authors in [61].  

The GHPS is site-dependent, meaning it only functions properly and attains 

maximum use of the earth's heat when the loop pipes are installed in a site with soil that 

has high thermal conductivity and a high capacity for heat conduction. Consequently, 

finding a suitable geological site with appropriate soil properties before the GHPS design 
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process commences is essential. Table 3.1 displays soil thermal properties, such as 

density, specific heat, and thermal conductivity.  

 

Table 3.1 Soil thermal properties. 

Parameters  Thermal Conductivity 

(W/m.K) 

Specific Heat 

Capacity(J/kg.K) 

Density  

(kg/m3) 

Sand  

Clay  

Sandy-silt 

Sandy-clay 

1.26 

1.2 

1.3 

2.1 

1710 

1800 

1200 

1200 

1500  

1700  

1847 

1960 

 

 The authors in [62] evaluated the thermal properties of several soil materials 

including loam, clay, and sand using a coupled moisture diffusion and heat transfer 

model on unsaturated soil. The results demonstrated that the thermal migration ability of 

sand was better than loam and clay, whereas clay and sand had better moisture migration 

than loam. The authors in [63] developed a numerical model to assess the annual 

performance of the GHE across various soil types. The results revealed that a ground heat 

exchanger installed in sand performed 8% better than one installed in clay. The authors in 

[64] used finite element numerical simulation to examine the influence of unsaturated soil 

on the intermittent operation of the vertical ground heat exchanger system. The results 

showed that the saturated soil conditions could increase the mean heat exchange rate 

between the water inside the pipe and surrounding ground by up to 40% when compared 

to the unsaturated soil conditions. A good soil’s thermal conductivity ranges between 1.5 
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and 5 W/m.K, which could contribute to a good GHE thermal performance. This concept 

was validated by the authors in [65]. 

 

3.2.2 Backfill Material Thermal Properties  

The installation of vertical GHEs on sites with thermal soil is not the only 

concern; additional steps must also be taken, such as backfilling the borehole with 

suitable material. Following the insertion of the U-tube pipe into the borehole, the space 

between the pipe and the borehole wall must be completely grouted to ensure the grout 

fills the borehole without any air gaps, which can cause thermal discontinuity (i.e., 

contact resistance) [23]. In addition, preventing the borehole wall from collapsing and 

groundwater contamination from occurring extends system life and provides an efficient 

transfer of heat between the water inside the pipe and the surrounding ground. The 

backfill material's thermal conductivity affects the borehole thermal resistance, and 

basically the entire performance of the GHE. Highly conductive backfill material can 

reduce the borehole thermal resistance, whereas low conductivity backfill causes higher 

thermal resistance.  

 Many experimental studies on backfill materials have been conducted. For 

instance, the thermal conductivity of backfill materials ranges between 1.7 to 2.5 W/m. 

K, as noted by the authors in [66]. The authors in [67] studied the impact of the backfill 

material on the temperature distribution of the vertical ground heat exchanger. They 

concluded the importance of using high thermal conductivity backfill material to 

establish a strong connection between the pipe and the surrounding soil and the necessity 

of avoiding the use of high shrinkage backfill material because it can result in a reduction 
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in the heat flux surrounding the pipe. Moreover, the authors in [68] assessed the vertical 

GHE's borehole thermal resistance components and revealed that the backfill material 

thermal resistance—which accounts for more than 65% of the total borehole thermal 

resistance—plays a crucial role in the transfer of heat between the pipe and the 

surrounding ground. Giving this occurrence, the GHE performs well in terms of thermal 

performance when the borehole thermal resistance is low. Furthermore, the authors in 

[69] investigated how the backfill material influences the rate of heat transfer. The 

findings demonstrated that improving thermal conductivity could enhance heat transfer 

efficiency between the water inside the U-tube pipe and the surrounding ground, as well 

as increase the heat capacity of the GHEs. Also, the author in [70] investigated the 

positive effect of the thermal conductivity of the backfill materials using four different U-

tube pipe diameters. The results showed that increasing the thermal conductivity of 

backfill material can reduce the pipe length, where the biggest reduction occurred in a 

double U-tube pipe De 32mm (outer diameter), followed by a double U-tube De 25mm, a 

single U-tube De 32mm, and a single U-tube De 25mm. The authors in [71] noted that 

the moisture migration in the soil increased the gap between the U-tube pipe and the soil, 

further increasing the borehole thermal resistance and thus reducing the system 

performance. To reduce moisture migration and further enhance heat diffusion, the 

authors in [72] suggested using a sand/kaolin blend as the backfill material for vertical 

GHEs. Overall, the selection of the appropriate backfill material relies on the thermal 

properties, GHE’s operational modes, and economic conditions. 

Grout diameter is the distance from the pipe to the borehole wall and has a positive 

effect on the performance of the borehole heat exchanger because of its high capacity for 
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heat conduction. The grout diameter typically ranges from 0.10 to 0.22 m. The authors in 

[63] tested grout with various diameters of 0.10, 0.14, 0.18, and 0.22 m. The optimum 

grout diameter was determined to be 0.14 m.  

Some of the pure materials used to backfill the borehole space between the U-tube 

pipe and the surrounding soil of the vertical GHEs include sand, clay, and gravel. In 

addition, cement materials are preferred for utilization in dry soil because of their high 

desiccation and shrinkage properties [73]. The authors in [74, 75] pointed out that sand 

and cementitious materials outperform the other types of pure materials in terms of 

geological location and thermal properties, making them more desirable for use. The 

authors in [76] pointed out that the thermal conductivity of the pure backfill ranges from 

0.8 W/m.K to 2.4 W/m.K, but it could be increased when mixed with other materials. 

 Mixed materials are primarily composed of pure materials that are combined with 

one or more additional mediums, depending on each material's condition, to enhance the 

thermal properties thereof. These mixtures contain materials like graphite, acrylic latex, 

pure silica, and quartz, among others. Bentonite is a form of phyllosilicate clay primarily 

made of montmorillonite and is regarded as a potential backfill material additive for 

vertical heat exchanger uses because of its high ability to absorb water, as well as its poor 

hydraulic conductivity [77-79]. Historically, GHPS installations used bentonite with 

various additives to enhance its thermal conductivity. In the late 1980s, granular 

bentonite-water mixtures were being used as backfill materials [80]. However, these 

mixed materials have a low thermal conductivity, ranging from 0.65 W/m.K to 0.9 

W/m.K. Thus, their thermal conductivity could be enhanced. Today, thanks to the prior 

work of researchers in this area, the most utilized backfill material in vertical GHEs is 
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bentonite, followed by silica sand and coarse/fine sand, bentonite and water mixtures, and 

concrete backfill materials. For example, the authors in [81] improved the sand/bentonite 

blend thermal conductivity by a graphite addition. The addition of quartzite sand to 

bentonite-based grout can improve its thermal conductivity as demonstrated by the 

authors in [82]. In addition, the authors in [66] concluded that adding graphite and silica 

to bentonite grouts can enhance their thermal conductivity. As they added more of each, 

the viscosity and thermal conductivity increased, indicating the amount of graphite and 

silica in bentonite and their composition play a key role in the overall thermal properties. 

Graphite could also be used to enhance cement thermal conductivity as demonstrated by 

the authors in [83]. The authors in [70] observed that incorporating bentonite into the 

main soil can improve its thermal conductivity. Furthermore, the authors in [84] 

demonstrated that mixing cement with silica sand and graphite can increase its thermal 

conductivity by 2.6 W/m.K when undergoing tested in situ thermal response testing 

(TRT). Better yet, the authors in [66] concluded that adding graphite or silica sand to 

backfill material can increase its thermal conductivity to reach  3.5 W/m. K. Even better, 

the authors in [85] enhanced the thermal conductivity of the backfill by adding graphite 

flakes to bentonite. According to the results, thermal conductivity could reach 5 W/m. K. 

 Improving the thermal properties of backfill materials could 

dramatically enhance the vertical GHEs overall efficiency, as the authors in [86] 

demonstrated. By increasing the thermal conductivity of the backfill material to 3 W/m. 

K it improved heat extraction by 10%, decreased the thermal gradient in the borehole, 

and enhanced the efficiency of the heat exchanger rate per meter. The authors in [87] 

concluded that the heat transfer rate can be increased by 40% and 48%, respectively, by 
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increasing the thermal conductivity of both the ground and backfill material from 0.5 to 2 

W/m.K. Furthermore, the authors in [88] observed that increasing the thermal 

conductivity of backfill materials from 0.7 W/m.K to 2.3 W/m.K can reduce borehole 

thermal resistance from 0.135 m.K/W to 0.054 m.K/W. Additionally, the authors in [89] 

concluded that using quartz sand instead of bentonite can reduce the borehole thermal 

resistance by 30%. Furthermore, the authors in [90] concluded that utilizing the enhanced 

bentonite-based backfill materials could shorten the borehole by 10% of its total length.  

Backfilling the geothermal borehole with a sand-bentonite mixture can increase the heat 

exchanger rate by up to 31% when compared to standard sand-clay material, as 

discovered by the authors in [91]. Consequently, the backfill material should have high 

thermal conductivity and be at least the same or higher than the surrounding soil to 

promote the heat transfer process between the water inside the pipe and the surrounding 

ground.  

 

3.2.3 Borehole Layout  

 Heat transfer increases with the depth of the borehole until it reaches a point 

where heat loss exceeds heat gain. At that point, the temperature difference between the 

input and output fluid increases, and heat transfer efficiency drops, causing higher initial 

capital costs. It is important to note that the borehole length is the most expensive aspect 

of the system installation while also being the most important geometric factor 

influencing the vertical GHE's performance. As a result, it is critical to choose the 

appropriate length to achieve the desired temperature from the earth's heat while lowering 

the initial capital cost. Surprisingly, increasing the depth of the borehole does not provide 
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as many advantages in terms of system efficiency and the economy as other performance 

factors, such as improving backfill material. This is primarily because the water needs 

more energy to circulate because it takes longer as the borehole depth increases. Reduced 

borehole depth can reduce water circulation pump power consumption and vice versa as 

stated by the authors in [23]. Hence, the borehole depth should not be too deep. To limit 

heat losses, the authors in [92] suggested that the depth of the single borehole would be 

approximately 80 m. Furthermore, the authors in [93] proposed that the borehole depth 

for double U-tube pipe De32 mm (outer diameter) should be between 80 and 100 m, 

while the depth for double U-tube pipe De 25 mm should be between 80 and 100 m. The 

influence of thermal interference decreases as borehole depth and borehole diameter 

increase, as stated by the authors in [94].  

 Some GHE configurations have a better ability to lower borehole thermal 

resistance and enhance system performance than others. For example, the authors in [95] 

examined the thermal resistances of two boreholes with double and single U-tube pipe 

configurations. They found that the double U-tube borehole outperformed the single U-

tube borehole, as demonstrated by the fact that the thermal resistance of the double U-

tube borehole was 30 to 90% lower than those in a single configuration. Better yet, more 

heat transfer performance was achievable when the double U-tube configuration was 

connected in parallel instead of in series. For instance, the authors in [96] developed a 

mathematical model to investigate the heating thermal performance of a U-tube GHE in 

both series and parallel configurations. According to their findings, the parallel 

configuration outperformed the series configuration in terms of heating performance. 

Moreover, the authors in [33] compared the heat transfer performance of single and 
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double U-tube BHE configurations connected in series and parallel. They noticed that the 

double U-tube BHE configuration outperformed the single U-tube BHE configuration in 

both series and parallel connections. Even better, the authors in [97] concluded that the 

performance of the multi-U-tube borehole configuration was superior to that of the 

double-U-tube and single-U-tube borehole configurations. 

 Additionally, the separation between two boreholes affects their thermal 

resistance. Hence, it is important to choose enough space between two boreholes to 

effectively avoid the negative effects of thermal interference, which improves GHE 

thermal performance efficiency. Thermal interference occurs when there is a small space 

between two boreholes. However, thermal interference can be avoided when there is a 

large distance between two boreholes, but this results in higher initial capital and 

operating costs because it requires more land to install the GHE pipes and additional 

pipes to connect. Thus, this distance should neither be too small nor too large. Notably, 

increased space between two boreholes can dramatically enhance the heat transfer 

performance of GHEs, as stated by the authors in [98]. The authors in [31] found that 

there should be 4.5 to 6 m between each borehole. Finally, the authors in [99] pointed out 

that the optimum space between two boreholes is 5 m, and thermal interferences can be 

neglected. 

 

3.2.4 Pipe Thermal Properties  

 The pipe functions as a heat transfer contact between the liquid (i.e., water or 

antifreeze) within the pipe and the surrounding soil. Heat transfer performance is 

influenced by the pipe material’s thermal conductivity. Hence, the material of the pipe 
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should have good thermal properties to promote the heat exchanger process in either 

direction. High-density polyethylene (HDPE) pipe is used in many GHPS engineering 

applications owing to its durability, flexibility, and longer lifespan of up to 50 years [12]. 

However, its thermal conductivity ranges between 0.35 W/m.K and 0.49 W/m.K [100] 

[101], indicating that the pipe material has a lower thermal conductivity than the water 

and surrounding soil. This decrease causes a reduction in the GHE’s performance. Thus, 

the thermal conductivity of the pipe material should be increased to promote heat transfer 

performance between the water inside the pipe and the surrounding soil. For example, the 

authors in [102] mixed both 0.002 m and 0.003 m micro aluminum wire with the original 

HDPE pipe material. They found that the thermal conductivity of the new composite 

material increased by 25% and 150%, respectively, when compared to the original HDPE 

pipe. The authors in [103] added longitudinal fins to the inner surface of the original 

HDPE pipe, which increased the heat extraction by 7% in comparison to the original. 

Better yet, the authors in [104] enhanced the thermal conductivity of the HDPE material 

by incorporating graphite into its original material. The results showed that the new 

composite graphite/HDPE reduced the borehole length by 12.76%, in comparison to the 

original HDPE pipe. Even better, the authors in [105] added polymer resin to the original 

HDPE pipe and mixed other certain additives to the original HDPE pipe's polymer resin. 

The findings demonstrated that the thermal conductivity of the improved pipe material 

increased by 75% from 0.4 W/m.K to 0.7 W/m.K, which could reduce the borehole 

thermal resistance by 24% when compared to the original HDPE pipe. Thus, improving 

the thermal conductivity of the pipe material provides some benefits, such as reduced 

borehole thermal resistance, increased heat extraction, and shorter pipe length, thus 
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lowering initial installation capital and operation costs. 

 The U-tube pipe's leg-to-leg spacing is referred to as the "shank space," as shown 

in Figure 3.2. U-tube pipes must have appropriate spacing between their legs to increase 

the heat flow rate and raise the output fluid temperature. This will prevent the thermal 

short circuit phenomenon, lowering heat transfer efficiency. This phenomenon occurs 

when the shank space is extremely small or the pipes come into contact [106]. Therefore, 

the U-tube pipes must be positioned in the center of the borehole with the appropriate 

spacing between them to prevent thermal short circuits, enhance the heat transfer rates, 

and reach the desired output temperature.  

 

 

Figure 3.2. Illustration of shank-space in a horizontal cross-section through a U-tube pipe 

of the vertical GHE. 
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 The authors in [106] investigated the effect of different shank spacings on thermal 

heat transfer rates, including 0.01 m, 0.02 m, 0.04 m, 0.06 m, 0.08 m, and 0.10 m. The 

results showed that the heat transfer rate and output temperature increased as the shank 

space increased. They determined that if the shank space was less than 0.06 m, a thermal 

short circuit would occur, resulting in heat transfer deterioration [107]. Yet, when the 

space exceeds 0.06 m a thermal short circuit cannot occur, and the influence of shank 

spacing becomes insignificant. For instance, the shank spacing between two U-tube legs 

in this GHPS system was 0.07 m, and no thermal heat short circuit occurred [108]. 

Furthermore, the Oakland University GHPS shank spacing was 0.085 m and no thermal 

short circuit transpired [27]. Better yet, the heat transfer rate was stabilized if the shank 

spacing was larger than 0.09 m [63]. Even better, the optimum spacing was identified as 

being between 0.1 m and 0.2 m [99]. 

 

3.2.5 Working Fluid Properties 

3.2.5.1 Fluid Type  

The working fluid—usually water, or antifreeze solution—flows continuously in 

loop pipes to transfer heat between the ground and the heat pump system and vice versa. 

To avoid convection thermal resistance between the fluid inside the pipe and the 

surrounding ground, the working fluid should have high thermal conductivity, low 

viscosity, and high heat capacity. The authors in [109] assessed the thermal properties of 

three different working fluids, including water, gasoline, and glycol. The results showed 

that water can absorb, store, and recover more thermal energy than gasoline and glycol. 

Pure water was used as the heat-carrying fluid in GHPS systems because of its high 
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capacity to absorb and store, as well as its availability and low cost. However, despite all 

its benefits, water lacks antifreeze properties. Therefore, in cold regions, water must be 

treated with antifreeze to keep it from freezing and causing system damage. It is 

important to note that when mixing antifreeze with the working fluid, the volume 

concentration must be precise to avoid freezing and achieve good viscosity. This could 

enhance GHE's thermal performance without significantly increasing operating costs [63, 

110]. If the concentration is not in the optimum proportion, it can impact the convective 

thermal resistance (i.e., between the fluid inside the pipe and the inner pipe wall).  

Furthermore, the working fluid affects the thermal performance of the GHE. The 

authors in [111] pointed out that calcium chloride 20% solution outperforms propylene 

glycol at 25%, 33%, and 24% volume concentrations, as well as ethanol at 24% volume 

concentration. In a mild climate, the GHE’s fluid temperature with 25% ethylene glycol 

mixed with water is higher than that of pure water [112]. Nanofluids' viscosity and heat 

capacity are important in geothermal energy extraction, as indicated by the authors in 

[113]. The nanofluid's thermal conductivity increases as the particle volume fraction 

increases and the nanoparticle size decreases [114, 115]. Using AIଶOଷ/water nanofluid as 

a heat transfer carrier instead of pure water can reduce the vertical GHE borehole depth 

by 1.3%, as stated by the authors in [116]. The authors in [117] assessed four types of 

hybrid nanofluids, including, Fe3O4 multi-wall carbon nanotube/water, Al2O3-CuO/water, 

TiO2-Cu/water, and Ag-MgO/water. The results showed that the Ag-MgO/water was 

found to be the most appropriate heat-working fluid compared to other hybrid nanofluids. 

Furthermore, using an Ag-MgO/water hybrid nanofluid as a working fluid with a 0.1 

volume fraction of nanoparticles and a Reynolds number of 3200 could reduce the 
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borehole thermal resistance of a single U-tube GHE by 1.14% when compared to pure 

water. Additionally, the addition of hybrid nanofluids within a microchannel can 

dramatically improve the thermal convective heat transfer coefficient, as stated by 

authors in [118]. Despite the obvious improvement in the convective heat transfer 

coefficient using nanofluid technology as a heat-carrying fluid, it is still relatively new 

for use in geothermal heat pump systems. Therefore, more theoretical, and empirical 

research on nanofluid technology should be conducted.  

 

3.2.5.2 Fluid Velocity  

 Many studies have been conducted on the effect of water velocity within the U-

tube pipe on the exit temperature and heat transfer performance in the vertical GHE. For 

example, the authors in [93] examined how increasing the water velocity through vertical 

ground heat exchanger pipes with varying diameters and configurations affected heat 

transfer performance. The findings demonstrated that the optimum water velocity ranges 

for a single U-tube De 32 mm (outer diameter of 32 mm), a double U-tube De 25 mm 

(outer diameter of 25 mm), and a double U-tube 32 mm are between 0.4 and 0.6 m/s, 0.4 

and 0.5 m/s, and 0.3 and 0.4 m/s, respectively. The authors in [119] pointed out that to 

maximize the benefits of the earth's energy, the optimal water velocity range for a single 

U-tube should be between 0.4 and 0.7 m/s. Similarly, the authors in [120] also 

investigated the impact of water velocity on heat transfer performance in the U-tube De 

32 mm. They found that the water velocity should be between 0.3 and 0.4 m/s for optimal 

heat transfer efficiency. The authors in [121] assessed the influence of flowing water 

velocity on the heat exchanger rate by applying three different water velocities: 0.26 m/s, 
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0.51 m/s, and 1.02 m/s, where the input water temperature was kept constant at 35 °C 

during the operational test. The findings revealed that the heat exchanger rates per meter 

were 84 W/m, 116 W/m, and 94 W/m when the water velocities were 0.26 m/s, 0.51 m/s, 

and 1.02 m/s, respectively. The heat exchange rate of 116 W/m was higher when the 

water velocity was 0.51 m/s compared to 0.26 m/s and 1.02 m/s. The heat exchange rate 

per meter was insufficient due to the high-water velocity. As a result, the appropriate 

circulating water velocity range is between 0.5 and 0.6 m/s. In addition, controlling water 

velocity can lower the borehole thermal resistance and thereby enhance the heat transfer 

efficiency, as findings from [122] pointed out. The authors in [96] concluded that 

decreasing the fluid flow rate can improve the vertical GHE heating performance. The 

authors [123] examined the thermal heat performance of a U-tube GHE in a warm 

climate at four inlet water temperatures: 30, 35, 40, and 45 °C. They concluded that the 

heat transfer coefficient and heat exchanger rate are improved by increasing the GHE’s 

inlet water temperature. 

 Furthermore, the authors in [124] developed a numerical model to investigate the 

influence of water velocity on the heat transfer efficiency of deep borehole heat 

exchangers (DBHE). They concluded that the water velocity should be between 0.3 and 

0.7 m/s for better performance. Moreover, the authors in [125] presented a heat transfer 

model to analyze the heat exchanger performance and temperature distribution of a 

vertical double U-tube BHE with a variety of flow velocities ranging from 0.1 to 0.5 m/s. 

According to their simulation results, when the flow velocity was between 0.1 to 0.3 m/s, 

the heat exchanger rate was higher than when the flow velocity exceeded 0.3 to 0.5 m/s. 

Meanwhile, the optimum flow velocity result was recorded at 0.3 m/s. The authors in 



 47

[106] developed a 3D transient heat transfer model based on the finite volume method 

(FVM) to investigate the effect of fluid flow rate on the output fluid temperature and heat 

transfer rate. They applied different flow rates ranging from 0.1 m3/h to 1.2 m3/h in the 

U-tube De 32 mm. According to their simulation results, the output fluid temperature 

increased when the liquid flow rate increased from 0.1 m3/h to 0.7 m3/h but decreased as 

the flowing rate moved beyond 0.7 m3/h to 1.2 m3/h. Notably, this simulation did not use 

the same unit of measure (i.e., m/s vs. m3/h); however, these results equate to 0.57 to 0.76 

m3/h. Therefore, after converting, we found that 0.57 to 0.76 m3/h equates to 0.3 and 0.4 

m/s. Additionally, the authors in [106] and [120] agreed that the optimal water velocity 

range in the U-tube De 32 mm is between 0.3 and 0.4 m/s. Furthermore, the authors in 

[23] presented a mathematical model of heat transfer behavior between the water inside 

vertical underground pipes and the surrounding ground to examine the influence of water 

velocity on the output water temperature. The simulation results indicated that the output 

water temperature reaches the ground when the water velocity is reduced sufficiently 

enough to allow complete heat exchange between two heat mediums (i.e., the water and 

surrounding ground). To maximize the benefit of the earth's temperature, the authors in 

[23] determined that the optimum water velocity ranges in vertical single U-tube pipes 

with outer diameters of De 25 mm (outer diameter of 25 mm), De 32 mm (outer diameter 

of 32 mm), and De 40 mm (outer diameter of 40 mm) at a depth of 98 m should be 

between 0.33 and 0.43 m/s, 0.35 to 0.45 m/s, and 0.38 to 0.48 m/s, respectively. These 

studies demonstrated that the water velocity should be neither too high nor too low to  

promote better heat transfer and maximize the output temperature without wasting any 

additional power, which is needed to increase the water velocity. When the flow velocity 
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is low, the water temperature reaches the desired temperature (i.e., ground temperature) 

well before the exit, making the remainder of the pipe useless. However, when the water 

velocity is high, more power is required to increase its velocity. Ultimately, the output 

water temperature will not reach the ground due to the insufficient time for the heat 

exchange between the water and the ground to reach equilibrium. Therefore, controlling 

water velocity is crucial to achieving the desired output temperature [23].  

 

3.3 Summary 

 This chapter provided a comprehensive discussion of the vertical GHE 

performance factors, or essentially, the heat transfer efficiency between the flowing 

liquid inside the pipe and the surrounding ground. Additionally, this chapter highlighted 

data on the effect of each performance aspect on the initial capital costs.  

The first performance factor is related to the thermal properties of the soil. The 

installation of the GHPS at a site with poor soil thermal properties may correctly 

function, but it will not get maximum benefits from the heat of the Earth because of the 

soil's low thermal conductivity, which causes heat to flow slowly between its layer and 

the liquid inside the pipe. However, installing GHPS on a site with good thermal 

properties will allow for efficient heat transfer between the ground and the liquid inside 

the pipe, maximizing the benefits of the earth's heat. Therefore, it is essential to choose a 

suitable geological site with better soil—preferably moist soil, sand, or sandstone.  

 The second performance factor focuses on using a material with low thermal 

conductivity to backfill the space between the U-tube pipe and borehole wall increases 

the thermal resistance of the borehole and, ultimately, results in an inefficient heat 
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transfer. The space between the U-tube pipe and surrounding soil must be completely 

grouted to ensure that the grout fills the borehole without any air gaps, which can cause 

thermal discontinuity (i.e., contact resistance), to prevent the borehole wall from 

collapsing and groundwater contamination, which extends system life. This enables a 

strong connection between the pipe and the surrounding ground, which provides an 

efficient transfer of heat in either direction. Some suggestions include adding components 

like graphite flakes, silica, or enhanced bentonite-based backfill material to bentonite or 

other minerals like quartz sand to obtain adequate backfill materials with good properties. 

There are significant benefits to using high thermal conductivity backfill materials, such 

as a 30% reduction in borehole thermal resistance, a 31% increase in heat exchanger rate, 

a 10% increase in heat extraction, a 10 % reduction in thermal gradient, and a 10% 

reduction in borehole depth, all of which lead to a lower initial capital cost [89] [91] [86] 

[90].  

 Next, the borehole depth is a critical factor to consider regarding the performance. 

Heat transfer increases with the borehole depth up until a point where heat loss is more 

than it gains. Therefore, some suggestions include the depth and configuration of the 

geothermal borehole to limit heat losses and maximize the benefits of the earth's heat. 

The borehole depth would be approximately between 80 m and 100 m for single and 

double U-tube De 0.032 m pipes, respectively [92, 93]. Additionally, the multi-U-tube 

borehole configuration performs better than the single-U-tube and double-U-tube 

configurations [97]. The optimum distance between the two boreholes is 5 m to prevent 

thermal interference, which reduces GHE efficiency [99]. 
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 Another important performance factor to consider is that the pipe material should 

have high thermal conductivity to promote efficient heat transfer between the liquid 

within the pipe and the surrounding earth. The HDPE pipe is most used in GHPS 

engineering applications due to its durability, flexibility, and long lifespan, but its 

material thermal conductivity is relatively low compared to soil and liquid. The pipe’s 

low thermal conductivity can increase the borehole's thermal resistance, ultimately 

reducing the flow of heat in either direction. Consequently, increasing the thermal 

conductivity of pipe material is important. Some suggestions have been made to increase 

the pipe material's thermal conductivity, including adding micro-aluminum wires, 

polymer resin, or longitudinal fins to the inner surface of the original HDPE piping. 

Enhancing the pipe material's thermal conductivity could bring some benefits, such as a 

7% increase in heat extraction, a 12.76% reduction in borehole length, and a 24% 

decrease in thermal resistance [103-105]. 

 The fifth performance factor focuses on leaving enough shank space to prevent 

the thermal short circuit phenomenon, which makes heat transfer ineffective. A thermal 

short circuit and deterioration in heat transfer will happen if the shank space is less than 

0.06 m [107]. Yet, the optimum shank spacing is between 0.1 and 0.2 m [99]. 

 Finally, the last performance factor is the working fluid, thus it should have high 

thermal conductivity, low viscosity, and high heat capacity to prevent convection thermal 

resistance between the fluid inside the pipe and the surrounding soil. Water mixed with 

antifreeze is the most used heat carrier in ground heat exchanger systems. Enhancing the 

thermal properties of the working fluid could consequence in some advantages, such as a 

1.3% reduction in borehole depth and a 1.14% reduction in U-tube GHE borehole 
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thermal resistance [112] [116] [117]. The water velocity should be within the ideal range, 

which is neither too high nor too low,(e.g., 0.33 to 0.43 m/s for a single U-tube De 0.025 

m, 0.35 to 0.45 m/s for a single U-tube De 0.032 m, and 0.38 to 0.48 m/s for a single U-

tube De 0.04 m) to maximize output temperature and promote better heat transfer without 

wasting any additional power that would be needed to increase the water velocity [23]. 

Therefore, controlling water velocity, among other performance factors, is crucial to 

achieving the desired GHE output temperature and can reduce power consumption for the 

water circulation pump and heat pump, thereby improving system performance [23]. 

These GHE performance factor discussions can be used as a helpful guide for the design 

of vertical ground heat exchangers.  
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CHAPTER FOUR 
 

MODELING HEAT TRANSFER 

 

4.1 Heating and Cooling Modes 

 The following are the mechanisms by which heat is transferred between the 

flowing water in the underground pipe and the surroundings: through convection, the heat 

transfers from the flowing water to the inner pipe wall, and by conduction from the inner 

pipe wall to the outer pipe wall and from the outer to the surrounding soil. The 

underground medium, which includes pipe material, backfill material, and soil, has a 

direct influence on the heat transfer performance of the vertical Ground Heat Exchanger 

(GHE) because each medium has its thermo-physical properties, including thermal 

conductivity, density, and specific heat capacity [126, 127]. Figure 4.1a depicts the 

behavior of heat transfer between the water inside the vertical U-tube pipe and the 

surrounding ground for the heating mode. 𝑇(𝑥) is the water temperature, 𝑇௚ is the ground 

temperature, 𝐿 is the pipe length, and ∆𝑇 is the temperature difference, which was 

calculated ∆𝑇 = 𝑇௚ − 𝑇(𝑥). When the room temperature is cooler than the ground, the 

Geothermal Heat Pump System (GHPS) operates in its heating mode, in which the cooled 

water is pumped into the ground through the loop pipes. At the pipe’s beginning (𝑥 = 0), 

the heat transfers quickly from the ground to the water due to the large temperature 

difference ∆𝑇 and continue to transfer until the temperature difference is around zero 

(∆𝑇 ≈ 0) if the water velocity is low enough. The water temperature 𝑇(𝑥) reaches the 

ground temperature 𝑇௚ when the water velocity is low enough to allow sufficient time for 

heat to exchange and reach equilibrium. The heat transfer mechanisms can be classified 
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as high heat transfer, low heat transfer, or no heat transfer based on the ∆𝑇 value, as 

shown in Figure 4.1.  

 

 

Figure 4.1. Schematic diagram of heat transfer behavior of the vertical GHE for (a) 

heating mode and (b) cooling mode [23]. 

 

High heat transfer occurs when the temperature difference is large (∆𝑇 = 𝑙𝑎𝑟𝑔𝑒), low 

heat transfer occurs when the heat transfer is small (∆𝑇 = 𝑠𝑚𝑎𝑙𝑙), and no heat transfer 

occurs when there is no temperature difference (∆𝑇 ≈ 0), which typically occurs before 

the pipe’s exit. The GHPS switches to a cooling mode in the summer when the room 

temperature is warmer than the ground. Consequently, the warmed water is pumped into 

the ground through the loop pipes. In this case, heat transfers from the water inside the 
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pipe to the surrounding ground, and the water temperature will continue to decrease as it 

flows until it reaches the ground temperature. The behavior of heat transfer between the 

water inside the vertical loop pipes and the surrounding ground for the cooling mode is 

depicted in Figure 4.1b. The temperature difference ∆𝑇 is determined as ∆𝑇 = 𝑇(𝑥) −

 𝑇௚. The maximum benefits of the earth's heat can be obtained when the warmer water 

temperature is transferred to the ground. Further explanations, including numerical 

examples of a case study evaluating the heat transfer behavior of the vertical ground heat 

exchanger for both the heating and cooling modes, as well as the effect of water velocity 

on exit temperature, are presented in Chapter 7. 

 

4.2 HEAT TRANSFER MODELING 

4.2.1 Model Assumptions 

The following assumptions are made to study the heat transfer behavior in a 

vertical, single-tube GHE configuration: 

 One-dimensional, x-only modeling governs the heat transfer process 

 Steady-state 

 Heat transfers from the liquid inside the pipe and the pipe’s inner pipe wall by 

convection and by conduction between the pipe’s outer wall to the 

surrounding soil (in cylindrical coordinates) 

 The soil and backfill material that surrounds the outside pipe wall is treated as 

a single medium with a single thermal resistance, 𝑅௩ 

 Groundwater flow has no impact on heat transfer 

 During both heating and cooling modes, the ground temperature is assumed to 
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be constant (the water circulating loop is below the frost line) 

 Water was chosen as a heat carrier in the GHE 

 The following three thermal resistances are considered: 

- 𝑅௖௢௡௩: liquid thermal resistance 

- 𝑅௪௔௟௟: pipe thermal resistance  

- 𝑅௚: ground thermal resistance 

 

4.2.2 Governing Equations 

 Figure 4.2 depicts the mass flow rate of water flowing uniformly in one direction 

through an underground pipe, which can be calculated using the formula 𝑚̇ = 𝜌𝑣𝐴. The  

𝑄̇௫ is a heat flow in at the position 𝑥, the 𝑄̇௫ା∆௫ is heat flow out at 𝑥 + ∆𝑥 , and 𝑄̇௣ is the 

heat coming out of the water to the ground. This is a cooling mode in which the water 

temperature is warmer than the ground, and the heat is going out into the surrounding 

ground. 

 

Figure 4.2. The rate of heat transfer from the water inside the pipe to the surrounding 

ground [23]. 
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The heat transfer that can occur through the pipe from 𝑥 to 𝑥 + ∆𝑥 was modeled using 

the conservation of energy equation expressed: 

 

ௗா௦

ௗ௧
=  𝑄̇ + 𝑊̇௦ + 𝛴𝑚̇ ቀℎ +

ଵ

ଶ
𝑣 + 𝑦𝑧ቁ

௜
− 𝛴𝑚̇ ቀℎ +

ଵ

ଶ
𝑣 + 𝑦𝑧ቁ

௢
   (4.1)  

 

where 𝐸 is the system energy, 𝑠 is the pipe surface, 𝑡 is the time, 𝑄̇ is the heat transfer 

rate, 𝑊̇௦ is the system work done (all types of work other than flow work), 𝑚̇ is the 

water’s mass flow rate, which equals 𝑚̇ = 𝜌𝑣𝐴, ℎ is the convection heat transfer 

coefficient, 𝜌 is the water density, 𝐴 is the pipe's Cross-Section Area, and 𝑣 is the water 

velocity. The total heat transfer rate is written as:  

 

𝑄̇ = 𝑄̇௫ − 𝑄̇௫ା∆௫ − 𝑄̇௣        (4.2) 

 

where 𝑄̇௫ is heat flow in at 𝑥, 𝑄̇௫ା∆௫ is heat flow out at 𝑥 + ∆𝑥, and 𝑄̇௣ is the heat 

coming out of the water to the ground. 

Substituting equation (4.2) into equation (4.1), implementing the model assumptions in 

section 4.1, and rechanging 𝑖 (inner) and 𝑜 (outer) with 𝑥 and 𝑥 + ∆𝑥, respectively, 

renders: 

 

0 =  𝑄̇௫ − 𝑄̇௫ା∆௫ − 𝑄̇௣ + 𝑚̇(ℎ௫ − ℎ௫ା∆௫)      (4.3) 
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Using Fourier's Model, express heat conduction in equation (4.3), in terms of 

temperatures, is shown as: 

 

𝑄̇௫ = ቀ−𝑘
ௗ்

ௗ௫
ቁ

௫
,  𝑄̇௫ା∆௫ = ቀ−𝑘

ௗ்

ௗ௫
ቁ

௫ା∆௫
      (4.4) 

    

where 𝑘 is the thermal conductivity of the liquid.  

The rate of convective heat transfer from the water to the inner pipe wall is calculated 

using Newton's Law of Cooling equation [128]. The following equation (4.5) is used to 

determine the heat exchanger rate 𝑄̇௣ between the water and the ground temperature: 

 

𝑄̇௣ = 𝑈଴𝐴଴[𝑇(𝑥)  − 𝑇௚]         (4.5)  

 

where 𝑈଴ is the overall heat transfer coefficient, 𝐴଴ is the surface area of the pipe, which 

equals 𝐴଴ = 𝑃଴∆𝑥, 𝑃଴ is the outside periphery of the pipe,  𝑇(𝑥) is the water temperature 

at the position 𝑥, and 𝑇௚ is the ground temperature. Substituting 𝑄̇௫ , 𝑄̇௫ା∆௫ , 𝑄̇௣ , and 𝑃଴ 

into the equation (4.3) yields: 

 

0 =  𝑄̇௫ − 𝑄̇௫ା∆௫ − 𝑈଴𝑃଴[𝑇(𝑥)  − 𝑇௚]𝑑𝑥 + 𝑚̇(ℎ௫ − ℎ௫ା∆௫)    (4.6) 

 

Next, integrate equation (4.6) with the integration limits 𝑥 to 𝑥 + ∆𝑥 : 

 

0 = ∫ 𝑓𝑞௫𝑑𝐴
௫ା∆௫

௫
− ∫ 𝑓𝑞௫ା∆௫𝑑𝐴

௫ା∆௫

௫
− ∫ 𝑈଴𝑃଴[𝑇(𝑥)  − 𝑇௚]𝑑𝑥

௫ା∆௫

௫
+ 𝑚̇(ℎ௫ − ℎ௫ା∆௫)     (4.7) 
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where: 
 

𝑓𝑞(𝑥) = ቀ−𝑘
ୢ୘

ୢ୶
ቁ

௫
 , 𝑓𝑞(𝑥 + ∆𝑥) = ቀ−𝑘

ୢ୘

ୢ୶
ቁ

௫ା∆௫
, and (ℎ௫ − ℎ௫ା∆௫) ≈ 𝐶୮(𝑇௫ − 𝑇௫ା∆௫)  

 

By replacing the integration limits for these 𝑓𝑞௫ , and 𝑓𝑞௫ା∆௫ , we then get 𝑓𝑞௫ା∆௫ − 𝑓𝑞௫ 

as follows: 

 

0 = ቄቀ𝑘𝐴
ௗ்

ௗ௫
ቁ

௫ା∆௫
− ቀ𝑘𝐴

ௗ்

ௗ௫
ቁ

௫
ቅ − ∫ 𝑈଴𝑃଴൫𝑇(𝑥)  − 𝑇௚൯𝑑𝑥

௫ା∆௫

௫
− 𝑚̇𝐶௣(𝑇௫ − 𝑇௫ା∆௫) (4.8) 

 

Multiplying equation (4.8) by 1/∆𝑥, then substituting the water’s mass flow rate, which 

equals 𝑚̇ = 𝜌𝑣𝐴, and setting the limit as zero ∆𝑥 → 0, yields: 

  

0 = 𝑘𝐴
ௗమ்

ௗ௫మ
− 𝑈଴𝑃଴൫𝑇 − 𝑇௚൯ − 𝜌𝑣𝐴𝑐௣

ௗ்

ௗ௫
      (4.9) 

 

The equation (4.9) represents the heat transfer equation in a second-order differential 

equation form. Dividing the equation (4.9) by 𝐴 gives: 

           

−𝑘
ௗమ்

ௗ௫మ
= −

௎బ௉బ

஺
൫𝑇 − 𝑇௚൯ − 𝜌𝑣𝐶௣

ௗ்

ௗ௫
       (4.10)  

 

Substituting these 𝑃௢ = 𝜋𝑑௢𝐿 and 𝐴 =
గ

ସ
𝑑௜

ଶ into the equation (4.10), renders: 

 

−𝑘
ௗమ்

ௗ௫మ
= − 4 𝑈଴𝐿 ൬

ௗబ 

ௗ೔
మ ൰ ൫𝑇 − 𝑇௚൯ − 𝜌𝑣𝐶௣

ௗ்

ௗ௫
      (4.11) 
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where 𝐿 is the pipe length, 𝑑௜ is the pipe's inner diameter, and 𝑑௢is the pipe's outer 

diameter.   

 

4.2.3 Thermal Resistance Network 

  The heat transfer between the water inside the pipe and the surrounding ground is 

characterized by the borehole thermal resistance, which is reliant on the thermal 

properties of the U-pipe and its arrangement, backfill material, and soil. When 

transferring heat from the water inside the pipe to the surrounding ground, three thermal 

series resistances are considered: internal convection resistance, exterior convection 

resistance, and conduction thermal resistance, as depicted in Figure 4.3.  

 

 

Figure 4.3 Diagram of a vertical single U-tube Ground Heat Exchanger (GHE) [23].  
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The total thermal resistances are calculated, which equals the sum of the three thermal 

resistances. These calculations are shown below in equation (4.12): 

 

𝑅௧௛ =
ଵ

௛೔஺೔
+

௟௡ (ௗబ/ௗ೔)

ଶగ௞
+ 𝑅௚        (4.12) 

 

Multiplying equation (4.12) by ቀ
஺బ

஺బ
ቁ yields: 

 

𝑅௧௛ = ቂ
ଵ

௛೔
ቀ

஺బ

஺೔
ቁ

ଵ

஺బ
+

஺బ௟௡ (ௗబ/ௗ೔)

ଶగ௞௅஺బ
+ 𝑅௚

஺బ

஺బ
ቃ      (4.13) 

Pulling out 𝐴଴ from the total thermal resistance equation (4.13) to obtain the R-value 

yields:  

 

𝑅௧௛𝐴଴ =
ଵ

௛೔
ቀ

஺బ

஺೔
ቁ +

஺బ௟௡ (ௗబ/ௗ೔)

ଶగ௞௅
+ 𝑅௚𝐴଴       (4.14)  

 

Simplifying the equation (4.14) in terms of diameter renders: 
 
 

𝑅௧௛𝐴଴ =
ଵ

௛೔
ቀ

ௗబ

ௗ೔
ቁ +

ௗబ ௟௡(ௗబ/ௗ೔)

௞
+ 𝑅௚2𝜋𝑑଴𝐿      (4.15) 

 
 

As aforementioned, when heat is transferred through the movement of a liquid or gas 

rather than a solid object, this is referred to as convection. The convective heat transfer 

coefficient (CHTC) is denoted by ℎ௜ and is measured in W/mଶ. ℃. The CHTC, which is 

the most important factor in the heat transfer process between the water and inner pipe 

wall, is influenced by the water velocity and natural motion, as well as the temperature 
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difference. Using the Dittus-Boelter Equation (4.16) [129] to calculate the convective 

heat transfer coefficient produces the following equation:  

 

𝑁௎೏೔
= 0.023 𝑃௥

௡𝑅𝑒ௗ೔

଴.଼
          (4.16) 

 

where 𝑁௎೏೔
is a Nusselt Number that equals ቀ

௛೔ௗ௜

௞ೢ
ቁ, 𝑃௥ is a Prandtl Number that equals 

ቀ
µ ஼௣ 

௞ೢ
ቁ, 𝑅𝑒ௗ೔

 is the flowing liquid’s Reynolds Number which equals ቀ
ఘ ௩ ௗ௜

µ
ቁ, 𝑘௪  is the 

water thermal conductivity (calculated at the film temperature), µ is the dynamic 

viscosity and 𝑐௣ is the specific heat. Given this, 𝑛 represents the heating/cooling 

exponent, which varies depending on the weather conditions. In the winter, when the 

GHPS is in heating mode and the water temperature inside the underground loop pipes is 

cooler than the surrounding ground temperature (𝑇௚ > 𝑇(𝑥)), the exponent of heating 

equals 0.4. However, in the summer, GHPS operates in reverse in cooling mode, and the 

water temperature inside the pipe is warmer than the surrounding ground temperature 

(𝑇(𝑥) > 𝑇௚); in this case, the exponent of cooling equals 0.3. 

By substituting these values  𝑁௎೏೔
, 𝑃௥, and 𝑅𝑒ௗ೔

 into the equation (4.16), we obtain the 

convective heat transfer coefficient ℎ௜ as provided below: 

 

ℎ௜ = ቀ
௞ೢ

ௗ௜
ቁ (0.023) ቀ

µ ஼௣

௞ೢ
ቁ

௡

ቀ
ఘ ௩ ௗ௜

µ
ቁ

଴.଼

       (4.17) 
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The overall heat transfer coefficient is denoted by 𝑈଴ and measured by how much heat 

transfers through these three series resistances, and its units W/mଶ. ℃. The overall heat 

transfer coefficient 𝑈଴ is calculated using the following equation:  

 

𝑈଴ = ቊ
ଵ

௛೔
ቀ

ௗ௢

ௗ௜
ቁ +

ௗ௢ ௟௡ቀ
೏೚

೏೔
ቁ

௞೛
+ 𝑅௩ቋ

ିଵ

        (4.18) 

 

where 𝑘௣ is the pipe material's thermal conductivity, and 𝑅௩ is the ground resistance.   

As seen in  equation (4.18), there are three components, each of which represents 

thermal resistance (R-value), which 
ଵ

௛೔
ቀ

ௗ௢

ௗ௜
ቁ represents the water convection R-value, 

ௗ௢ ௟௡ቀ
೏೚

೏೔
ቁ

௞೛
  represents the R-value of pipe wall conduction, and 𝑅௩ represents the R-value of 

ground resistance. According to equation (4.18), the overall heat transfer coefficient 𝑈଴ is 

inversely proportional to the sum of three R-values. This indicates that when the R-values 

are high, heat transfers from the hot to the cold region at a lower rate, and vice versa.  For 

example, if the pipe wall’s thermal resistance is high, it acts as a physical barrier, thereby 

reducing heat transfer between the ground and the water inside the pipe. Lowering 

borehole thermal resistance (i.e., three thermal resistances) is therefore critical for 

maximizing the benefits of the earth's heat, which is dependent on liquid thermal 

properties, pipe material thermal conductivity and thickness, backfill material thermal 

conductivity, and soil thermal conductivity, as discussed in Chapter 3. Further numerical 

examples of real-world case study explanations of the relationship between the overall 

heat transfer coefficient and thermal resistance are presented in Chapter 7. 
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 Thus, I obtained the steady-state heat transfer equation in its final form, which 

describes the behavior of heat transfer between the water inside the vertical underground 

pipe and the surrounding ground for the heating mode (4.19a) and cooling mode (4.19b). 

For heating mode: 

 

 −𝑘
ௗమ்

ௗ௫మ
= −𝜌𝑣𝑐௣

ௗ்

ௗ௫
− 4 ቀ

ௗ௢

ௗ௜
ቁ 𝑈଴(𝑇௚ − 𝑇)      (4.19a) 

 

For cooling mode: 

 

−𝑘
ௗమ்

ௗ௫మ
= −𝜌𝑣𝑐௣

ௗ்

ௗ௫
− 4 ቀ

ௗ௢

ௗ௜
ቁ 𝑈଴(𝑇 − 𝑇௚)       (4.19b) 
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CHAPTER FIVE 
 

CONTROLLING HEAT TRANSFER  
 
 
 

 This chapter presents the design of model predictive control (MPC) for heat 

transfer between the water inside the pipe and the surrounding ground of the ground heat 

exchanger. The chapter starts with an illustration of converting the heat transfer model's 

ordinary differential equation (4.19), to a state space model representation. It is followed 

by the linearization process, which ensures the system is controllable and observable at 

the assumed operating point. The second part of the chapter presents the MPC technique 

design, which controls the water velocity inside the loop pipes to optimize the GHE's 

water temperature to achieve the desired temperature. Finally, a real-world case study of 

Oakland University’s GHPS is used to demonstrate the principle of energy conservation 

regarding the water circulation pump. 

 

5.1 Bilinear State Space Model 

 The heat transfer mechanism in the borehole between the working fluid (i.e., 

water) inside the pipe and the surrounding soil balances the water velocity with the output 

temperature, controlling water flow to reach the desired output temperature. For this 

system's physics parameters, the water velocity is an input control variable, the output 

temperature is the system output, and the ground temperature is a disturbance to the 

system. Due to the varying water flow rates through the pipe and the dynamic heat 

transfer in the borehole, the typical system is nonlinear. This subclass of nonlinearity is 

also referred to as a bilinear system (BLS) and occurs when the dynamic behavior of the 
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system is influenced by a varying input or other external disturbance to the system. A 

BLS can behave in a variety of contexts, including chemical reactions, physics, and 

thermal energy. For example, in this study, water velocity influences the heat transfer 

process between the water inside the pipe and the surrounding ground, which is basically 

an inherited bilinear phenomenon. The BLS can be represented as an input-output system 

(i.e., transfer function) or a state-space model system. The continuous BLS is written in 

the following equation (5.1).  

 

൜
𝑥`(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝐵(𝑡)𝑥(𝑡)𝑢(𝑡)

𝑦(𝑡) = 𝐶𝑥(𝑡) + 𝐷𝑢(𝑡)
        (5.1) 

 

where the 𝑥(𝑡) is a state vector, 𝑢(𝑡) is an input control vector and 𝑦(𝑡) is a control 

output vector. The 𝐴 represents a state matrix, 𝐵 represents an input matrix, C represents 

an output matrix, and 𝐷 represents a direct transmission matrix for input (which directly 

connects the input and output). We converted the mathematical model of the heat transfer 

equation (4.19) into a state-space model representation, which is written as follows: 

 

⎩
⎪
⎨

⎪
⎧൤

𝑥ଵ
ᇱ (𝑡)

𝑥ଶ
ᇱ (𝑡)

൨ = ቈ
0 1

ସ

௞
ቀ

ௗ௢

ௗ௜
ቁ 𝑈଴ 0

቉ ൤
𝑥ଵ(𝑡)
𝑥ଶ(𝑡)

൨ + ቈ
0

ఘ௖೛

௞

𝑥ଶ቉ 𝑢(𝑡)

𝑦(𝑡) = [1 0] ൤
𝑥ଵ(𝑡)
𝑥ଶ(𝑡)

൨

      (5.2) 
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5.2 System Linearization and Discretization 

The heat transfer model in equation (4.19) is a nonlinear system, so designing a 

nonlinear control to attain optimal performance is a difficult challenge that could result in 

lower performance than the linear control. Therefore, by linearizing the system around a 

particular operating point based on the assumed initial condition value, thus, designing a 

Model Predictive Control (MPC) is suitable to achieve optimal performance. In this 

study, we utilized MATLAB’s function “linmode” to linearize the system model (4.19), 

which returns the nonlinear ordinary differential equation built-in Simulink block into 

Command-Window as linear state-space matrices 𝐴, 𝐵, C, and 𝐷. The system state-space 

model is linearized at one operating point and expressed in the following equation (5.3).  

 

⎩
⎨

⎧൤
𝑥ଵ

ᇱ (𝑡)

𝑥ଶ
ᇱ (𝑡)

൨ = ቂ
0 1

−1.6 0
ቃ ൤

𝑥ଵ(𝑡)
𝑥ଶ(𝑡)

൨ + ቂ
0

−2.53
ቃ 𝑢(𝑡)

𝑦(𝑡) = [1 0] ൤
𝑥ଵ(𝑡)
𝑥ଶ(𝑡)

൨

     (5.3) 

 
            

Before applying the control technique to the system model, it must be controllable 

and observable at the operating points. Here, I tested the controllability and observability 

of the linearized state space system model (5.3) using the Kalman test. The following are 

controllability and observability matrices, respectively.  

 

𝑄େ = [𝐵 ⋮ 𝐴𝐵 ⋮ 𝐴ଶ𝐵 ⋮ ⋯ ⋯ ⋮ 𝐴௡ିଵ𝐵]௡∗௡  

 

𝑄୔ = [𝐶் ⋮ (𝐴்)ଶ 𝐶் ⋮ 𝐶𝐴ଶ𝐵 ⋮ ⋯ ⋯ ⋮ 𝐶𝐴௡ିଵ𝐵]௣∗௡௠   
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where 𝑄େ is the controllability matric, 𝑄୔ is the observability matrix, and 𝑛 is the system 

order. The system is controllable and observable if the 𝑄େ, 𝑄୔ have the full rank of the 

system order, i.e., rank 𝑄େ = 𝑄୔ = 𝑛. In the meantime, the determinants of 𝑄େ and 𝑄୔ ≠

0. Since the |𝑄େ| = 1.6 ≠ 0 and |𝑄୔| = 1 ≠ 0,  and the ranks of 𝑄େ = 𝑄୔ = 2 = 𝑛. 

Thus, the system is controllable and observable at the operating point. The system must 

be discretized to design a discrete control approach. The linearized continuous-time state-

space model in equation (5.3) was then discretized using the following equation (5.4) 

over a specific sample time (𝑇𝑠 = 0.1 sec). 

 

𝐴ௗ = 𝑒஺೎ ೞ் 𝐵ௗ = 𝐴௖
ିଵ(𝑒஺೎ ೞ் − 𝐼)𝐵௖  𝐶ௗ = 𝐶௖  and 𝐷ௗ = 𝐷௖   (5.4) 

 

I verified the discretization results using MATLAB’s function “c2dm.” In general, the 

linear discrete-time state-space equation can be written concisely as follows: 

 

 ൜
𝑥ௗ(𝑘 + 1) = 𝐴ௗ𝑥(𝑘) + 𝐵ௗ𝑢(𝑘)

𝑦ௗ(𝑘) = 𝐶ௗ𝑥(𝑘) + 𝐷ௗ𝑢(𝑘)
           (5.5) 

 

Therefore, the discrete-time system model matrixes 𝐴ௗ, 𝐵ௗ, 𝐶ௗ, and 𝐷ௗ  are shown below:  

 

𝐴ௗଵ = ቀ
0.99 0.0196

−0.026 0.0058
ቁ, 𝐵ௗଵ = ቀ

−0.402
−4.96

ቁ, 𝐶ௗଵ = (1 0), and 𝐷ௗଵ = 0 (5.6) 

 
 

where 𝐴ௗ, 𝐵ௗ, 𝐶ௗ, and 𝐷ௗ are the discrete state-space matrixes.  
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5.3 Model Predictive Control 

 A robust control system maintains stability and achieves specific predetermined 

performance objectives. The goal of a robust design is to identify a controller for a 

particular system, such as the closed-loop control system is robust because it includes 

feedback. Model Predictive Control (MPC), which was initially developed throughout the 

1970s [130], and is currently an active area of research, is a reliable and effective design 

approach for linear-time invariant (LTI) control systems and nonlinear systems.  

MPC is a modern technique that can determine the next optimal control action 

based on optimization, which forces the system output to track and stabilize the 

predefined reference signal trajectory along the prediction horizon (NP) while satisfying 

the system operating constraints in the states 𝑥(𝑘) and inputs 𝑢(𝑘). Furthermore, MPC is 

known as a power optimization approach for feedback control systems. It can impose 

constraints on the states and inputs such that optimization does not hit the maximum and 

minimum values, enabling the output single trajectory to track the desired trajectory. It 

also works for nonlinear control systems that can linearize the system model at a 

particular state, then apply linear optimization and proceed to the next step. Finally, MPC 

is a flexible control technique because the control behavior can be modified if the system 

starts to deviate from the expected trajectory. For these advantages, the MPC controller is 

superior to other traditional controllers and is therefore regarded as the most effective 

method of controlling such systems.  

The MPC algorithm's main principle is to access the dynamic system model to 

predict the future evolution of the system, which includes the states (𝑥) and input control 

singles (𝑢) of the plant over a prediction horizon, by optimizing the control signal to 
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predict future output behavior (𝑦) to track the predefined reference trajectory (𝑟). 

Typically, only the initial control action is implemented; it then proceeds with a new 

control prediction value with a short time horizon. The optimization procedure will be 

repeated to determine the best control value along the prediction horizon. At every new 

time step, MPC reassesses the optimal optimization control input. Figure 5.1 illustrates 

the main concept of MPC [131]. 

 

Figure 5.1 MPC basic concept.  

 

Designing the MPC depends on the discrete state space matrices of the proposed 

system model (𝐴ௗ, 𝐵ௗ, and 𝐶ௗ) and important parameters, such as the control horizon 

(NC) and prediction horizon (NP). NP is the number of sample predictions and NC is the 

samples used to control the system's output, and their values are determined using this 

formula: 1 ≤ NC ≤ NP.  
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 Previous studies have demonstrated the MPC outperformed other controllers such 

as Linear–Quadratic Regulator (LQR) and Proportional-Integral-Derivative (PID) 

controllers. For example, the authors in [132, 133] compared the performance of PID and 

MPC controllers and found that the MPC performed better than the PID in terms of 

system parameters such as settling, rise time, time delay, overshoot, and steady-state 

error. Furthermore, they found that applying an MPC controller could reduce the effect of 

disturbances by 77% when compared to a PID controller, as indicated by the authors in 

[134]. The advantage of using MPC over PID is its ability to deal with complex dynamic 

systems, even in the presence of constraints, as stated by the authors in [135]. Moreover, 

the authors in [136] compared the path-tracking performance of MPC, LQR, and Stanley 

controllers. The results revealed that the MPC was better suited for path-tracking 

applications than others. Additionally, the authors in [137] presented a comparative study 

of LQR and MPC and concluded that MPC was a more accurate trajectory tracker than 

LQR. Performance evaluation of the MPC, LQR, and PID controllers for a DC motor 

speed control system was carried out by the authors in [138]. The findings demonstrated 

that the MPC outperformed other controllers in terms of reference tracking and constraint 

handling. According to these findings, it became clear that applying the MPC controller 

would produce the most accurate performance in this study.  

 

5.3.1 Prediction 

MPC performance depends on the state and input prediction, and it becomes more 

optimal when its vectors are accurately predicted. The future control signal equation is: 

𝑢(𝑘), 𝑢(𝑘 + 1), 𝑢(𝑘 + 2), … , 𝑢(𝑘 + 𝑁஼ − 1)      (5.7) 
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where 𝑢(𝑘) is control value at time 𝑘 and 𝑁஼ is the control horizon.  

The state variable prediction equation is: 

𝑥(𝑘 + 1|𝑘), 𝑥(𝑘 + 2|𝑘), … , 𝑥(𝑘 + 𝑁௉|𝑘)       (5.8) 

where 𝑥(𝑘) is state vector value at time 𝑘 and  𝑁௉ is the prediction horizon.  

The future state variables are calculated using the future control values based on the 

system model's discrete state space matrices (𝐴ௗ, 𝐵ௗ, and 𝐶ௗ) [131]. 

 

𝑥(𝑘 + 1|𝑘) = 𝐴ௗ𝑥(𝑘) + 𝐵ௗ𝑢(𝑘) 

𝑥(𝑘 + 2|𝑘) = 𝐴ௗ𝑥(𝑘 + 1|𝑘) + 𝐵ௗ𝑢(𝑘 + 1) 

  𝑥(𝑘 + 3|𝑘) = 𝐴ௗ
ଶ 𝑥(𝑘) + 𝐴ௗ𝐵ௗ𝑢(𝑘) + 𝐵ௗ𝑢(𝑘 + 1) 

⋮ 

𝑥(𝑘 + 𝑁௉|𝑘) = 𝐴ௗ
ேು𝑥(𝑘) + 𝐴ௗ

ேುିଵ
𝐵ௗ𝑢(𝑘) + 𝐴ௗ

ேುିଶ
𝐵ௗ𝑢(𝑘 + 1) + ⋯ +

       𝐴ௗ
ேುିே಴𝐵ௗ𝑢(𝑘 + 𝑁஼ − 1)        (5.9) 

 

Substituting the predicted state variables and future control values renders the 

predicted output variables. 

𝑦(𝑘 + 1|𝑘) = 𝐶ௗ𝐴ௗ𝑥(𝑘) + 𝐶ௗ𝐵ௗ𝑢(𝑘)      (5.10) 

𝑦(𝑘 + 2|𝑘) = 𝐶ௗ𝐴ௗ
ଶ 𝑥(𝑘) + 𝐶ௗ𝐴ௗ𝐵ௗ𝑢(𝑘) + 𝐶ௗ𝐵ௗ𝑢(𝑘 + 1) 

𝑦(𝑘 + 3|𝑘) = 𝐶ௗ𝐴ௗ
ଷ 𝑥(𝑘) + 𝐶ௗ𝐴ௗ

ଶ 𝐵ௗ𝑢(𝑘) + 𝐶ௗ𝐴ௗ𝐵ௗ𝑢(𝑘 + 1) + 𝐶ௗ𝐵ௗ𝑢(𝑘 + 2) 

⋮ 

𝑦(𝑘 + 𝑁௉|𝑘) = 𝐶ௗ𝐴ௗ
ேು𝑥(𝑘) + 𝐶ௗ𝐴ௗ

ேುିଵ
𝐵ௗ𝑢(𝑘) + 𝐶ௗ𝐴ௗ

ேುିଶ
𝐵ௗ𝑢(𝑘 + 1) + ⋯ +

𝐶ௗ𝐴ௗ
ேುିே಴𝐵ௗ𝑢(𝑘 + 𝑁஼ − 1)         (5.11) 
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Define the  𝑌 and 𝑈 vectors as follows:  

 

𝑌 = [𝑦(𝑘 + 1|𝑘) 𝑦(𝑘 + 2|𝑘) 𝑦(𝑘 + 3|𝑘) … 𝑦(𝑘 + 𝑁௉|𝑘)]், 

 

𝑈 = [𝑢(𝑘) 𝑢(𝑘 + 1) 𝑢(𝑘 + 2) 𝑢(𝑘 + 3) … 𝑢(𝑘 + 𝑁஼ − 1)]் 

 

Combining equations (5.10) and (5.11) into a compact matrix form is shown below: 

𝑌 = 𝐹𝑥(𝑘௜) + ∅ 𝑈         (5.12) 

where 

2

PN

CA

CA
F

CA

 
 
 
 
 
 


 ;   2

1 2

0 0

0

0

P CP P N NN N

CB

CAB CB

CA B CAB

CA B CA B CA B 

 
 
 
  
 
 
  



  

. 

 

5.3.2 Optimization 

The MPC's objective is to optimize the GHE's output temperature 𝑇෠(𝑘) such that it 

can track and stabilize the reference temperature trajectory 𝑟(𝑘௜) (i.e., ground 

temperature) by determining the optimal control action 𝑢(𝑘) over the prediction horizon, 

while the error prediction is reduced. The following defines the pre-defined reference 

signal. 

 

𝑟(𝑘) = [𝑟(𝑘 + 1) 𝑟(𝑘 + 2) 𝑟(𝑘 + 3) … 𝑟(𝑘 + 𝑁௉)]்   (5.13) 
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The future output temperature trajectory 𝑇෠ (𝑘 + 1) can be anticipated by 

controlling the water velocity 𝑣(𝑘) while minimizing the cost function. The cost function 

equation 𝐽(𝑘):  

𝐽(𝑘) = ∑ 𝑄. [(𝑇෠(𝑘 + 𝑖|𝑘) − 𝑟(𝑘 + 𝑖|𝑘)]ଶ +  ∑ 𝑅. [𝛥𝑣(𝑘 + 𝑖|𝑘)]ଶ +
ே಴ିଵ
௜ୀଵ

ே೛

௜ୀଵ

∑ 𝑄ଵ. [𝑣(𝑘 + 𝑖|𝑘)]ଶ 
ேು
௜ୀଵ          (5.14) 

 

Subject to 

ቐ
𝑇௠௜௡ ≤ 𝑇෠(𝑘 + 𝑖|𝑘) ≤ 𝑇௠௔௫

𝑣௠௜௡ ≤ 𝑣(𝑘 + 𝑖|𝑘) ≤ 𝑣௠௔௫

𝛥𝑣௠௜௡ ≤ 𝛥𝑣(𝑘 + 𝑖|𝑘) ≤ 𝛥𝑣௠௔௫

       (5.15) 

where  𝑟(𝑘 + 𝑖|𝑘) and  𝑇෠(𝑘 + 𝑖|𝑘) are reference signals and the predicted output 

temperature at the time (𝑘 + 𝑖), respectively, and 𝑣(𝑘 + 𝑖|𝑘) and 𝛥𝑣(𝑘 + 𝑖|𝑘) are 

predicted control and predicted rate control changes at the time and predicted rate 

control (𝑘 + 𝑖), respectively. The MPC block diagram of heat transfer in a vertical 

ground heat exchanger for Oakland University’s GHPS is depicted in Figure 5.2.    

 

Figure 5.2 Block diagram of a closed loop MPC controlling heat transfer in a GHE for 

Oakland University's GHPS [23]. 
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This dissertation proposes the MPC control design to optimize its formulation and 

address the quadratic programming problem (QP) and imposition of constraints on states 

and inputs.  
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CHAPTER SIX 
 

KEY VARIABLE PREDICTION OF GEOTHERMAL HEAT PUMP SYSTEM  

 

 Predicting the output temperature of the GHPS is important as it can provide 

information in advance that can be used to evaluate the system's performance, 

optimization, and fault detection, as well as provide temperature readings to personnel in 

the building hours in advance. Numerous prediction approaches have been proposed for 

use in geothermal heat pump systems and applications. For example, the authors in [139] 

introduced an algorithm based on the infinite line source method (LSM) to forecast the 

GHE’s output fluid temperature. An artificial neural network (ANN) model was proposed 

to predict the GHE’s output temperature [140]. Furthermore, in [141], the researchers 

developed the adaptive neural-fuzzy inference system (ANFIS) with a fuzzy weighted 

pre-processing (FWP) technique to predict the daily performance (COP) of a ground-

source heat pump (GSHP) system. The results demonstrated that the FWP-based ANFIS 

algorithm outperformed the standard ANFIS algorithm. The authors in [142] applied a 

multiple linear regression (MLR) and an ANN to perform hourly predictions of the 

GHPS system. The developers in [143] created an ANN model to predict the layered 

thermal conductivity, with an absolute error of less than 0.1 W/(m. K). The authors in 

[144] applied the extreme learning machine algorithm (ELM), support vector machine 

algorithm (SVM), and the backpropagation neural network algorithm (BPNN) to predict 

the COP of the ground-source heat pump. They concluded that the ELM model was more 

accurate than the SVM and BPNN models. The authors in [145] predicted the GHPS 

output temperature eight hours in advance using the grey prediction model (GM (1,1)).  
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6.1 Methodology 

The Grey Prediction Model (GM) is a mathematical model that predicts the 

behavior of an unknown aspect of the system using insufficient or incomplete 

information. This information must contain at least four data points [146]. The author of 

[147] proposed the grey prediction model in 1982, which has continued to be applied to 

uncertain systems with limited data sets for short-time series forecasting. The GM (𝑚, 𝑛) 

model has 𝑚 denoting the order of the differential equation and 𝑛 denotes the number of 

the prediction variables. For clarity, the GM (1,1) model predicts one variable that uses a 

first-order differential equation. There are several types of GM models in grey system 

theory, but the GM (1,1) model is the most widely used for short-term prediction due to 

its considerable advantages, such as simple calculation, high efficiency, and the ability to 

predict an unknown part of the system with incomplete information [148, 149]. The 

authors in [150] pointed out that the GM models could be effective in time series 

prediction with a small dataset. The GM (1,1) model has been used in many disciplines 

and has proven to perform accurate prediction results when improved [8, 151, 152]. The 

GM (1,1) model depends on the system dataset, which must be devoid of negatives, 

randoms, and anomalies, and preferably consistent for the model to forecast accurately. 

The authors in [145] observed that a more consistent dataset could produce more accurate 

predictions. The Accumulated Generating Operation (AGO) smooths the system dataset 

and reduces the randomness in the raw data, which is the most important characteristic of 

grey system theory. Furthermore, the essential tools of the grey system theory are the 

whitening equation and time response functions.  
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Even the traditional GM (1,1) model is an accepted prediction tool in different 

fields; however, its predictive accuracy is limited. Thus, the traditional GM (1,1) model’s 

prediction accuracy should be improved. Many improvements are implemented to 

enhance its prediction accuracy. For example, the authors in [153] used the Markov chain 

model and Fourier residual model to enhance the GM (1,1) model’s prediction accuracy. 

The proposed model was more accurate than the traditional model. The authors in [154] 

increased the prediction accuracy of the GM (1,1) model by optimizing the initial 

condition values. Additionally, the authors in [155] adopted the Simpson formula to 

reconstruct the GM (1,1) model's background value, which improved its accuracy. 

Similarly, the authors in [156] enhanced the GM (1,1) model prediction accuracy by 

restructuring its background values. The authors in [157] combined residual modification 

with genetic programming sign estimation to improve the GM (1,1) model prediction 

accuracy. Optimizing the initial condition value can enhance the performance of the GM 

(1,1) model, as findings from [158] pointed out. The authors in [159] applied the particle 

swarm optimization (PSO) algorithm to increase the GM (1,1) model's prediction 

accuracy. The authors in [160] combined the GM (1, 1) and genetic algorithms to 

enhance the grey forecasting accuracy. The authors in [161] increased the GM (1,1) 

model prediction accuracy by combining artificial neural network (ANN) sign estimation 

with residual modification. The authors in [162] enhanced the GM (1,1) model by 

optimizing its background value and transforming the original data sequence. The authors 

in [145] increase the GM (1,1) model prediction accuracy by optimizing the current 

predicted value by subtracting the error between the previous accumulated time response 

of the GM (1,1) model and the previous background value. Optimizing the initial and 
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background values can increase the prediction accuracy of the GM (1,1) model, as 

pointed out by the authors in  [163]. The authors in [164] enhanced the GM (1,1) model 

prediction accuracy by optimizing its background value. Yet, these enhancements still 

result in prediction inaccuracies, indicating that further enhancements are required.  

   

6.1.1 Traditional GM (1,1) model  

 This section describes the GM (1,1) model's analysis and modeling approach. 

Assume that the sequence 𝑋(଴) 

𝑋(଴) = ቀ𝑥(଴)(1), 𝑥(଴)(2), 𝑥(଴)(3), … , 𝑥(଴)(𝑛)ቁ     (6.1) 

where 𝑋(଴) is the original non-negative data sequence, 𝑛 is the data sequence length and it 

must contain at least four data points, which is defined as 𝑛 ≥ 4. 

Applying the First Order Accumulated Generating Operation (1-AGO) to equation (6.1) 

yields the following accumulative sequence: 

𝑋(ଵ) = ቀ𝑥(ଵ)(1), 𝑥(ଵ)(2), 𝑥(ଵ)(3), … , 𝑥(ଵ)(𝑛)ቁ     (6.2) 

where is the 𝑥(ଵ)(𝑘) = ∑ 𝑥(଴)(𝑖)௞
௜ୀଵ    𝑘 = 1, 2, … , 𝑛  

The background value array sequence 𝑧(଴) is written as follows: 

𝑧(ଵ) = ቀ𝑧(ଵ)(1), 𝑧(ଵ)(2), 𝑧(ଵ)(3), … , 𝑧(ଵ)(𝑛)ቁ     (6.3) 

where 𝑧(ଵ)(𝑘) = 0.5𝑥(ଵ)(𝑘) + 0.5𝑥(ଵ)(𝑘 − 1), and 𝑘 =  2, 3, … , 𝑛.  

The first-order differential equation of the GM (1,1) model is shown below: 

𝑥(଴)(𝑘) + 𝑎𝑧(ଵ)(𝑘) = 𝑏        (6.4)  

where 𝑎 and 𝑏 are the critical parameters of the GM model, which are the donating 

developing coefficient and gray action quantity, respectively. 
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Then, use the least square method to estimate the model parameters. 

𝑎ො=[a, 𝑏]் = (𝐵𝐓𝐵)ି𝟏𝐵𝐓𝑌        (6.5) 

where 

𝐵 =

⎣
⎢
⎢
⎡
− 𝑍(ଵ)(2) 1

− 𝑍(ଵ)(3) 1
⋮ ⋮

− 𝑍(ଵ)(𝑛) 1⎦
⎥
⎥
⎤

  ,  𝑌 =

⎣
⎢
⎢
⎡
𝑥(଴)(2)

𝑥(଴)(3)
⋮

𝑥(଴)(𝑛)⎦
⎥
⎥
⎤

, and 𝑥(ଵ)(1) = 𝑥(଴)(1) 

 

The first-order differential equation of the GM (1,1) model, also known as the 

whitening equation (shadow equation) is expressed as: 

ௗ௫(భ)

ௗ௧
+ 𝑎𝑥(ଵ) = 𝑏         (6.6) 

Using 1-AGO to solve differential equation (6.4), we get the GM (1,1) model 

predicted sequence 𝑥ො(଴)(𝑘) , as shown in equation (6.7). 

 

൝
𝑥ො(଴)(1) = 𝑥ො(଴)(1)

𝑥ො(଴)(𝑘) = (1 − 𝑒ି௔) ቀ𝑥(଴)(1) −
௕

௔
ቁ 𝑒ି௔(௞ିଵ) +

௕

௔

    𝑘 =  2, 3, … , 𝑛   (6.7) 

 

Restore the 𝑥ො(଴) value sequence: 

 

𝑥ො(଴)(𝑘) = 𝑥ො(ଵ)(𝑘) − 𝑥ො(ଵ)(𝑘 − 1)       (6.8) 

 

where 𝑥ො(଴)(𝑘) is the predicted time response of the GM (1,1) model at time 𝑘, 𝑥ො(ଵ)(𝑘) 

accumulated time response of the GM (1,1) model, and 𝑥ො(ଵ)(𝑘) is a simulative value of 

𝑥ො(଴)(𝑘).   
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6.1.2 The Improved IGM (1,1) model  

 Due to the GM (1,1) model producing an inaccurate prediction, its prediction 

accuracy needs to be enhanced. To address the weaknesses of the GM (1,1) model 

prediction accuracy, I proposed Improved Grey Prediction Model (IGM (1,1)) to 

minimize the GM (1,1) model's error prediction and enhance its overall performance. The 

IGM (1,1) model was based on optimizing the current predicted value by subtracting the 

error between the previously accumulated sequence 𝑥ො(ଵ)(𝑘) and the previous background 

value 𝑧(ଵ)(𝑘) [145]. Therefore, the following describes the modeling technique for the 

improved IGM (1,1) model. 

Equation (6.9) defines the predicted value’s error equation:  

  𝛿(ଵ)(2) = 𝑥ො(ଵ)(1) − 𝑧(ଵ)(1)     

  𝛿(ଵ)(3) = 𝑥ො(ଵ)(2) − 𝑧(ଵ)(2) 

    ⋮ 

𝛿(ଵ)(𝑘) = 𝑥ො(ଵ)(𝑘 − 1) − 𝑧(ଵ)(𝑘 − 1),  𝑘 =  2, 3, … , 𝑛     (6.9) 

Substituting equations (6.3) and (6.7) with equation (6.9) renders the following: 

 

𝛿(ଵ)(𝑘) = ቂ(1 − 𝑒ି௔) ቀ𝑥(଴)(1) −
௕

௔
ቁ 𝑒ି௔(௞ିଵ) +

௕

௔
 ቃ − 0.5ൣ𝑥(ଵ)(𝑘) + 𝑥(ଵ)(𝑘 − 1)൧   (6.10) 

 

Finally, by substituting the predicted value’s error equation (6.10) for equation (6.7), we 

obtain the improved IGM (1,1) model prediction sequence 𝑥ො(଴)(𝑘) as follows:  

 

൝
𝑥ො(଴)(1) = 𝑥(଴)(1)

𝑥ො(଴)(𝑘) = ቂ (1 − 𝑒ି௔) ቀ𝑥(଴)(1) −
௕

௔
ቁ 𝑒ି௔(௞ିଵ) +

௕

௔
 ቃ − 𝛿(ଵ)(𝑘)

     (6.11) 

 

where 𝑘 =  2, 3, … , 𝑛.  
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6.2 Data Description 

In this study, three GHPS output temperature datasets were utilized to assess and 

validate the improved IGM (1,1) model. The data sets were collected from various places 

and during various times of operation and were examined for anomalies, negatives, and 

randomness. The first dataset was obtained from Oklahoma State University and the 

reading was from January 1 to January 2, 2015 [28]. The second dataset was obtained 

from the University of Politècnic de Valitècnic and the reading was from May 8 to May 

9, 2002 [108]. The third one was obtained from Oakland University and the reading was 

from July 1 to July 2, 2019 [27]. The 24 data points (i.e., 24 hours) were divided into two 

periods: an in-sample dataset (i.e., training) from 1 to 24 and an out-of-sample dataset 

(i.e., prediction) from 25 to 32. In addition, an in-sample component was divided into two 

parts, with 75% of the data utilized to train the model from 1 to 18 to precisely forecast 

the GHPS’s output temperature for the next eight hours, and the remaining 25% of data 

from 19 to 24 selected to evaluate the model accuracy. The IGM (1,1) model was applied 

to predict the GHPS output temperature for each of the data sets described above 

separately, and it was implemented in MATLAB.   

 

6.3 Model Accuracy Evaluations 

In this study, I used the three matrices Mean Absolute Error (MAE), Root Mean 

Square Error (RMSE), and Mean Absolute Percentage Error (MAPE) to evaluate the 

prediction accuracy of the IGM (1,1) and GM (1,1) models. Thus, the MAE, RMSE, and 

MAPE are defined according to equations (6.12) – (6.14), respectively.   
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MAE = 
ଵ

௡
෌ ห𝑥ො(଴)(𝑘) − 𝑥(଴)(𝑘)ห 

௡

௜ୀଵ
       (6.12) 

     

RMSE =ඨ
ଵ

௡
෍  ൫𝑥(଴)(𝑘) − 𝑥ො(଴)(𝑘)൯

ଶ௡

௜ୀଵ
      (6.13) 

     

MAPE = 
ଵ

௡
෍ ቚ

௫ො(బ)(௞)ି௫(బ)(௞)

௫ො(బ)(௞)
ቚ × 100% 

௡

௜ୀଵ
       (6.14) 

 

where  𝑥(଴)(𝑘) is the actual value and 𝑥ො(଴)(𝑘) is the predicted value, and 𝑛 is the number 

of observations. Lower MAE, RMSE, and MAPE (%) values indicate that the model is 

working optimally. Table 6.1 shows the MAPE criteria.  

 

Table 6.1 The MAPE criteria. 

MAPE (𝟏𝟎𝟎%) Accuracy  

0 – 10 

10 – 20 

20 – 50 

> 50 

High  

Good  

Reasonable  

Inaccurate  
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CHAPTER SEVEN 
 

SIMULATION RESULTS AND DISCUSSION 
 
 
 

7.1 Case Study I: GHPS at Oakland University 

7.1.1 System Description 

 A 400-ton capacity Geothermal Heat Pump System (GHPS) was installed at 

Oakland University in the summer of 2012. The GHPS provides cooling and heating for 

the Human Health Building (HHB), which has five floors, a total area of 159,793 m2 and 

uses a lot of energy. Thus, a GHPS with a large capacity was appropriate. The GHPS is 

composed of a vertical GHE, a heat pump, and a distribution system as depicted in Figure 

7.1. The GHE consists of 256 geothermal boreholes that are each 98 m deep and spaced 

7.62 m apart from one another. Thus, there was no interference between the legs of the 

two U-tube GHE pipes. A single High-Density Polyethylene (HDPE) pipe was inserted 

into each borehole as a U-shaped. The HDPE pipe's geometrical properties are shown in 

Table 7.1. Thermally enhanced bentonite grout with high conductivity was used to fill the 

space between the HDPE pipe and the borehole wall, creating a strong thermal 

connection between the pipe and the surrounding ground. Additionally, preventing the 

borehole wall from collapsing and groundwater contamination from occurring extends 

system life. Then, these U-tube pipes were connected in parallel with the heat pumps and 

are filled with water and an anti-freeze solution to promote heat transfer between the 

ground and the heat pump system. Two 60-horsepower (HP) water pumps with variable-

frequency drives (VFDs) were connected in parallel with forty-four heat pumps. The HP-

VFDs (i.e., water circulation pumps) flow the water through loop pipes at different rates 
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as needed. When the first pump is running, the second is in standby mode. After the heat 

pump delivers the desired temperature in the building, fans in the distribution unit system 

circulate the warm or cold air there to exchange it with the cooler or warmer air, keeping 

a consistent temperature throughout the entire building.  

 

 

Figure 7.1. Schematic diagram of the GHPS at Oakland University.   

 

 The GHPS has been providing the HHB with effective heating and cooling since 

it began operating in August 2012. The author in [27] evaluated Oakland University's 

GHPS performance from 2013 to 2015 using its input and output temperature datasets. 

The author found that the temperature fluctuations were minimal, indicating that the 

underground loop pipes were an appropriate length to supply the entire building with 

heating and cooling energy, with the additional ability to supply more.   
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 To keep the GHPS system operating at its maximum efficiency and continuing to 

provide adequate temperatures to the HHB, water velocity must be optimally controlled 

so that the water reaches the desired temperature without wasting any additional power 

used by the water circulation pump. Model Predictive Control (MPC) functions as a 

power management system, reducing power consumption by controlling water velocity 

and ensuring that it flows within the optimal range. 

 

Table 7.1. HDPE Pipe Geometric Characteristics.   

Symbol Value Unit Description  

𝒌𝒑 

𝒅𝒊 

𝒅𝒐 

𝛒𝒑 

𝑳  

0.5 

0.026 

0.032 

959.98 

98 

W/m . ℃ 

m  

m  

kg/mଷ 

m 

Thermal 

conductivity  

Inner diameter 

Outer diameter  

Density 

Length 

 

 

7.1.2 Physical Setup 

 I assumed the water velocity to be 𝑣 = 0.2 m/s, since it is not constant, to 

determine the heat transfer convective coefficient ℎ௜. Equation (4.17) was used to 

determine the convective heat transfer coefficients for both heating and cooling modes: 
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For heating: 

 

ℎ௜ = ቀ
଴.ହ

଴.଴ଶ଺
ቁ (0.023) ቀ

ଵ.଻ଶ଺∗ସ.ଶଶ

଴.ହ
ቁ

଴.ସ

ቀ
ଽଽଽ.ଽସ∗଴.ଶ∗ଷ଺଴∗଴.଴ଶ଺

ଵ.଻ଶ଺
ቁ

଴.଼

= 2184.08  W/mଶ. ℃  

 

 

For cooling: 

 

ℎ௜ = ቀ
଴.ହ

଴.଴ଶ଺
ቁ (0.023) ቀ

଴.ଽ଻ସ∗ସ.ଵହ

଴.ହ
ቁ

଴.ଷ

ቀ
ଽଽ଻.ଽ଺∗଴.ଶ∗ଷ଺଴∗଴.଴ଶ଺

଴.ଽ଻ସ
ቁ

଴.଼

= 2209.55  W/mଶ. ℃  

 

The overall heat transfer coefficient 𝑈଴ for heating and cooling modes was obtained by 

substituting the convective heat transfer coefficient into the equation (4.18) as shown 

below:  

For heating: 

𝑈଴ = ቐ
1

2184.08
൬

0.032

0.026
൰ +

0.032 𝑙𝑛 ቀ
0.032
0.026

ቁ

0.5
+ 0.0385ቑ

ିଵ

= 19.10  W/mଶ. ℃ 

 

 
For cooling:  

𝑈଴ = ቐ
1

2209.55
൬

0.032

0.026
൰ +

0.032 𝑙𝑛 ቀ
0.032
0.026

ቁ

0.5
+ 0.0385ቑ

ିଵ

= 19.10  W/mଶ. ℃ 

   
The Oakland university’s GHE parameter values used in this study are presented in Table 

7.2. 
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Table 7.2 Ground heat exchanger parameters for Oakland University’s GHPS. 

Symbol Value   Unit              Description 

Winter Summer 

µ                    1.726              0.974            Cp                 Dynamic viscosity     

ρ                     999.94           997.96          kg/mଷ           Water density 

𝑪𝒑                  4.22                4.15              kJ/kg . ℃       Specific heat 

𝒌𝒘                  0.5                  0.5                W/m . ℃       Water Thermal conductivity 

𝒗                    0.35 - 0.45     0.35 - 0.45     m/s               Water velocity  

𝒏                    0.4                  0.3                    −                Heating/cooling exponent 

𝒉𝒊                   2105.70            2182.17       W/mଶ. ℃       Convective heat transfer  

                                                                                         coefficients 

𝑼𝟎                  19.10              19.10             W/mଶ. ℃      Overall heat transfer coefficient 

𝑹𝒗                  0.0385             0.0385           mଶ. ℃/ W     Soil thermal resistance 

𝑻𝒊𝒏                 2                      22                 ℃                    Input temperature 

𝑻𝒈                  11.6                 11.6              ℃                    Ground temperature 

 
 
 
 

7.1.3 Heat Transfer Model Implementation  

The heat transfer behaviors between the flowing liquid (i.e., water) temperature 

inside a single vertical U-tube pipe and its surrounding earth for both heating and cooling 

modes are demonstrated through the simulations, as well as the effect of water velocity 

on the GHE's output temperature. The vertical GHE at Oakland University was utilized to 

validate the proposed heat transfer model in both modes. The heat transfer model 

equation (4.19) was written in MATLAB script and implemented using an Ordinary 

Differential Equation (ODE) solver. The parameters of the heat transfer model were 

presented in Table 7.1 and Table 7.2 and were utilized in equation (4.19a) for heating 
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mode and equation (4.19b) for cooling mode. The initial temperature values were 

assumed to be 𝑇(0) = 2 ℃ for heating mode and 22 ℃ for cooling mode, referring to the 

temperature at the beginning of the pipe 𝑥 = 0 and decrease or increase according to the 

surface air temperature as it flowed through the length of pipe 𝐿. The ground temperature 

is constant, which is assumed to be 11.6 ℃ for both modes. The heat carrier (i.e., water) 

flows at different velocities through the loop pipes and these velocities influence the loop 

temperature. To demonstrate that, four different water velocities were used for heating 

and cooling modes: 0.35, 0.45, 0.9, and 1.2 m/s. Subsequently, the proposed model 

(4.19), was implemented, and the water temperature behavior within the pipe for both 

modes was observed, as shown in Figures 7.2 and 7.3. 

 

Figure 7.2.  Water temperature behavior in a vertical U-tube pipe for GHPS at Oakland 

University in heating mode.  
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Figure 7.3. Water temperature behavior in a vertical U-tube pipe for GHPS at Oakland 

University in cooling mode. 

 

 

 Figure 7.2 depicts the water temperature behavior in a single vertical U-tube pipe 

for heating mode. The water temperature exponentially increased from the beginning of 

the pipe and continued rising throughout the pipe until it reached the desired temperature 

(i.e., ground temperature) at 91 m and 96 m at applied velocities of 0.35 and 0.45 m/s, 

respectively. The heated water temperature gradually stabilized throughout the pipe's exit 

and can then be transferred to the heat pump system. In this instance, the earth's heat was 

transferred to the water within the pipe. According to Figure 7.2, it can be observed that 

the water temperature 𝑇(𝑥) reached the ground temperature or the heat exchanger 

between the water inside the pipe and the surrounding ground was balanced when the 
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water velocity was between 0.35 m/s and 0.45 m/s. Nevertheless, when the water 

velocity was raised to 0.9 and 1.2 m/s, the water temperature did not reach the ground 

temperature despite reaching the exit of the loop pipe. At these high velocities, 

considerably more power was consumed, which was used for heat and water circulation 

pumps.  

 Water temperature behavior in a vertical U-tube pipe for cooling mode is depicted 

in Figure 7.3. Since the water temperature is warmer than that of the surrounding ground, 

heat is transferred to the earth. The water temperature decreased exponentially as the 

water flowed through the pipe until it reached the ground temperature of 11.6 ℃ at 92 m 

and 96 m when the water velocity was 0.35 m/s and 0.45 m/s, respectively. However, 

when the water velocity was insufficient to allow enough time for heat exchange, which 

was between 0.9 to 1.2 m/s, the water temperature did not approach the ground. 

 According to the simulation results (Figures 7.2 and 7.3), the water velocity was 

affected by the water temperature, which in turn affected the thermal performance of the 

GHE. By increasing water velocity, the water had less time to reach ground temperature, 

resulting in large temperature differences between the water and ground temperatures. 

Hence, the water temperature only approached the ground temperature when the water 

velocity was reduced sufficiently to enable it to heat or cool. Allowing enough time for 

the heat exchanger between the water inside the pipe and the surrounding earth to reach 

ground temperature is therefore crucial. High-velocity water pushing provided no benefit 

because it neither delivered an appropriate temperature nor saved power used by the 

water circulation pump. However, when the water velocity is too low, the water 

temperature reaches the ground before the exit of the pipe and remains relatively constant 
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throughout the pipe loop, rendering most of the loop useless. Optimally, controlling water 

velocity is crucial such that the water temperature reaches the ground temperature 

without consuming any additional power resources; for instance, the circulation water 

pump requires more power to increase water velocity. Furthermore, the heat pump must 

compensate for heat that is not delivered from the ground.  

 To further validate the proposed dynamic heat transfer model's performance, the 

proposed model (4.19) was used to simulate the water temperature behavior inside the U-

tube pipe in the vertical ground heat exchanger of the geothermal heat pump system at 

the University of the Politècnica de València and Oklahoma State University.   

 

 7.2 Case Study II: GHPS at the University of the Politècnica de València 

7.2.1 System Description 

The ground source heat pump system was installed at the University Politècnica de 

València in 2004 to provide efficient heating and cooling for the building’s total area of 

250 m2. The ground source heat pump system consists of the ground source heat 

exchanger (GSHX) and heat pump system, and a hydraulic group. The GSHX is made up 

of six vertical geothermal boreholes that were drilled to a depth of 50 m, with a diameter 

of 0.15 m, and spaced 3 m apart from one another. The GSHX was instilled in soil with a 

thermal conductivity of 1.43 W/m. K and a volumetric heat capacity of 2.25 MJ/m3. K.  

A high-density polyethylene (HDPE) pipe was installed into each vertical borehole as a 

single U-tube borehole configuration, with inner and outer diameters of 0.0254 m and 

0.0314 m, respectively. A 0.07 m shank spacing between two U-tube legs ensured that no 

thermal short circuit occurred. The sand was used to fill the space between the outer pipe 
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wall and the borehole wall, creating a strong thermal connection between the pipe and the 

surrounding ground. The exterior surface was finished with a bentonite layer to prevent 

pollutants from entering the aquifers. The vertical ground loop pipes were then connected 

to the heat pump in a balanced parallel configuration. Furthermore, these pipes were 

filled with water to act as heat transfer carriers between the ground and the heat pump 

system by continually circulating the water. Grundfos pump with a three-phase electrical 

supply, model CH4-30 (i.e., water circulation pump) flows the water through loop pipes 

at varying velocities as needed. Furthermore, the system consists of a water-to-water heat 

pump (IZE-70 model) with nominal cooling and heating capacities of 15.9 KW and 19.3 

KW, respectively. The ground temperature tested was 18.5 °C [26, 165, 166]. 

 

7.2.2 Physical Setup 

 Although the water velocity was not constant, it was assumed to be 0.2 m/s to 

calculate the heat transfer convective coefficients ℎ௜ for the heating and cooling modes. 

The convective heat transfer coefficients for both modes were calculated using equation 

(4.17), and they were 2184.08 and 2209.55 W/mଶ. ℃ for the heating and cooling modes, 

respectively. These values were substituted into equation (4.18) to calculate the overall 

heat transfer coefficients 𝑈଴ for the heating and cooling modes. The result was 28.94 

W/mଶ. ℃ for both modes. The various heat transfer model parameters are depicted in 

Table 7.3 and were used in equation (4.19a) for heating mode and equation (4.19b) for 

cooling mode.  
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Table 7.3 Ground heat exchanger parameters for the University of Politècnica de 

València’s GHPS. 

Symbol Value      Unit             Description 

Winter Summer 

µ                        1.3873          0.8693            Cp                  Dynamic viscosity     

ρ                         999.8            996.79           kg/mଷ            Water density 

𝑪𝒑                      4.22               4.15              kJ/kg . ℃        Specific heat 

𝒌𝒘                      0.5                 0.5                W/m . ℃        Water Thermal conductivity 

𝒗                        0.28 - 0.38     0.28 - 0.38     m/s               Water velocity  

𝒏                        0.4                  0.3                    −                Heating/cooling exponent 

𝒉𝒊                       2184.08          2209.55        W/mଶ. ℃       Convective heat transfer  

                                                                                             coefficients 

𝑼𝟎                      28.94              28.94             W/mଶ. ℃      Overall heat transfer  

                                                                                             coefficients 

𝑹𝒗                      0.0207             0.0207           mଶ. ℃/ W     Soil thermal resistance 

𝑻𝒊𝒏                     8                      26                  ℃                  Input temperature 

𝑻𝒈                      18.5                 18.5               ℃                  Ground temperature 

𝒌𝒑                      0.5                     0.5            𝐖/𝐦 . ℃          Pipe thermal conductivity 

𝒅𝒊                      0.0254             0.0254            m                   Inner pipe diameter  

𝒅𝒐                      0.0314             0.0314           m                   Outer pipe diameter  

𝛒𝒑                     959.98               959.98        kg/m3               Pipe density  

𝑳                       50                      50                  m                  Pipe length  

 

 

7.2.3 Heat Transfer Model Implementation 

Furthermore, the proposed heat transfer model was validated using the vertical 

GHE at the University of Politècnica de València for both heating and cooling modes. 

The proposed dynamic model equation (4.19) was written in MATLAB script and 
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implemented using an ODE solver. The heat transfer model parameters were presented in 

Table 7.3 and were used in equation (4.19a) for heating mode and equation (4.19b) for 

cooling mode. The initial temperature values 𝑇(0) = 8℃ for heating mode and 26℃ for 

cooling mode. The ground temperature remained constant at 18.5℃ for both modes. Four 

different water velocities of 0.28, 0.38, 0.7, and 1 m/s were used to demonstrate how the 

water velocity affects the exit loop temperature. Consequently, the proposed model was 

implemented, and the water temperature behavior within the U-tube pipe was observed 

for both modes, as shown in Figures 7.4 and 7.5. 

 

Figure 7.4.  Water temperature behavior in a vertical U-tube pipe for GHPS at the 

University of Politècnica de València in heating mode. 
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Figure 7.5.  Water temperature behavior in a vertical U-tube pipe for GHPS at the 

University of Politècnica de València in cooling mode. 

 

 

 Figure 7.4 demonstrates the water temperature behavior inside a U-tube pipe for 

heating in a vertical ground heat exchanger for a geothermal heat pump system at the 

University of Politècnica de València. According to the figure, the water temperature 

increased exponentially during water flow inside the pipe from 8 ℃ until it reached 

the desired temperature (i.e., ground) temperature of 18.5 ℃ at the pipe’s exit when the 

water velocity was 0.28 and 0.38 m/s. However, the water temperature did not reach the 

ground when the water velocity was 0.7 and 1 m/s. This was due to insufficient time for 

the heat exchanger between the water inside the pipe and the surrounding ground to 

balance.  
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 The water temperature behavior inside a U-tube pipe in a vertical ground heat 

exchanger for cooling mode is depicted in Figure 7.5. The water temperature decreased 

exponentially along the pipe from 26 ℃ until it reached the ground temperature of 

18.5 ℃ at the loop pipe’s exit when the water velocity was 0.28 and 0.38 m/s. However, 

when the water velocity was increased to 0.7 and 1 m/s, the water temperature did not 

reach the ground temperature.  

 

7.3 Case Study III: GHPS at Oklahoma State University 

7.3.1 System Description 

The geothermal heat pump system was installed at Oklahoma State University to 

provide heating and cooling for the building. The datasets for vertical ground heat 

exchangers are from a large laboratory "sandbox" that includes a borehole with a vertical 

single U-tube. The GHE is made up of a vertical borehole drilled to a depth of 20 m. A 

single U-tube HDPE pipe with inner and outer diameters of 0.0273 m and 0.0334 m, 

respectively, was installed into the vertical borehole. A shank spacing of 0.053 m 

between two U-tube legs prevented a thermal short circuit. The space between the outer 

pipe wall and the borehole wall was backfilled with bentonite grout. This enabled a 

strong connection between the pipe and the surrounding ground, which provides an 

efficient transfer of heat in either direction. The thermal conductivity of the soil is 2.82 

W/ m.K, the volumetric heat capacity is 3.2*106 J/ (m3 K). In this experiment, water was 

used as the working fluid with an average volumetric flow rate of 0.197 L/s [28].  

 

 



 97

7.3.2 Physical Setup 

 Equation (4.17) was used to calculate the convective heat transfer 

coefficients ℎ௜ for both modes, and they were 2411.22 and 2517.91 W/mଶ. ℃ for the 

heating and cooling modes, respectively. The overall heat transfer coefficients 𝑈଴ for 

both modes were 41.869 W/mଶ. ℃. The heat transfer model parameters for the vertical 

ground heat exchanger are depicted in Table 7.4. 

 

Table 7.4 Ground heat exchanger parameters for Oklahoma State University's GHPS. 

Symbol Value       Unit             Description 

Winter Summer 

µ                        1.3076          0.7342            Cp                  Dynamic viscosity     

ρ                         994.4            999.65           kg/mଷ            Water density 

𝑪𝒑                      4.20               4.18              kJ/kg . ℃        Specific heat 

𝒌𝒘                      0.5                 0.5                W/m . ℃        Water Thermal conductivity 

𝒗                        0.17 - 0.22     0.17 - 0.22     m/s               Water velocity  

𝒏                        0.4                  0.3                    −                Heating/cooling exponent 

𝒉𝒊                       2411.22          2517.91        W/mଶ. ℃       Convective heat transfer  

                                                                                              coefficients 

𝑼𝟎                      41.87              41.87            W/mଶ. ℃       Overall heat transfer coefficient 

𝑹𝒗                      0.01                0.01              mଶ. ℃/ W      Soil thermal resistance 

𝑻𝒊𝒏                     10                    34                 ℃                   Input temperature 

𝑻𝒈                      22.1                 22.1              ℃                   Ground temperature 

𝒌𝒑                      0.5                    0.5            𝐖/𝐦 . ℃           Pipe thermal conductivity 

𝒅𝒊                      0.0273             0.0273            m                   Inner pipe diameter  

𝒅𝒐                      0.0334             0.0334           m                   Outer pipe diameter  

𝛒𝒑                     959.98               959.98        kg/m3               Pipe density  

𝑳                       20                      20                  m                  Pipe length  
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7.3.3 Heat Transfer Model Implementation 

 Finally, the vertical GHE at Oklahoma State University was used to validate the 

proposed heat transfer model. The heat transfer model equation (4.19) was implemented 

in MATLAB using an ODE solver. The heat transfer model parameters are presented in 

Table 7.4. The initial temperature values for heating and cooling modes are 10℃ and 

34℃, respectively. For both modes, the ground temperature remained constant at 22.1°C. 

To demonstrate how water velocity affects exit loop temperature, I applied four different 

water velocities of 0.17, 0.22, 0.4, and 0.6 m/s. Subsequently, the proposed dynamic 

model was implemented, and the water temperature behavior inside the vertical U-tube 

pipe was observed for heating and cooling modes (depicted in Figures 7.6 and 7.7). 

 

Figure 7.6.  Water temperature behavior in a vertical U-tube pipe for GHPS at the 

Oklahoma State University in heating mode. 
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Figure 7.7.  Water temperature behavior in a vertical U-tube pipe for GHPS at the 

Oklahoma State University in cooling mode. 

 

 Figure 7.6 depicts the water temperature behavior within a vertical U-tube pipe 

for the heating mode of the GHPS at Oklahoma State University. The water temperature 

increased exponentially at the beginning of the pipe and continued to rise as it flowed 

through the pipe until it reached the ground temperature at 18.5 m and 20 m when the 

applied velocities were 0.17 and 0.22 m/s, respectively. The heated water temperature 

can then be transferred to the heat pump system. In this instance, because the ground 

temperature is higher than the water temperature, thus the earth's heat was transferred to 

the water inside the pipe. According to the figure, the water temperature reached the 

desired temperature (i.e., ground temperature) when the water velocity was between 0.17 
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m/s and 0.22 m/s. However, the water temperature did not reach the ground when the 

water velocity was raised to 0.4 and 0.6 m/s.  

 Water temperature behavior in a vertical U-tube pipe for cooling mode is depicted 

in Figure 7.7. in this case, heat is transferred to the earth because the water temperature is 

higher than that of the surrounding ground. The water temperature decreased 

exponentially as it flowed through the pipe until it reached the ground temperature of 

22.1 ℃ at 18.5 m and 20 m, respectively when the water velocity was 0.17 m/s and 0.22 

m/s. Yet, the water temperature did not approach the ground when the water velocity 

was increased to 0.4 and 0.6 m/s.   

 In summary, the proposed model was validated using three real-world case studies 

of GHPSs at Oakland University, the University Politècnica de València, and Oklahoma 

State University. The optimal water velocity ranges in the vertical U-tube pipe of the 

mentioned GHPSs are depicted in Table 7.5. The acceptable range of water velocity in 

 

Table 7.5 Appropriate range of water velocity in varying vertical GHEs. 

GHE Location Water Velocity Range 

Oakland University  

University Politècnica de València 

Oklahoma State University  

0.35 – 0.45 m/s 

0.28 – 0.38 m/s 

0.17 – 0.22 m/s 

 

a vertical single U-tube GHE pipe at Oakland University was between 0.35 and 0.45 m/s 

to ensure that the heat pump delivers the appropriate temperature to provide HHB with 

comfortable temperatures, regardless of the season. The acceptable water velocity range 
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for the University Politècnica de València's GHPS was between 0.28 and 0.38 m/s, and 

from Oklahoma State University, it was between 0.17 and 0.22 m/s.   

 As previously discussed in Chapter 3, the GHPS is site-dependent, meaning it 

only functions properly and attains maximum use of the Earth's heat when the GHEs are 

installed in a site with soil that has strong thermal properties (i.e., high temperature). 

Furthermore, GHPSs’ output temperatures are limited and completely dependent on 

ground temperature and, they cannot provide heat to the heat pump system at 

temperatures higher than the ground temperature. Therefore, Oklahoma State University's 

GHPS was the most beneficial as it provided the highest temperature to the heat pump 

system, followed by GHPS at the University Politècnica de València, and then Oakland 

University. This likely occurred because the ground temperature in Oklahoma is higher 

than those in Valencia and Michigan. One significant advantage of installing GHPSs on 

sites with strong thermal properties is that it reduces operating costs. For instance, the 

GHPS at Oklahoma State University consumed less power for the water circulation pump 

and heat pump than other GHPSs, as shown in Figure 7.11 and Table 7.6.  
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Figure 7.8.  Relationship of the geothermal heat transfer rate and thermal resistance.  

 

 Figure 7.8. Illustrates the results of the geothermal heat transfer rate, according 

to the thermal resistance. The heat transfer rate increases as thermal resistance decreases. 

The maximum heat transfer rate was observed (41.869 W/mଶ. ℃) when the thermal 

resistance was 0.01 mଶ. ℃/ W. Thermal resistance influences the heat transfer rate 

between the water inside the pipe and the surrounding ground; therefore, lowering 

thermal resistance allows more heat to flow quickly in either direction. The correlation 

equation is defined by 𝑦 = 4 𝐸 −  05𝑥ଶ  − 0.0039𝑥 − 0.0969. 

where 𝑥 represents thermal resistance (mଶ. ℃/ W ) and 𝑦 represents the heat transfer rate 

(W/mଶ. ℃).  
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Figure 7.9.  Relationship of the geothermal pipe length and water velocity.  

 

         The results of the water velocity according to the pipe length are depicted in Figure 

7.9. According to the figure, the water velocity increases as the pip length increases. This 

indicates that controlling the water velocity inside the GHE's U-tube can reduce power 

consumption for the water circulation pump and heat pump, thereby enhancing GHPS 

performance. Here, the correlation equation describes the relationship between water 

velocity and pipe length, which is defined as 𝑦 = −4 𝐸 −  05𝑥ଶ + 0.0072𝑥 − 0.0662. 

where 𝑥 represents the pipe length (m) and 𝑦 represents the water velocity (m/s).  
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Figure 7.10.  Relationship of the geothermal heat transfer rate and Coefficient of 

Performance (COP). 

 

 Figure 7.10. depicts the results of COP according to the geothermal heat 

transfer rate. The COP of geothermal heat pump systems at Oakland University, the 

University Politècnica de València, and Oklahoma State University was 4.1, 4.5, and 4.9, 

respectively. The highest COP 4.9 was observed when the geothermal heat transfer rate 

was 45.2 W/mଶ. ℃. As the heat transfer rate decreases, the COP decreases. Therefore, 

any increase in the heat transfer rate between the water inside the pipe and the 

surrounding ground will result in enhanced overall system performance. 
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Figure 7.11.  Water circulation pump and heat pump power consumption, where GHPS 1 

is at Oakland University, GHPS 2 is at the University Politècnica de València, and GHPS 

3 is at Oklahoma State University. 

 

Table 7.6.  Water circulation pump and heat pump power consumption (kW). 

GHPS Location Water Circulation 

Pump 

Heat Pump Total 

Oakland University 

University Politècnica de València 

Oklahoma State University 

7.99 

5.93 

4.77 

29.506 

20.855 

11.693 

37.496 

26.785 

16.463 

 

Figure 7.11 depicts the water circulation pump and heat pump power consumption 

for each GHPS.  The total power consumption for GHPS 1, GHPS 2, and GHPS 3 was 
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37.496 kW, 26.785 kW, and 16.463 kW, respectively, as shown in Table 7.6. According 

to the table, the power consumption of GHPS 1's water circulation pump and heat pump 

was the lowest, followed by GHPS 2, and then GHPS 3. As a result, Oklahoma State 

University's GHPS was the most advantageous because it obtained the greatest amount of 

earth's heat while consuming less power for the water circulation pump and heat pump, 

and its COP was higher than the GHPS at those universities.  

 

7.4 Controlling 

MPC was designed to control the water velocity inside the vertical underground loop 

pipe, which can optimize the GHE's water temperature such that it reaches ground 

temperature near the pipe exit. This ensures that the heat pump will deliver the desired 

temperature (i.e., ground temperature). The proposed nonlinear heat transfer model is a 

single input single output (SISO) control system that was previously mathematically 

modeled in Chapter 4. 

 

7.4.1 MPC Implementation  

The working fluid (i.e., water) velocity in the vertical U-tube pipe affects the water 

temperature in the GHE and consumes power which will increase with higher velocities. 

To optimize the water temperature, the MPC was designed to control the water velocity 

by determining the next optimal value 𝑣(𝑘 + 1 + 𝑖) based on optimization. This forces 

the water temperature to follow the reference temperature trajectory along the prediction 

horizon (𝑁𝑃) while satisfying the constraints in control input values 𝑣௠௜௡ and 𝑣௠௔௫  

accomplishing two major goals. First, it keeps the water flowing at an optimal rate and 
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reduces the power consumption of the water circulation pump because there is no need to 

increase the water velocity. Second, it allows the water temperature to track the reference 

temperature signal, as demonstrated in Figure 7.12. The system model's parameter values 

were defined in Tables 7.1 and 7.2, and the prediction model was calculated using the 

discrete state space model (5.3). In addition, the MPC parameters were 𝑁௉ = 12, 𝑁஼ = 2, 

and 𝑇௦ = 0.01 𝑠𝑒𝑐, which were precisely tuned to achieve robust performance. The 

quadratic problem (QP) was solved subject to input constraints −10 ≤ 𝑢(𝑘) ≤ 10 along 

with the length prediction. Figure 7.12 depicts the MPC controller design of the water 

velocity in the vertical ground heat exchanger. 

 

Figure 7.12. The MATLAB-Simulink MPC controller design model for water velocity in 

the vertical ground heat exchanger.   

 

Subsequently, the MPC simulation results were implemented using a MATLAB 

script and the Simulink platform, as shown in Figures 7.13 and 7.14. 
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Figure 7.13. The MATLAB-Simulink model of the MPC water temperature results 

tracking the reference temperature trajectory.  

 

Figure 7.14. MPC control signal. 
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Figure 7.13 depicts the GHE’s water temperature response behavior under the 

proposed MPC approach. According to this figure, the water temperature precisely 

tracked the reference temperature trajectory, with a slight over/undershoot. The result 

reflects the performance of the robust control design, which was influenced by 

fluctuations in water velocity and occurred when the water velocity exceeded the 

assumed constraints. The result revealed that the MPC can reduce the energy used by the 

water circulation pump while also stabilizing the water temperature to achieve the desired 

temperature. The MPC control signal is stable within the assumed range and fluctuates 

slightly, especially occurring at each beginning movement step (i.e., at ~ 3.2, 6.5, 10, 

and 12.5 sec) according to the reference trajectory. The simulation result validated the 

MPC control design by matching water temperature results to a predefined reference 

trajectory. 

 

7.5 GHPS Output Temperature Prediction 

   This section forecasts the GHPS output temperature for the next eight hours at three 

different locations, including Oklahoma State University, the University of Politècnic de 

Valitècnic, and Oakland University, using the IGM (1.1) model described in Chapter 6. 

Furthermore, three datasets are utilized to validate the IGM (1,1) model's accuracy. 

 

7.5.1 Case Study I: Oklahoma State University’s GHPS Output Temperature Prediction 

Oklahoma State University's GHPS output temperature data set of 24 data points 

(i.e., 24 hours) from January 1 to January 2, 2015, was used to train the model on its 

behavior, which was generated in the following sequence. 
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𝑥(଴)(𝑘) = (𝑥(଴)(1), 𝑥(଴)(2),..., 𝑥(଴)(24)) = (21.9778, 30.1667, …, 37.6889)  

 

The IGM (1,1) model’s parameters (𝑎, 𝑏) were determined using equation (6.5), as follows: 

 

[𝑎, 𝑏]𝐓= (B𝐓B)ି𝟏B𝐓Y,  
 
where  
 

[a, 𝑏]் = [−0.0065, 33.2012]் , 𝐵 =

⎣
⎢
⎢
⎢
⎢
⎡

−21.9778 1
−37.0611 1
−68.3361

:
⋮

−792.9056
−830.5667

1
:
⋮
1
1⎦

⎥
⎥
⎥
⎥
⎤

 and =

⎣
⎢
⎢
⎢
⎢
⎡
30.1667
32.3833
33.5167

:
:

37.6333
37.6889⎦

⎥
⎥
⎥
⎥
⎤

 

 
 

The predicted sequence 𝑥ො(଴)(𝑘) of the IGM (1,1) model is computed using 

equation (6.11), which is as follows:  

 

ቊ
𝑥ො(଴)(1) = 𝑥(଴)(1) = 21.9778  ℃

𝑥ො(଴)(𝑘) =  −33.45𝑒଴.଴଴଺ହ(௞ିଵ) − 5107.88 − (𝑥ො(ଵ)(𝑘 − 1) − 𝑧(ଵ)(𝑘 − 1))
    (7.1) 

 

I obtained the model simulation (in-sample) and prediction (out-of-sample) results 

by substituting the values of 𝑘 = 2, 3, … , 32 into the equation (7.1). Consequently, the 

prediction results are shown in Table 7.7 and Figure 7.15. According to the prediction 

results (Figure 7.15), the improved IGM (1,1) model is well-trained on the dataset (in-

sample), indicating its robustness to fit the dataset values much closer and thus accurately 

predicted Oklahoma State University's GHPS output temperature in Celsius (℃) for the 

next eight hours from 1:00 a.m. to 8:00 a.m., 2 January 2015, as follows: 37.6640, 

37.6669, 376698, 37.6727, 37.6756, 37.6785, 37.6814, and 37.6843 (see Table 7.7). The 
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prediction accuracies of the applied models were evaluated using MAE, MAPE (%), and 

RMSE and then compared as shown in Table 7.7. According to Table 7.7, it can be 

observed that the IGM (1,1) model has lower MAE, RMSE, and MAPE (%) values of 

0.027, 0.23, and 0.56 (%) than the GM (1,1) model, which has values 0.24, 1.96, and 4.98 

(%). Thus, the IGM (1,1) model reduced the error prediction, which enhanced the 

prediction accuracy of the GM (1,1) model. 

 

Table 7.7. The Hourly Oklahoma State University’s GHPS Output Temperature 

Predictions from 1:00 a.m. to 8:00 a.m. on January 2, 2015.  

Time  

(Hour) 

Actual Temperature 

Values ℃ 

IGM (1,1)  

Values ℃ 

GM (1,1) 

Values ℃ 

25 

26 

27 

28 

29 

30 

31 

32 

37.7277 

37.7666 

37.8222 

37.8777 

37.9055 

37.9444 

38 

38.0444 

37.6640 

37.6669 

37.6698 

37.6727 

37.6756 

37.6785 

37.6814 

37.6843 

38.8703 

39.1248 

39.3809 

39.6387 

39.8982 

40.1594 

40.4223 

40.6869 
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Figure 7.15. Actual (in-sample) and predicted (out-of-sample) GHPS’s output temperature 

for Oklahoma State University.  

 

 To further demonstrate the IGM (1,1) model's significant improvement in 

accuracy prediction, it was used to predict the GHPS output temperature for the following 

eight hours at both the University of Politècnica de València and Oakland University, 

respectively. Therefore, the IGM (1,1) and GM (1,1) models were implemented in 

MATLAB, and predicted values for the two GHPSs output temperatures were observed 

(shown in Table 7.8, Table 7.9, Figure 7.16, and Figure 7.17).  
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7.5.2 Case Study II: The Politècnica de València University’s GHPS Output Temperature 

Prediction 

According to the prediction results (Figure 7.16), the IGM (1,1) model accurately 

predicted Politècnica de València University's GHPS output temperature in Celsius (℃) 

for the next eight hours from 1:00 a.m. on 9 May 2002 to 8:00 a.m. on 9 May 2002, as 

follows: 19.389, 19.3879, 19.3869, 19.3858, 19.3848, 19.3837, 19.3827, and 19.3817 

(see Table 7.8). 

 

Table 7.8. The Hourly Politècnica de València University’s GHPS Output Temperature 

Predictions from 1:00 a.m. to 8:00 a.m. on May 9, 2022.  

Time  

(Hour) 

Actual Temperature 

Values ℃ 

IGM (1,1)  

Values ℃ 

GM (1,1) 

Values ℃ 

25 

26 

27 

28 

29 

30 

31 

32 

19.31 

19.29 

19.31 

19.25 

19.18 

19.25 

19.18 

18.74 

19.3890 

19.3879 

19.3869 

19.3858 

19.3848 

19.3837 

19.3827 

19.3817 

20.1565 

20.2630 

20.3701 

20.4777 

20.5859 

20.6947 

20.8040 

20.9139 
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Figure 7.16. Actual (in-sample) and predicted (out-of-sample) GHPS’s output temperature 

for Politècnica de València University.  

 

 

7.5.3 Case Study III: Oakland University’s GHPS Output Temperature Prediction 

According to Figure 7.17, the IGM (1,1) model accurately predicted Oakland 

University’s GHPS output temperature in Celsius (℃) for the following eight hours from 

1:00 a.m. to 8:00 a.m. on July 2, 2019, as follows: 20.8253, 20.8121, 20.8006, 20.7892, 

20.7777, 20.7662, 20.7548, and 20.7433 (see Table 7.9). 
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Table 7.9. The Hourly Oakland University’s GHPS Output Temperature Predictions from 

1:00 a.m. to 8:00 a.m. on July 2, 2019. 

Time  

(Hour) 

Actual Temperature 

Values ℃ 

IGM (1,1)  

Values ℃ 

GM (1,1) 

Values ℃ 

25 

26 

27 

28 

29 

30 

31 

32 

21.11 

20 

20.56 

20 

20.56 

20.11 

23.33 

22.78 

20.8235 

20.8121 

20.8006 

20.7892 

20.7777 

20.7662 

20.7548 

20.7433 

24.6442 

24.5149 

24.5658 

24.6167 

24.6678 

24.7189 

24.7702 

24.8216 
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Figure 7.16. Actual (in-sample) and predicted (out-of-sample) GHPS’s output temperature 

for Oakland University.  

 

 

Table 7.10. The accuracy assessment metrics to compare the GM (1,1), and IGM (1,1) 

models for three GHPSs’ output temperature predictions. 

 

Geothermal Heat Pump 

System Output Temperature  

Predictions 

GM (1,1) model IGM (1,1) model 

MAE RMSE MAPE 

(%) 

MAE RMSE MAPE 

(%) 

Oklahoma State University 

València University 

Oakland University 

0.24 

0.17 

0.144 

1.96 

1.402 

3.625 

4.98 

7.02 

16.66 

0.027 

0.025 

0.038 

0.23 

0.263 

1.243 

0.56 

1.033 

4.15 
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 The prediction accuracies of the IGM (1,1) and GM (1,1) models were assessed 

using the equations (6.12) – (6.14), and the results are depicted in Table 7.10. According 

to the prediction results, the IGM (1,1) model dramatically improved the prediction 

accuracy of the GM (1,1) model by minimizing the error prediction during both in-

sample and out-of-sample periods. Better yet, the IGM (1,1) model outperformed the 

traditional GM (1,1) model for all datasets used, with reduced MAE, RMSE, and MAPE 

(%) values. Even better, the IGM (1,1) model perdition accuracy was validated using 10 

geothermal energy capacity installation datasets and the model outperformed the 

traditional GM (1,1) model for all 10 datasets [8]. This indicated that the IGM (1,1) 

model ensured error reduction, meaning that it was a suitable method for producing 

accurate predictions; however, its precision varies from one dataset to another which 

depends on the self-behaviors of each dataset. For example, the IGM (1,1) model had the 

highest prediction accuracy for the GHPS output temperature at Oklahoma State 

University, with MAE, RMSE, and MAPE (%) values of 0.027, 0.23, and 0.56, 

respectively, followed by the Politècnica de València University, with MAE, RMSE, and 

MAPE (%) values of 0.025, 0.263, and 1.033, respectively. Then, Oakland University 

had MAE, RMSE, and MAPE (%) values of 0.038, 1.243, and 4.15, respectively. Simply, 

Oklahoma State University's GHPS output temperature was the most consistently applied 

dataset, making it easier for the model to accurately predict the next eight hours. On the 

other hand, the other two universities’ GHPS output temperature datasets were more 

varied, making it more challenging for the model to predict the next eight hours. 
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CHAPTER EIGHT 
 

CONCLUSION AND FUTURE WORK  
 
 
 

8.1 Conclusions 
 

 In this dissertation, a novel mathematical dynamic model of heat transfer behavior 

between liquid inside the vertical underground pipes and surrounding ground was 

proposed for heating and cooling modes in a GHE. The proposed dynamic model was 

applied to three case studies of GHPS at Oakland University, the University Politècnica 

de València, and Oklahoma State University in both heating and cooling modes to assess 

its validity and identify the optimal water velocity ranges to maximize the efficiency of 

their GHE. The proposed dynamic model was implemented in MATLAB using an ODE 

solver. The simulation results (Figures 7.2 -7.7) demonstrated that the water temperature 

only reached the ground temperature for both heating and cooling modes when the water 

velocity was moderate enough to allow sufficient time for heat exchange and reach 

equilibrium. This indicated that the heat exchange between the water inside the pipe and 

the surrounding ground required sufficient time to balance. The acceptable range of water 

velocity in a vertical single U-tube GHE pipe of GHPS at Oakland University, the 

University Politècnica de València, and Oklahoma State University was between 0.35 

and 0.45 m/s, 0.28 and 0.38 m/s, and 0.17 and 0.22 m/s, respectively (see Table 7.5).  

The Coefficient of Performance (COP) of geothermal heat pump systems at Oakland 

University, the University Politècnica de València, and Oklahoma State University was 

4.1, 4.5, and 4.9, respectively. The results showed that the GHPS at Oklahoma State 

University was more beneficial than the GHPSs at the University Politècnic de Valitècnic 
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and Oakland University as it obtained the highest heat from the earth while using the 

least power for the water circulation pump and heat pump than the GHPSs at the other 

universities.  

  Model Predictive Control (MPC) was designed to control the water velocity, 

which can optimize the water temperature. The MPC predicted the future GHE water 

temperature, resulting in a high-tracking performance with a reference temperature 

trajectory, as demonstrated by the simulation result (see Figure 7.12). This resulted in 

lower power consumption for the circulation water pump and ensured that the heat pump 

delivered the appropriate temperature. 

 The Improved Grey Prediction Model (IGM (1,1)) was proposed to increase the 

traditional GM (1,1) model prediction accuracy. The proposed IGM (1,1) model was 

based on optimizing the current predicted value by subtracting the error prediction 

between the previous accumulated time response of the GM (1,1) model and its previous 

background value. The IGM (1,1) model accurately predicted the GHPS output 

temperatures for the next eight hours at Oklahoma State University, the University of 

Politècnic de Valencia, and Oakland University. Three GHPS output temperature datasets 

were utilized to validate the IGM (1,1) model prediction accuracy. For all utilized 

datasets, the IGM (1,1) model was more accurate than the traditional GM (1,1) model, 

demonstrating that it was an efficient and promising approach for accurate short-term 

forecasting. As a result, the IGM (1,1) model improved the GM (1,1) model's prediction 

accuracy by minimizing error prediction with varying percentages based on the self-

behavior of each dataset. 
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8.2 Contributions 

 The following are the main contributions of this dissertation: 

 Developed a novel mathematical dynamic model of heat transfer behavior between 

the liquid inside the pipe and the surrounding ground in a GHE for heating and 

cooling modes.  

 Analyzed the effect of water velocity on GHE performance and loop exit 

temperature, as well as the energy consumed by the water circulation pump.  

 Identified the optimal water velocity for different vertical single U-tube GHE pipes 

of the GHPS at Oakland University, the University Politècnica de València, and 

Oklahoma State University. 

 Designed and implemented an MPC controller in a real-world case study using a 

400-ton GHPS at Oakland University to control water velocity inside the pipe, 

optimizing the GHE's exit temperature and conserving energy for the water 

circulation pump.  

 Improved a new prediction model that can accurately predict the GHPS’s output 

temperature up to eight hours in advance. 

 

8.3 Future Work 
 

 Designing Gain-Scheduled MPC (GS-MPC) Control for this nonlinear system 

model.  

 Developing a method for detecting anomalies in the water circulation pump readings 

(i.e., liquid flow rate).  
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 Improving the IGM (1,1) model for long-term GHPS’s output temperature 

prediction. 

 Developing a comparison using GHPS technology for heating and cooling as well as 

power generation.  
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