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ABSTRACT

A SIMULATION-BASED FATIGUE LIFE ESTIMATION METHOD FOR
NONLINEAR SYSTEMS UNDER NON-GAUSSIAN LOADS

by
ONKAR K. MANDE

Adviser: Zissimos P. Mourelatos

In the fields of durability and stochastic structural dynamics, it is customary to
focus on linear structures subjected to Gaussian excitations. However, real-world
engineering systems often exhibit nonlinear behavior and are exposed to non-Gaussian
loads. Calculating fatigue life for such nonlinear systems under non-Gaussian loading
presents many challenges such as complex nonlinear dynamics, multifaceted statistical
characteristics, and time-dependent effects resulting in a very high computational effort.
To overcome these hurdles, this research uses non-Gaussian Karhunen-Loeve expansion
(NG-KLE) to not only predict the expected fatigue life but also obtain the Probability
Density Function (PDF) of fatigue life. It integrates a sub-domain-based technique to
significantly reduce the computational demands while preserving accuracy, by efficiently
obtaining long time trajectories of random processes. This development is very useful for
excitation signals that far exceed the process correlation length.

The NG-KLE method serves as the main tool for characterizing the excitation
process by estimating its non-Gaussian marginal distribution and autocorrelation
function. A Karhunen-Loeve (KL) expansion is executed only for the first subdomain,
and then extended to subsequent subdomains by establishing correlations between the KL
expansion coefficients of adjacent subdomains. This innovative approach is adapted to

v



non-Gaussian (NG) excitation, allowing for efficient characterization of both the input
and output random processes using NG-KLE, enabling the generation of very long
synthetic output random stress process samples. The fatigue life corresponding to each
output stress trajectory contributes to the estimation of the PDF of fatigue life. The
proposed generalized fatigue life estimation approach accommodates both Gaussian and
non-Gaussian processes for both narrow and wide band signals. To demonstrate its
effectiveness, we use a duffing oscillator system and a practical example involving a

truck assembly modeled by the Finite Element Method (FEM).
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CHAPTER ONE

INTRODUCTION

1.1 Background

The occurrence of fatigue failure in vehicle components has long been recognized
as a prominent contributor to accidents. This form of failure is a cumulative process,
wherein materials progressively develop brittle cracks and ultimately fracture under the
influence of fluctuating stresses [1, 2]. Notably, the manifestation of fatigue failure in
mechanical parts lacks overt deformations, underscoring the pivotal role of fatigue life
prediction in the domain of automotive part maintenance and operation. Recent years
have witnessed a surge in research works aimed at predicting vehicle fatigue life,
encompassing a spectrum of topics such as simulating random excitation, analyzing the
response of vehicle components, and devising methods for fatigue life calculation.

In practical scenarios, a moving vehicle experiences non-Gaussian excitations in a
real-world environment, a departure from the Gaussian assumption. Consequently,
conventional Gaussian random signals fall short in capturing these non-Gaussian
processes. Literature presents two distinct approaches to simulate non-Gaussian
excitation [3, 4, 5, 6], one using the first four moments and power spectral density, while
the other uses a probability density function and the Power Spectral Density (PSD) to
characterize a non-Gaussian random process. The response analysis, comparatively
straightforward, has garnered attention [7, 8]. In the context of nonlinear problems, the

computation of output time trajectories necessitates using the corresponding input time



trajectories. This operation, referred to as uncertainty propagation, entails the use of
multiple trajectories to obtain accurate statistics for the output random process. This, in
turn, mandates a comprehensive characterization (i.e., generation of time trajectories) of
both input and output random processes in the time domain. However, the pursuit of
uncertainty propagation commonly demands a prolonged time horizon to yield
meaningful results. In the context of stationary processes, the practical application of the
Karhunen-Loeve expansion (KLE) over a long-time domain compared to the correlation

length of the process remains challenging.

1.2 Motivation

Failure is a cumulative event where materials gradually produce brittle cracks and
eventually break due to fluctuating stresses [8], and presents a critical challenge,
especially in vehicle components [9]. Notably, fatigue failure in mechanical parts can
remain imperceptible, making accurate fatigue life prediction a vital task in automotive
maintenance and operation. Recent years have seen a surge in research efforts aimed at
predicting vehicle fatigue life, encompassing diverse aspects such as simulating random
excitation, analyzing vehicle component responses, and devising fatigue life calculation
methodologies.

The behavior of nonlinear vibratory systems under stochastic excitation is very
significant across various disciplines, including time-dependent reliability, random
vibrations, durability, and fatigue analysis. Achieving precise predictions requires the

quantification and propagation of input uncertainty through the system to evaluate the



resultant output uncertainty. Given the dynamic nature of these systems, a time-
dependent analysis is essential. However, the inherent complexity of characterizing
nonstationary and non-Gaussian input random processes [10-13] poses significant
challenges. Literature also highlights the impact of non-Gaussian excitation on damage
accumulation [14,15], underscoring the need for accurate characterization.

In the pursuit of accurate fatigue life predictions, the consideration of a long-time
horizon becomes crucial. The temporal evolution of stress and strain patterns, influenced
by various factors, necessitates an extended observation period to capture the process
statistics and ensure meaningful results. However, applying conventional methodologies
like the Karhunen-Loeve expansion (KLE) to long time domains relative to the process
correlation length presents computational challenges. The computational effort required
for uncertainty propagation in large time horizons can be prohibitive. Thus, innovative
approaches are sought to address this issue, enabling the accurate estimation of fatigue

life for long periods.

1.3 Literature Review

Spectral decomposition techniques are commonly used to characterize Gaussian
random processes. A suite of methods has evolved, including Borgman’s approach [16,
64], Shinozuka’s method [17, 18], Karhunen-Loeve expansion (KLE) [19, 20], and
Expansion Optimal Linear Estimation (EOLE) [21], among others. While KLE primarily
caters to Gaussian processes, its applicability can be extended to non-Gaussian processes

[22]. KLE represents random processes using a weighted sum of uncorrelated



eigenfunctions derived from the process covariance matrix, leveraging spectral
decomposition. For stationary processes, knowledge of the process Power Spectral
Density (PSD) is required to construct the covariance matrix.

Methods like Borgman and Shinozuka [16-18,64], using Fourier transform
principles, treat phase angles of harmonics as independent random variables. The
assumption of ergodicity enables these methods to equate temporal and ensemble
statistics for sample trajectories. KLE decomposes the covariance function into
uncorrelated eigenfunctions, while EOLE [22] is a KLE variant. Autoregressive time
series models [23, 24] offer an alternative by presuming linear dependencies between
states based on previous states, with computation of linear dependency coefficients
typically involving a likelihood function maximization. The application of KLE to a
significantly long-time domain compared to the correlation length remains challenging
[25], as the number of KLE terms required for a given mean-square error experiences
substantial growth with domain size. This poses challenges in scenarios requiring
extensive trajectory durations. Two prominent hurdles surface: the covariance matrix size
increases, particularly with fine discretization, and eigenvalue analysis becomes
computationally demanding. Moreover, the context of uncertainty propagation in
nonlinear dynamic problems or linear scenarios driven by non-Gaussian processes
demands an accurate solution to enhance output process statistical moment accuracy
without intensive time integration of lengthy input trajectories. A generalized
methodology, using the marginal PDF of the input process and its autocorrelation
function (or PSD) [26], with a subdomain NG-KLE approach, addresses these challenges.

Notably, addressing scenarios involving many lengthy input random trajectories for



nonlinear systems necessitates an innovative strategy. An initial phase leverages short
time horizons for system evaluations, thereby generating output random trajectories to
estimate the output marginal PDF and autocorrelation function. Subsequently, a
subdomain NG-KLE methodology generates long output random process trajectories,
facilitating fatigue life estimation via the proposed generalized methodology. This
strategy streamlines computations and accommodates nonlinearities, enhancing the

efficacy of fatigue life prediction.

1.4 Methodology

The fatigue failure of vehicle components is a critical contributor to accidents.
Fatigue failure, a cumulative event wherein materials progressively develop brittle cracks
culminating in failure due to fluctuating stresses, is of paramount significance [27]. The
behavior of nonlinear vibratory systems under stochastic excitation, with its ramifications
spanning time-dependent reliability, random vibrations, durability, and fatigue, requires
an accurate assessment. To achieve accurate predictions, quantifying and propagating
input uncertainty through the system, thereby assessing output uncertainty, is a pivotal
pursuit. The dynamics of such systems necessitate a time-dependent analysis. Unlike the
relatively straightforward characterization of stationary and Gaussian random processes
[28-30], the characterization of nonstationary and non-Gaussian input random processes
poses a formidable challenge [31-33]. Existing literature underscores the heightened
sensitivity of damage accumulation under non-Gaussian excitation [34,35]. An accurate

characterization of nonstationary and non-Gaussian random processes requires the



process probability density function (PDF) and PSD which require a significant amount
of data. Conventional techniques, as the spectral representation method [36], use the
Gaussian assumption. To simulate non-Gaussian processes, existing methodologies entail
nonlinear transformations of underlying Gaussian processes, based on the Grigoriu

translation process theory [37].

This study presents a novel approach to simulate non-Gaussian excitation to
simulate real-world conditions. The proposed method provides therefore an accurate
fatigue life estimation for vehicle components. This dissertation introduces a simulation-
based approach to characterize the output random process of nonlinear vibratory systems
with random parameters excited by nonstationary Gaussian processes. The proposed
methodology uses a limited number of simulations and has broad applications in diverse
domains encompassing time-dependent reliability, random vibrations, and fatigue
prediction. We apply this innovative methodology to time-dependent reliability for
nonlinear dynamic systems subject to non-Gaussian excitation. The research aims to
predict fatigue life of nonlinear vibratory systems exposed to non-Gaussian loads. The
initial step involves characterizing the non-Gaussian input process using a non-Gaussian
Karhunen Loeve expansion (NG-KLE) based on a provided marginal PDF and a target
correlation function. For nonstationary processes, the process marginal PDF is
represented by a series of Hermite polynomials of the standard normal random variable.
The resulting coefficients of the series are estimated using a Polynomial Chaos
Expansion (PCE). The series is subsequently extended in time, thereby expressing the

process using Hermite polynomials of a standard normal process &(t). The final step



involves employing KLE to express &(t) using uncorrelated standard normal variables,
effectively representing the non-Gaussian process using independent standard normal
random variables. To enhance accuracy, the first six Hermite polynomials are employed
in the process expression. Given the non-linear nature of the system, solving for
numerous input random trajectories, particularly for long duration vibratory systems,
proves prohibitively expensive and impractical. Thus, the study’s methodology first
employs a non-Gaussian Karhunen-Loeve expansion (NG-KLE) method to characterize
the process using a few output trajectories of short duration generated from the system.
The NG-KLE approach primarily characterizes the excitation process by estimating its
non-Gaussian marginal distribution and autocorrelation function. This step allows us to
generate multiple output stress trajectories. Then, each generated output trajectory of the
non-Gaussian stress process undergoes rain-flow counting based on a 4-point algorithm
[38] to identify each damage cycle. A mean-stress correction is also used to obtain fully
reversed amplitude cycles crucial for fatigue life estimation. Furthermore, the expected
life is calculated using an alternate approach based on the total probability theorem [39],
showing a good agreement between the prediction of the two methods. A contribution of
this study and its proposed methodology is the utilization of a generalized least squares
approximation to characterize non-Gaussian random processes using NG-KLE.
Furthermore, the methodology considers fully reversed amplitudes, a mean-stress
correction, and the calculation of the PDF of peak stresses for fully reversed cycles [40].
The latter allows us to use a narrow-band assumption without loss of accuracy.
Consequently, this methodology is applicable to both narrow-band and wide-band

processes. The study also addresses the pressing challenge of accurately generating long



horizon random processes using a unique approach based on a subdomain KLE. This
holds significant relevance, particularly in cycle counting methodologies, a critical
component for accurate fatigue life estimation. In summary, the study introduces a new
simulation-based methodology for assessing fatigue life of nonlinear vibratory systems

subjected to non-Gaussian loads.



CHAPTER TWO

SIMULATION-BASED FATIGUE ANALYSIS AND LITERATURE
REVIEW

2.1 Fatigue and Reliability Background

Predicting fatigue damage of structural components to variable loading conditions
is a complex issue. Random loading conditions perplex even more the calculation of
fatigue life as random excitations induce uncertainty in the stress output of a mechanical
system. There are several approaches to estimate fatigue damage that can be divided into
two major categories, i.e., stress-based and strain-based methodologies [41].

In the stress-based approaches cycles, as well as magnitudes of oscillatory stresses
need to be calculated at the stress concentration areas and compared to the strength of the
material defined by the S-N curve. If the damage computed exceeds a certain level, then
failure is assumed for the component. Furthermore, for the estimation of the damage, a
fatigue damage rule is needed. It is a common practice to use the linear damage rule, or
Miner’s rule [42], due to its simplicity, applicability, and accuracy.

In the strain-based approaches, local stresses and strains are estimated at the point
where fatigue cracking is most likely to occur. It is assumed that yielding will initiate at this
point. In this methodology, a smooth laboratory specimen is used, which undergoes the same
cyclic deformation as the actual notched component. Therefore, the effects of local yielding
are included, and the material’s strain-life curves are employed by inducing strain-controlled
axial fatigue testing on the laboratory specimen. This method is sometimes referred to as

local strain analysis.



All the fatigue damage theories include deterministic approaches in the calculation
of the life of a structural component. The structural component might be the suspension
of a vehicle system, a bridge truss or even a skyscraper undergoing cyclic loading. This
loading is random in nature, which means that it cannot be predicted as it does not follow
a deterministic pattern. Examples can be an earthquake motion, wind loading or the
roughness of a road path that excites the suspension of a vehicle.

Different approaches need to be applied in order to account for the uncertainty of
an oscillatory motion that causes fatigue failure to a system. Therefore, the reliability of a
system is defined. Reliability of a component or a system is the probability that the
system or component will perform its intended functionality according to design
specifications for a prescribed time period. All these components or systems are designed
such that they sustain variable types of loadings. The time Tf at which a member fails, is
a random variable depending on the applied random loading. Moreover, the load time-
history data defines a random process. Since T is a random variable, it is a common

practice that its expected value is used to define the fatigue life of the system.

Fatigue failure is a cumulative event due to cyclic loading. The fatigue damage

d= ai is the ratio of the current crack length a to the final crack length a; at failure. The
f

linear damage Palmgren-Miner model [43, 44] d = Nl is commonly used, where n is the
f

number of cycles at a constant amplitude cyclic load (e.g., stress) and N¢ is the number of

cycles for the specimen to fail at the same stress level.
However, in fatigue, uncertainty is not induced only from the random nature of

the excitation of a system. Stress and strain-based approaches involve laboratory testing.
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The construction of the S-N curve includes the testing of “identical” coupons under
“identical” laboratory conditions. Inherent variability in the microstructure of a material
as well as variability in the testing conditions induce high uncertainty in the estimation of
fatigue life and needs to be included in the computational methods of fatigue damage.
The Palmgren-Miner linear damage model has been proved accurate for random
loading if stresses are not high enough to induce plastic deformation [42]. We first count
(estimate) the number of cycles n; at each stress level S; and use the material S-N curve
to calculate the number of cycles Ny ; the specimen will fail under the cyclic load S;. The
damage model is then used to calculate the incremental damage d;. The cumulative
damage D is calculated by summing up the incremental damage d; over all the load

(stress) levels i as
D=Yd =Y
= i—Zim 2.1)

For a zero-mean, stationary random stress signal and under the strong assumption of
a narrow-band random process, the linear damage model provides the following expected
damage [46]

E(D) =2 [ s™f,(s)ds 22)
where v, is the mean up-crossing rate, T is the signal duration, A and m are coefficients
of the S-N curve (Ny - S™ = A) and f;(s) is the PDF of the peak stress (S) level. The
distribution f;(s) is used for cyclic counting under the narrow-band assumption

(existence of a negative stress trough equal in magnitude with a positive stress peak to

form a load cycle). The difference between a wide-band and a narrow-band process is
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shown in Fig. 2.1. Note that in Eq. (2.1) D is a random variable and its range of values
(e.g., 95" percentile minus 5™ percentile) can be wide. Thus, the expected value E (D)
may be of limited practical significance.

It can be shown that for a zero-mean, Gaussian, narrow-band process (e.g., harmonic

process with constant frequency and random amplitude), f;(s) is Rayleigh distributed as
s 52
£i(s) = Zean (~57) 23)

where o2 is the variance of the underlying process X (t). In this case, the linear damage

model yields the following expected value E (D) of damage [47].

ED) = 2L (V20)"T (% + 1) (2.4)

A

. . . . . v, .
For a zero-mean, Gaussian, wide-band process with irregularity factor a = v—o (ratio of
p

zero up-crossing frequency to peak frequency), the distribution f;(s) is provided by the

following Rice formula [22,75].

2 1 . st
fs(s) =1 —-a*) ’—Zﬂ(l — Do, exP( 2(1 — a2)0§>

2.5)
N qb( a S) S 52
e o/ TP\ 20

. . d .
The Powell distribution of peak stresses f;(s) = —i% where v+ is the up-

crossing rate for stress level S and v, is the peak frequency, does not use the gaussian

assumption and is therefore more general than the Rice formula of Eq. (2.5). However, it
cannot be used for cycle counting unless we assume a narrow-band process. Both v+ and

), can be calculated numerically for a non-Gaussian distribution [48,75].
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Wide-band Process

Figure 2.1 Narrow-band / Wide-band process (From: P.H. Wirsching, T.L. Paez, H.

Ortiz, Random Vibrations: Theory and Practice, John Wiley & Sons, 1995)[105]

Dirlik [49,75] has developed an empirical peak stress distribution using Monte Carlo
simulations and rain-flow cycle counting as a weighted average of an exponential and
two Rayleigh distributions. Dirlik’s peak stress distribution is considered more accurate
compared to Rayleigh or Rice distributions for wide-band processes [49,50]. However, it
can only be used to estimate the expected (not the actual) cumulative damage using Eq.
(9). Fatigue failure occurs if D is greater than one (D > 1). The fatigue life T} is random
because of 1) randomness of the input (represented by a provided spectrum), 2) inherent
variability of the test component (material properties, dimensions, etc.), and 3)
uncertainty in the definition of the S-N curve (randomness of m and A coefficients). The
fatigue reliability R(T) at time T is defined as the probability that T} is greater than T’
ie.,

R(T) = Pr(T, > T) or R(T) = Pr(D < 1) (2.6)
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The main shortcomings of the above state-of-the-art fatigue reliability methods
(Equations 2.4 to 2.6) are: 1) Equation (2.1) provides only the mean value of damage. In
this research, we will estimate the entire PDF of damage; 2) The restrictive narrow-band
assumption is used to allow cycle counting based on the peak stress distribution; 3) The
stress process is assumed Gaussian. Equations (2.6) to (2.7) are based on the Gaussian
assumption which simplifies the estimation of fatigue life significantly. If the excitation
is Gaussian and the system is linear, the output stress is also Gaussian and one of the
aforementioned approaches can be applied. However, many loads are non-Gaussian

resulting in non-Gaussian stresses.

2.2 Need of Long-time Trajectories

In fatigue analysis, the need for long- time trajectories arises from the inherent
nature of fatigue failure mechanisms and the desire to accurately predict the lifespan of a
component or structure under cyclic loading [51]. Fatigue failure occurs due to the
accumulation of damage over time, where repeated cyclic loading induces microscopic
cracks and material degradation. These cracks gradually propagate until they reach a
critical size, leading to catastrophic failure. To predict the fatigue life of a component,
engineers and researchers simulate the cyclic loading conditions over an extended period
to observe how the material degrades and cracks propagate. This simulation involves
tracking the stress and strain variations in the material as the cyclic loading is applied
repeatedly. The goal is to determine how many cycles the material can endure before

failure occurs.
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Several reasons emphasize the need for long-time trajectories in fatigue analysis:

Accurate Damage Accumulation: Fatigue failure is a gradual process, and
accurately capturing the accumulation of damage requires observing the material's
behavior over a sufficient number of cycles. Short-duration simulations might
miss critical fatigue-related phenomena that only manifest after a certain duration.
Cumulative Effect: Fatigue damage is cumulative, meaning that each cycle
contributes to the overall degradation of the material. Long-time trajectories allow
us to capture the compounding effect of cyclic loading over time, leading to a
more accurate estimation of fatigue life.

Statistical Significance: Fatigue behavior exhibits statistical variability. Long-
duration simulations help establish statistically significant trends and patterns in
the material's response, leading to more reliable predictions of fatigue life.
Low-Cycle and High-Cycle Fatigue: Different fatigue regimes, such as low-cycle
and high-cycle fatigue, operate over different frequency ranges. Longer time
trajectories are essential to capture the behavior in both regimes and accurately
assess the material's fatigue resistance across the entire spectrum.

Environmental and Load Variability: Real-world conditions involve variations in
loads, temperatures, and other environmental factors. Longer simulations allow
for a better representation of these variable conditions, leading to more
comprehensive fatigue life predictions.

Complex Loading Patterns: Some applications involve complex loading patterns
that take time to fully manifest their effects on fatigue. Longer time trajectories

are necessary to observe the interactions between different loading conditions.
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In summary, long time trajectories in fatigue analysis enable us to observe and
quantify the gradual deterioration of materials under cyclic loading, resulting in more
accurate predictions of fatigue life and better-informed engineering decisions regarding

component design, maintenance intervals, and operational safety.

2.3 Cycle Counting Techniques

In fatigue analysis, cycle counting techniques play a crucial role in simplifying
complex variable amplitude loading histories into manageable sequences of constant
amplitude loading events, each indicative of fatigue damage. There are two kinds of these
techniques: the one-parameter technique and the two-parameter technique. The former
includes methods such as level crossing cycle counting, peak valley counting, and range
counting. However, these methods struggle to capture the relationship between loading
cycles and the detailed local stress-strain behavior that greatly influences fatigue failure
[52]. On the other hand, the two-parameter cycle counting methods, such as the well-
regarded rain-flow counting method, are notably more effective. As highlighted by
Dowling [53], the rain-flow counting algorithm stands out for its impressive accuracy in
predicting fatigue life. Conceived with a touch of inspiration from raindrops gracefully
descending upon a pagoda roof and tracing their path down the edges, the rain-flow
method, pioneered by Matsuishi and Endo in 1968 [48], meticulously identifies stress
cycles. This involves capturing both the stress range and mean value inherent in each

cycle within a complex loading sequence inherent in a wide-band random process.
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Embracing these advanced cycle counting techniques not only helps untangle the
intricate relationship between loading patterns and fatigue behavior but also opens the
door to more precise and well-informed predictions of fatigue life across various

engineering scenarios.

2.3.1 Four Point Rain-flow Counting Algorithm

The rain-flow counting algorithm, originally developed by Matsuishi and Endo
(1968) [48], was conceived by observing the analogy of raindrops falling on a pagoda
roof and running down the edges of the roof. The rain-flow method is used to identify
stress cycles, that is, the stress range and mean value for each cycle, in a complex loading
sequence such as a realization (time trajectory) of a wide-band random process. There are
several variations to the rain-flow cycle counting method including three- and four-point
versions[53]. In the four-point cycle counting rule, four consecutive points in a stress
history data are used in order to extract a cycle [38]. The steps below describe how a
cycle is extracted:

e The stress time data are rearranged so that the signal starts with the highest peak
or the lowest valley, whichever is greater in absolute magnitude. Then, four
consecutive points (53, S,, S3, S4) are identified.

e Define two ranges. One inner range AS; = |S, — S3| and one outer range A4S, =
|51 — Sal.

o IfAS; < AS, then one cycle is extracted from point S, to Sz and points S; and S,

are connected to each other.
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The same process is carried out until all cycles are identified and extracted. One simple

example is illustrated in Figure 2.2.

2 5 3 6 2 4 1 6 1 4 1 5 3 6 3 6 1 5 2

RainFlow Matrix

1 2 3 45 6

From 5 1

Figure 2.2 Rain-flow counting technique and extraction of a cycle
After all cycles are identified and extracted, the data are organized in a "From-To"
table. In this table, the “From” values denote all points S, while the “To” values denote
all points S3. When the four-point counting method is used, some of the data points will
remain and will not form a closed loop. These points form the so-called residue. In order
to calculate the cycles in the residue, first the residue is duplicated to form a sequence
[residue + residue]. Using this sequence, the same rain-flow counting technique is

applied. Then, the newly extracted cycles are added to the already extracted ones.
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RainFlow Matrix

1 2 3 45 6
1 2
1

BN WA o

a U A W N

Figure 2.3 Rain-flow matrix and residue
The residue contains the largest unclosed cycles present in time history. If the
time history was for one lap of a durability proving ground, to calculate the damage for
1000 laps, every element of the matrix would be multiplied by 1000. The residue would
be appended 1000 times over and the unclosed cycles then counted and added to the rain-
flow matrix. The ‘Rain-flow Matrix’ and ‘Residue’ are the end results of the rain-flow
counting process. They contain the following information:

e Cycle amplitude — Across the top of the display is the “To” stress level for the cycle.
Across the side is the “From” stress level for the cycles. The range or amplitude of
the cycle is |To-From|.

e (Cycle mean — The mean of the cycle is (To+From)/2. The mean stress determines
if the cycle is compressive or tensile, which affects the accumulated damage.

e Number of cycles — The number of the cycles is indicated, sometimes with colors

dictating specific number of cycle thresholds.
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This cycle information is in a much more compact and manageable form than the
original time history data. Only the sequence, or order, in which the cycles are applied over

time are not kept. Figure 2.4 provides a schematic of the rain-flow counting process.

Sort Data

Define Inner Range Define Outer Range

Extract Cycle

/

Calculate AS and o(mean)

Record Cycle

Figure 2.4 Rain-flow counting algorithm
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2.4 Mean Stress Effect in Stress-based Fatigue Life

Fatigue damage of a component correlates strongly with the applied stress

Smax—Sm

amplitude S, = I or applied stress range S, = Spax — Smin and is also

influenced by the mean stress S,, = M [56]. In the high cycle fatigue region,

normal mean stresses have a significant effect on fatigue behavior of components because
they are responsible for the opening and closing state of microcracks. Because the
opening of microcracks accelerates the rate of crack propagation and the closing of the
microcracks retards the growth of cracks, a tensile normal mean stress reduces the fatigue
strength, while a compressive normal mean stress is beneficial in the terms of fatigue
strength. The shear mean stress does not influence the opening and closing state of
microcracks and therefore has little effect on crack propagation. There is very little or no
effect of mean stress on fatigue strength in the low-cycle fatigue region in which the large
plastic deformation erases any beneficial or detrimental effect of a mean stress.

The S-N curve states that

Sar = SH(2N;)’ 2.7)

where S, is the fully reversed stress amplitude (corresponding to zero mean load), S]i is
the fatigue strength coefficient, b is the fatigue strength exponent, Ny is the number of
cycles of failure and 2N is the number of reversals. If for a cyclic load there is a mean

stress, an equivalent fully reversed stress amplitude S,,- must be calculated using one of
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the available mean stress correction approaches. The most well-known mean stress
correction for stress-based fatigue using the S-N curve are briefly described below.

Goodman Mean Stress Correction

Sa
Sar = () (2.8)
where S, is the material ultimate strength.
Gerber Mean Stress Correction
S,
Sar = Sa 2 2.9
(%) 29
Soderberg Mean Stress Correction
S
Sar = —
1— (S_m> (2.10)
Sy
where Sy, is the material ultimate strength.
Morrow Mean Stress Correction
Sa
Sar = 1_<s_m‘) .11
S’f

where S; is fatigue strength coefficient. Note that the above equation is equivalent to

Sa = (S} — Sn)(2N;)" (2.12)

Smith, Watson and Topper (SWT) Mean Stress Correction
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Sar = V(Smaxs,) = S'fQNf)? (2.13)

if Spax > 0. If Spax <0, there is no crack initiation.

It should be noted that for relatively small mean stress loading, the Morrow and

the SWT approaches are considered better than the Goodman method. The Goodman

mean stress correction formula is preferred if none of the fatigue properties are available.

For metals, it appears to work particularly well for aluminum alloys. Below are some

practical comments on the mean stress correction methods.

The Goodman method employing the ultimate tensile strength S, is highly
inaccurate and should not be employed where life estimates are desired in fatigue
analysis.

The Morrow equation with the true fracture strength S]i is reasonably accurate in
most cases. However, true fracture strengths are often unavailable and must be
estimated.

The Morrow method with the intercept constant Sy is also reasonably accurate for
steels, but often gives grossly non-conservative life estimates for aluminium
alloys.

The SWT method provides good results in most cases, and for aluminum alloys it
is somewhat more accurate than the Morrow Sy equation. The SWT method has
the advantage of simplicity and is a good choice for general use.

When sufficient data is available for fitting the adjustable parameter y, the Walker

method gives superior results.
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It should be noted that for relatively small mean stress loading, the Morrow and
the SWT approaches are considered better than the Goodman method [57]. The
Goodman mean stress correction formula is preferred if none of the fatigue
properties are available. In metals and appears to work particularly well for
aluminum alloys. The Morrow approach was used in the presented simulation-

based general fatigue method.

2.5 Summary

This chapter provides a comprehensive detail of fundamental concepts in fatigue
analysis and the important aspect of fatigue reliability, considering both short and long-
time horizons. It introduces the linear damage rule and the S-N curve, emphasizing their
role in quantifying fatigue damage accumulation. The chapter also discusses uncertainties
in S-N curve calculations, highlighting the importance of accounting for material
properties and testing conditions to enhance reliability. Various mean stress correction
methods are presented, along with their applications and accuracy across different
scenarios. The significance of peak stress distribution and the four-point rain-flow
counting technique is explained in relation to quantifying fatigue damage in complex
loading histories. Moreover, the chapter addresses the challenge of calculating fatigue life
under uncertainty, emphasizing the need for robust methodologies to ensure accurate

predictions over extended time horizons.
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CHAPTER THREE

NON-GAUSSIAN PROCESS CHARACTERIZATION

3.1 Process Characterization Introduction

Several techniques are well-suited for handling non-Gaussian data. The
Independent Component Analysis (ICA) [50] extracts statistically independent
components from mixed sources in non-Gaussian and non-linear scenarios. The copula
approach captures complex dependencies between random variables irrespective of their
marginal distributions [51]. The Polynomial Chaos Expansion (PCE) efficiently
propagates uncertainty through models with non-Gaussian input distributions using
orthogonal polynomials [52]. The Gaussian Mixture Models (GMM) approximate
complex non-Gaussian data distributions by combining Gaussian components [53]. The
Kernel Density Estimation (KDE) [54] accurately estimates non-Gaussian data
distributions by smoothing data points. Finally, Quantile Regression robustly estimates
conditional quantiles of a response variable, making it suitable for modeling data with
non-Gaussian tails. These techniques find applications across fields such as finance,
engineering, and data science, providing valuable tools for analyzing and modeling non-
Gaussian data.

To fully characterize a non-stationary and non-Gaussian random process, the joint
probability density functions of all orders must be specified. This is impractical because it
requires a large amount of data. The Spectral Representation Method (SRM) [55] is

commonly used for Gaussian processes. The available methods to simulate a non-
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Gaussian process use a non-linear transformation of underlying Gaussian processes based
on the rigorous mathematical framework of Grigoriu’s translation process theory [37,58].
A translation process is a monotonic transformation of a Gaussian process. Details are
provided in [58]. Almost all methods use an iterative process to identify the non-linear
transformation to obtain the required non-Gaussian characteristics. The iterative
procedure is based on the spectral density function of the process [58] or its correlation
function. In the former case, the approach is applicable to stationary processes and the
latter uses translation processes. In this research, we characterize a stationary and non-
Gaussian process using a PCE-KL (Polynomial Chaos Expansion — Karhunen Loeve
expansion) approach, based on a target first-order marginal PDF and a target second-
order correlation function [11, 58]. For a non-stationary process, the marginal PDF varies
in time. PCE [59] represents the marginal PDF of the process as a series of Hermite
polynomials of the standard normal random variable . The series is then extended in
time to express the process in terms of Hermite polynomials of a standard normal process
&(t). KL expansion [60] is finally used to express &(t) in terms of uncorrelated standard
normal variables. The method, therefore, represents a non-Gaussian process in terms of

independent standard normal random variables.

3.2 Polynomial Chaos Expansion

The roots of polynomial chaos expansion (PCE) trace back to Norbert Wiener’s
pioneering work in 1938, where the theory of homogeneous chaos took shape [59].

Building on this foundation, Cameron and Martin’s demonstration of PCE’s convergence
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in the L? sense added a robust mathematical underpinning [60]. However, it was Ghanem
and Spanos who brought PCE into broader prominence by combining it with stochastic
Galerkin techniques, opening doors to a plethora of applications [61]. This sparked a
wave of investigations into PCE’s construction, limitations, and its varied applications
across disciplines [11, 58, 61]. The strength of PCE goes beyond computational
efficiency. It enables practitioners with analytical expressions for stochastic moments
such as mean, variance, and global sensitivity indices [62] without the need for further
original model evaluations.

PCE’s practical significance is not without challenges, particularly when
confronted with rising input dimensions. The so-called “curse of dimensionality” looms,
leading to a proliferation of terms and training runs, eroding computational efficiency.
Efforts to surmount this obstacle have given rise to sparse PCE approximations. These
innovative strategies artfully select expansion terms with non-zero coefficients,
optimizing the trade-off between precision and computational cost. Among these
strategies, sparse quadrature, stochastic collocation, and stratified sampling methods have
emerged as notable contenders.

In conclusion, Polynomial Chaos Expansion has evolved into a practical tool with
wide-ranging applications. The combined contributions of Wiener, Cameron, Martin,
Ghanem, and Spanos [57-60] have paved the way for exploring its capabilities in
addressing complex systems. Further research into sparse PCE techniques promises to

extend its applicability to higher-dimensional challenges.
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3.3 Computation of PCE Coefficients

Polynomial Chaos methods present two fundamental pathways for deriving
expansion coefficients, i.e. Intrusive and Non-Intrusive Polynomial Chaos. The Intrusive
Polynomial Chaos paradigm establishes strong links with Stochastic Finite Element
methods [63]. In this approach, model equations undergo discretization in both design
and probability spaces, and coefficients emerge through Galerkin projection [64]. While
offering precision, this method often necessitates the creation of custom solvers.
Consequently, its utility diminishes in complex scenarios where existing deterministic
codes are at hand. This challenge becomes particularly pronounced in multi-physics
scenarios, where simulation routines can be resource intensive. On the contrary, Non-
Intrusive Polynomial Chaos (NIPC) emerges as a versatile alternative. It circumvents the
need for new discretized equations by leveraging established responses at discrete points
within the probability space. Deterministic evaluations unfold at these designated points,
allowing seamless integration of existing external solvers in a black-box fashion. This
approach not only enhances computational efficiency but also allows to use deterministic
solvers.

Numerous strategies have been explored to ensure accurate computation of
Polynomial Chaos Expansion (PCE) coefficients [65]. Spectral projection involves
projection onto basis elements to enforce orthogonality. Conversely, the quadrature-based
(collocation) technique relies on a one-dimensional quadrature rule, often following a
Gaussian distribution. In tackling the challenge posed by high dimensions, sparse

quadrature emerges as a promising alternative. This methodology replaces full-tensor
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quadrature with lower-order rules, enhancing scalability. Moreover, various
methodologies have been devised, including sampling-based, oversampling, gradient-
enhanced polynomial chaos, and sub-sampled points approaches [66]. However, these
strategies primarily focus on approximating expectations or integrals, which limit their
applicability. In response to the limitations of projection-based methods, the regression-
based approach, specifically employing the Least Squares method, has gained
prominence. This method utilizes normal variates ¢ as coordinates. The ensuing
deterministic coefficients govern the behavior of the regression-based Least Squares
surrogate. This surrogate approach closely mirrors the statistical regression of the exact
solution within the Polynomial Chaos basis.

For this research, the selection of the Least Squares approximation is considered,
aligning it with the specific characteristics of the problem. Further insights into this

methodology are explored in the following section.

3.4 PCE-KL Expansion

In time-dependent reliability assessment through simulation, a pivotal challenge
lies in devising efficient methodologies capable of generating sample functions[67]. This
task is considerably more sophisticated than simulating mere random variables, as the
sample functions must obey a provided covariance function, all while ensuring accuracy
compared to the target marginal distribution. The term “characterization” within the

context of a stochastic process indicates the development of a stochastic metamodel that
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generates trajectories, or time series, of the process under consideration. Each trajectory
undergoes cycle counting, and the Miner’s rule model is employed to estimate the
damage of the pertinent realization of the random process. For stationary and Gaussian
processes, several techniques, including the Karhunen Loeve (K-L) expansion [20], the
Shinozuka method [17-18], the Expansion Optimal Linear Estimation method (EOLE)
[4], or the Orthogonal Series Expansion (OSE) [22], have been proposed for
characterizing the process in the time domain. However, for a non-Gaussian process, the
process characterization becomes notably intricate. In 2005, Phoon et al. [68] proposed
the utilization of the Karhunen—Loeve (K-L) expansion with non-Gaussian random
variables. The main feature of this technique resides in its ability to uphold the target
covariance function while iteratively updating the probability distributions of the K—L
random variables. This approach provides significant appeal due to its seamless extension
to non-stationary and multi-dimensional domains in a comprehensive manner.
Computational insights highlight that, in practice, simulation time is predominantly
governed by the number of K-L terms [69]. In the context of a stationary and non-
Gaussian process, a Polynomial Chaos Expansion — Karhunen-Loeve expansion (PCE-
KL) approach is very attractive. This approach uses a target first-order marginal
Probability Density Function (PDF) and a target second-order correlation function[70].
The process marginal PDF is expressed as a series of Hermite polynomials of the
standard normal random variable £. This series is then temporally extended to represent
the process in terms of Hermite polynomials associated with a standard normal process
&(t). Subsequently, the Karhunen-Loeve (KL) expansion is employed to represent &(t) as

a composition of uncorrelated standard normal variables. Thus, this method encapsulates
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a non-Gaussian process using independent standard normal random variables. In the
estimation of a normal or non-normal random variable Z, one-dimensional Hermite
polynomials ¥; of standard normal random variables & are used. The expression for Z
takes the form of a summation involving these polynomials, with coefficients b; as shown

below

Z = Y=o bi%i(&) = by + b1 + b, (8% — 1) + b3 (3 — 3¢) 6.
3.1

by (8% — 682 +3) + (bs&5 — 1083 + 158) + b (£ — 1584 + 45(8)% — 15) ... ..
O] .
The Hermite polynomials ¥; are defined as ¥;(¢) = (—1)* (’)(’Tg) where @@ (§) is

the ith derivative of the standard normal PDF ¢(&). This combination of ideas and
advanced math comes together to create a complete system that helps us understand and
simulate processes that change over time. This system handles tricky aspects like how
things relate to each other (covariance), how values are spread out (distribution), and
unusual patterns (non-Gaussian behavior). This makes it easier for us to study and

analyze these processes in a strong and meaningful way.

3.5 Non-Gaussian Process Characterization Using PCE-KL

In [31], a sampling-based approach was employed to directly estimate the
expectation outlined in equation for each term within the expansion. This involved
computing the mean of products over a designated number of sampled points. A common
selection in this context is Monte Carlo Simulation (MCS), which usually validates the

accuracy of non-sampling methodologies. MCS presents advantages concerning the
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dimensionality of the problem, as its convergence properties remain unaffected by the
number of dimensions engaged. This particular attribute positions MCS as a viable option
for generating reference values against which other methods can be assessed. Building
upon prior research [69], more efficient sampling techniques are also introduced, such as
Quasi-Monte Carlo sampling (QMC) and Optimal Latin Hypercube sampling (OLHS)
[31,68]. However, these techniques tend to be computationally demanding for non-linear
systems. Consequently, their application is preferably reserved for validation purposes
[70]. In contrast to the sampling-based methodologies, which focus on approximating
expectations or integrals, we use in this work a regression-based technique to construct a
surrogate model of a non-Gaussian process using Polynomial Chaos Expansion (PCE)
[52,68]. The non-Gaussian process is defined by a non-Gaussian marginal PDF (or
equivalently CDF) and an autocorrelation function which can be obtained by a provided
PSD. The latter provides the correlation structure. The steps to generate a non-Gaussian
process using PCE are provided below [71].

First, a random sample x; from a known distribution with a CDF Fy(x) is obtained.

A random number b; between 0 and 1 is generated so that x; is obtained as

x; = Fg'(by) (3:2)
Thus, if
Z(2) = (&) = b; from [0,1] (3.3)
then
§= @7 (by) (34)
and
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z=27"1(b) (3.5)

If Ny pairs of € and z are generated using Equations (3.4) and (3.5) where N; is much larger

than the number P of ¥ terms in Equation (3.1), we have:

Vo(§@)  wi(E@) . w(EO)\ by [2(E®))
W) i) ) [l Lt b

\tle) wc) (e o) |zgem)

The system can be expressed in compact form as

Ysbh=17 (3.7)

where ¥ is the so-called design matrix of size Ng X P and b is the vector of size P containing
the unknown coefficients. To ensure accuracy in calculating b, Ny > P resulting in an
over-determined system of equations in (3.6). Then b can be obtained as a least-squares

approximation using the Moore-Penrose (or pseudoinverse) as

b~ (¥Tw) wTz (3.8)

In this research, we found that using only 6 terms in b provides good accuracy, i.e.
Equation (3.6) follows the provided marginal distribution Fy (x) and the provided
autocorrelation function.

Using the orthogonality properties of the Hermite polynomials, the covariance

C;7(ty,t,) of Z(t) between times t;and t,is equal to

Czz(ts, t5) = Ti=q bi(t)bi(t2) - (i) - (E[E(¢)§ (DD 3.9)
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For a given C,,(t,t,), Equation (3.9) is used to calculate the covariance matrix
Cer (ty,t3) = E[§(£1)E(t2)] of £(t). Based on Cgz (¢4, t;), a Karhunen-Loeve (K-L)
expansion [67] is used to express & (t) in terms of independent standard normal variables

§,1=0,1,2,...,N as:

§) =T VA i) & (3.10)
where A; and f;(t) are the eigenvalues and eigenvectors of Cz¢(t;, t). If Equation (3.10)
is substituted in Equation (3.1), a series expansion of Z(t) in terms of the independent
standard normal variables &; can be obtained. This series expansion is used to create
trajectories (sample functions) of the non-stationary and/or non-gaussian process Z(t) by

sampling the N random variables ¢;,i = 1,2, ..., N.
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CHAPTER FOUR

SIMULATION-BASED FATIGUE LIFE ESTIMATION METHOD FOR
NONLINEAR SYSTEMS UNDER NON-GAUSSIAN LOADS

4.1 Introduction

This Chapter introduces an innovative framework for analyzing the fatigue
behavior of linear or non-linear systems subject to non-Gaussian input processes [73-77].
Details on the developed framework are provided in Sections 4.2 and 4.3. Section 4.4

uses a nonlinear Duffing oscillator example to demonstrate all developments.

4.2 Proposed Methodology: A Simulation-based Fatigue Life Estimation

Figure 4.1 provides a schematic of a nonlinear vibratory system with random
parameters ¥ excited by a non-Gaussian process F (t). The response of the system is a

non-Gaussian process X (t) even if the input process F(t) is Gaussian.

Non- F(t) Nonlinear X(t Non-
Gaussian vy vs':’:f;:]" —>X® Gaussian

Figure 4.1 Schematic of input—output notation
The characterization of the input random process F(t) is obtained using one or
more provided time trajectories. If the process is assumed ergodic, a single trajectory is

sufficient. However, if ergodicity is not assumed, a small number of trajectories, say 10-
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50, is required. The non-Gaussian Karhunen-Loeve expansion (NG-KLE) method is
employed to characterize F(t) using its non-Gaussian marginal distribution and
autocorrelation function. This allows us to generate multiple excitation time trajectories
which are then used to obtain the corresponding response trajectories using time
integration of the system equations of motion.

Below we describe the steps to estimate the fatigue life.

Step 1: Characterization of Input Random Process F(?)

This is carried out either by providing a marginal PDF and an autocorrelation
function or by using a number of provided time trajectories to estimate the marginal PDF
and the autocorrelation function. In the latter case, an empirical marginal PDF is first
calculated and then a PCE approach is employed to estimate the process marginal PDF.
The autocorrelation function is calculated by estimating a second-order statistical
moment using the provided trajectories. Subsequently the newly developed non-Gaussian
KLE (NG-KLE) method is used to generate multiple trajectories of the input process.

Step 2: Computation of System Output Trajectories

For each generated excitation (input) time trajectory, the system equations of
motion are time integrated to obtain the corresponding output trajectory. For this task, a
finite element model may be used for complex geometries. This step constitutes the most
computationally expensive task. For this reason, we obtain the output trajectories for a
relatively short time horizon (i.e. 10-20 correlation lengths) and use these trajectories to
characterize the output process. Then the NG-KLE approach is used to generate
trajectories of longer duration (i.e. 100-150 correlation lengths) similarly to the input

process characterization.
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Step 3: Estimation of Fatigue Life

After we have obtained output stress trajectories of long duration from Step 2, we
employ either the total probability theorem approach (Section 4.3.2) or the PDF of peak

stresses approach (Section 4.3.3) to estimate the fatigue life.

4.3 Estimation of Fatigue Life

To predict the fatigue life of a system, we use the system’s stress output process
as input to a fatigue model as illustrated in Figure 4.2. The estimation of the system’s
lifespan is achieved using three distinct approaches — the damage accumulation approach,
the total probability theorem approach, and the PDF of peak stresses approach as shown

in Figure 4.3.

Miner’s Damage Rule

S0 Fatigue
ﬁ—) _—
Model
Output Stress, Expected Life
Process

Figure 4.2 Schematic of fatigue model
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Feed Stress Output into Fatigue Model

A 4
Estimation of Fatigue Life

/ y

Damage Accumulation Approach Using Total Probability Theorem PDF of Peak Stresses

Figure 4.3 Approaches to estimate fatigue life

4.3.1 Damage Accumulation Approach

The damage accumulation approach is commonly used in the industry due to its
simplicity. It uses only a single stress signal of duration T;,,,. The signal is rain-flow
counted to obtain the damage D which is commonly much less than 1. The latter is a
value which signifies fatigue failure. The life Ej; ¢, for a total damage D = 1 is then

estimated as

1
Elife = B * Trnax 4.1)

This approach assumes that the stress signal of duration Ty, is repeated until the total
damage reaches the value of 1. This is a very unrealistic assumption, but its simplicity
has made it popular. The method may oversimplify the real-world behavior of materials,

especially in cases where the stress history is complex and non-linear.
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4.3.2 Total Probability Theorem Approach

The second approach for estimating the expected fatigue life is based on the total
probability theorem. The Total Probability Theorem states that the duration of the process
(or operation) should be a multiple of the maximum time duration of each stress
trajectory [68,77], denoted as Ty, - Specifically, it is represented as m * Ty, . This
theorem is significant in fatigue analysis as it links the cumulative damage experienced
by the system with the operation’s duration.

Let D;,i = 1,2, ..., N represent the damage of the i-th stress trajectory of duration
T (see Figure 4.6). Since D is a random variable, D;,i = 1,2, ..., N is a realization of this
random variable. The total probability theorem states that the mean value D,y .4, of D is

given as

1 N
Dimean = NE D; (4.2)
i=1

Therefore, the expected life Ej; ¢ for a total damage D =1 is

1

Elife = * Tnax (4.3)

Dmean
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Figure 4.4 Damage for each of N stress trajectories [106].

4.3.3 Estimation of Fatigue Life using PDF of Peak Stresses of Fully Reversed Cycles

This developed approach to estimate fatigue life is complementary to the total
probability theorem approach of Section 4.3.2. It uses the PDF of peak stresses for fully
reversed cycles. Each of the generated trajectories of the output stress process is rain-flow
counted to identify each damage cycle which is then mean-stress corrected to obtain the
corresponding fully reversed amplitude S,,- as shown in Figure 4.7. The histogram of all
samples of the fully reversed amplitudes is then obtained. Figure 4.8 shows a
representative example. Note that the PDF of S,,- can be easily obtained from the
histogram. It is critical to mention that the PDF of fully reversed amplitudes allows us to
calculate the expected fatigue damage D using Equation (4.4) which holds for narrow-
band processes. This PDF is also known as the PDF of peak stresses for a narrow-band

process.
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D= _-[0 Sm f:(s)ds

4.4

In this equation, n is the number of damage cycles, 4 is provided from the S-N curve, s

represents the stress level, and f;(s) denotes the probability density function of peak

stresses.

The mean-stress correction we use in this study follows the Morrow model (Eq.

4.5) which adjusts the stress amplitude to account for the mean-stress effect

Sa

S
- —,m>
(Sf

Sar =

where s} is fatigue strength coefficient, S, is the mean stress and S, is the stress

amplitude. Other mean-stress correction models can also be used.

High percentile o

marginal PDF
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Figure 4.5 Explanation of fully reversed amplitude S,
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Figure 4.6 Histogram of fully reversed amplitudes S,
The total number #n of damage cycles in Equation (4.4) is calculated for a large
number of trajectories N4 (€.g. 2000) of the output stress process during rain-flow

counting to identify the damage cycles. The number of cycles per hour is then equal to

3600

¥ —_—
Ntraj * Tmax

Neycie =m (4.6)

where T,y 4, 1s the duration of each stress trajectory in seconds. Finally, the damage D per

hour is computed as

N o)
D= <Lde)f s™f.(s)ds 4.7
A 0
and the expected life in hours is
1
Eife =3 (4.8)

This approach accommodates both wide-band and narrow-band processes, as the
PDF of peak stresses fs(s) pertains to fully reversed cycles (i.e. cycles after a mean-

stress correction). It is also accurate for both Gaussian and non-Gaussian processes.
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Creating long stress trajectories is essential when working with the PDF
(Probability Density Function) of peak stresses for a few key reasons. To accurately
represent this PDF, we need many stress peak samples, which means simulating lots of
loading cycles and long stress histories. These peaks are the highest points in the stress
data, and you need long stress data to find enough of them for accurate statistics. Peaks
can be irregular, and they don’t happen all the time, so longer stress data helps ensure we
catch these infrequent high points. Some of these high peaks can be rare but very
important for fatigue analysis, and longer data helps include them. Short data might miss
important peaks and lead to an incomplete or biased PDF. In summary, using long stress

data ensures we have enough peaks for an accurate distribution and better statistics.

4.4. Duffing Oscillator Example

The application of the proposed methodology is demonstrated using a Duffing
oscillator, a single Degree-of-Freedom (DOF) vibratory system (Figure 4.7) known for its

complex nonlinear behavior [31,77,91].

m|— )

LU
a F:gé %

— V(1)

Figure 4.7 Schematic of Duffing oscillator [99].

The equation of motion

my(t) + cy() + ky() + kny*(t) = F(t) (4.9)
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includes a nonlinear stiffness term k, y3(t). The system parameters include a mass m of
25 kg, and a linear damping and spring coefficient of ¢ = 15kg/s and k = 100 N/m,
respectively. The nonlinear stiffness is k,, = 1000 * k. The undamped natural frequency

c

s w, = \/% = 2 rad /s and the damping factor { = = 0.15. The linear spring k is a

2mwn

coil spring whose stiffness is provided by

Gd

k= —— 4.10
8N(C3 (4-10)
The dynamic response of the system is first calculated in order to determine the
deflection y(t) of the spring. The dynamic component of the shear stress is then
estimated as
8Dky(t) 4C-1 | 0.615
TZKW? WhereKW=E+T. (4.11)

The static shear stress 7,, not considered in obtaining the total stress . Equation (4.11)
uses the Wahl factor K, to account for the stress increase on the spring wire due to spring
curvature. K, is a function of the spring index C [77,80]. Table 4.1 provides all pertinent

data for the coil spring.
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Table 4.1 Coil spring parameters

Quantity ?{?111111; )
Wire diameter, d 1.91cm
Number of active turns 10

Coil diameter, D 15cm
Ultimate Stress, Sy 1240 Mpa
Endurance limit, S¢ 558 Mpa
Shear Modulus, G 81 Gpa

Spring Index, C = D /d 7.85

4.4.1 Generation of Non-Gaussian Excitation Processes

To demonstrate the simulation-based approach a stationary, we use two types of
stationary excitation (input). A Gaussian and a non-Gaussian random process F(t) is
used having the same mean of 500 N, a standard deviation of 300 N and an exponential
autocorrelation function with A = 2 according to ISO 8608 standard [76] (Eq. 4.12). A

Weibull marginal PDF is used

b-1

b
fe(f) = E(i) (&) ,  f=0 (4.12)

a

where a = 5 and b = 1.2 are the scale and shape parameters, for which the mean,

standard deviation, skewness coefficient and kurtosis coefficient are g = 500, op =
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300, Skr = E[(f — up)3]/of = 0.85 and Kup = E[(f — up)*]/of =3.7, respectively.
Figure 4.8 shows the Weibull PDF and a normal PDF with the same mean and standard

deviation for comparison purposes.
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Figure 4.8 Marginal PDF for normal and Weibull distribution

The autocorrelation coefficient of F(t) representing an exponential decay is
prr(T) = e~ (4.13)
where 7 is the relative time and A = 2. Figure 4.9 shows the pgr(7) indicating that the
correlation length of the input process is approximately equal to 75°"= 6sec. The
autocorrelation function R(7) is the inverse Fourier transform of the spectrum.
Normalizing R(7) by the corresponding variance 62 = R(7 = 0) = 0.001m?, provides

the autocorrelation coefficient function ppr(t) = prr(t, t + 7).
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Figure 4.9 Autocorrelation coefficient of input random process

Using a time discretization dt = 0.01 sec for the 0 < t < 140 sec time of
interest, the covariance matrix of the covariance matrix Crr(t;, t;),i,j = 1,...,2001 of
the input process was formed. Based on Cgr(t;, t;), the covariance matrix Cgg (¢, t;) =
E[&(t;)&(t;)] of the Gaussian process ¢ (t) of PCE was calculated. Figure 4.11 shows the
eigenvalues of Cgz(t;, t;) if a normal or Weibull marginal PDF is used. For an accurate

KLE, the first dominant eigenvalues were kept so that the ratio of the lowest (100™) to the
highest (1st) eigenvalue is less than 1%. Thus, the series expansion of the input process
F(t) uses 1167 and 650 independent standard normal variables &; for Nomal and

Weibull.
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Figure 4.10 Number of eigenvalues of covariance matrix for a normal or Weibull

marginal PDF

The b coefficients of the PCE were calculated using Section 3.5. Table 4.2 shows
their values for both the Gaussian and the non-Gaussian case. A KL expansion was then
performed to generate trajectories of the stationary, non-Gaussian process F(t) by
sampling the standard normal variables &;,i = 1,2, ...,100. Figure 4.11 show a few
trajectories of Gaussian and the non-Gaussian trajectories of F(t). Note that the
instantaneous force F(t) is greater or equal to zero for the non-Gaussian trajectories
because the Weibull marginal PDF is defined only for f > 0. In contrast, the Gaussian

trajectories can have negative values.
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Table 4.2 Statistics for the target Input trajectories

Quantity Gaussian I(\;glrlls-sian
Mean 500 500
Standard Deviation 300 300
Skewness 0 0.8
Kurtosis 3 3.70

Table 4.3 b’ coefficients for PCE

Quantity Gaussian ggﬁs-sian

by 501.345 499.91

by 299.87 297.546

b, 0.0456 0.843

b3 -0.022534  -0.024325
by -0.00212  -0.002432
bs 0.0003532 0.00034234
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Figure 4.11 Random trajectories for (a) Gaussian (Normal) and (b) Non -Gaussian

(Weibull) marginal distribution for 0 < T < 140 sec

To demonstrate the accuracy of the proposed methodology in estimating the
marginal PDF’s Figure 4.12 shows that both estimated PDFs regenerated from the 2000
trajectories are very close to the exact normal and Weibull marginal PDFs even at the

right rail which is important for fatigue life estimation. Figure 4.13 also shows that the
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autocorrelation coefficient of the input process is estimated very accurately. Finally,
Table 4.4 shows that the estimated mean, standard deviation, and skewness and kurtosis

coefficients are very close to the target values.
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Figure 4.12 Accuracy of PCE estimated marginal PDF vs target marginal PDF
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Figure 4.13 Estimated autocorrelation coefficient using PCE-KL
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Table 4.4 Statistical moments of input random process

Quantity Gaussian IC\}IZEs;ian
Mean 502 498.5
Standard Deviation 299.7 297.5
Skewness 0.0025 0.89
Kurtosis 3.004 3.78

4.4.2 Output Stresses and Estimation of their Marginal PDF

After obtaining input force trajectories using the estimated marginal PDF and
NG-KLE techniques, we evaluate the Duffing Oscillator system response for each
random input signal to determine the corresponding output stress signal. Figure 4.14
shows these output stress signals, which are obtained by solving the vibratory equation of

motion of the duffing oscillator.
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Figure 4.14  Output stresses for duffing oscillator a) Normal b) Weibull

Table 4.5 Statistical moments of output stress process

Non- Non -
Output Stresses Gaussian ~ Gaussian

(Normal)  (Weibull)
Mean 130.55 144.70
Standard Deviation 72.71 37.8
Skewness -1.73 -0.93
Kurtosis 6.57 5.254

It should be noted that despite using a Gaussian input process, the nonlinear
nature of the system produces a significantly non-Gaussian output stress process as
shown in Figure 4.14. In our estimation, we exclude the response during the initial 20
seconds because it is influenced by arbitrary initial conditions. Figure 4.16 also shows the

estimated output stress autocorrelation coefficient (blue line). The red line shows a
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smooth version which is used in order to reduce a potentially large variability of fatigue

life prediction.
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Figure 4.15 Estimated marginal PDF of output stress process.
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Figure 4.16 Estimated autocorrelation coefficient for output stress process for normal and

Weibull marginal PDF

54



After successfully estimating the marginal PDF and autocorrelation function of
the output stress, we employ the NG-KLE approach to generate multiple output
trajectories of long duration. This reduces the computational cost of solving the equations
of motion for longer durations. Figure 4.17 illustrates the generation of output stress
signals using the normal marginal PDF for a duration of 240 seconds, as opposed to the
original 140-second signal. The extended signal duration offers the advantage of
improved accuracy in capturing cyclic loadings and high-stress cycles, which are critical

for fatigue life calculations.
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Figure 4.17 Output stress trajectories generated using NG-KLE for Normal
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Figure 4.18 Output stress trajectories generated using NG-KLE for Weibull

We mentioned that the generation of longer output signals aids in reducing the
computational cost of required system evaluations. However, the computational cost of
generating these longer signals may increase, as more eigenvalues are needed in the
Karhunen-Loéve Expansion (KLE).

To ensure the accuracy of the generated output stress trajectories, we conducted a
validation process by recalculating the marginal PDF of the stress output process. The
purpose of this step was to verify that the PDFs we estimated from the generated stress
data closely resembled the original ones. Figure 4.19 shows that our estimated stress PDF
closely matches the original one for both the case i.e. Weibull and Normal for the

duration of 240 secs. Figure 4.20 highlights the autocorrelation function for both the
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sample stresses generated for Normal and Weibull distribution.
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Figure 4.19 Accuracy of estimated output marginal PDF
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4.4.3 Fatigue Life Estimation

Each of the generated shear stress trajectories is rain-flow counted to estimate the
corresponding fatigue damage and therefore fatigue life. A large number of output stress
trajectories was generated using a normal or Weibull marginal PDF. Figure 4.21(a) and
(b) shows the histogram of the resulting damage from each output trajectory for the
normal and Weibull marginal PDF. As expected the two histograms are very different

indicating the importance of Gaussian or non-Gaussian case.
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Figure 4.21 Histogram of damage for (a) Gaussian and (b) non-Gaussian marginal PDF
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Figure 4.22(a) and (b) shows the histogram of the corresponding life for the Gaussian and

the non-Gaussian case indicating large differences.
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Figure 4.22 Histogram of life in hours for (a) Gaussian and (b) non-Gaussian marginal

PDF
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4.5 Summary

In this chapter, we introduced a simulation-based method for estimating the
fatigue life of nonlinear vibratory systems subjected to both Gaussian and non-Gaussian
excitations. Our approach, based on the NG-KLE methodology and PCE, efficiently
characterizes stationary non-Gaussian processes defined by their marginal PDF and
autocorrelation function. We improved the required computational efficiency by
generating trajectories of long duration without solving the equations of motion for the
entire long duration. To estimate fatigue life, we employed two methodologies: the total
probability theorem approach and the PDF of peak stresses approach using fully reversed
amplitudes. Both approaches use the Miner’s linear damage model with a Morrow mean
stress correction. The proposed methodology accommodates both Gaussian and non-
Gaussian processes, whether narrow or wideband, ensuring accurate fatigue life
predictions. We illustrated its effectiveness using a Duffing oscillator example,
demonstrating the importance of accounting for non-Gaussian loading in estimating

fatigue life.

60



CHAPTER FIVE

A SUBDOMAIN APPROACH FOR LONG TIME HORIZON GAUSSIAN AND
NON-GAUSSIAN RANDOM PROCESSES

5.1 Introduction

For many dynamic system applications, such as random linear and nonlinear
vibrations, durability or fatigue, the system is excited by random loads represented by
random processes. Their response (e.g. time-dependent stress) is required to assess
durability, reliability or simply strength through time. For nonlinear problems, time
trajectories of the input process are needed to calculate the corresponding output time
trajectories. This operation, known as uncertainty propagation, is carried out for many
trajectories to obtain accurate statistics of the output random process. Therefore, the input
and output random processes must be characterized (i.e., generate time trajectories) in the
time domain. For uncertainty propagation, a long-time horizon is commonly required for
meaningful results.

Spectral decomposition methods are commonly employed to characterize a
Gaussian random process. Many spectral decomposition methods have been developed
including Borgman’s method [16, 68], Shinozuka’s method [17-18], Karhunen-Loeve
expansion (KLE) [19,20,81] expansion and Expansion Optimal Linear Estimation.
Among them, the KLE is often used mainly for Gaussian processes. However, it can also
be used for non-Gaussian processes. It represents a random process as a weighted sum of
uncorrelated eigenfunctions of the process covariance matrix. For a stationary process,

the latter is formed if the process Power Spectral Density (PSD) is known.
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The Borgman and Shinozuka spectral representation methods [16-20, 68] are
based on the Fourier transform. The phase angles of all harmonics are treated as
independent random variables[81]. The methods assume ergodicity in mean and
autocorrelation so that the temporal and ensemble statistics for all sample trajectories are
equal. The KLE method represents a random process as a weighted sum of uncorrelated
eigenfunctions using a spectral decomposition of a covariance function. The EOLE
method [22] is a variant of the KLE method.

Autoregressive time series models have been also used to represent a random
process [82, 83] by assuming that a state depends linearly on previous states. The linear
dependency coefficients are usually computed by maximizing a likelihood function. For a
stationary process, the application of the KLE in a very large domain (time horizon)
compared to the correlation length still remains unaffordable. For a given mean-square
error, the number of needed terms in the KLE grows drastically with the size of the
domain [84]. This presents two major challenges if trajectories of very long duration are
needed. First, the size of the covariance matrix becomes very large especially if a small
discretization step is used. As a result, the eigenvalue analysis of the covariance matrix to
obtain its eigenvalues and eigenvectors may become very expensive. Second, in
uncertainty propagation of nonlinear dynamic problems (or linear dynamic problems
excited by non-Gaussian processes), a Quasi Monte Carlo (QMC) approach [32, 85] may
be needed to make sure the input process trajectories cover the entire design space. This
is necessary in order to increase the accuracy of the output process statistical moments
without having to time integrate many input trajectories of long duration to calculate the

corresponding output trajectories. The output statistical moments are used to estimate the
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marginal PDF and autocorrelation function (or equivalently PSD) of the output process
[32]. A space filling set of input trajectories can be generated if the KLE random
coefficients (the &; ‘s of Eq. 4) are space filled. This becomes practically impossible if
there are hundreds of them due to the long duration of each trajectory.

This Chapter addresses the above two challenges by splitting the time horizon into
a number of short subdomains of equal duration. The duration of each subdomain can be
as short as the process correlation length. If shorter, the process correlation structure is
not maintained. The aim is to generate trajectories of a random process using the KLE, if
the time horizon is much longer than the process correlation length and a direct KLE is
not computationally affordable [84, 85]. The spectral decomposition of the covariance
matrix X is computed for only one subdomain so that a reduced number of terms is
needed for the KLE and thus the computational effort of eigenvalue analysis of X is
small. Then, independent random trajectories are generated for each of two adjacent
subdomains and, finally, a coupling matrix is formed to condition the KLE ¢&; variables of
the second subdomain to ensure the process correlation is preserved across the junction of
the two subdomains. Finally, a cubic-spline interpolation is used at the junction to ensure
continuity of the generated trajectories up to second derivative. We note that a set of
correlated random processes was proposed in [87] by imposing a correlation between the
KLE coefficients of each random process. However, the connection at the junction of
each subdomain was performed by overlapping the subdomains which introduces an error
on the process correlation reducing therefore accuracy. In this research, we consider only
Gaussian random processes. However, the proposed approach can be extended to non-

Gaussian processes using for example, the method in [32, 88, 89]. This chapter is

63



organized as follows. Section 5.2 presents a brief description of KLE and Section 5.3
provides details of the proposed subdomain KLE. Section 5.4 compares the proposed
approach with the conventional one domain KLE using two examples to demonstrate its

accuracy. Finally, Section 5.5 summarizes.

5.2 Brief Description of Karhunen-Loeve Expansion

As mentioned above in section 5.1, the KLE represents a random process F(t) as
a weighted sum of uncorrelated eigenfunctions using a spectral decomposition of the
process covariance function. A stationary Gaussian process F(t) can be characterized
using only its autocorrelation function Ry (t) where T = t, — t; is the relative time, under
the assumption of the standard translation process model [38, 56]. If the time duration
[0, T] of the process is discretized uniformly using N points, the N x N covariance matrix
is
2=[Cr (tptD]=[CFr(M]0<t,t;<T (5.1)
Note that for a zero-mean process
Rp(t) = Rp(1) = 0?pp(7) (5.2)
where pp(7) is the process autocorrelation coefficient and 62 = R (7 = 0) is the process
variance. Hence, a zero-mean, stationary, Gaussian process is fully characterized by its
autocorrelation function Ry (7) which is the same with the covariance function Ry (7).
The process can also be characterized in the frequency domain by specifying the Power

Spectral Density (PSD) Spr(w) which is the inverse Fourier transform of Rz (7), i.e.
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e

Sp(w) = ]RF(T)e_ijdT (5.3)

Eq. (5.3) is known as the Wiener-Khintchine Theorem [16].
Because of the affine transformation property of the multi-normal distribution, the

following spectral representation (KL expansion) holds

r
F(6,0) = + ) A @) - 6:(6) (54)
i=1
where t = t1, to, ..., tv and r < N is the number of dominant eigenvalues of the

covariance matrix. In Eq. (5.4), A; and ®;(t), i = 1, ..., r are the eigenvalues and the
corresponding eigenvectors of the covariance matrix X, and &;(6) are i independent
realizations of the standard normal distribution. Eq. (4) is used to generate sample
trajectories of F(t).

For a non-Gaussian process, a non-linear transformation of the underlying
Gaussian process is used based on the rigorous mathematical framework of Grigoriu’s
translation process theory [38, 55]. A translation process is a flat transformation of a
Gaussian process. An iterative process is commonly used to identify the non-linear
transformation. The iterative procedure is based on the Power Spectral Density (PSD) of
the process [87] or its autocorrelation function. A combination of Polynomial Chaos
Expansion (PCE) and KLE has been presented in [31] to generate trajectories for a non-

Gaussian process. In this research, we consider only Gaussian processes.
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5.3 Proposed Subdomain KLE for Long-Duration Random Processes

To generate trajectories for a stationary random process with a long domain (time
horizon) [0, T], the domain is partitioned into a number of subdomains resulting in a
much smaller duration for each subdomain. Since the numerical cost of KLE increases
drastically with increasing domain size, the basic idea is to perform the KLE only for the
first subdomain, and then ensure 1) that the correlation across the junction is preserved
and 2) each trajectory is continuous up to the second derivative at the junction. The
correlation is preserved using the coupling matrix K of Equation (5.7)and Equation (5.8)
the continuity at the junction is enforced using 1) a computationally efficient iterative
process to ensure F(t = tj, 0, 0,) is close to F(t = tf, 0,,0,) (see Eq. 11 for the
definition of F(t, 84, 6,)) and 2) a cubic-spline interpolation using one or two time steps
before and after the junction time t; (see Figure 5.1) to ensure continuity up to second
derivative at the junction.

To describe the proposed method, we use two subdomains. An extension to
multiple subdomains is easily obtained considering two adjacent subdomains at a time.
We first generate two independent sets of trajectories, one for each subdomain, and then
impose a relationship between the KLE coefficients of the two sets. Subsequently, a
computationally efficient approach is used to generate trajectories of the process in the
whole domain with up to second derivative continuity at the subdomain junction.

Let F;(t, 6,) and F,(t, 8,) with 6;,6, € O, be two independent sample trajectory

sets of the random process F(t, 6) as

Fi(t,6)) = Y1y A - ®;(t) - §(8y) with t € [0,¢] (5.5)
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Fy(t,0,) = X1 A - @it — ty) - §;(8)with t € [ ¢4, T] (5.6)
Each set includes a number of trajectories, each denoted by f; (t) and f,(t),
respectively. Figure 5.1 shows a trajectory f(t) of process F(t, 8) for the time horizon

0 <t < T, split in two subdomains at time t; of equal duration.
200

100

f(t)

-100

-200 :
0 0.2 04 t1 0.6 0.8 T

Figure 5.1 Process trajectory f(?) using two adjacent subdomains

The covariance function C(|s — t|) of the process F(t, 0) is known for 0 < s,t <
T. We define the r X r matrix K, called coupling matrix, where r is the number of
significant eigenvalues for one subdomain (see equation 5.4). The elements of K are

obtained by projecting C(|t — t]) where t € [0,t;] and t € [t;, T] onto the basis ®;(t) as

T
Fy(t, 8,) = f C(le — )0 (O, (F ~ T)ddt =

1 f1
Y A =

(5.7)

ftl C(lt — t — t, )@ (t)®;(E)dtdt
=0

1 ftl
The matrix K expresses the correlation, the initially uncorrelated KLE coefficient

sets (one for each subdomain), must have in order to properly represent the random
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process for the entire domain 7" (union of the two subdomains). The coupling matrix K is

explicitly represented as

I Kiz - Ky
k=2 1o K (5.8)
Krl KTZ I

To generate sets of correlated random processes in two adjacent subdomains, a
vector H is formed in terms of matrices K and L as
I_{ (01, 02) = KTH(Ql) + LH(Qz) (5.9)

where L is the lower triangular matrix of the Cholesky decomposition of I — KTK so that
[91]
I—K'K=1LLT (5.10)

where matrix I — KTK is positive definite.

The Cholesky decomposition of the discretized covariance function can be used to
correlate a set of random variables representing a discretized random field [92]. In Eq.
(5.10), I isthe r X r identity matrix and H is a vector containing all random coefficients
&;(0) of the KLE. Note that the numerical effort to perform the Cholesky decomposition
of Eq. 5.10 depends only on the number 7 of significant eigenvalues of only one
subdomain, which in turn can be small due to the shorter duration [0, ¢;] of the
subdomain.

The vector H of equation (5.9) contains the random coefficients &;(6;,6,) to be
used in the KLE of the second subdomain. Utilizing &;(6;, 6,) ensures that the
correlation between the two adjacent subdomains is preserved across their boundary.

Finally, we generate sample trajectories for the two subdomains as
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T JLPi(DE(6y), t € [0,¢,]

F(t,0,,0,) = _
(£, 61,62) { JADi(t = t)E(61,8,), tE[ty,T]

(5.11)

As an example, Figure 5.2 shows two adjacent subdomains of a Gaussian process
with the Pierson Moskowitz spectrum (or PSD). The correlation length is 0.5 secs
(example 1 of Section 5.4). The time trajectories are generated using a time step of
0.0005 seconds. Figure 5.3 zooms in at the junction. The KLE has been used to initially
generate a trajectory for each subdomain (black and red lines) using two independent

sample sets &;(8) of the standard normal distribution.
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Figure 5.2 Process trajectories for two adjacent subdomains before and after correlation

The trajectory continuity is not preserved at the junction between the two
subdomains. At this point, the coupling matrix K (Eqs 5.7 and 5.8) is formed and the
&;(0,) realizations for the second subdomain are modified as in Eq. (5.9). The new

realizations are used to modify the uncorrelated trajectory (red line) resulting in a
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correlated trajectory (blue line). However, there is still a discontinuity between the black
and blue lines. As Figure 5.2 shows, the modification effect using matrix K is mostly
localized near the junction point at t;, while it is weak far from this point. The coupling
matrix K guarantees the preservation of the specified process correlation function across
the junction but it does not guarantee the trajectory continuity at the junction. The matrix

L guarantees that the new KLE coefficients H (8, 8,) are uncorrelated as they should.

15 - T T |
—Domain1
—Domain2:Correlated

10 - Continuity —--Domain3:Uncorrelated ]|

Error N

5
=
0
-5
-10 B 1 1 1 Il L i I ]
1.7 1.8 1.9 2 2.1 2.2 2.3
Time in Sec

Figure 5.3 Zoomed in portion of Fig. 5.2 showing the continuity error at the junction.

The Pierson Moskowitz spectrum (or PSD). The correlation length is 0.5 secs (section

5.5.2). The time trajectories are generated using a time step of 0.0005 seconds. Figure 5.3
zooms in at the junction. The KLE has been used to initially generate a trajectory for each
subdomain (black and red lines) using two independent sample sets &;(8) of the standard

normal distribution.
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5.4 Continuity at the Subdomain Junction

To ensure continuity of two trajectories at the junction location t = t;, we must
first have.

F(t = t1_’01’02):F(t = tf,91,92) (512)

where F(t, 6;,0,) is defined in Eq. (11). The following continuity error € for F(t, 8, 6,)
is defined at the junction t = t;

_IF(E=65,6,,0,) — F(t = ££,6,,0))]
|F(t = tl_r 011 92)'

x 100 (5.13)

For each generated trajectory of the first subdomain, we iteratively generate
trajectories for the second subdomain using 1) the random coefficients &;(6;, 6,) in the
vector H (Eq. 5.9) to preserve the correlation across the junction and 2) to ensure the
relative error € is less than 1% (i.e. € < 0.01). After we obtain a trajectory with € <
0.01, we apply a cubic-spline interpolation using one or two time steps before and after
the junction time t; to enforce continuity up to second derivative at the junction. This
process (i.e. above steps 1 and 2 and the cubic-spline interpolation) is repeated until the
required number of trajectories is generated for the second subdomain. Note that the
cubic-spline interpolation ensures continuity of value and the first two derivatives at the
junction. Iterations until € < 0.01 are performed to make sure the cubic-spline
interpolation does not substantially modify the two trajectories at the junction altering the
process correlation across the junction. For the same reason, we use only one or two time
steps before and after the junction for the cubic-spline interpolation. Figure 5.4 shows the
cubic-spline modification at the junction using two time steps before and after the

junction (Figure 5.4a) and one time step before and after the junction (Figure 5.4b).

71



7.57
—data1
7t —data2 ]
= CubicSplineFit
6.5
i 6l ; ]
55 _.’: Cubic Spline
{ Tolerance
5f [ —t ]
192 194 196 1.98 2 202 2.04 206 2.08
Time in Sec
% ] —Domain‘i
—Domain2
7 ~--- CubicSplineFit
:‘-’6* ]
:': Cubic Spline
',-" { Tolerance
5 i
i

1.92 1.94 1.96 1.98 2 2.02 2.04 2.06
Time in Sec

Figure 5.4 Cubic-spline interpolation using (a) two-time steps before and after the

junction, and (b) one time step before and after the junction

The proposed approach is easily generalized to many subdomains considering two
adjacent subdomains at a time. After a trajectory has been generated for the first and
second subdomains for example, we generate a trajectory for the third subdomain using
the same process between the second and third subdomains. Figure 5.5 shows a generated

process trajectory using four subdomains by repeating the proposed approach three times.
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Figure 5.5 Generation of a process trajectory using 4 sub-domains

5.5 Numerical Applications

In this section, we will present the numerical implementation of the sub-domain-
based approach by applying it to an industry-wide application involving two input

spectra: Exponential and Moskowitz Power Spectral Density (PSD).

5.5.1 Pierson Moskowitz PSD Example

To demonstrate the accuracy of the proposed subdomain KLE approach, we
compare it with the conventional KLE based on the entire time horizon (one subdomain).
This section presents two examples of a stationary random process: 1) a process with a
Pierson Moskowitz Power Spectral Density (PSD), and 2) [87], a process with an

exponential PSD[88].
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In this example, we consider a zero-mean, stationary random process F(¢) with the

following Pierson Moskowitz PSD

-B

A =B
SFF(O)) =$ew4 (514)

where, A= 1.2*10'2N?sec™ and B = 20,000 sec * (Figure 5.6). The PSD represents a

double-sided spectrum showing only the positive frequency range.

0 50 200 250

] 150
w(rad/sec)

Figure 5.6 Pierson Moskowitz PSD

The inverse Fourier transform of Sgr(w) normalized by the corresponding

variance 62 = R(t = 0), provides the correlation coefficient function ppp(t,t + 1) =

prr(T) (Figure 5.7).

74



0 0.2 0.4 0.6 0.8 1
7(sec)

Figure 5.7 Autocorrelation coefficient for Pierson Moskowitz PSD

The domain is discretized uniformly using a time step df = 0.005 sec. Figure 5.7
shows that the correlation length ¢, is approximately equal to 0.4 seconds, i.e.
prr(t,t + ) = 0if T > 0.4 sec. The covariance matrix of F(t) was first formed, and an
eigenvalue analysis was performed to calculate its eigenvalues A and corresponding
eigenvectors @(t) using a simulation time (duration) of 4, 3, 2 and 1 seconds. Figure 8
shows the eigenvalues for the four simulation times indicating that the number of
dominant eigenpairs used in the KLE of Eq. (5.4) increases drastically with increasing
duration. If the magnitude of the last dominant eigenvalue is less than 1% of the highest,
the number of dominant eigenvalues for the 4, 2, 1 and 0.5 sec duration is 189, 95, 49,
and 31 respectively. Figure 5.9 shows a few trajectories from KLE for the 4 sec duration
case.

Note that for acceptable accuracy, the subdomain length for the proposed approach
must be larger than the process correlation length in order for the KLE to properly

capture the correlation structure of the process.
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Figure 5.8 Eigenvalues of covariance matrix for Pierson Moskowitz PSD
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Figure 5.9 Process trajectories for Pierson Moskowitz PSD example

For this reason, we used 4 different subdomain length; i.e. t; = 0.5,1, 2 and 4 sec
respectively. The duration (time horizon) of interest is 0 < t < T = 4 sec. Thus, the t; =
4 sec case represents the conventional one-subdomain case. Figure (5.10) illustrates the
accuracy of proposed approach using subdomains of duration 0.5, 1, 2, and 4 seconds for
a simulation time of 4 seconds. To cover the 4 sec simulation time, the number of
subdomains is therefore 8 (0.5 sec duration each), 4 (1 sec duration each), 2 (2 sec
duration each), and 1 (4 sec duration), respectively. The one-subdomain case represents

the conventional KLE. For each case, 5000 trajectories were generated for the entire 4 sec
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domain and were used to estimate the process PSD. Figure 5.10 shows that in all cases
the accuracy is very good indicating that the proposed subdomain approach provides very
good accuracy even if each subdomain is short (e.g. 8 subdomains of 0.5 sec duration
each) where a small number of dominant eigenvalues is used compared to the entire

simulation time case.
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Figure 5.10 Average Pierson Moskowitz PSD estimation using subdomain approach for

N=5000 trajectories and 4; = 31,49, 95 and 189

Note that for this example, the largest number of subdomains is eight (not shown
here) with 0.5 sec duration each which is a little larger than the correlation length of 0.4
seconds. Figure 5.11 shows one realization of a long-time horizon of 16 sec generated
using t; = 1 sec and 16 subdomains. All subdomains are connected at the junction using
the proposed methodology indicating that very long trajectories can be generated with a
relatively small number of independent realizations &;(6) of the standard normal

distribution in the KLE.
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Figure 5.11 Example of a long trajectory generated with 16 subdomains of 1 sec duration

each for Pierson Moskowitz PSD

5.5.2 Exponential PSD Example

In this example, we use the common exponential PSD[89]. (Figure 5.12)

SFF(w) = 4’3_4w (515)
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Figure 5.12 Exponential PSD
Similarly, to the previous example, the autocorrelation coefficient function

prr(t, t + ) = ppr(7) is obtained using the inverse Fourier transform of Spp(w)
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normalized by the corresponding variance 6% = R(7 = 0), as shown in Figure 5.13. and
it indicates that the correlation length is approximately 1 sec. We therefore use

subdomains of length equal to 1 sec.

P (T)

o
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Figure 5.13 Autocorrelation coefficient for Exponential PSD

Figure 5.14 shows the eigenvalues and their maximum number of the covariance
matrix if the ratio of smallest to largest eigenvalue is 1% for subdomain lengths of 1, 2, 4,
and 8 seconds indicating that 31, 63, 120 and 237 terms respectively, are used in the

KLE.
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Figure 5.14 Eigenvalues of covariance matrix for exponential PSD

Figure 5.15 shows that even the smallest subdomain length of 1 sec is enough to
estimate the exponential PSD accurately using N = 5000 trajectories. Figure 5.16 shows

some of the trajectories for the time horizon of 0 <t < T = 8 sec.
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Figure 5.15 Average exponential PSD estimation using subdomain approach for

N=5000 trajectories and A; = 31,63,120 and 237
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Figure 5.16 Process trajectories for exponential PSD example

54 Summary

This chapter presents a unique subdomain-based approach the KL Expansion of a
stationary, Gaussian process for a domain which is much longer than the process
correlation length is computationally expensive, especially if a small discretization step is
used to capture high frequency content for example. To address this issue, a subdomain
approach has been presented where the spectral decomposition of the process covariance
matrix is computed for a short subdomain where the computational effort is much smaller
since a reduced number of terms is needed for the KLE. For two subdomains for
example, trajectories are generated for each subdomain independently and a coupling
method is applied to the second domain trajectories to condition them so that the random
process correlation is preserved across the subdomain junction. Additionally, continuity
at the junction is enforced using a cubic-spline interpolation. The proposed approach is

easily extended to multiple subdomains of equal duration which can be as small as the
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process correlation length. Two examples demonstrated the accuracy of the proposed
approach.

The presented subdomain approach for Gaussian processes has also been extended
to non-Gaussian processes. The non-Gaussian case is not presented however, due to its

many similarities with the Gaussian case.
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CHAPTER SIX

SIMULATION-BASED FATIGUE LIFE ESTIMATION USING SUBDOMAIN
NG-KLE

6.1 Introduction

This Chapter combines the developments of Chapters 4 and 5 to develop a general
simulation-based fatigue life estimation using a subdomain-based NG-KLE method. The
subdomain part of the developed method improves computational efficiency by applying
the NG-KLE method to generate short duration trajectories, and then creating very long
synthetic trajectories by stitching many sort trajectories. As demonstrated in Chapter 5,
both the marginal PDF and the autocorrelation function of the process are preserved. The
synthetic long stress trajectories are then used to estimate fatigue life using one of the
three approaches of Chapter 4. The proposed approach has three main advantages: 1) it
handles both Gaussian and non-Gaussian processes, 2) it is computationally efficient, and
3) it is accurate due to the synthetically generated long output trajectories.

We demonstrate in this Chapter, all developments using two examples: A Duffing
oscillator excited by a non-Gaussian load, and a truck frame excited also by a non-
Gaussian load. In the latter example, a very large finite element model is used for the

truck.
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6.2 Example 1: Duffing Oscillator Under Non-Gaussian Loading

In this section, we apply the subdomain-based non-Gaussian Karhunen-Loéve
Expansion (NG-KLE) methodology to assess the fatigue life of the Duffing oscillator
nonlinear system subjected to non-Gaussian loading. This case study demonstrates the
advantages of utilizing the subdomain-based NG KLE in estimating fatigue life in
combination with the developed generalized simulation-based fatigue methodology.

We used a normal or Weibull marginal PDF. In the former case, the PDF has a
mean of 500 and a standard deviation of 300. The Weibull PDF has the same mean and
standard deviation while the skewness coefficient is equal to 0.7 and the kurtosis
coefficient is equal to 3. Figure 6.1 shows the Weibull marginal PDF.

The case study illustrates how the subdomain-based NG-KLE methodology, with
its flexibility and accuracy, can effectively handle diverse input conditions, ultimately
providing valuable insights into the fatigue behavior of complex systems under non-

Gaussian loading.
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Figure 6.1 Weibull marginal PDF

6.2.1 Generation of Input Force Trajectories using the Subdomain Approach

We first generate input force trajectories using KLE of only 14 second duration.
This reduces the number of significant terms in the KLE substantially improving
therefore, the computational efficiency. The subdomain approach was then used to
“stich” together 10 signals of 14 second duration each for a total duration of 140 seconds,
as shown in Figure 6.2. The dots indicate the location where two subsequent signals were
connected together. It should be noted that the provided correlation of the process is
preserved through the boundaries between two adjacent subdomains. This is a key
advantage of the subdomain enabling the generation of significantly longer input signals

using a small number of terms in the KLE.
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Figure 6.2 Representative input force trajectory from subdomain NG-KLE for the

Weibull marginal PDF

6.2.2 Validation of Input Marginal PDF and Autocorrelation Function

In order to make sure the generated trajectories on the input process follow the
provided marginal PDF and autocorrelation function, we generated 50 realizations using

the NG-KLE approach (Figure 6.3).
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Stress realizations

Figure 6.3 Input force trajectories from subdomain NG-KLE for the Weibull marginal
PDF

With this ensemble of realizations, we estimated both the marginal PDF and the
autocorrelation coefficient. Figures 6.4 and 6.5 show an excellent agreement between the
estimated and provided marginal PDF and autocorrelation coefficient. This validation

step ensures the accuracy of the generated trajectories, affirming their fidelity in

representing the target system behavior.
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Figure 6.4 Comparison of estimated and target marginal PDF
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Figure 6.5 Comparison of estimated and target autocorrelation coefficient

6.2.3 Estimation of Output Marginal PDF and Autocorrelation Function

The 50 input force trajectories of Figure 6.3 were used as excitation of the
Duffing oscillator and the corresponding output displacement trajectories were obtained
using Runge-Kutta time integration. Subsequently, the output displacements were
converted to shear stress of the linear spring coil as shown if Figure 6.6. Note that the

small number of 50 output trajectories ensures computational efficiency.
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Figure 6.6 Output stress trajectories from Duffing oscillator

The 50 stress output signals were then used to estimate the marginal output stress
PDF and the autocorrelation function. For that, we omitted the initial 10 seconds of each
trajectory which are dominated by arbitrary initial conditions used in the Runge-Kutta
time integration. Figure 6.7 compares the estimated marginal PDF from the subdomain
approach with the classical NG-KLE based on 140 second trajectories without the

subdomain “stitching.” The accuracy of the subdomain approach is very good.
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Figure 6.7 Estimated output marginal PDF of output stress
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6.2.4 Generation of Long Output Stress Trajectories Using Subdomain NG-KLE

After we obtained the estimated marginal PDF and autocorrelation function of the
output stress process, as explained in Section 6.3.2, we used the NG-KLE approach to
generate many trajectories of 30 seconds each. This short duration ensures computational
efficiency of the NG-KLE. The subdomain approach was then used to “stich” together
150 trajectories of 30 second each generating therefore trajectories of 4500 second each
(Figure 6.8). This approach allows us to generate many output stress signals that capture
the system’s statistics over a very long period without increasing the computational cost.

To validate the statistical accuracy of the 4500 second trajectories, we estimated
their first four statistical moments and compared them with 240 second trajectories
generated by the NG-KLE without using the subdomain approach. Table 6.1 compares

the two cases, indicating the statistical accuracy of the trajectories generated by the

subdomain approach.
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Figure 6.8 Long stress realizations generated using the subdomain NG-KLE (150

subdomains of 30 sec each)
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Table 6.1 Statistics for the output trajectories

Weibull E)tvjigggsec)
Quantity (t=240 sec) i

NG-KLE Subdomain

NG-KLE

Mean 144.70 144.35
Standard Deviation 37.8 37.92
Skewness Coef. -0.93 -0.8686
Kurtosis Coef. 5.254 5.0965

The long-duration trajectories of Figure 6.8 highlight the ability to capture high-
stress areas (stress peaks) that might have been overlooked with shorter signals. This
extended signal duration is critical in the estimation of fatigue life which is dominated by

rare events of high stresses which are difficult to obtain with short-duration signals.

6.2.5 Fatigue Life Estimation

The long-duration trajectories of Figure 6.8 were used to estimate the fatigue life
using the total probability theorem approach (Section 4.3.2) and the PDF of peak stresses
approach (Section 4.3.3). The table shows that the two approaches show similar fatigue
life estimation. In addition, the estimated life using long-duration signals of 4500 seconds
based on the subdomain NG-KLE, is substantially lower (e.g. 774.99 versus 1437 for the
total probability theorem approach) compared to the short signals of 240 second duration.
This is expected because the long signals have a high probability of capturing large stress

peaks which dominate and reduce the fatigue life. Although not shown in the table, the
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fatigue life using 4500 second signals, was similar if longer signals were used (e.g. 9000
seconds) indicating convergence of fatigue life estimation.

Table 6.2 Fatigue life estimation summary

Weibull
Weibull t=4500sec

Input Spectrum =240 Sec  (Subdomain-

NG-KLE)
Total Probability
Theorem (hrs) 1437 774.99
PDF of Peak Stresses (hrs) 1441 731.44
Number of Eigenvalues 650 72

6.3 Appropriate Duration of Output Stress Trajectories

The length of stress signals needed for fatigue analysis can vary depending on
several factors, including the complexity of the system, the nature of the loading
conditions, and the specific fatigue analysis method being employed. However, in
general, longer stress signals are often beneficial for more accurate fatigue analysis. Here
are some considerations:

¢ Loading Conditions: For systems subject to simple, repetitive loads, shorter stress
signals may be sufficient. However, if the loading conditions are complex or
involve non-Gaussian behavior, longer signals become more important.

e Complex Systems: Complex engineering systems with multiple components and

interactions typically require longer stress signals. This is because such systems
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can exhibit intricate stress variations that must be captured for accurate fatigue
analysis.

e Fatigue Life Estimation Methods: The method used for fatigue life estimation
plays a significant role. Some methods, like the rain-flow counting algorithm,
work well with shorter signals. In contrast, advanced methods that consider non-
Gaussian behavior often require longer signals to capture statistical characteristics
accurately.

e Non-Gaussian Behavior: If the stress signals exhibit non-Gaussian behavior,
which is common in real-world applications, longer signals are essential. Non-
Gaussian behavior includes features like heavy tails, skewness, kurtosis, and
complex temporal patterns, which necessitate more extensive data for accurate
analysis.

e Statistical Confidence: Longer signals provide more data points, leading to greater
statistical confidence in the results. This is crucial for estimating fatigue life,

especially when dealing with uncertainties.

For the above reasons, we propose the approach shown in Figure 6.9 to determine the
most appropriate stress signal length for accurately calculating fatigue life. It leverages
both traditional counting methods such as rain-flow counting and advanced techniques
such as the subdomain NG-KLE that account for non-Gaussian behavior. The key is
incrementally increasing the signal length and re-estimating fatigue life until convergence

within a predefined tolerance.
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Figure 6.9 Flowchart of incremental increase of signal length

The process begins by selecting a combination of fatigue life estimation methods
suitable for the expected loading conditions as per Section 4.3. An initial short length
input random process is chosen based on expected real-world duration and computational
resources. The selected methods then estimate fatigue life using the short length input
process. If the fatigue estimates between two successive iterations do not converge within
a defined limit, the process length is systematically increased, and the estimation is
repeated until satisfactory convergence is achieved. The length can be easily increased

using the developed subdomain approach. A key enabler is that the subdomain NG-KLE
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allows generating arbitrary length signals once the marginal PDF and autocorrelation are
determined, without needing expensive re-evaluations. This iterative data-driven
methodology identifies the minimum signal length required for the selected methods to
yield acceptably consistent fatigue life predictions. The final converged result provides

greater confidence in obtaining an accurate fatigue life even under non-Gaussian loading.

6.4 Example 2: Automotive Pickup Truck with Non-Linear Mounts Subjected to Non-

Gaussian Loading

The chassis is a critical component in trucks that integrates major systems such as
axles, suspension, powertrain, and the cab [100]. It must be rigid to withstand the
operational stresses yet have adequate bending stiffness for good handling. Key design
criteria are minimizing stress, deflection, and maximizing energy absorption. Fatigue
loading is a major consideration as the chassis experiences complex dynamic loads in
service. Factors affecting fatigue life include stress state, geometry, surface quality,
material type, defects, and loading direction [101-104]. Many researchers have focused
on chassis design and manufacturing. The objective in this example is to apply the
proposed fatigue analysis techniques for truck frames to access their fatigue life while
reducing the number of FEA simulations. Fatigue life estimation is critical to prevent in-
service failures.

To demonstrate the industrial application of the developed general simulation-

based fatigue methodology we use an open-source Chevrolet Silverado pickup truck
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model as shown in Figure 6.10. The system is a large automotive finite element model

with non-linear components.

Figure 6.10 Finite element model of Silverado pickup truck

6.4.1 Description of Model and Input Random Force

The FEA model consists of 4.5 million degrees of freedom. The cab and the truck
bed are mounted on the frame at the mounting locations as shown in Figure 6.11. The
frame is supported at all other suspension mounting locations using flexible constraints.
The non-linear stiffness of the bushings in the direction of the strut is also shown in
Figure 6.11. The tactile response is measured at the seat mounting location. A viscous

damping of 5 Ns/mm applied at each cab, bed and suspension mounting locations. The

96



excitation (input) random process is stationary and non-Gaussian with a Weibull
marginal PDF and is applied at the front left shock tower through a non-linear bushing in

the direction of the strut (Figure 6.11).

Suspension, Cab and Bed
Meounting Locations

Figure 6.11 Location of cab mount, nonlinear bushing, and non-Gaussian load location

Because of the presence of the non-linear bushings at the suspension mount, a
direct non-linear transient analysis is needed, which is very expensive and impractical
even for one simulation for this large system. Component Mode Synthesis (CMS) is
effectively used to address this. In CMS, the dynamics of the structure are described by
the normal modes of its individual components, and a set of modes called constraint
modes. The Craig-Bampton method is the most accurate and widely used CMS method.
It uses component normal modes which are calculated with the interface between

connected component structures held fixed. The attachment to the interface is achieved
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by a set of constraint modes. A constraint mode shape is the static deflection of the
structure if we apply a unit displacement to one interface DOF while all other interface
DOF are held fixed. Thus, the motion at the interface is completely described by the
constraint modes.

The truck model is partitioned into three large linear vibratory sub-structures as
shown in Figure 6.12 and one small non-linear substructure separated at the mounting
locations (coupling DOFs) [97-100]. The original DOFs of each substructure are
represented by the constraint modes and the normal modes. This CMS approach reduces
large vibratory substructures to modal models with few DOFs each. The frequency range
of interest is from 0-30 Hz but the modal content up to 60 Hz is captured for each

substructure in order to improve the accuracy of the simulation.

Substructure 2: Truck Bed ‘

\

| Substructure 1: Cab |

Ty,

| Substructure 3: Frame

Figure 6.12 Substructures of pickup truck finite element model
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Finally, the dynamic substructures and the residual non-linear substructure along
with the applied loads and appropriate boundary conditions are assembled together to
form a finite element model of 336 DOFs [97]. Table 6.3 shows the details of the super
elements (substructures) and the residual structure for this the truck example. This non-
linear model is then solved using the non-linear direct transient analysis in MSC/Nastran.
The method uses the Newmark-Beta method for integration in time and the Quasi-
Newton techniques known as BFGS (Broyden-Fletcher-Goldfarb-Shanno) to update the
Hessian for iterations at each time.

The non-linear stiffness of the mounts is approximated using a linear fit as shown
in Figure 6.13. An equivalent linear stiffness of 1600 N/m3 is used instead of the actual

non-linear stiffness to “linearize” the system.

500 = = = = it

400 | = Non-linear Stiffness
| ==-Linear Fit

300
200 ¢
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o
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-200 1
-300

-400

-500 %

0.2 0.1 0 0.1 0.2
Displacement (mm)

Figure 6.13 Nonlinear stiffness of suspension mount bushing
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Table 6.3 Details of substructures and residual structure for the truck example

No. Joint From-To ]1\)/1 8(1121 Physical DOFs E(é;%ls
1 Cab 163 - i
2 Bed 64 i ]
3 Frame 103 - i
4 Residual _ 6 336

6.4.2 Generation of non-Gaussian Force excitation trajectories

First, we generated the input random force realizations which are used as input
excitations for the system. These excitations represent forces that act on the truck from
the road, similarly to those experienced by a truck during operation. A Weibull marginal
PDF is used for the input force random process with a heavy right tail, to capture the
probability of extreme loading resulting in early failures. To generate realistic output
stresses, the marginal PDF has a mean of 28 KN and a standard deviation of 15. The
Weibull parameters lambda and kappa are then computed to match the desired mean and
standard deviation, ensuring that the Weibull marginal PDF accurately represents the
statistical properties of the input forces. Figure 6.14 shows the Weibull marginal PDF of

the input force process and compares it with the normal distribution.
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Figure 6.14 Marginal PDF for input force random process

An exponentially decaying autocorrelation coefficient (Figure 6.15) is used to

capture the correlation structure of the input force process.

1Autocorrelation Coefficient of Input Force Spectrum

rhoFF(ta u)

0 2 4 6 8 10
Relative Time tau

Figure 6.15 Autocorrelation coefficient of input force random process

Using the marginal PDF and the autocorrelation coefficient, we generated a 30

second force trajectories using the subdomain NG-KLE by stitching 3 subdomains of 10
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second each (Figure 6.16). The color dots indicate the location where different segments

of these force trajectories are stitched together.

Force realizations

100
80

60

Time in Sec

Figure 6.16 Input excitation force realizations from subdomain NG-KLE

To demonstrate the accuracy of the developed general fatigue estimation
methodology, we repeat the fatigue estimation approach three independent times. Each
time, we generate 50 input force realizations and calculate the corresponding 50 system
responses. We use the low number of 50 evaluations to also demonstrate the
computational efficiency of the method. Table 6.4 shows the statistics for the 50 input
realizations. We observe that the estimated four statistical moments of the input process

are similar.
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Table 6.4 Input statistics of the fifty realizations per iteration

Non - Non - Non -
Quantity Gaussian Gaussian Gaussian

Iteration 1 Iteration 2 Iteration 3
Mean 27.8 28.1 274
Standard Deviation 14.60 15.10 14.80
Skewness 0.5666 0.5366 0.49
Kurtosis 3.12 2.99 3.08

For each input realization, a finite element model is run using NASTRAN’s
transient Sol 108. The corresponding output displacement realization is then used to
calculate a stress realization at a particular location where the fatigue life will be

estimated.

6.4.3 Output Stress Process and Generation of Long Stress Trajectories

Figure 6.17 shows the location of the input excitation and the response. The latter
is obtained at a circular beam of the chassis which is typically the second-highest stress
area. We avoid areas near welds which could experience the highest stress region because
the properties of the welding material can vary and are proprietary to the manufacturer.
Figure 6.18 shows the 50 realizations of the calculated stress process for iteration 1. Their
non-negative values are due to the Weibull marginal PDF of the input force process.

Table 6.5 shows the statistics of the stress output process based on the 50 realizations.
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Figure 6.17 Input and output locations for the truck example
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Figure 6.18 Output stresses for the 50 realizations of iteration 1
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Table 6.5 Statistics of the output stress process

Non - Non - Non -
Quantity Gaussian Gaussian Gaussian

Iteration 1 Iteration 2 Iteration 3
Mean 47.98 53.1 42.10
Standard Deviation 28.05 30.5 36.4
Skewness 0.72 0.77 0.65
Kurtosis 3.41 3.6 35

Using the 50 output stresses trajectories, we estimated the marginal PDF (Figure
6.19) and the autocorrelation coefficient (Figure 6.20). The latter is smoothed using a

Savitzky-Golay filter to reduce noise.
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§ 0.01 - —|Iteration 2
7,
=
2
e k
0 0.005 - 'y |
- bl
11_1%-
T
0 n| | | __-1—‘——:—— - - |
0 50 100 150 200
Stresses

Figure 6.19 Estimated marginal PDF of output stress.
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Figure 6.20 Estimated autocorrelation coefficient for output stress

After the marginal PDF and the autocorrelation coefficient are estimated, the
subdomain NG-KLE approach is employed to generate very long stress trajectories
spanning 5000 seconds as shown in Figure 6.21 demonstrating how the stress realizations

evolve over extended periods. For each trajectory, 250 subdomains of 20 seconds each

were used.
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Figure 6.21 Long stress realizations using subdomain NG-KLE with 250 subdomains of 20
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6.4.4 Fatigue Life Estimation

The fatigue life of a chassis frame is typically measured in terms of the number of
loading cycles it can withstand before failure rather than in hours or years because it
depends on how the vehicle is used and on the loading conditions it experiences. For
example, a manufacturer might test a chassis frame to determine that it can withstand 1
million loading cycles, using also a safety factor of 2.5 — 3 times the actual number of
cycles to failure. The actual duration in hours or years this represents depends on the
frequency and magnitude of the loads the chassis frame experiences during its operational
life. In a real-world scenario, the fatigue life of a chassis frame varies from vehicle to
vehicle and can range from several years to decades, depending on factors such as the

vehicle’s usage, maintenance, and design. Commercial vehicles designed for heavy-duty
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applications may have longer fatigue lives than passenger cars. It’s also worth noting that
manufacturers use safety factors and design considerations differently to ensure that the
chassis frame will last well beyond the expected lifespan of the vehicle.
The spe’ific number of hours or years it would take for a chassis frame to reach its
fatigue life can only be determined if the vehicle’s operating conditions are known
through its lifespan.

Using a large number of 5000-second long synthetic stress realizations as in
Figure 6.21, we estimated the PDF of the fatigue cycles using the three methodologies of
Section 4.3. Table 6.6 summarizes the results. The fatigue life is expressed both in hours

and in terms to cycles to failure.
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Figure 6.22 PDF of fatigue strength cycles
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Table 6.6 Fatigue life estimation for the truck example

Method Iteration 1 Iteration 2 Iteration 3

Mean Life (Hrs) 7579 8009 7800

Total Probability theorem 7516 8190 7789

PDF of peak stresses 7359 8290 7692

Number of cycles 453589 434590 443002
6.5 Summary

This Chapter presented a subdomain-based NG-KLE method for fatigue life
estimation. The method is computationally efficient and accurate and handles both
Gaussian and non-Gaussian loads.

All developments were demonstrated using two examples: A Duffing oscillator
excited by a non-Gaussian load, and a truck frame excited also by a non-Gaussian load.

In the latter example, a very large finite element model is used for the truck.
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CHAPTER SEVEN

CONTRIBUTIONS AND FUTURE WORK

7.1 Dissertation Contributions

This dissertation presents a range of contributions aimed at advancing the

accurate and computationally efficient estimation of fatigue life for nonlinear systems

excited by Gaussian or non-Gaussian loads. The main contributions are summarized

below.

Novel techniques were developed to estimate fatigue life for both Gaussian and
non-Gaussian excitation.

A subdomain-based approach was developed using KLE for Gaussian processes.
The approach was also extended to non-Gaussian processes resulting in a NG-
KLE. The methodology allows us to generate very long trajectories of a process
enhancing therefore, the accuracy of fatigue life estimation without increasing the
computational cost substantially as is the case for the conventional KLE. The
method particularly benefits problems with non-normal stochastic excitations,
facilitating efficient uncertainty propagation and fatigue life estimation.

The computational and accuracy advantages of the developed subdomain NG-KLE
were demonstrated using a Duffing oscillator nonlinear system as well as a
nonlinear truck model example. A non-Gaussian excitation was used for both

examples.
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In an era dominated by the relentless advance of Artificial Intelligence and
Machine Learning (AI/ML), this dissertation offers new mathematical techniques for
efficient and accurate uncertainty propagation and fatigue life estimation for complex

nonlinear systems excited by non-Gaussian loads.

7.2 Recommendations for Future Work

Below are potential future work avenues based on the contributions of this
dissertation:

e Extend the subdomain KLE approach to non-stationary random processes.

e Develop more automated and adaptive ways to optimize the subdomain
partitioning and continuity enforcement for greater efficiency.

e Explore multi-scale and multi-physics extensions of the fatigue modeling
techniques for complex systems.

e C(Create user-friendly software implementations, to make the dissertation
techniques more accessible to the wider research community.

e Create hybrid methods combining the dissertation techniques with physics-based

and data-driven models to further improve efficiency and accuracy.
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