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ABSTRACT

EXPERIMENTAL INVESTIGATION OF THE POLYHEDRAL STRUCTURE OF
BALANCED INCOMPLETE BLOCK DESIGNS

by

Stephanie Nicole Budzisz

Adviser: Serge Kruk, Ph.D.

We examine the polyhedral structure of Balanced Incomplete Block Designs
(BIBDs) in an effort to improve runtimes for finding optimal solutions via constraint
or integer program. For example, an optimal BIBD is one that minimizes the range
of blocksums. This range, which we refer to as diffsum, has applications in drug
trials and Redundant Arrays of Independent Disks (RAID). We present two models
for imposing lexicographical order on the solutions to reduce the search space. The
polytope we explore is the convex hull of all lexicographically-ordered BIBD
solutions satisfying a given set of parameters, (v,b,r, k, A), with solutions
represented as a vector in R*®. The dimension-reducing equations and the facets for
some of the smaller polytopes were found by using the Double-Description Method
on a algebraic program modelling these solutions. Because of the presence of the
lexicographic ordering, none of these polytopes are full dimensional. After
describing some of these smaller BIBD polytopes, we generalize some
dimension-reducing equations, and evaluate the efficiency of these equations to
optimization models. A third model is also presented that provides a complete,

compact description of BIBDs.



TABLE OF CONTENTS

ACKNOWLEDGMENTS
ABSTRACT

LIST OF TABLES

LIST OF FIGURES

LIST OF ABBREVIATIONS

CHAPTER ONE
INTRODUCTION

1.1. Balanced Incomplete Block Designs and
Motivation for Diffsum

1.2. Diffsum-Specific Results
1.3. Previous Research, Approaches, and Results

1.3.1. Integer Programming and Polyhedral
Formulations

1.4. Other Techniques
1.5. Complementary Designs

CHAPTER TWO
MODELS

2.1. LEX Description

2.1.1. Runtime Comparisons for LEX
2.2. BIN Description

2.2.1. Runtime Comparisons for BIN

2.3. DEQ Description

vi

v

1X

x1

xii

15

17

19

20

24

28

29

32



CHAPTER THREE
FEASIBILITY MODELS

3.1. Effect of [somorphism on diffsum

3.2. A New Constraint Programming Model

3.2.1.

3.2.2.

TABLE OF CONTENTS—Continued

Feasibility

Symmetry Breaking Constraint

and Optimality

3.3. Experimental results

CHAPTER FOUR
THE POLYTOPE

4.1. Every BIBD Solution is a Vertex of a

4.2.
4.3.
4.4.

4.5.

Convex Hull

Methods

Numerical results of model

Validation

Generalization

4.5.1.

4.5.2.

4.5.3.

4.5.4.

CHAPTER FIVE

CONCLUSION

APPENDICES

Terminology
All 0 and 1 placements
Some 2 placements

Some equal treatments

vil

39

39

41

41

44

50

23

53

95

57

58

62

62

63

63

65

68



TABLE OF CONTENTS—Continued

A. Lists of Dimension-Reducing Equalities
and Facets

A.l. BIBD (7,7,3,3,1)
A.2. BIBD (7,7,4,4,2)
A.3. BIBD (6,10,5,3,2)

REFERENCES

viil

70

71

74

7

80



Table 1.1

Table 1.2

Table 1.3

Table 2.1

Table 2.2

Table 2.3

Table 3.1

Table 3.2

Table 3.3

Table 3.4

Table 3.5

LIST OF TABLES

An example of a Balanced Incomplete Block
Design (BIBD) with parameters (8, 14,7, 4, 3)
and a diffsum of 8

A (6,10, 5, 3,2) design as a boolean point-block
incidence matrix and design table

Restrictions on b, r, and A based on the
relative size of k to v

Runtimes comparing SIM and LEX with
using CBC solver

Runtimes comparing SIM and LEX with
using SCIP solver

Runtimes comparing BIN to SIM without
an objective function, and comparing BIN
to LEX with an objective function

Three isomorphic (7,7, 3, 3, 1) designs. Two
have a diffsum of 7 and one has a diffsum

of 9

Three non-isomorphic (7, 14, 6, 3, 2) designs,
two with optimal diffsum of 7 and one
with diffsum of 8

From a (13,13,4,4, 1) design with optimal
diffsum 16. A design for (13,26,8,4,2)
can be constructed by repeating each block

A (13,26, 8,4, 2) design with optimal diffsum
of 14

Number of designs with given diffsum for
parameter set (7,14, 6, 3, 2)

1X

11

18

26

27

31

39

41

42

43

45



Table 3.6

Table 3.7

Table 3.8

Table 3.9

Table 3.10

Table 3.11

Table 4.1

Table 4.2

LIST OF TABLES—Continued

Number of design with given diffsum for
parameter set (8,14,7,4,3). Number of
design ordered by block sum and ordered
within 3

An example of B, and By, for each of
the four segments when v = 9 and k =
4. The blocks are represented with Os and
1s as they would appear as columns in an
incidence matrix. The last row shows ¢;
for each segment ¢

An example of Bé and BZ;J in segment 4
when v = 11 and £ = 4. The blocks are
represented with Os and 1s as they would
appear as columns in an incidence matrix

Contrasting our failures out of the 86 instances

of [1]
Summary of feasibility for all algorithms
Examples of some optimal diffsum

Various BIBD polytope characteristics

An example with (6, 10,5, 3,2) showing A
blocks leading 01,  — A blocks leading 0\1,
r— A blocks leading 1, and b—2r+ X blocks
containing neither 0 nor 1. The top row
notes the indices of the blocks that begin
each segment

45

A7

49

o1

o1

52

29

63



Figure 2.1

LIST OF FIGURES

Subfigure 2.1a shows planes that cut off the
vertex (1,1, 1) while creating additional vertices

at (%, 1, 1) and (1, %, 1). Subfigure 2.1b

also cuts off vertex (1,1,1), but does not
create any additional vertices 35

x1



BIBD
CP
DPRAID
IP

LP

MIP

LIST OF ABBREVIATIONS

Balanced Incomplete Block Design

constraint program

Declustered-Parity Redundant Arrays of Inexpensive Disks
integer linear program

linear program

mixed-integer linear program

xii



CHAPTER ONE

INTRODUCTION

1.1 Balanced Incomplete Block Designs and Motivation for Diffsum

Balanced Incomplete Block Designs (BIBDs) get their name from their use in
experimental designs. When there are factors known to impact the outcomes of an
experiment, these factors may be controlled for by dividing the experiment into
multiple groups known as “blocks.” Ideally, every confounding factor receives its
own block, and every block is further divided into enough subgroups so that every
test variable and a control may be assigned to its own subgroup within each block.
Real-world limitations, however, often result in there being insufficient subjects or
resources to test all of these subgroups. In these situations, it is sometimes possible
to assign a subset of test variables to each block, thereby making each block
“incomplete,” in such a way that is “balanced” enough so that the results of the
experiment can still be credibly informative. An assignment of test variables to
blocks that satisfies the definition of a BIBD achieves this aim.

BIBDs are a pragmatic choice for clinical trials where the number of patients
who qualify for the study is small, but the markers known to influence outcomes are
numerous. This is also why the test variables (the elements of X defined below) are
sometimes called treatments.

A BIBD is an example of a combinatorial design. A combinatorial design is a
collection of subsets selected from given set that satisfy some desired criteria. The
study of designs date back to at least 1782 with Euler’s “36 officer problem,” but it

drew increased interest and research in the 20th century with applications relating



to experimental design (see [2]) and later with varied applications in computer
systems.

BIBDs are advantageous when designing computer storage architecture.
Efficiently balancing data between nodes reduces network congestion by helping to
avoid over-saturating a single server with requests while others stand idle. It also
reduces file read and write times, and reduces the time it takes to recover lost
nodes. Replicating data across multiple servers ensures it can be recovered if a
source is lost, or to continue access if one becomes temporarily unavailable.

The formal definition of a BIBD is defined as follows [3, p. 25]:

Definition 1 (BIBD). Let X be a set of v elements, and let B = {B;:j € J} be a
collection of b subsets of X of size k where 2 < k < v. The pair (X, B) is a Balanced

Incomplete Block Design (BIBD) if
e cach z € X is in r blocks, and
e cach pair of distinct elements x,y € X occur together in A blocks.

The elements in X may be called varieties, points, or treatments. Each
Bj; € B is called a block, and blocks may be repeated in B. If no block is repeated,
then it is a simple design. The value r is called the replication number, and \ is
called the indez. The five parameters are presented together as the 5-tuple
(v, 0,7, k, \).

Throughout this dissertation, we will use zero-based numbering. We let
X={0,1,2,...,v—1}and J ={0,1,2,...,b— 1}.

Every valid set of parameters will satisfy

vr = bk (1.1)



and

AMv—1)=rk-1). (1.2)

Because of these equations making two variables determinable from the other
three, the parameters are often abbreviated, sometimes written as B[k, v; A] (or
sometimes as 2-(v, k, \), for reasons given below in definition 5). A well-known

necessary condition on v and b is as follows.

Theorem 2 (Fisher’s inequality). If a BIBD (v,b,r, k, \) exists with 2 < k < v,

then b > v.

Not every set of parameters that satisfy equations (1.1) and (1.2) will satisfy
the definition of a BIBD. However, Kirkman [4] proved in 1847 that a BIBD for
k =3 and A = 1 exists if and only if v = 1,3 (mod 6), and provided constructions.
Over a century later, Hanani showed that equations (1.1) and (1.2) are sufficient
conditions for small block sizes (k € {3,4,5,6} with some exceptions) [5]. It has also
been shown that (1.1) and (1.2) are asymptotically sufficient [6]. That is, for any
k, A\ there is a constant C'(k, A) such that if v > C(k, A), and if (1.1) and (1.2) yield
integer values for b and r, then there exists a BIBD for (v, b, 7, k, \).

Though few results on necessary and sufficient conditions for the existence or
construction of a BIBDs are known, the problem has been investigated for all A
when k£ < 9. For a table summarizing known results for BIBDs for k£ < 9, see [3,

p. 72].

Our motivating interest in BIBDs, lies in generating solutions that satisfy
some optimality criterion. Specifically, we are interested in minimizing the range of
values obtained by summing the elements of each block in the design. We were first

introduced to this problem by Ravindra Khattree [7].



Definition 3. Given a subset B C X, where X is a finite set of integers, the

blocksum of B is given by

sum(B) = Z x,

reB
and, for any finite collection B of subsets of X, the diffsum is given by
max(sum(B)) — min (sum(B)).
max(sun(B)) — iy (sun(5)

An example of a BIBD is shown in table 1.1 along with its blocksums.

Table 1.1: An example of a BIBD with parameters (8,14,7,4,3) and a diffsum of 8

By Bi By B3 By Bs Bs By By By Big B Bi2 Bis

zo; O 0 0 0 0 0 0 1 1 1 1 2 2 3
ry; 1 1 1 2 2 5 2 2 3 4 3 4 4
Toj 2 3 4 3 4 6 3 ) ) 6 6 ) 5
x3; 7 6 5 5 6 7 4 6 7 7 7 7 6

sum(B;) 10 10 10 10 12 14 18 10 14 16 18 18 18 18

- W

1.2 Diffsum-Specific Results

A simple bound on diffsum can be given as follows.

Proposition 4. A BIBD with parameters (v,b,r, k,\) on symbols

X ={0,1,2,...,v— 1} has diffsum at most kv — k2.

Proof. The block with the smallest possible blocksum is {0, 1,2,...,k — 1} with sum

ﬂ%”. The block with the largest possible blocksum is {v — k,v —k+1,...,0—1}
with sum w The maximal diffsum is therefore the difference kv — k2. [



In the clinical trial use case, if the elements in X are taken to reflect different
dosages of a drug, minimizing diffsum can be used to keep the total drug dosage
administered within each block as close as possible. If the trial is a crossover study,
then the blocksum represents the total dosage of a drug administered to a single
patient over the course of the experiment. It might be advantageous, at the end of
the trial, to have each subject with as close as possible the same total dosage. [§]

Different, but similar considerations lead to the same objective in
Declustered-Parity Redundant Arrays of Inexpensive Disks (DPRAID) data block
layouts. A DPRAID can be represented by a broader type of design known as a
t-design. A t-design is much like a BIBDs, except instead of requiring any pair of
treatments to appear together in A\ blocks, a t-design requires every t-subset of

treatments appear together in A blocks.

Definition 5. A t-(v,k, \) design is a pair (X, B) where X is a set of v elements,
and B is a collection of k-subsets of X called blocks such that every t-subset of v is

contained in precisely A blocks.
Thus, a BIBD is a 2-(v, k, \) design.

Definition 6. A Steiner system is a t-(v, k, 1) design, and a Steiner triple system,

abbreviated as STS(v), is a 2-(v, 3, 1) design.

Results on Steiner triple systems were first presented by Kirkman in 1847 [4].

DPRAIDs are employed in situations where data being stored on servers are
in such demand or of such importance that access to it cannot be interrupted in the
event repairs need to be made after a disk failure. The use of a t-design balances the
repairs in a way that also ensures continued access. This balance can be further

improved by incorporating the popularity of different data into design choices so



that access demands are distributed as evenly as possible. This is where minimizing
diffsum comes into play.

Dau and Milenkovic [9] propose a combinatorial model for balancing the
popularity between blocks, and establish some bounds for Steiner systems. Some of

their results pertaining to BIBDs are stated here.

Theorem 7. [9]. The diffsum of any Steiner triple system on v treatments is at

least v.

They note that, though this lower bound can be achieved with STS(7) and
STS(9), this bound is not always tight, such as for STS(13) where the minimum
diffsum is 14. Chee et al. [10] show that this departure from the lower bound on

diffsum must continue for all larger v.

Theorem 8. [10] The diffsum of any Steiner triple system on v treatments is at
least v+ 1 for v > 13. The diffsum of any Steiner triple system on v treatments is

at least v+ 1 for v > 13.

Dau and Milenkovic [9] also construct a STS(v) design for which diffsum is
on the order of %U when either v > 9 and n = 3 (mod 6), or v > 7 and v =1 (mod
6). Approximations for the diffsum of the duals of these constructions are also
provided.

Chee et al. also provide the following lower and upper bounds on diffsum

for Steiner triple systems.

Theorem 9. [10] For infinitely many orders v, there is an absolute constant ¢ so

that there exists an STS(v) for which diffsum is at least 3v — 6cvvlnv + 3.

Theorem 10. [10] Whenever v = 1,3 (mod 6), there is an STS(v) for which

diffsum is at most v+ 7. Furthermore, if for every nonzero x € Z,_9, the cycle for

6



—2 containing x has even size, then there is an STSwv for which d<ffsum is at most

v+ 4.

1.3 Previous Research, Approaches, and Results

Finding BIBDs and ¢-designs is a difficult problem even before the inclusion
of an objective function like diffsum. In this section, we review some of the
approaches for finding BIBDs and the methods that have been used to accelerate

those search algorithms.

1.3.1 Integer Programming and Polyhedral Formulations

Given an m x n real matrix A and vector b € R, a polyhedron P C R" is
the set of points satisfying Az < b, i.e., P ={x € R": Ax <b}. A polyhedron is
bounded if there exists a constant ¢ € R such that for each x € P and for each
component z; of x, ‘x]‘ < c. A polytope is a bounded polyhedron.

A linear program (LP) is a type of optimization problem that can be written

as

maximize ¢!z

(LP)
subject to Az <b.
The feasible region of a linear program is a polyhedron. Solving a linear
program, such as with the classic simplex method, or with the interior-point
method, returns an optimal solution that is a vertex of that polyhedron. Typically,

these solutions are not integer, but frequently we want solutions that are. An integer



linear program (IP) problem is an optimization problem that can be written as

(

maximize Lz
subject to Ax <b (IP)
x ez

\

A mixed-integer linear program (MIP) is a linear program with the added
constraint that only some of the variables are required to be integer.

Let S be a nonempty subset of R"”. A point x is a convex combination of
x1,29,...,x € R"if x = Zi'{;:l o,z for any aq, a9, ..., ap € R satisfying a; > 0
and Zéf:l a; = 1. The convex hull of S, denoted conv(S), is the set of all convex
combinations of points in S. Recall that P = {x € R" : Az < b}. There is another
polyhedron associated with (IP) that is given by Py = conv (P NZ™). Though P
includes non-integer points, all of its vertices are integer, and, thus, any solution
returned by linear programming solvers would return a desired optimal solution.
However, finding a minimal set of linear inequalities that define Py is often
considerably more complex than the set of linear inequalities that define P.

The BIBD solutions are vectors, either in RFY or R”b, but we will represent
them as two-dimensional objects. We will do this in two ways: a design table, and a

point-block incidence matrix.

Definition 11. A design table is a k x b matrix, (x,;), where, using 0-based

numbering, z,; € X is the (p + 1)™ component in the (j + 1)™ block.

We will sometimes write this matrix as a table with additional rows for

headers and blocksums, as in table 1.1.



Definition 12. The point-block incidence matriz is a v X b matrix (X;;) where

1 if variety ¢ is in block B;
ij = :
0 otherwise

The point-block incidence matrix and design table for a design of
(6,10,5,3,2) is given in table 1.2.

Let P, . x be the convex hull of points in R that form a point-block
incidence matrix of a BIBD with parameters (v, b,r, k, X). (Values for b and r are
inferred from v, k and A by equations (1.1) and (1.2).) Similarly, let D,, ;. y be
convex hull of points in R* that form the design table of a BIBD with parameters
(v,b,7,k, \). Every BIBD corresponds to a vertex in each polytope. We prove this

for P, j, \ here. For D, ;. ), see theorem (4.1).

Proposition 13. Every BIBD with parameters (v,b,r, k, \) corresponds to a vertex

of Py g x-

Proof. Let X* € R be the vector associated with the point-block incidence matrix
of a BIBD for the parameters (v,b,r, k,\), and let M = {m : X5, = 1}. Then

Y mem Xm =kband Y - Xp, is an objective function for which X* is a unique
optimal solution in P, ). Furthermore,

Z X < kb—1
meM

is a cutting plane that separates X* from the rest of P, ;. \ without removing any

other BIBDs. ]



Given a set X, let A = {(i1,19) : 1,19 € X,i1 <io}. Foralla € Aand j € J

we want to form Y,; in such a way that

1 if both varieties in a are in block Bj

aj —
0 otherwise.

Model 14 (SIM).

d Xyj=r Viel (1.3)
jed
> Xij=k VjeJ (1.4)
iel
Yoj < Xil,j Va = (i1,i3) € A, Vj € J (1.5)
Yaj < XiQ,j Va = (il,ig) eAVjeJ (16)
Yaj > Xil,j = Xi27j —1 Va = (il,iQ) eAVjed (17)
D Vo= Va e A (1.8)
jeJ
X;; € 10,1} Viel VjeJ (1.9)
0<Y,; <1 Va € A, VjeJ (1.10)

It appears this model was first studied by Wengrzik in [11].
Another well-studied formulation is made with the use of tk-incidence

matrices.

Definition 15. A tk-incidence matriz, W7, is a () x (j)) matrix, the rows of

which are indexed by a t-subset T, and columns by a k-subset K, where

; 1 fTCK
[Wt’k]TK:

)

0 otherwise

10



Table 1.2:

table
1 11110000
1100 011120
1 01 0 01 O0O0°1
01 0100101
001010111
000111010

A (6,10, 5, 3, 2) design as a boolean point-block incidence matrix and design

0
0 BO B1 B2 Bg B4 B5 B6 B7 Bg Bg
1 o 0o o0 0 O 1 1 1 2 2
1 1 1 2 3 4 2 3 4 3 3
0 2 3 4 5 5 5 4 5 4 5
1

If we are only interested in simple designs where no block can be repeated,

then = € {0, 1}(2) is a valid design if and only if it is a solution to

(

\

maximize 172

subject to (DP)

z € {0, 1}(719

For other designs that allow repeated blocks, (DP) we can be modified either by

v
letting = € {0, ... ,)\}(k>, or, in the construction of the Wtz,)k by repeating each

column representing a k-susbset A\ times.

Here, x is a vector indexed by a k-set and is interpreted as a design as

TK =

The design problem

1 if K is a block in the design
0 otherwise

(DP) is closely related to the maximum packing (PDP)

and minimum covering (CDP) problems, given below.

11



/

maximize 172
subject to Ax < A1 (PDP)
\ z e {0,1}()
e
minimize 172
subject to Ax > A1 (CDP)
z € {0, 1}(}6})

\

The maximum packing (PDP) problem is equivalent to either the set packing

problem (PK) or its generalization (PK), given below, where p is an integer.

(

maximize 17y
subject to Ar <1 (PK)
z € {0, 1}(%)
\
.
maximize 172
j (PKY)
subject to Ax <pl

z € {0, 1}<%)

\

These problems are related by the following proposition from Moura [12].

Proposition 16. [12] Assume that a t-(v, k, \) design exists. Let * € R(E). Then

the following statements are equivalent:
e =¥ is a solution to (DP).

e z* is an optimal solution to (PDP).

12



o 2* is an optimal solution to (CDP).

For this reason, one approach to finding BIBDs and other t-designs is to use
the abundant research around packings to our advantage. In combination with
common polyhedral techniques for integer linear programs, such as
branch-and-bound and Chvatal-Gomory cuts, after each iteration, efficient
separation algorithms can be used to select facets to be added to the problem,
improving the performance of the search.

Some of the known classes of facets for (PK) and (PK%) include clique
inequalities [13][14], odd hole [14] and odd anti-hole [15] inequalities, web and
anti-web inequalities [16] wheel inequalities [17] and some generalizations [18][19],
and rank inequalities [20][21]. More detail about these facets can be found in [12].

Moura [12] found facets for the m-sparse 2-(v, k, 1) packing polytope and
then used them in a branch-and-cut algorithm for finding 2-(v, k, 1) designs.

According to Moura [12], Mathon proposed a quadratic formulation that can

be given by the following.

Model 17 (QDPR).

> Xy=r, Vie X
J
> Xi=k, VjeJ
i
ZXilein =\ Vii,i0 € X i1 < 19
J
0<X;;<1

One noteworthy thing about model 17 (QDPR) is that the decision variables

are continuous. It is noted in [12] that, after selecting random initial values for X;;,

13



Mathon used a conjugate—gradient method to find local minima of the least-square
function ) ,; X : . This process was repeated until a design was found. Mathon
observed that solutions to QDPR were integer, and that result was formally proved
by Moura [12]. Yokoya and Yamada [22] also explored algorithms for finding BIBDs
based on a nonlinear formulation.

Mercado [23] formulated an integer program for ¢-designs based on a
connection to bipartite graphs. Sticking to the notation already introduced in this

section, we will restate Mercado’s program as follows. Let T" be a t-subset of X, and

let @ be a (A + 1)-subset of J ={0,...,b—1}.

Model 18 (GDP).

maximize > X (1.11)
subject to ZXU <r Vie X (1.12)
> X<k VjeJ (1.13)
> X <t(h+1)—1 VT, Q (1.14)

€T jeQ
Xij € {0,1} (1.15)

The t-balance of the design is ensured by the inequalities in (1.14). For
example, if t = 2 and A = 3, then any two treatments can only appear together in at
most three blocks. Thus, the total incidence of those two treatments in any four
blocks (3 _;cr jeq Xij) must fall at least one short of having both treatments in all

four blocks. Mercado’s proof [23] that GDP (when formulated with the appropriate

14



number of blocks) results in a ¢-design is accomplished with the aforementioned

connection to bipartite graphs.

1.4 Other Techniques

Many of the known BIBDs have come from various ad-hoc approaches, such
as finite projective geometry and difference sets, which are then used as seeds to
construct more designs. Exhaustive searches and computational approaches have
also been investigated, but these algorithms reach a limit in what they are able to
determine as larger parameters lead to inevitably prohibitive run times. These
techniques include constraint programming [1], neural networks [24], and
metaheuristics [25][26].

A number of randomized search techniques have been employed to find
BIBDs. Hill-climbing techniques attempt to build designs by adding blocks to the
design one at a time. A block is added to the design if it doesn’t violate the
conditions of a design, or, sometimes, if a block does violate the conditions, it is
swapped out with another. Hill-climbing techniques have been used successfully by
Stinson [27] for Steiner triple systems, ie. 2-(v,2,1) designs.

Yokoya and Yamada [22] developed and tested two search algorithms, a
banch-and-bound algorithm and a tabu search algorithm. Their branch-and-bound
(BAB) algorithm, similar to a hill-climbing technique, iteratively added a row of the
incidence matrix to their solution, selecting the row from the optimization of a
linear program. All optimal solutions at each iteration are added to a search tree.
Yokoya and Yamada found that their BAB algorithm performed very well with
triple systems, and speculate that this may be due to the fact that triple systems
often have many non-isomorphic solutions, as this would lead to much less

back-tracking. The BAB algorithm was less efficient for other problems that
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generally have fewer solutions, and, thus, more backtracking. Nevertheless, Yokoya
and Yamada’s BAB algorithm was able to solve many instances, and the tabu
algorithm they present in the same paper was able to solve instances where there
BAB algorithm and others [28] did not.

Simulated-annealing techniques search for locally-optimal solutions while
occasionally allowing for each iteration to move towards a less-optimal solution to
help avoid getting stuck at local minima. Bofill and Torras tested a neural-network
with simulated-annealing approach to finding BIBDs in [29].

We look to improve the runtime of algorithmic searches by reducing
symmetry caused by isomorphism. Two general approaches to reducing symmetry
are by adding symmetry-breaking constraints to the initial problem, or by
generating a search tree that removes symmetric states as it is developed.

Puget [30] addresses the former in very generalized terms for constraint
programming. Regarding BIBDs, Kramer and Mesner [31] were the first that how
the problem of finding BIBDs problem can be transformed into one of finding
designs admitting prescribed automorphisms. This formulation leads to a class of
designs, such as cyclic and rotational designs, that have been investigated for
interest in their own unique properties. This formulation, however, was also
advantageous to the discovery of previously-unknown

t-designs [32][33][34][35][36][37] because of its symmetry-breaking properties.

Tabu searches, as we saw with [22], are an example of reducing symmetry by
pruning a search tree.

Meseguer and Torras [38] used a depth first search to direct an algorithm
towards areas of the search space with a greater density of non-symmetric states,

and tested their algorithm on triple systems.
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1.5 Complementary Designs

We end this chapter with a note on complement designs. Every BIBD has a
natural complementary design. For any BIBD (X, B) satisfying (v, b,r, k, \), we can

construct another BIBD satisfying a modified parameter set.

Definition 19. Given a design (X, B) satisfying (v, b, 7, k, A), the complementary
design, (X, B) where B={X \ B : B € B} is a design satisfying
(v,b,b —r,v — k,b—2r + \). For any block B, let B = X \ B.

Knowledge of complement designs does two things for us. Firstly, because
this construction creates a one-to-one correspondence between solutions to
(v,b,7,k,\) and solutions to (v,b,b — r,v — k, b — 2r 4+ \), pursuits interested in
finding BIBDs may limit their focus to parameter sets where k& < §. This is why
reference tables for BIBDs frequently only list parameter sets where k < %
Focusing on parameter sets where k& < § also has the added bonus of reducing the
number of variables in model formulations. For our purposes, limiting ourselves to

designs with k& < § that provide optimal diffsum also yields optimal designs for the

complementary parameter set.

Proposition 20. Fvery BIBD (X, B) shares the same diffsum with its

complementary design (X, B).

Proof. Let (X, B) be a design for (v,b,r, k, ). Then the diffsum for its compliment
(X, B) is given by

max(sum (F)) - mig(sum (E))

BeB BeB
— {sum(X) ~ min (sum(B))] - {sum(X) _%é%g(sum(B)ﬂ

= %}2%((8111[1(8)) - gérzg(sum(B))
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This immediately extends to the following.

Proposition 21. Let (X, B) be a design minimizing diffsum over the solutions to
(v,b,7,k, \). Then its complement (X, B) is a design minimizing diffsum over the

solutions to (v,b,b —r,v — k,b—2r + \).

Secondly, complementary designs provide us a consistent way of stating
conditions and results, as a restriction stated in terms of some parameters can easily
be swapped out with a restriction on other parameters. For this reason, claims will
be stated in terms of k and v, even when its validity relies on knowledge of b, r, or
A. To aid this conversion, table 1.3 summarizes restrictions on b, r, and A based on
the size of k relative to v. These restrictions derive from equations (1.1) and (1.2),

and from knowledge of the complement designs.

Table 1.3: Restrictions on b, r, and A based on the relative size of k to v

k< iyt k=51 k=% | k= | k>vE
r > 2\ r =2\ r <2\
b>2r b=2r b<2r
r=A<b=2r+X|r=A=b—-2r4+ A r—=A>b—2r+ A\
b—27’:%:%
7‘—2)\:%:%
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CHAPTER TWO

MODELS

We described some of the models that have been used for finding BIBDs in
chapter 1. In this chapter, we will describe the models we used in our search for
optimal designs minimizing diffsum. Beyond solely incorporating an objective
function, we sought to include methods for reducing symmetry and pruning the
solution space. We achieved this by imposing lexicographical ordering on the BIBD.

Without lexicographical order, the search space is highly symmetric. For
example, given a BIBD (X, B), there are many ways this design may be recorded as
a design table. The blocks may be listed in any order, and the treatments may be
listed in any order within each block. A single simple design has (bk)! design tables
that represent it, and b! incidence matrices. All of these variants share the same
diffsum, and they all have to be eliminated before verifying a design is optimal.
Imposing lexicographical order removes these redundant choices and makes it such
that each unique design corresponds to a single point in our solution space.

Lexicographical order does not remove all isomorphisms. Variations that
may be found from one design by permutation of the treatments still remain in the
search space. Keeping these isomorphisms is desirable because these permutations
have the potential to alter the value of diffsum. These designs must be kept so
that no design with a smaller diffsum is potentially eliminated.

The first two models we introduce in this chapter, LEX and BIN' [39],
accomplish lexicographical order in distinct ways. LEX, which we cover in

section 2.1, introduces binary alphabetizing variables, whereas BIN, covered in

!First published in Combinatorics, Graph Theory and Computing: SEICCGTC 2023, Boca
Raton, USA March 6-10, 2023 by Springer Nature.
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section 2.2, maps each block to a numeric value. The LEX model contends with
higher time complexity due to the additional number of integer variables, but can
be utilized for any size of problem. The BIN model provides fast results for finding
optimal solutions for many parameter sets, but may encounter a limit with larger
problems as the result of the bit-length architecture of the operating system. We
compare runtimes for LEX with SIM in section 2.1.1, and runtimes for BIN with
LEX and SIM in section 2.2.1.

The third model, DEQ), is a very compact system of linear Diophantine
equations. This compactness greatly reduces the number of variables and

constraints at scale, which may give DEQ an advantage with larger problems.

2.1 LEX Description

The LEX model is a mixed integer program that achieves lexicographical
order by introducing a set of alphabetizing variables. It uses three sets of decision
variables, including a three-dimensional tensor to store the BIBD solution, and a
fourth set of variables used to simplify notation. The three-dimensional tensor
requires two types of ordering to prune the solution space. The first method orders
the varieties within the block so that each block can only be recorded in ascending
order. The second method orders the blocks lexicographically, so that each BIBD
(up to permutation of the treatments) can only be represented as a single point in
the solution space. To accomplish this ordering, we create a set of variables that are
used to “read” and compare two consecutive blocks. We will begin with an overview
of the variables before delving into the constraints.

For our variable indices, we will let 7 reference a variety in I = {0,...,v — 1},
and j reference a block in J = {0,...,b— 1}. We will also use p in

P ={0,...,k— 1} to reference a position within in a block. (We may also let i, 7,
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and p reference a subset of I, J, and P, respectively, and these restrictions will be
indicated where applicable.)

Our first set of decision variables are the three-dimensional tensor variables,
Xijp- These will be used to indicate whether variety i € I is the (p + 1)th element
of block 5 € J.

1 if variety i is the (p + 1)th element in block j

Xijp =

0 otherwise
For example, if block By = {1, 3,5}, we want to have Xl,O,O = X?),O,l = X5,0,2 =1
and all other X; o, = 0. If we fix each ¢ and j and sum over p, this yields the
variables for the incidence matrix we saw in chapter 1.
Xij = D_ Xijp
peP
These variables can also be used to recreate the design table variables, z,,;, that we

saw in chapter 1.

xpjzzi'Xijp Vpe P,jeJ
el

These design table variables are not required for implementing the model, but we
will use them for ease of exposition.

The second set of decision variables, Yy ;, are also the same as we saw
in chapter 1. Given a set X, let A = {(i1,42) : 11,12 € X,i1 <ig}. For all a € A and

J € J we interpret Yy; as

1 if both varieties in a are in block Bj

Yoj =

0 otherwise.

The third set of decision variables are the “alphabetizing” variables. For each

p=A0,...,k =2}, and j ={0,...,b— 2}, we want B); to equal 1 if and only if
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both blocks j and j 4+ 1 have the same varieties in placements 0 through p.

L ifzyj=z,;11for p=0,...,p
pj —
0 otherwise

We also use U and L for the upper and lower bounds, respectively, on the
blocksums.

The full model is as follows.

Model 22 (LEX).

minimize U-L (2.1)
subject to Y Xij <1 Viel,VjeJ (2.2)
peP
ZXU,, =1 VjedJ VpeP (2.3)
el
> Xyp=r Viel (2.4)
peEP, jEJ
> Xip=k VjeJ (2.5)
peEP, i€l
Yoj €O Xivjp Va = (i1,i2) € A, Vi€ J (2.6)
peEP
Vo £ 5 K Va = (i1,i3) € A, Vj€J (2.7
peP
Y > Z Xirjp Va = (i1, ia) € A, VjeJ (2.8)
peEP
+ Z XiQ,J}P -1
peEP
> Yoi=2A Va € A (2.9)
jeJ
U>> i Xyp VieJ (2.10)
i€l,peP
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L<Y i Xigp VjeJ (2.11)
iel peP
Bog = 8 K Vpe P, VjeJ (2.12)
el
T E il Vp e {0,...,k—2}, (2.13)
Vj=1{0,...,b—1}
Bpj > Bpi,j Vp={0,...,k—3}, (2.14)
Vi ={0,...,b—2}
z0j < Z0,j+1 Vi ={0,...,b—2} (2.15)
ZTpt1,j < Tpt1 41 +v(1 — Bpj)  Vp={0,...,k—2}, (2.16)
Vj ={0,...,b— 2}
Zoj — o 41 + 1 < By, Vi ={0,...,b—2} (2.17)
il = Gl il = Bl Vp={0,...,k -3}, (2.18)
< By, + (1 — Byj) Vj={0,...,b—2}
z0,j+1 — Zoj < v(1 — By;) Vi ={0,...,b—2} (2.19)
T, el = Pl Vp=A0,...,k—3}, (2.20)
<v(2—Bpj — Bpt1,) Vj={0,...,b—2}

We require that each treatment appears in at most one placement per block
with (2.2), and that each placement is used once per block with (2.3).

Next are constraints to enforce repetition and block size: each variety
appears in 7 blocks (2.4), and each block has size k (2.5). The validity of the Y,;
variables are achieved with (2.6) through (2.8), and then the pairwise balance is
enforced with (2.9). Variables U and L are made into upper and lower bounds of

the blocksums by (2.10) and (2.11), and they are forced to supremum and infimum
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by the minimization of the objective function (2.1). The difference U — L then
models diffsum.

Equation (2.12) is included to simplify notation. Treatments are ordered
within each block with (2.13), and the remaining constraints, (2.14) through (2.20),
enforce lexicographical ordering between blocks. Equation(2.14) says that if any two
consecutive blocks have a placement where the sequence of varieties up through that
placement were not an exact match, then the sequence of varieties up through later
placements in those blocks are also not exact matches. Equation (2.16) says that if
By i =1, then w11 j < 2,41 j41. Equation (2.18) says that if B, ; = 1, and
Tpi1,j = Tpyl,j+1, then By j = 1. Equation (2.20) says that if B, ; = 1 and
Tpi1,j < Tpyl,j+1, then By ;= 0. Equations (2.15), (2.17) and (2.19) extend

these same logical constraints to cover the first row of the design table.

2.1.1 Runtime Comparisons for LEX

We next compare the runtimes between LEX and SIM for small BIBDs. All
trials were given a time limit of ten minutes, and the objective function, when
applicable, was to minimize diffsum. Table 2.1 shows the runtimes for LEX and
SIM using the CBC solver, with and without an objective function, and table 2.2
shows runtimes using the SCIP solver.

For both solvers, we can see that SIM tended to perform better than LEX
when there was no objective function, and LEX tended to do better than SIM when
the objective function was included. When there was no objective function, SIM
was able to find a feasible solution for more problems than LEX, and among the
problems for which both SIM and LEX found feasible solutions in the allotted time,

SIM was able to find that solution in less time than LEX.
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However, when the objective function was added, we see these observations
are reversed. For these trials, LEX was able to find an optimal solution more often
than SIM did, and, when both models found optimal solutions, we see LEX found
an optimal solution in less time SIM.

It is interesting to note that without an objective function, SIM tended to
perform better with a CBC solver than with SCIP. With CBC, SIM had an average
runtime of 6.17 seconds for finding a feasible solution. With SCIP, the average
runtime for finding a feasible solution was 46.33 seconds.

These observations are in line with what we expect for linear solvers.
Because lexicographical order greatly reduces the number of isomorphic designs
sharing the same diffsum, a linear solver would need to find many redundant
integer solutions before being able to verify optimality. With lexicographical order,
on the other hand, the solver has only a fraction of the number of branches it needs

to clear before quitting.
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Table 2.1:

time limit of ten minutes

Runtimes, in seconds, comparing SIM and LEX with and

without objective functions using CBC solver. The solver was given a

Parameters

v, b,k N)

No Obj. Function

With Obj.

Function

SIM_CBC

LEX_CBC

SIM_CBC

LEX_CBC

5,10, 4,2, 1
10, 8, 4, 6
10, 5, 3, 2
15, 10, 4,
7 3,3, 1)

)

b )
)
6)
12, 3 4)
35 15, 3, 5)
14,7, 4, 3)
28, 14, 4, 6)
42, 21, 4, 9)

8,
8,

8, 56, 28, 4, 12)
8, 70, 35, 4, 15)
9,
9,

5
6,
6,
7,
7,2
7,

(

(

(

(

(

(

(

(

(8,

(

(

(

(

(9, 18, 8, 4, 3)

(9, 36, 16, 4, 6)
(9, 54, 24, 4, 9)
(9, 72, 32, 4, 12)
(9, 90, 40, 4, 15)
(10, 15, 6, 4, 2)
(10, 30, 12, 4, 4)
(10, 45, 18, 4, 6)
(10, 60, 24, 4, 8)
(10, 75, 30, 4, 10)
(10, 90, 36, 4, 12)
(10, 18, 9, 5, 4)
(10, 36, 18, 5, 8)
(10, 54, 27, 5, 12)
(10, 72, 36, 5, 16)
(11, 55, 20, 4, 6)
(11, 11, 5, 5, 2)
(11, 22, 10, 5, 4)
(11, 33, 15, 5, 6)
(11, 44, 20, 5, 8)
(11, 55, 25, 5, 10)
(11, 66, 30, 5, 12)
(11, 77, 35, 5, 14)
(11, 88, 40, 5, 16)
(16, 20, 5, 4, 1)

0.014989853
0.014958858

0.02695632
0.063831329
0.014988661
0.189521074
0.211433887
0.230382681
0.437826633

0.65122509

1.68747592
1.333454132
1.781225681
1.147952318
1.745321751
3.012925148
10.12585855
0.476721525
1.083125353
1.685510397
5.808401823
5.700720072
4.507946491
3.956448078
1.861979485
0.773524523
5.603015423
23.58979869
0.433838844
10.34925938
8.382531643
6.504596233
6.769854546
8.543101549
42.09915805
12.55734181
49.79768968

0.054852247
0.044990063
0.084644794
0.234378576

0.08876276
204.6670427

0.575570107

105.5878422

409.6649976

2.964096546

38.87011695
0.058870792

*

*

46.40760517

0.028922558
0.043882847
0.159550667
0.338123322
0.089759111

*

*

8.877245665

* Solver timed out with feasible solution
- Solver timed out with no solution
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Table 2.2: Runtimes, in seconds, comparing SIM and LEX with and
without objective functions using SCIP solver. The solver was given a
time limit of ten minutes

Parameters No Obj. Function With Obj. Function
v, b,k N) SIM_SCIP  LEX_SCIP SIM_SCIP  LEX_SCIP
5,10, 4, 2, 1) 0.006982803 0.034027815 38.05627847 0.021941662
5, 10, 8, 4, 6) 0.005983591 0.021941423 0.037898302 0.020944118
6, 10, 5, 3, 2) 0.015957355  0.058812141 * 0.053884268
6, 15, 10, 4, 6) 0.031911135 0.115662336 *0.122648716
7, 7 3,3, 1) 0.008972645 0.041862488 35.75739646 0.052888632
7,28, 12, 3 4) 0.032913208 0.472710371 *0.537590504
7, 35 15, 3, 5) 0.044880629 1.891608238 * 0.751987457
14,7, 4, 3) 0.22539711  3.225398064 *2.119359732
8, 28, 14, 4, 6) 0.246342421  520.330199 *  15.8606174
8,42, 21, 4,9) 0.665198088 207.5957046 *46.39414263
8, 56, 28, 4, 12)  0.674199343 - * -
8, 70, 35, 4, 15)  1.485027313 - * -
9, 18, 8, 4, 3) 0.218388319  3.927495003 *7.946138144
9, 36, 16, 4, 6) 0.867683172 13.76121831 * 118.7980831
54,24, 4, 9) 21.40377617 - * -
9,72,32,4,12) 4.571750164 - * -
9, 90, 40, 4, 15)  7.530897856 - * -
10, 15, 6, 4, 2) 3.352036238  3.349037409 *22.63945079

)
10, 45, 18, 4, 6)
10, 60, 24, 4, 8)

10, 75, 30, 4, 10)
10, 90, 36, 4, 12)

10, 18, 9, 5, 4)
10, 36, 18, 5, 8)

10, 54, 27, 5, 12)
10, 72, 36, 5, 16)

11, 55, 20, 4, 6)
11, 11, 5, 5, 2)

11, 22,
11, 33, 15, 5, 6
11, 44, 20, 5, 8
11, 55, 25, 5, 1
11, 66, 30, 5, 1
11, 77, 35, 5, 14
, 88, 40, 5, 16

(v,
(
(
(
(
(
(
(
(8,
(
(
(
(
(
(
9,
9,
(
(
(10, 30, 12, 4, 4
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(11
(

10, 5, 4

16, 20, 5, 4, 1)

)
)
)
0
2

11.94902492

171.945682
116.5254524
9.907483816

11.25291419
54.91218543
4.414199829
175.5416667
7.614641905
0.269278526

18.2302599
49.40790009
118.4422987
523.5472465
256.6986787

3.348021269

9.166500568
33.53230977

2.891291857
52.01705623
448.2574558
99.30425358

42.65486217

*

292.0339329

95.94824839

*

38.2167635

*
*

*

* Solver timed out with feasible solution
- Solver timed out with no solution
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2.2 BIN Description

The BIN model uses a binary-number approach to ordering blocks
lexicographically, and a two-dimensional incidence matrix to store BIBD solutions.
We implement BIN with a constraint program (CP). This allows the enforcement of
the pairwise balance to be accomplished by multiplying variables, as seen in (2.24)
below. Implemented it with a IP would require replacing (2.24) with constraints
like (1.5) through (1.8) as well as adding those Y ; variables.

The CP implementation of BIN, which we will call BIN_CP, is as follows.

Model 23 (BIN_CP).

minimize U — L (2.21)
subject to ZXZ'J' =7 Viel (2.22)
JEJ
> Xij =k VjeJ (2.23)
el
ZXilj ’ XiQJ =A Vii,i0 € X 111 <9 (2.24)
jeJ

v—1 v—1
—i—1 —i—1 .
E 2V XZ] > E v Xi(j+1) V) € {0, e, b— 2} (2.25)
=0 i=0

U>> i X VjelJ (2.26)
i€l ,peP

L<) i-X vjelJ (2.27)
i€l,peP

Similarly to other model we’ve seen before, the block-size and replication
conditions for a BIBD are enforced with (2.22) and (2.23), respectively. Pairwise

balance is accomplished with (2.24), and lexicographical ordering with (2.25). The
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infimum and supremum of the set of blocksums used to minimize diffsum are
constructed with (2.27) and (2.26), and exacted by (2.21).

Lexicographical ordering of the blocks is achieved by translating each block
to a numerical value and constraining blocks to non-increasing order. This is done
with the natural choice of letting the 0, 1-sequence for each block be interpreted as a
binary number. For example, if (Xq;, X1;, Xoj, X3, X4;, X5, X¢;) 18
(0,0,1,0,0,1, 1), this would become (10011)3, or 19.

The objective of finding minimal diffsum is again accomplished with and

and minimizing U — L.

2.2.1 Runtime Comparisons for BIN

We now compare BIN’s runtimes with SIM and LEX. Again, all trials were
given a time limit of ten minutes, and the objective function, when applicable, was
to minimize diffsum. For these trials, BIN used a CP solver. We saw in
subsection 2.1.1 that SIM performed better than LEX when there was no objective
function, and that LEX performed better when there was. In table 2.3, we show
BIN’s runtimes without an objective function compared to that of SIM with CBC
and again with SCIP. With an objective function, we show BIN’s runtimes
compared to LEX with a SCIP solver.

We see in table 2.3 that BIN outperforms SIM with either solver in all but
six of the smaller parameter sets. The absolute difference in runtimes for those
trials, however, are very small. When the objective function is included, BIN
completes much faster than LEX. For the parameter sets for which both BIN and
LEX found optimal solutions within the ten minute time limit, BIN saw an average

reduction in runtime of 74.7% compared to LEX. Furthermore, BIN was able to find
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a feasible solution for each parameter set, whereas LEX timed-out without any

solution for 16 of the 37 parameter sets.
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Table 2.3: Runtimes, in seconds, comparing BIN to SIM without an objective
function, and comparing BIN to LEX with an objective function. The solver was
given a time limit of ten minutes

Parameters No Obj. Function With Obj. Function

(v,b,7,k, \) SIM_CBC SIM_SCIP BIN.CP  LEX_SCIP BIN_CP
(5, 10, 4, 2, 1) 0.014989853  0.006982803 0.025097609 0.021941662 0.024292946
(5, 10, 8, 4, 6) 0.014958858  0.005983591  0.005984783  0.020944118  0.028998137
(6, 10, 5, 3, 2) 0.02695632 0.015957355  0.016014099 0.053884268 0.026391506
(6, 15, 10, 4, 6) 0.063831329 0.031911135 0.011985302 0.122648716 0.023142099
(7,7,3,3, 1) 0.014988661 0.008972645 0.016036034 0.052888632 0.028550148
(7,28, 12, 3, 4) 0.189521074  0.032913208 0.065123081 0.537590504 0.076775551
(7, 35,15, 3, 5) 0.211433887 0.044880629 0.090463638 0.751987457 0.081781387
(8,14, 7, 4, 3) 0.230382681  0.22539711 0.053077936 2.119359732  0.060945749
(8, 28, 14, 4, 6) 0.437826633 0.246342421 0.080949306  15.8606174 0.115659952
(8,42, 21, 4, 9) 0.65122509 0.665198088 0.165533066 46.39414263 0.487803459
(8, 56, 28, 4, 12) 1.68747592  0.674199343  0.233375072 - 1.059160471
(8,70, 35, 4, 15)  1.333454132  1.485027313 0.284921169 - 2.527808666
(9, 18, 8, 4, 3) 1.781225681 0.218388319  0.07081008 7.946138144 0.103722095
(9, 36, 16, 4, 6) 1.147952318 0.867683172 0.165556908 118.7980831 0.469769001
(9, 54, 24, 4, 9) 1.745321751  21.40377617  0.298047543 1.941044092
(9, 72, 32,4, 12)  3.012925148 4.571750164 0.943370581 - 7.281660795
(9, 90, 40, 4, 15)  10.12585855  7.530897856  1.433089256 - 21.53448105
(10, 15, 6, 4, 2) 0.476721525 3.352036238 0.093855619 22.63945079  0.140594959
(10, 30, 12, 4,4)  1.083125353 11.94902492 0.154770851 292.0339329 2.663848639
(10, 45, 18,4, 6)  1.685510397  171.945682 0.268734694 46.36700964
(10, 60, 24, 4, 8)  5.808401823 116.5254524  0.349037409 - *
(10, 75, 30, 4, 10)  5.700720072 9.907483816 1.514435768 - *
(10, 90, 36, 4, 12)  4.507946491 - 2.097363949 - *
(10, 18, 9, 5, 4) 3.956448078 11.25291419  0.10303545 95.94824839 0.673199654
(10, 36, 18, 5,8)  1.861979485 54.91218543 0.204454184 *70.22707605
(10, 54, 27, 5, 12)  5.773524523  4.414199829 1.114019632 - *
(10 72, 36, 5, 16)  5.603015423 175.5416667 4.033323288 - *
(11, 55, 20, 4, 6)  23.58979869 7.614641905 0.430819035 - *
(11 11, 5, 5, 2) 0.433838844  0.269278526  0.074868202  38.2167635  0.22140789
(11, 22, 10, 5, 4)  10.34925938  18.2302599 0.121896744 *73.55020261
(11, 33, 15,5, 6)  8.382531643 49.40790009 0.219379663 * *
(11 44,20, 5,8)  6.504596233 118.4422987  0.49382472 * *
(11, 55, 25, 5, 10)  6.769854546  523.5472465 1.1661129 - *
(11 66, 30, 5, 12)  8.543101549 256.6986787  3.94661665 - *
(11 77,35, 5, 14)  42.09915805 7.389230967 - *
(11, 88, 40, 5, 16)  12.55734181 - 7.856978655 - *
(16 20, 5, 4, 1) 49.79768968  3.348021269 0.303338051 *  15.6142261

* Solver timed out with feasible solution
- Solver timed out with no solution
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2.3 DEQ Description

One of the smallest ways to model a BIBDs is with a simple incidence matrix
as we saw in model 14 (SIM). By reformulating our constraints to be primarily in
terms of the treatment-pair incidence variables, Y, ;, we can condense this even
further. Consistency between the Y;; and X;; were accomplished in the SIM model
with the three inequalities (1.5) through (1.7). We introduce equations (2.28) below
to replace those inequalities.

Let A; be the set of pairs of treatments of X that contain i.

Model 24 (DEQ).

(k—DX;5= ) Yy Viel,VjelJ (2.28)
aEAi
D Yai=2A Va e A (2.29)
jeJ
k .
> Y= (2) Vi={1,....b—1} (2.30)
acA
Xi; €{0,1} VieILVjeJ (2.31)
0<Y,; <1 Ya € AVj e J (2.32)

Theorem 25. The constraint ) ,c 4 Yoo = (g) follows from the others in DEQ.
Proof. From bk = vr and A\(v — 1) = r(k — 1), we get
Av(v — 1) = bk(k —1). (2.33)

Adding together (2.29) for all a gives us

Y Y= A(;’) (2.34)

a€A,
jed
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and adding together (2.30) for j > 1 gives us

> biyaj =(b—1) (S) (2.35)

acA j=1

Subtracting (2.35) from (2.34) gives us

ZYaOZ Aw—=1) (b—Dk(k—1) (2.36)
2 2
a€A
_ Av(v—1) - bk(k—1) N k(k—1) (2.37)
2 2
k
- <2) (2.38)
where the last step is true because of (2.33). O

Theorem 26. DE() models BIBDs.

Proof. We already have the A constraint enforced by (2.29). It remains to show that
the block size is k, and that Y,; = 1 if and only if X; = Xg; =1, and Y; =0
otherwise.

Summing (2.28) over i, we have

(k=1 Xig=)_ > Yo

il i acA;
=2 Yo
acA
k
=2
)
=k(k—1)
> Xij=k
1€l

Thus, every block has k treatments.
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Suppose some X;; = 0, then (2.28) reduces to
> Yy =0.
G,EAZ‘
Because Y,; > 0, it must be that Y,; = 0 for all pairs a € A that contain 4.
If either X, =0 or Xg; = 0, then that would make Y(a,ﬂ)j = 0. Thus, for
any Y(aﬁ)j, we can only have Y(a,ﬂ)j > 0 if both X; =1 and Xg; = 1.
Furthermore, because there are k variables X;; =1 in each block, there are at most
(g) of the Y,; > 0, and each of these Y, ; must equal 1 in order to achieve (2.30).
O

This system of equations allows us to put an upper bound of the true

dimension of BIBDs.

Theorem 27. The dimension of the polytope given by the convex hull of solutions
to DEQ is at most [(5) —1] (b—1).

Proof. The dimension can be no more than the number of variables, b(g) + vb,

minus the number of constraints, vb + (g) + (b — 1), which gives the result. O

Because every BIBD solution must be a 0, 1-vector, they can be thought of
as vertices on the hypercube [0, 1]", and equations (2.30), (2.30), and (2.28) as
hyperplanes that slice through the hypercube. Intersecting a hyperplane with a
hypercube may create a number of additional vertices. However, it is also possible
for a hyperplane to intersect the hypercube in such a way that no additional
extreme points are created.

For example, consider the cube [0, 1]3. The hyperplane 2z + 2y + z = 4,
shown in figure 2.1a, cuts through the cube in such a way that additional vertices

are created at the points (%, 1, 1) and (1, %, 1). However, if we were interested in
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the halfspace 2x + 2y + 2z < 4, we see that the only vertex of the cube this inequality
eliminates is (1,1,1). If we are only interested in integer solutions, the halfspace
r+y+ 2z < 2 would be a better choice as its boundary, shown in figure 2.1b, because

it eliminates the same vertex without creating any additional vertices in the process.

(a)2z+2y+2=4 b)x+y+z=2

Figure 2.1: Subfigure 2.1a shows planes that cut off the vertex (1,1, 1) while creating
additional vertices at (%, 1, 1> and (1,%, 1). Subfigure 2.1b also cuts off vertex

(1,1,1), but does not create any additional vertices?

Consider one of the equations of type (2.28) and vectors of the form

(Yag.j» Yaq.jr- -+ Ya, 9.5, Xij) where ag € A;. Let Cy, € {0,1}" such that C7,

contains m ones and n — m zeros. The 0,1 vectors in this subspace can take on the

2Images made with GeoGebra®) [https://www.geogebra.org].
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following forms.

A valid BIBD must have these variables either as (0, ...,0) or of the form
<C’£:%|1>. Furthermore, all of these points must lie on the hyperplane given
by (2.28).

The halfspace

> Yo+ X<k (2.39)
aEAZ'

is valid for (0,...,0) and tight for all points of the form <C’Z:i[1> or (C]:_IIO).
We will next construct inequalities to eliminate each (C’g_1|0>.

Let pg be a vertex of the hypercube of the form (C’gil|0>. Let vg be the
point found by changing the first component in pg with a one to zero, and the last
component from zero to one. Then v is one of k£ points in (C}C’:ﬂl) that is two

away from pg, and all other points in (C}é:hl) are more than two away from py.
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Let ug = 2 (po — <%, cee %)) (or, equivalently, let ug be the vector found by
changing all the zeros in pg to —1). The plane normal to ug that passes through v
is given by

ug - |:<Ya0,j>Ya1,j>'"7Yav71,jﬂX’L"> _/UO] =0

and simplifies to

D Yo=Y Yoy~ Xij=k—2

aER acA;\R
where R is a k-subset of A; corresponding to the variables in
Po - (YGO»J" Yoy g5 Ya, 1.5 Xij>. The halfspace valid for all the BIBD vertices is

given by

d Y- Y Y- Xj<k-2 (2.40)
aceR acA;\R

Finally, we want to pivot this halfspace (2.40) along the points it shares with
ZaEAZ- Yy + Xij =k to include (0,...,0). For this, we take a linear combination of

the two constraints

MDY Y= D Yo - X | +A=N [ D VX | <AME-2)+ 1Nk

R acA\R i,
Z Yaj + (1—2X) Z Yoj + (1- 2)‘)Xz'j <k-—2\
acR QGAZ'\R

where we require only A > 0 because (0, ...,0) is the only point that is not already
tight with (2.39). Because we want (0,...,0) to satisfy this new constraint at
equality, by plugging in (0, ...,0) we see that we must have 0 = k — 2\, or A\ = %
This gives us

D Yaj—(k—=1) > Yai—(k—1)X;; <0 Vi j R (2.41)
a€ER acA;\R
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We now repeat this process for (C}f’:;\l). Let uq be a vertex of the
hypercube of form (CZ:%H). Let v1 be the point found by changing the first
component in u; with a zero to one. Then v is one of v — k + 1 points in (C’Z:hl)
that is one away from pq, and all other points in (C}é:%]l) are more than one away
from pq.

Let u; =2 (p1 — <%, cee %)) The plane normal to u; that passes through

v1 is given by
ujy - |:(Ya0,j7 Yal,j> s 7Yav_1,j7 XZ ) - Ul] =0

and simplifies to

ZYaj— Z Yaj—l-Xij:k‘—Q

acs CLEA,L'\S
where S is a (k — 2)-subset of A;. The halfspace valid for all BIBD vertices is given
by

Z Yaj — Z Yaj + XZ] < k— 2. (2.42)
a€sS acA;\S

Pivoting this to include (0,...,0), we let

MDY Vai— D VX |+ A= D] Yo+ X5 | SAMk—2)+ (1= Mk

acs aEA,L'\S aEAi
DV (1-20) > Yo+ X <k—2)
aes acA;\S

. . . L k
where A > 0. Plugging in (0,...,0) and solving for equality again yields \ = 3.

D Y- (k=1 > Yo+ X;;<0 Vij8 (2.43)
acsS acA;\S
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CHAPTER THREE

FEASIBILITY MODELS

3.1 Effect of Isomorphism on diffsum

We first note that two isomorphic designs may have different diffsums. For
example, the parameter set (7,7,3,3,1) is known to have a unique design, but, as
shown in table 3.1, different permutations of this design may result in different

diffsums.

Table 3.1: Three isomorphic (7,7,3,3,1) designs. Two have a diffsum of 7 and one
has a diffsum of 9

By B1 By Bz By Bs DBg

woj o 0 o0 1 1 2 3
21 1 2 5 2 4 4
w2 4 3 6 5 6 6 5
sm(B;) 5 5 11 8 10 12 12
By By By Bs By Bs Bs
2o o 0 0 1 1 2 3
15 1 2 3 2 5 4 4
s 4 5 6 3 6 6 5
sum(B;)) 5 7 9 6 12 12 12
By B1 By Bs By Bs Bg
o o 0o o0 1 1 2 3
21 1 2 5 2 3 4
oy 3 4 6 6 5 5 6
sum(B;) 4 6 11 9 10 10 13
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In the case of non-isomorphic designs, we again see the diffsum may or may
not be the same.

For example, consider the ways in which larger designs may be composed
from smaller ones. Once we have some known designs for (v, b, 7, k, \), there a couple
easy ways to construct designs for (v, mb, mr, k, m\) for integer m > 1. If we take a
design for (7,7,3,3,1) and take two copies of each block, we form a multiple design
for (7,14,6,3,2) that has the same diffsum as the original. Another construction
for (7,14,6,3,2) can be found by taking two different designs for (7,7,3,3,1) and
taking the multiset sum of their block collections. The diffsum that results from
this construction must be at least as large as each component design’s diffsum.

Table 3.2 shows three non-isomorphic designs for (7,14, 6, 3,2), two of which
have optimal diffsum, and one that does not.

As it happens, the parameter set (7,14, 6, 3,2) has four non-isomorphic
designs,[3] and each of these designs are uniquely reducible. For every design of
(7,14,6,3,2), the blocks can be uniquely partitioned into two collections to form
two (7,7,3,3,1) sub-designs. Because of this, the diffsum of (7, 14,6,3,2) can be
no better than the optimal diffsum for (7,7,3,3,1) designs.

Now we consider (13,26, 8,4,2), which can be constructed as a multiple
design of (13,13,4,4,1). The optimal diffsum for (13,13,4,4,1) is 16 and is
demonstrated in table 3.3. Taking two copies of each block in this design, we form a
(13,26,8,4,2) design that also has a diffsum of 16. We again see that the optimal
diffsum for (13,26, 8,4,2) can be no larger than the optimal diffsum for
(13,13,4,4,1). However, unlike what we saw with (7,14, 6, 3,2), there also exists
non-reducible designs for (13,26, 8,4, 2), which opens the possibility of an improved

diffsum. Table 3.4 shows a design for (13,26,8,4,2) with an optimal diffsum of 14.
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Table 3.2: Three non-isomorphic (7, 14,6, 3, 2) designs, two with optimal diffsum of
7 and one with diffsum of 8

By Bi By B3 By Bs Bs By Bs By Big B Bi2 Bis

Toj 0 0 0 0 0 0 1 1 1 1 2 2 3 3
15 1 1 2 2 5 5 2 2 3 3 4 4 4 4
T2 4 4 3 3 6 6 5 5 6 6 6 6 5 5
sum(Bj) 5 5 5 5 11 11 8 8 10 10 12 12 12 12
By Bi By B3 By Bs Bs By By By Big B Bi2 Bis
Toj 0 0 0 0 0 0 1 1 1 1 2 2 3 3
15 1 1 2 2 3 5 2 2 3 5 4 4 4 4
T2 4 4 3 5 6 6 3 5 6 6 6 6 5 5
sum(Bj) 5 5 5 7 9 11 6 8 10 12 12 12 12 12
By Bi1 By B3 By Bs Bs By By By Big B Bi2 Bis
Toj 0 0 0 0 0 0 1 1 1 1 2 2 3 3
15 1 1 2 2 3 5 2 2 3 4 4 5 4 4
T2 4 5 3 4 6 6 3 6 5 6 5 6 5 6
sum(Bj) 5 6 5 6 9 11 6 9 9 11 11 13 12 13

3.2 A New Constraint Programming Model

There have been a number of approaches to generate BIBDs. Most fall in two
classes: special-purpose codes based on enumeration with backtracking, and models
using optimization /satisfaction solvers (Linear Programming, Integer Programming

and Constraint Programming). We present a new Constraint Programming model.

3.2.1 Feasibility

Given the parameter set (v, b, 7, k, \), we define boolean decision variables

Xi;e{0,1}, ie{0,...,u-1},j€{0,....b—1}
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Table 3.3: From a (13,13,4,4,1) design with optimal diffsum 16. A design for
(13,26,8,4,2) can be constructed by repeating each block

By By By Bs By Bs Bg By Bg Bg Biy Bi1 B

T(j o 0 0 0 1 1 1 2 2 3 3 4 5
Tyj 1 2 4 6 2 3 8 5 6 4 7 6 7
ro; 100 3 5 7 4 5 9 11 9 10 9 8 8
rg; 118 9 12 7 6 12 12 10 12 11 11 10

sum 22 13 18 25 14 15 30 30 27 29 30 29 30

with the interpretation that X;; = 1 if and only if element ¢ is in block j.

These boolean variables can be organized into a v X b incidence matrix in
which X;; is the (i + 1,7 + 1)-th component. !

The constraints must first ensure that the matrix does represent a BIBD.
This requires enforcing replication number (3.1), block size (3.2), and pairwise

balance (3.3).

 Xyj=r ief0,...,0-1} (3.1)
j
> Xij=k jefo,....b—1} (3.2)
)

J

The above constraints ensure feasibility.

!The boolean variables X;; are defined in conformity with programming languages that use
0-based numbering. The +1 to rows and columns here are added to remain in agreement with
mathematics convention for matrix indexing.
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3.2.2 Symmetry Breaking Constraint and Optimality

Two well-known symmetry-breaking strategies are ordering the rows and the

columns lexicographically.

v—1 v—1
—i—1 —i—1 .
E 2Vt XZ] > E Ut Xi(j—l—l)? YRS {O, sy b— 2} (34)
=0 1=0
b—1 b—1
i —i1 .
E 2b J XZ] > E 2b J X(i-i—l)j’ 1€ {0,...,1)—2} (35)
=0 j=0

When the intention is simply to find an instance of a BIBD within the given
parameters, both constraints are permissible. However, when looking for an optimal
diffsum, only the ordering of the columns (3.4) can be used as this ordering
corresponds to interchanging blocks. Interchanging rows is equivalent to a
permutation of the treatments, and this ordering (3.5) will pack the
smallest-numbered treatments into the first block, which is a condition that may
impose a non-optimal solution. Indeed, it can be seen quite intuitively that a design
with an optimal diffsum would need to be composed of blocks that balance the
lowest-numbered treatments with the largest, a goal that is unlikely to be achieved
when one of the blocks is {0,1,... k —1}.

But the considerations of diffsum lead us to another symmetry-breaking

constraint: ordering the blocks by increasing block sum.

1 v

|
—_

v

~
Il
o
-
Il
=

To investigate whether this new constraint reduces the search space, we
exhaustively considered all designs of some parameter set. In table 3.5, we see how

many designs of parameters (7,14, 6, 3,2) (all of which are isomorphic) have a given
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diffsum when blocks are constrained both by (3.4) and (3.6). The results are

encouraging as the search space is reduced from 5040 different designs to 2.

Table 3.5: Number of designs with given diffsum for parameter set (7, 14,6, 3,2)

diffsum 7 8 9 10

Total 672 1680 1680 1008
Ordered by block sum 1 0 1 0

Unfortunately, it may happen that the addition of constraint (3.6) to
constraint (3.4) cuts off too much of the search space and will sometimes remove all
designs with an optimal diffsum. An example of this is illustrated in the second
row of table 3.6, which shows there are no designs for parameters (8,14,7,4,3)

satisfying both constraints.

Table 3.6: Number of design with given diffsum for parameter set (8,14,7,4,3).
Number of design ordered by block sum and ordered within 3

diffsum 8 9 10 11 12 13 14 15 16
Total 1344 0 9408 0 13440 0 8064 0 8064
Ordered by block sum 0 0 0 0 0 0 0 0 0
Block sum ordered within 3 2 0 5 0 15 0 0O 0 52
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But a relaxation of constraint (3.6) allows us to cut off most of the search
space while also keeping some optimal designs, as illustrated by the third row of

table 3.6. We formalize this in the following;:

Conjecture 28. [f there is a (v,b,r, k,\) design with optimal diffsum, there is one
with the same optimal diffsum, with blocks lexicographically ordered and with block

sum ordered within v, i.e., with the following relazation of constraint (3.6):

I
—_

v—1
i-XZ'j—US i'Xi(j+1)’ jE{O,...,b—Q}.

v

i
o
-
]
o

We have verified this conjecture numerically for hundreds of BIBDs.
Earlier, we stated a bound on the range of block sums. Now we show a
bound on the decrease between two sequential block sums when written in

lexicographical order.

Theorem 29. Given a BIBD with k < &5 written in lexicographical order, the

largest decrease in sequential block sums is at most vk — k% — v.

Proof. Given a BIBD design in lexicographical order, consider the following
segments. Segment 1 contains the first A blocks, where each block contains both 0
and 1. Segment 2 is the next r — A blocks, where each block contains 0 but not 1.
Segment 3 is the next r — A blocks, where each block contains 1 but not 0. Segment
4 is the remaining b — 2r + X\ blocks, where each block contains neither 0 nor 1.

Let Bq, be the first possible block that could be in segment ¢, and By, the
last possible block that could be in segment i. An example of these blocks when
v =9 and k = 4 is shown in table 3.7. Observe that Bai must have the smallest
possible block sum in segment ¢, and By,, must have the largest. Further more, any
block Bj that is lexicographically in-between By, and By, must have

sum(By,; ) < sum(B;) < sum(By, ).
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Table 3.7: An example of By, and By, for each of the four segments when v = 9 and
k = 4. The blocks are represented with Os and 1s as they would appear as columns
in an incidence matrix. The last row shows §; for each segment ¢

Segment 1 Segment 2 Segment 3 Segment 4
Bay By B, By, Bag By, B, By,
1 1 1 1 0 0 0 0
1 1 0 0 1 1 0 0
1 0 1 0 1 0 1 0
1 0 1 0 1 0 1 0
0 0 1 0 1 0 1 0
0 0 0 0 0 0 1 1
0 0 0 1 0 1 0 1
0 1 0 1 0 1 0 1
0 1 0 1 0 1 0 1

h=w—-k)(k-2) db=@w-k-1)(k-1) db3=w-k-1)(k—-1) 6=wv—-k—2)k

Let 6; = sum(By,;) — sum(Bq,). Formulas for these d; values are shown in the
last row of table 3.7.

If the design has multiple blocks from segment 1, the difference between any
two blocks in this segment is at most
61 = (v —k)(k —2) = vk — k? — 20 + 2k < vk — k? — v since k < 5. The difference
between any two blocks in segment 2 is at most
0y = (v —k —1)(k — 1) = vk — k2 — v + 1. Note, however, that
sum(Bqs,) < sum(Byy, ). Therefore, since any block between these must have a block
sum that is also in between these, the largest decrease we could encounter between
any two blocks sums in segment 2 is at most vk — k2 — v. Segment 3 behaves the
same as segment 2, and segment 4 we will return to at the end.

Every block that is lexicographically before By, must have a block sum that

is strictly smaller than that of By,. Every block that is lexicographically after Bq,
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must have a block sum that is strictly larger than that of Bq;. Let le be the last
block from our design in segment 1, and let sz be the first block in our design in

segment 2. Then sum(Bj, ) < sum(By, ), sum(Bagy) < sum(Bj,), and

sum(Bj,) — sum(Bj,) < sum(By) — sum(Bay) < (v -k —1)(k—2) — 1

This last expression simplifies to vk — k%2 — v — (v — k — 1). Assuming k < 5 and
k>1thenl <k<v—kandv—k—1>0. So we have
sum(Bj, ) — sum(Bj,) < vk — k2 —v.

Doing the same thing for our last block in segment 2 and our first block in
segment 3, we see the drop in block sum is at most
(v—Fk—1)(k —1) — 1 = vk — k2 — v. Taking our last block in segment 3 and our
first block in segment 4, we see the drop in block sum is at most
(w—k—2k-1)—1=vk—k®—v—(k—1) <vk—k?—v.

If there is no more than one block in segment 4, we are done. However, if
there are at least two, it remains to show that any drop in block sums from two
sequential blocks in segment 4 must also be bounded by vk — k2 — v. To do this, we
must break segment 4 down into smaller pieces. Let Bg[ ={i,i+1,...,i+k—1}
and B, = {i}U{v—1,0—2,0—k+1} fori € {2,...,v — k}. An example with
v =11 and k = 4 is shown in table 3.8.

We calculate
sum(B) —sum(B!) = (v —k —i)(k—1) = vk —k? —v — (ik — k —i) < vk — k? —v.
The last step is seen by simplifying (k — 1)(i — 1) > 1. If two sequential blocks in
segment 4 are in the same sub-segment, they cannot decrease more than vk — k2 — .

Suppose two sequential blocks are in two different sub-segments of segment
4. Let the first one be in sub-segment ¢*. We again see that any block that is

lexicographically ordered after Bé must have a block sum that is larger than that of
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Table 3.8: An example of BY, and B, in segment 4 when v = 11 and k = 4. The
blocks are represented with Os and 1s as they would appear as columns in an incidence
matrix

B2

(07

Bi B, B} B, B, B) B} By Bj B]

]
]
@]
]

OO0 o0 oo R R R R OO
_ == 0 OO O 0o - O

O D OO R M EFEEFEOOO
OO0 00Ok OoOOo

OO O R PR EFH, PP OOOOo
=0 OO 0O~k O OO

OO R R FHEHEFPFOOOOO
el e B e i i en B an B e B el @)
O R R M= MFEFOOOOOoOo
_ = 0Ok, OO0 000 0o0o

el =l = S en Bl an B an B an B an Bl a)

Bg, and any block that is lexicographically before de must have a block sum

smaller than BY,. So it does not matter which sub-section the second block is in.

The most these block sums could decrease is

sum(BL ) —sum(BE 1) = (v—k—i—1)(k—1)—1 = vk—k2—v—i(k—1) < vk—k>—v.
O

The objective function aims at minimizing diffsum. First we introduce the

bounds L and U with
v—1
L<) i-X;<U jefo,....b—1}
1=0

Then the objective is min U — L.
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3.3 Experimental results

First, to validate the generation of BIBD with no required structure we will
follow [40] which shows a list of BIBD parameters and a number of
previously-tested algorithms and indicates which algorithms were capable of solving
each problem. We tested our model on the same parameters to compare the
performance with those tested by previous authors. We reproduce, in table 3.9, only
the instances that we failed to generate. The full table has 86 instances ordered by

increasing value of vb. The following are the contrasting algorithms

NN Simulated annealing [41]

LS Local Search [1]

BB Branch and Bound [22]

TS Tabu Search [22]

LP Multi-stage Linear Programming [42]

CP Constraint Programming

where the last one (CP) is our new model with lexicographical ordering (3.4).
(Ordering of block sums (3.6) is omitted here.)

We failed to solve 12 out of the 86 instances of [1] at least one of which
(serial number 56) is now known to be infeasible. We also note that instances 71,
72, 77, 85, and 86 are unsolved by all algorithms. It may well be that these BIBDs
are not feasible.

In terms of feasibility, as can be seen in table 3.10, our algorithm is
comparable to the best performing algorithms.

In terms of optimality of diffsum, we present table 3.11 which illustrates the

optimal solutions for some small designs.
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Table 3.9: Contrasting our failures out of the 86 instances of [1]

No v b r NN S BB TS LP CP

k
39 17 34 16 8
43 18 34 17 9
96 22 33 12 8
99 21 35 15 9
62 20 38 19 10
70 21 42 10 5
71 21 42 12 6
72 21 42 20 10
7 22 42 21 11
82 31 31 10 10
83 31 31 15 15
85 22 44 14 7
86 25 40 16 10

—_
DT WO O WN OOk 0o | >

2222222222222
2222222222222
2222222222222
ZZ< K222 <222~<<
2222222 <K 22~
2222222222222

Table 3.10: Summary of feasibility for all algorithms

Algorithm Solved Unsolved

NN 16 70
LS 55 31
BB 67 19
TS 78 8
LP 79 7
CP 74 12
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Table 3.11: Examples of some optimal diffsum

v b r k X diffsum v b r k X\ diffsum
8 14 7 4 3 8 10 36 18 5 8 11
11 11 5 5 2 13 11 33 15 5 6 12
10 15 6 4 2 11 12 33 11 4 3 13
9 18 8 4 3 9 8 56 28 4 12 8
13 13 4 4 1 16 10 45 18 4 6 11
10 18 9 5 4 11 9 54 24 4 9 9
8 28 14 4 6 8 10 54 27 5 12 11
11 22 10 5 4 13 8 70 35 4 15 8
6 16 6 6 2 21 10 60 24 4 8 11
10 30 12 4 4 11 9 72 32 4 12 9
16 20 5 4 1 20 9 90 40 4 15 9
9 36 16 4 6 9

8 42 21 4 9 8

13 26 8 4 2 14
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CHAPTER FOUR

THE POLYTOPE

In this chapter, we explore the polyhedral structure of BIBDs for the purpose
of accelerating computations for finding BIBD solutions via either constraint or
integer programming. Recall that D, . ) is the polytope associated with the convex
hull of vector solutions that form the design table. We reduce the solution space of
these polyhedra by enforcing lexicographical order on the solutions both within and
between the blocks. Let L, ;. ) be the polytope associated with the convex hull of
all vector solutions that form the design table such that the BIBD is in
lexicographical order.

We begin by showing some properties of this polytope. Then, for some of the
smaller polyhedra, we use an algebraic model to find all possible BIBDs, then use
the Double-Description Method to generate all the facets and equations of Ly, i, ).

We generalize some of these equations and add them to our model.

4.1 Every BIBD Solution is a Vertex of a Convex Hull

We showed in (1.3.1) that every BIBD is a vertex of P, ;. \. We now show
the same for D, i \, and by extension, that every lexicographical BIBD is a vertex

Of LUJ{;’)\.

Theorem 30. Given a BIBD solution z* € RFY, there exists an optimization

function for which x* is the unique optimal solution in Dy, ).
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Proof. Let 2* € R¥ he a BIBD for the parameters (v,b,7,k,\), where z* is the

vector associated with some design table, and let

kb—1

flz) = Z T, Tm.
m=0

Then z* = f(z*) is given by
kb—1

m=0
Let 2/ € RF be any other solution. Then 2/ = f (2) is given by
kb—1
7 = Z il
m=0
Some of the terms that make up 2’ may equal (z,)?, but the number of
these terms must be fewer than that of z*, otherwise z* and 2’ would be the same
solution. Let Mg = {m : x}, # x],}. After cancelling out like terms, we can write

the difference z* — 2/ as follows.

¥ = Z(x;‘}b)Q - Z:c:%:c;n

mEM(g mEM(;
1
S STy ey
m€M5 mGM(;

Because they are BIBDs, the components of z* and the components of 2’ must both
consist of r repetitions of each treatment, i.e., {x}, :m =0,... kb— 1}
={a},:m=0,...,kb—1}. After cancelling the terms z},,x,, where 2}, = z,, the
remaining mixed terms must still be composed from the same set of remaining

values. That is, {x}, : m € Ms} = {=}, : m € Mg}, and thus we can substitute
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= % Z(ﬂc}kn)2 - 22%23% + Z(x;n)Q

mEM5 mEM(; m€M5
1
=5 2 [@n)? = 2aham + ()%
mEM(;
1
=3 > (@ —al)?
mEM(s

By definition of Mg, no (z};, — z},,) can equal 0, so the right hand side is strictly
positive and z* > 2/. Thus, maximizing f(z) yields z* as the unique optimal

solution.
This result immediately yields the following.

Corollary 31. Every BIBD solution to (v,b,r,k, ) is a vertex of Dy . ).

Corollary 32. Every lexicographically-ordered BIBD solution to (v,b,r, k, \) is a

vertex of Ly, f. x-

4.2 Methods

The entire process of discovery is done in two steps. The first is to use an
algebraic model to find all the BIBDs that satisfy a given set of parameters. The
second is to use the Double-Description method to find the facets of the polytope
Ly . »-We used the Parma Library implementation of the Double-Description
method [43].

Given a set of BIBD parameters (v, b,r, k, \), we wish to express the
equations and facets of the polytope defined by the convex hull of all solutions,

expressed as x € RF? corresponding to a BIBD:
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By By By - Bj

o 01 o2 vt T0 -1
10 T11 T12 T T1,5-1
xk—l,O xk_l,]- l'k_1’2 T xk—l,,j—l

The essential part of the algebraic model, which we will refer to as BIN_CP, is
described in algorithm 1. The model is solved by Google OR-Tools SAT
solver [44, 45].

Algorithm 1 Algebraic model to find all BIBDs of a given set of parameters

1: function MODEL(v, b, 7, k, \)

2 for each i € {0,...,v—1} do

3 de{o By Xijg ==71

4: end for

5. for each j€{0,...,b— 1} do

6 2ie{0,....0—1} X ==k

7 end for

8 for each i1 € {0,...,v—2} do > Each pair of treatments belongs to A blocks
9 for each i € {i; +1,...,v— 1} do

10: D je{0,. b1} Xipj - Xigj == A

11: end for

12: end for

13: for each j € {0,. — 2} do > Ensuring 1ex1cographlc order of the blocks.
14: Zie{o WU— 1}2 XZJ 2 Zze{o U— 1}2 Xz,y+1

15: end for

16: Solve() > Calling Google SAT solver.

17: return H
18: end function
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This model uses binary incidence variables X;; for i € {0,...,v — 1} and
j€{0,...,b—1} where
1 if variety 7 is in block j
ij = :

0 otherwise

The variables for the design table, z,,;, are easily obtained by iterating the incidence
variables, X;;, over i for each j. Then z,; = iX;; where X;; is the (p+ 1)‘Eh variable
equal to 1.

As mentioned in section 2.2, lexicographical order of the blocks is achieved
by translating the sequence (Xq;, X1, . .. vsz—l,j) to the binary number with the

inequalities given by

v—1 v—1

—i—1 —i—1 .
E :21) ) XijZE:T} ? Xi(j+1)’ ]E{O,...,b—Q}.
i=0 1=0

Post-processing the X;; variables ensures lexicographical order within each block by
assigning values to x,; such that z; ; < x;41 ;.

After all BIBDs satisfying a given set of parameters are found, the
dimension-reducing equations and facet-defining inequalities are obtained by the
well-known Double-Description Method [43]. To validate these results numerically,
we verify that all BIBDs satisfy all equations and inequalities, and that there are
the proper number of vertices are satisfying each inequality to prove that they are

facet-defining.

4.3 Numerical results of model

The polyhedra defining the solution space in R*? are not full dimension.

Even without lexicographical ordering, it is clear that at least one variable will be
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redundant because all z,,; variables must sum to r - > zex ©. With lexicographical
ordering, we have another 2r variables that can immediately be set to 0 or 1.

Because of this dimensional deficiency, it is possible for each polytope to be
expressed in multiple ways. However, every description of a given polytope will
contain the same number of equalities and inequalities.

Because we have leeway in choosing which variables to keep or eliminate
from each constraint, we will always attempt to express each polytope as simply as
possible. While it would be more systematic to always eliminate the same variables
in accordance with a defined set of rules (such as zq, followed by xq1, etc.), some
equalities are better understood with a non-systematic approach to variable
elimination. This will become apparent in section 4.4 where we prove the equations
found for (7,7,3,3,1).

Under lexicographic ordering, there are 30 BIBDs satisfying (7,7, 3,3, 1).
The polytope is described in R2!, but its dimension is reduced by 13 equalities.
Hence, the BIBDs occupy a 21 — 13 or 8-dimensional subspace. The vertices,
dimension-reducing equalities, and facets are provided in 1. We numerically verified
that there are exactly 8 affinely independent vertices satisfying each inequality at
equality, proving that they are indeed facet-defining.

The parameters (7,7,4,4,2) returned 16 equalities, (6, 10,5, 3,2) returned 22
equalities. These equations, along with vertices and some facets, are provided in 2

and 3, respectively. We summarize some results in table 4.1.

4.4 Validation
To validate our algorithm, we will prove that the dimension-reducing

equations, (4.1) through (4.13), of the parameter set (7,7,3,3,1) found

o8



Parameters Dim Space Vertices Equalities Dim Polytope Inequalities

(7,7,3,3,1) 21 30 13 8 48
(7,7,4,4,2) 28 30 16 12 35
(6,10,5,3,2) 30 12 22 8 18
(6,20,10,3, 4) 60 73 42 18 755

Table 4.1: Various BIBD polytope characteristics

experimentally are correct.

lzgg =0 (4.1)

12g1 = 0 (4.2)

1209 = 0 (4.3)

lzgz =1 (4.4)

Loy = 1 (4.5)

Loy = 1 (4.6)

lrgs =2 (4.7)

lz11 — 1lx13 =0 (4.8)

Lo + 1wy + 1wy + 1a1g + 1wgg = 20 (4.9)

lxog + 1211 + 193 + 114 + 129y = 20 (4.10)
lx91 + 193 + 1215 + 1295 = 18 (4.11)
211 + 1wyg + Loyy + 1oys + 2206 + 116 = 26 (4.12)

lwgg + 211 + 1woy + lwyo + lwgg + Lwyy + lags + lwgs — logg =26 (4.13)

For the seven equalities with a single variable, (4.1) through (4.7), it is clear

that these must be tight for all vertices, because if we started with a blank design,
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the 0’s, 1’s, and one of the 2’s must appear in the following placements for any

BIBD of these parameters written in lexicographical order.

By By By B3 By By DBg

o 0 0 1 1 2
I xp1 12 *13 T4 T15 T16

20 T21 X222 T23 X24 T25 T26

Equation (4.8) tells us x11 = x13. We know this must be true for all
solutions to these parameters because if x99 = 2, then z11 and x13 must both be 3.
However, if x9g # 2, then x1; and x13 must both be 2. This observation is
generalized in proposition 37.

For (4.9), we note that these are the variables for treatments that still need
to pair with 0. Because 1 has already been paired with 0 in the first block, that
leaves 2, 3,4, 5,6 to be assigned amongst x9g, x11, 21,212, 22, and they must add
up to 20.

For (4.10), recall that z1; = x13, so substitute z13 in the equation for x1;
and observe that we are now looking at all the remaining variables that still need to
pair with 1. This again leaves 2, 3,4,5,6 to be assigned amongst
90, T13, T23, T14, T24, and they must add up to 20.

For (4.11), we return to the two cases we from above: if x9g = 2, and if
x99 # 2. In the first case, the three repetitions of variety 3 must be z11, x13, and
x15. Then x91, x93, and x95 are the remaining variables in the design that still need
to pair with 3. So 91, x93, x15, and x95 must be 3, 4, 5, 6. In the second case, xo1,
x93, 15, and x5 are all the variables that must pair with 2 and again must be 3, 4,

95, 6.
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Our last two equations for these parameters, (4.12) and (4.13), require a bit
more investigation to see why they are always tight. For the moment, we instead

turn our attention to the following equations.

T90 + 11 +x21 +x12 + T2 + X13 + X23 + 214 (4.14)

+r94 + 215 + 25 + 2o + T16 + T26 = 98
199 + o4 + T95 + 116 + 2796 = 32 (4.15)

Tog + T16 + Tog = o0 + 21 + 23 (4.16)

Equation (4.14) stems from the fact that all variables together must sum to
3 Z?:Oi = 63, minus the variables in (4.1) through (4.7) that sum to 5.

Equations (4.14) and (4.15) (along with 17 = x13) combine to give us
equation (4.13). Further combining this with (4.16) gives us the equality
from (4.12). All that remains now is to demonstrate why (4.16) and (4.15) are true.

Because x11 = w13, variables {21, 12, 292} = {723, x14, x24}. We will call
these elements «, 3, and v and say that x91 = «, and x93 = 5. Each of these
elements must be distinct from each other and from x9g, because they all pair with
0 and A = 1. So we have x11 pairing with « in block 1, and x11 (because it is the
same as r13) pairing with 5 in block 3. We still need to have x11 pair with v and to
have x11 to pair with z9g, and because there is only one more repetition of x11 that
we may have, these three elements {x9g, x11,7} must appear together in the same
block. Furthermore, these three elements must be in block 5. If x99 = 2, then
xr11 = 3, and lexicographical order necessitates this last repetition of 3 go in block 5.
On the other hand, if x9g # 2, then x17 = 2 and block 5 has the last repetition of 2.
This leaves block 6, {zg, x16, 26}, to consist of {z9q, a, f}, which is the same as

{90, 21, x93}. This yields (4.16).
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In block 2, we have x99 = max(f,7). In block 4, we have x94 = max(c, ).
In block 5, we have xo5 = max(zog, 11,7), which, due to lexicographical ordering
forcing x11 < 7, can be simplified to z95 = max(z9q,7y). The three elements, in
block 6 make up three pairs, with the added advantage that lexicographical order
tells us which element is the larger one. That is, 15 = max(xog, 216),
x9g = max(xog, v26), and rog = max (w16, r2g). These are, in unknown order,
max(zo0, &), max(xy, 5), and max(a, ). These six pairs from which we are taking
the maximum form all pairs of the set {«a, 8,7, x90}. If x99 = 2, this set is the same
as {2,4,5,6}, and if x9p # 2, then this set is {3,4,5,6}. In both cases, the sum of

the maximum of each pair is 32, thus proving (4.15).

4.5 Generalization

From the above experiment, we can generalize some of the

dimension-reducing equalities.

4.5.1 Terminology

When varieties are assigned in lexicographical order, there are A blocks
containing both 0 and 1, » — A blocks containing 0 but not 1, » — X\ blocks
containing 1 but not 0, and b — 2r + A blocks that contain neither 0 nor 1. The
values r — A and b — 2r + X\ are compared in the fourth row of table 1.3. We will
refer to these sections, respectively, as “blocks leading 01,” “blocks leading 0\1,”
“blocks leading 1,” and “blocks containing neither 0 nor 1.” We may also say that
the first r blocks are leading 0. An illustration of these sections are shown in

table 4.2 for (6, 10,5, 3, 2).

62



By By By Boy_»

O 0 0 0 0 1 1 1 a8 209
1 I x99 13 T4 T15 T16 T17 T8  T19
Too T21 T2 T3 T4 T25 T T27 T8 T

"' ~ TV 7 N TV - ~ TV
A r—A r—A b—2r+ A

Table 4.2: An example with (6, 10,5, 3,2) showing A blocks leading 01, » — A blocks
leading 0\1, 7 — A blocks leading 1, and b — 2r + A blocks containing neither 0 nor 1.
The top row notes the indices of the blocks that begin each segment

4.5.2 All 0 and 1 placements

Lexicographical ordering dictates where all the Os and 1s must go in any

BIBD. We state it formally here.

Proposition 33. Every BIBD has xg; =0 fori=0,...,r =1, z9; =1 for

i=r,...,2r=A—1landzy;=1fori=0,....,A— 1.

4.5.3 Some 2 placements

There are exactly A 2’s assigned to blocks leading 0, and at most A 2’s
assigned to the blocks leading 1. Then, so long as r — 2\ > 0, there must be at least

r — 2\ blocks leading 2. This condition is equivalent to the condition k£ < %
Proposition 34. If k < g, then xg; =2 fori=2r —X,...,3r —3X — L.

The next block after these, indexed 3r — 3\, may or may not start with a 2.

If the number of blocks leading 0\1 is less than the number of blocks leading
01, then maxing out the number of 2’s in the 0\1-leading blocks means there are at
least A — (r — ) placements of 2 in blocks leading 01. This value, 2\ — r, is positive

when k > %1
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Proposition 35. If k > U—‘Frl, then v ; =2 fori=0,...,2X —r — 1.

Suppose we are able to place a 2 in all blocks leading 01. Then 2 has paired
A times with both 0 and 1, and the remaining » — A 2s must go in blocks containing
neither 0 nor 1. This can only be done if r — A < b — 2r + X, which is equivalent to
k < oL If, however, k > ¥, then some of the 2s must go in blocks leading 0\1 and

blocks leading 1.

Proposition 36. Let ¢* = 3r —2\ —b. If k> §, then ¢* > 0 and there are at least
q" blocks leading O\1 and q* blocks leading 1 that contain 2. Hence, x1; = 2 for

i=XA...,A\+q¢"—1and fori=r,...,r+q° — 1.

Proof. Let k > 5. Then because r — A > b — 2r + A, we are not able to have every
block leading 01 containing a 2. Let ¢ be the number of blocks leading 01 that
contain 2, and let ¢ = A\ — ¢. Then ¢ is the number blocks leading 0\1 that contain
2, which also equals the number of blocks leading 1 that contain 2. The remaining
number of 2’s that must go in blocks not leading 0 or 1 is r — (¢ 4+ 2¢), which is
bounded by b — 2r + A.

r—({t+2¢) <b—2r+ A\
r—A—q<b—2r+ X\

qg>3r—2\A—>

Let ¢* = 3r — 2\ — b. Then ¢* is the minimum number of blocks leading 0\1 that
contain 2, and the minimum number of blocks leading 1 that contain 2. We know
that ¢* > 0 because r — A > b —2r + X when k > 5. We also know that ¢* <r — A,
because 3r — 2\ — b < r — X is equivalent to b > r + (r — A), which says that the
total number of blocks must be at least the sum of blocks leading 0 and blocks

leading 1. [
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4.5.4 Some equal treatments

There are a few other immediate equations that can be inferred. The first, as
mentioned previously, is that all z;,; variables must sum to r - Y wex T- We can also
say that all the z,; variables that pair with 0, aside from the ones that must be 0 or

v—1 .

1, must sum to A- ) .=, i. We can say the same for the x); variables that pair with

1.
Proposition 37. Every BIBD in lexicographical order has x1 )\ = x1 5.

Remark 38. We already know from proposition 36 that zq y =1, =2 when k > 3

so this proposition only tells us new information when k& < 3.

Proof. Every treatment x > 2 that appears in blocks leading 0\1 or blocks leading 1
must appear in both of those sections the same number of times. Let x* be the
smallest such treatment. Then, due to lexicographical ordering, it must be that

w1\ =" and x1, = 2" O

3(v—1)
)

Proposition 39. If § <k < ; then Ty yy ¢ = Ty oy gx, where

gt =3r—2X\—0b.

Proof. From the proof of proposition 36, there are at least ¢* = 3r — 2\ — b of the
2’s in blocks leading 0\1 and again in blocks leading 1. If there are more 2’s than
that in blocks leading 0\1, then there must be an equal number in blocks leading 1
and lexicographical ordering requires T ppqt = Tlptgt = 2-

Suppose the number of 2’s in blocks leading 0\1 is the minimum ¢*. Then the
number of 2’s in blocks leading 01 is the maximum t* = X\ — ¢* = b — 3r + 3\, and
the blocks not leading 0 or 1 must all be leading 2 because r — t* — 2¢* = b — 2r + A.

We will show in this case that Mgt and g+ must both equal 3.
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The number of blocks leading 01 that contain 3 is also bounded by t*. If the
number of blocks leading 01 that contain 3 is less than ¢*, then the number of
blocks leading 0\1 that contain 3, and the number of blocks leading 1 that contain 3
are each greater than ¢*. Thus, each section must have a block containing 3 but not
2, and lexicographical ordering dictates z1 yi g = 1 pqqx = 3.

If there are t* blocks leading 01 containing 3, all blocks leading 2 must also
contain 3. This accounts for b — 2r + A pairings of 2 and 3. Because t* < \, we also
know that there must be at least one block leading 0\1 and one block leading 1 that
contain 3. However, if £k = §, then b — 2r + A = X and we have already reached our
limit with 23 pairs, so in blocks leading 0\1 and in blocks leading 1, we cannot have
any 3’s pair with any 2’s. Thus, TY Npg* = L1 ppgqt = 3

If there are t* 2’s and ¢* 3’s in the blocks leading 01, but only A blocks
leading 01, then there are at least 2t™ — X blocks leading 01 that also contain the
pair 23. This is in addition to the b — 2r + X blocks leading 23, and the two blocks
leading 0\1 or 1 that must contain 23. We show that the condition of the

proposition leads to this being too many pairs.

| < 3(v—1)
- 5
3(v—1) > 5k
3(v—1)(v—Fk)>5k(v—k)

3v(v—1) —3k(v—1) > 5k(v—1) —5k(k — 1)

3v(v—1)+ 5k(k —1) > 8k(v — 1)
S5k(k—1) _ 8k
g4 2T ) R
* viv—1) — v
34258
b — b
3b+ 5\ > 8r
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20—=3r+3\) = A+b—2r+A> A\
2" =N+ (b —2r+ ) >\

(2" =XN)4+2+(b—2r+X) >\

Thus, it is not possible for there to be t* 2’s and ¢t* 3’s in blocks leading 01 when
§<ks

Therefore, as long as A + ¢* is still an index for a block leading 0\1 and
r + ¢* is still an index for a block leading 1, we must have Ty zpq* = L1 ppqt- These
conditions, A + ¢* < r and r + ¢* < 2r — A, both equate to b — 2r + A > 0, and are

satisfied whenever k < v — 1. This will always be the case for k£ < 3—(1}%1) O]
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CHAPTER FIVE

CONCLUSION

In this final chapter, we will discuss the goals of our research, how it fits
within existing research in the field, the results we obtained, and the exploratory
investigations that emanated from it.

This dissertation set out to find BIBDs minimizing the range of blocksums, a
property referred to as diffsum. Having accomplished this goal, we then turned our
attention towards studying polyhedra for these design spaces.

Some applications, such as designing drug trials or computer storage
architecture, have found that selecting a BIBD minimizing diffsum may confer
advantageous properties. Previous research that has looked into finding bounds on
diffsum has taken the approach of studying t-designs more broadly. While some of
these bounds are applicable to BIBDs, our endeavor was to employ a systematic
approach to identify optimal designs.

In this pursuit, we developed and explored several new BIBD models to
attenuate the computational difficulties that arise when scaling integer problems for
optimization. The primary difficulty we encountered was due to the large number of
isomorphic designs yielding identical objective values. Our models combat this by
enforcing lexicographical order on the designs in two distinct ways: the first model,
LEX, does this by introducing binary alphabetizing variables, and the second, BIN,
by mapping blocks to numeric values.

LEX works well in comparison to other integer programs when an
optimization function is added, but still contends with increased time complexity as

the size of the problem increases. BIN is effective at finding any feasible solution,
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and optimal solutions, and is competitive with other BIBD search algorithms in the
literature.

The third model we introduce, DEQ), is a new, more compact description of
BIBDs with a number of properties that hold promise for interesting future
research. DEQ is a system of linear Diophantine equations with full row rank that,
in comparison to other linear models we have reviewed, requires a considerably
smaller number of variables and constraints for many problems. The restraint on
this growth may provide substantial advantage for solving some of our
largest-known parameter sets.

In our findings, we make observations of the effect of isomorphism on
diffsum, and the potential benefit of a new symmetry-breaking constraint. We
present vertices, dimension-reducing equations, and facets for some design
polytopes. We generalize some of the dimension-reducing equations we found, and
prove some additional properties of the design polytopes. We explore properties of
our DEQ model and potential cutting planes.

Future research can include generalizing the facet-defining inequalities we
found, as well as using the same experimental techniques on other families of
combinatorial design. We will also continue investigating DEQ for possible facets
and cutting planes, and other ways integer programming may be used to improve it.
In the course of our research, one recurring, perplexing observation has been that a
select number of parameter sets seem to take inordinately more time when solving
than others do, even when only feasibility is being sought. The unpredictable
occurrence of these parameter sets is a strange fascination for this author, the

answer to which we hope further investigation can shed light on.
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A1 BIBD (7,7,3,3,1)

The lexicographical polytope for (7,7,3,3,1) has 30 solutions, 13

dimension-reducing equalities, and 48 facets.

The vertices are as follows.

0 0 0 1 1
2 5 2 4 3 4
34 6 6 5 5 6

1

0 0 0 1 2 3
2 5 2 3 4 4
4 3 6 5 6 6 5

1

0 001 1 2 3
2 5 2 4 3 4
3 4 6 5 6 6 5

1

0 0 0 1
2 4 2 5 3 4

1

0 0 0 1 2 3
2 3 2 5 4 4
4 6 5 3 6 5 6

1

3

0 0 0 1 2
2 5 2 3 4 4

1

3 6 5 4 6 5 6

4 3 6 6 5 5 6

0 0 0 1 1
2 4 2 3 5 4
5 3 6 4 6 6 5

1

0 0 0 1 2 3
2 3 2 5 4 4
4 5 6 3 6 6 5

1

0 001 1 2 3
2 4 2 5 3 4
3 5 6 4 6 6 5

1

0 0 0 1
2 3 2 4 5 4

1

0 0 0 1 2 3
2 4 2 3 5 4
6 3 5 4 5 6 6

1

3

0 0 0 1 2
2 3 2 4 5 4

1

6 4 5 3 5 6 6

5 4 6 3 6 6 5

0 0 0 1 1
2 3 2 3 3 5

4
1

2 3 2 3 3 5

2
5 4 6 6 4 5 6

0 0 0 1
1

4

0 0 01 1 2
2 3 2 3 3 5

1

5 6 4 4 6 5 6

4 5 6 6 5 4 6

0 0 01 1 2
2 3 2 3 3 5

1

0 0 0 1 2 4
2 3 2 3 3 5
6 4 5 5 4 6 6

1

0 001 1 2 4
2 3 2 3 3 5

1

6 5 4 4 5 6 6

4 6 5 5 6 4 6

0 0 0 1 1
2 3 2 4 4 5
5 6 4 3 6 5 6

1

0 0 0 1 2 3
2 4 2 3 4 5
5 3 6 6 4 5 6

1

0 001 1 2 3
2 4 2 4 3 5
3 5 6 6 5 4 6

1

0 0 0 1 1
2 3 2 4 4 5

1

0 0 0 1 2 3
2 4 2 3 4 5
6 3 5 5 4 6 6

1

0 001 1 2 3
2 4 2 4 3 5

1

6 5 4 3 5 6 6

3 6 5 5 6 4 6

0 0 01 1 2
3 4 3 5 3 4
2 6 5 4 6 5 6

1

0 0 0 1 2 2
3 5 3 4 3 4
2 4 6 6 5 5 6

1

0 001 1 2 2
3 5 3 4 3 4
2 4 6 5 6 6 5

1
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72

0O 001 1 2 2 0O 00 1 1 2 2 0O 00 1 1 2 2
1 3 4 3 5 3 4 1 3 4 3 4 3 5 1 3 4 3 4 3 5
2 5 6 4 6 6 5 2 6 5 5 6 4 6 2 5 6 6 5 4 6
The dimension-reducing equalities are as follows.
lzgp =0 (A.1)
1zo1 = 0 (A.2)
1202 = 0 (A.3)
lzgg =1 (A.4)
1204 = 1 (A.5)
1210 = 1 (A.6)
lzgs = 2 (A.7)
lr11 — 113 =0 (A.8)
lzog + 111 + 1291 + 1212 + 122 = 20 (A.9)
lzog + 111 + 1293 + 1214 + 124 = 20 (A.10)
1x91 + 1xog + 1z15 + 1lo9s = 18 (A.11)
2x11 + 112 + 1x14 + 1215 + 2206 + 1216 = 26 (A.12)
1lxog + 2211 + 1xo1 + 1219 + 1xog + 1214 + 1215 + 1206 — 126 = 26 (A.13)
The facets are as follows.
—layy < =2 (A.14)
—1z15 < =3 (A.15)
+1lr1; — 1oy < —1 (A.16)
+1z11 — 1lo1p < —1 (A.17)



+1z90 + 4711

—1z11 — 1aes

+1z91 + 1zo3 + 2715

—lwgg + 115 + 1es

+2x11 — lwoy — 1oy

+4x11 + 1215 + 2706

—1woy — lwog — 1y

+2x11 — lrog — 1la14

—1z19 — 1w14 — 1206

+1xog + 1x11 + 123 + 2714
—lxgg — 1wy — 1woy — 1212
—lxgg — 1wy — 1oz — 114
—3x11 + 1wor — 3w14 — 3206
+1z11 — 1wor + 1w14 + 1206
—1z11 — 1oy — 1215 — 1206
+1xog + 1x11 + 1297 + 22012
+1x9g — 2211 — 315 — 3T06
+1x11 + 1ox1o — 1aog + 1lzog
—1x11 — 1wy — 1215 — 1206

—3x11 — 3z12 + 1w2g — 3206

43211 + 2223 4 3214 + 3215 + 3206
—1zy — 1woy — 2212 — 115 — 2206
+4x11 + 1xos + 2214 + 2215 + 3206

+3x11 + 1wz + 1x14 + 2715 + 2206
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<14
<-5
<17
<3

<-3

<19

IN

—12

< -3

IN

—10
<19

—14

IN

IN

—14

IN

—21

<5

IN

—12

<19

IN

—-19
<5

< -12
<-21
<48
< -23
<33

<29

(A.18)
(A.19)
(A.20)
(A.21)
(A.22)
(A.23)
(A.24)
(A.25)
(A.26)
(A.27)
(A.28)
(A.29)
(A.30)
(A.31)
(A.32)
(A.33)
(A.34)
(A.35)
(A.36)
(A.37)
(A.38)
(A.39)
(A.40)

(A.41)



+3x11 + 1z21 + 1212 + 2215 + 2206 < 29
+3x11 4+ 22921 + 3212 + 3215 + 3206 < 48
+4x11 + 1xo1 + 2212 + 2215 + 3206 < 38
—1z90 — 3211 — 2712 — 1214 — 2706 < —27
—1zog — 3x11 — 1x12 — 20014 — 22006 < —27
+2x11 + lxoz + 2714 + 1215 + 2206 < 27
+2x11 4+ 1ao1 + 2212 + 115 + 2206 < 27
—2x11 — lxo1 — 1x12 — 2215 — 206 < —25
+1x99 + 3211 + 2212 + 1z14 + 2206 < 29
+1zog + 3x11 + 112 + 2714 + 2206 < 29
+3x11 + 110 + 1x14 + 1215 + 3206 < 27
—2x11 — 193 — 1214 — 2215 — 2706 < —25
—1z11 — 1293 — 2714 — 1215 — 2706 < —23
+21x90 + 5711 + 3712 + 3714 + 3T06 < 52
+2x11 — lxor — 1lxyo + 1xoz + 2214 + 1215 + 1206 < 16
+2x11 + 1x91 + 2212 — 1w9g — 1z14 + 1215 + 12gs < 16
+4x11 + 1xor + 1210 + 1293 + 1214 + 3215 + 3206 < 46
+2211 — lwor — 2w12 — 1w23 — 2214 — 115 — 2106 < —28
—1xog — 4x11 — 1lxo1 — 2212 — 103 — 2214 — 215 — 3Tpg < —H3

+1x9g + 2211 + 11 + 1210 + 1293 + 114 + 1215 + 1agg < 32
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(A.42)
(A.43)
(A.44)
(A.45)
(A.46)
(A.47)
(A.48)
(A.49)
(A.50)
(A51)
(A.52)
(A.53)
(A.54)
(A.55)
(A.56)
(A.57)
(A.58)
(A.59)
(A.60)

(A.61)



A2 BIBD (7,7,4,4,2)

The lexicographical polytope for (7,7,4,4,2) has 30 solutions, 16

dimension-reducing equalities, and 35 facets.

The vertices are as follows.

0 0 0 0 11

2 2 2 2 4
3 59 3 4 3 45
4 6 5 6 6 5 6

1

2
2 3 2 3 4

2 4 3 4 3 55

1
6 5 5 6 4 6 6

1

0 0 0 O

2
2 3 2 3 3

2 4 4 5 5 4 4

1
3 6 5 6 6 5 6

1

0 0 0 O

1

1

1

1

1

0 0 00 1 1
2 2 2 2 4

1

1 1 2

2 3 2 3 4

2 5 3 4 3 4 5
4 6 5 6 6 5 6

0 0 0 O

0 0 0 0 1
2 3 2 3 3

1

1

1

1

1

35 3 4 3 4 5
4 6 6 5 5 6 6

2 5 4 4 4 4 5
3 6 5 6 6 5 6

1

1

0 0 0 O

1 2

1

0 0 0 O

1

1

0 0 0 O

1 2 3 2 4 3
2 3 5 4 3 5 4
4 5 6 6 6 6 5

1

1 2 3 2 3 3
2 5 4 4 4 4 5
3 6 6 5 5 6 6

1

1 2 3 2 3 4
2 5 3 4 3 45
4 6 6 5 5 6 6

1

0 0 00 1 1
2 2 2 2 4

1

1 1 2

2 3 2 3 4

2 4 3 4 3 5 5
5 6 6 5 4 6 6

0 0 0 O

0 0 0 0 1
2 3 2 3 3

1

1

1

1

1

3 4 3 4 3 5 5
5 6 6 5 4 6 6

2 4 5 4 4 5 4
3 5 6 6 6 6 5

0 000 1 1

2 4 2 3 3
2 3 3 5 5 4 4
4 5 6 6 6 6 5

1

1 1 2

2 3 2 3 3

2 4 4 5 5 4 4
3 5 6 6 6 6 5

0 0 0 O

0 0 0 0 1
2 3 2 3 3

1

1

1

1

1

2 4 5 4 4 5 4
3 6 6 5 5 6 6

0 00 0 1 1
2 3 2 4 3

1

11 2

2 3 2 4 3

2 3 4 4 3 5 5
5 6 6 5 4 6 6

0 0 0 O

0 0 0 0 1
2 2 2 2 4

1

1

1

1

1

2 3 4 4 3 5 5
6 5 5 6 4 6 6

3 4 3 4 3 5 5
6 5 5 6 4 6 6

0 00 0 1 1

2 2 2 2 4
34 3 5 3 45
6 5 4 6 5 6 6

1

1 1 2

2 4 2 3 3

2 3 3 5 4 45
6 5 4 6 5 6 6

0 0 0 O

0 0 0 0 1

2 3 2 3 4
2 4 3 5 3 45
6 5 4 6 5 6 6

1

1

1

1

1
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0 00 0 1 1

2 4 2 3 3
2 3 3 5 4 45
5 6 4 6 6 5 6

1

0 00 0 1 1 2

2 4 2 3 3
2 3 3 5 5 4 4
4 6 5 6 6 5 6

1

0 0 0 0 1

2 2 2 2 4
34 3 5 3 45
5 6 4 6 6 5 6

1

1

1

1

1

0 0 0 0 1
1 2 3 2 4 3

0 00 0 1 1 2
2 4 2 3 3

1

0 0 0 0 1
2 3 2 3 4

1

1

1

1

2 3 4 5 3 5 4
5 4 6 6 6 6 5

2 3 3 5 4 5 4

5 4 6 6 6 6 5

2 4 3 5 3 4 5
5 6 4 6 6 5 6

0 00 0 11

2 3 2 4 3
2 3 4 5 3 5 4
6 4 5 6 5 6 6

1

0 00 0 1 1 2

2 4 2 3 3
2 3 3 5 4 5 4
6 4 5 6 5 6 6

1

0 0 0 0 1

2 3 2 4 3
2 3 5 4 3 5 4
4 6 6 5 5 6 6

1

1

1

1

The dimension-reducing equalities are as follows.

(A.62)

0

Zoo

(A.63)

:E()l:O

(A.64)

xo2 =0

(A.65)

1‘0320

(A.66)

Tos = 1

(A.67)

=1

Zo5

(A.68)

=1

Z10

(A.69)

=1

T11

(A.70)

1‘12:2

(A.71)

2

T14

(A.72)

0

Z20 — Z06

(A.73)

=0

T30 + Xo1 + X31 — T16 — T26 — X36

(A.74)

Top — T30 — T22 — T32 + T15 + Tos + T35 = 2

(A.75)

2x30 + T21 + x31 + X929 + T30 + xog4 + x34 = 36

(A.76)

14

320 + T21 — T32 + T13 — T33 + T2a + 2715 + Tos + T16 — T36

76



(A.77)

52

4woo + w30 + 2221 + x31 + X2 + 2213 + T3 + Toa + 2T15 + Tas + T1e — T36

A.3 BIBD (6,10,5,3,2)

The lexicographical polytope for (6,10, 5,3,2) has 12 solutions, 22

dimension-reducing equalities, and 18 facets.

1

0 00 0 0 1
2 3 4 2 3 4 3 3

1

2

1

1
2 3 4 2 3 4 3 3

0 0 0 0 O
2 3 4 5 5 5 4 5 4 5

1

1

1

2 3 5 4 5 4 5 5 4 5

0 00 0 0 1 1
2 3 3 2 3 4 3 4
2 4 5 45 3 5 5 4 5

1

2

1

1
2 3 4 2 3 3 3 4

0 0 0 0 O
2 4 3 5 5 5 4 5 4 5

1

1

1

0 00 0 0 1 1
2 3 3 2 3 4 3 4
2 5 4 4 5 3 4 5 5 5

1

2

1

1
2 3 4 2 3 3 3 4

0 0 0 0 O
2 5 3 4 5 4 4 5 5 5

1

1

1

0 00 0 0 1 1
2 2 3 2 2 4 3 4
34 4 5 5 3 5 5 4 5

1

3

1

1
2 2 4 2 2 3 3 4

0 0 0 0 O
34 3 5 5 4 5 5 45

1

1

1

1

1

00 0 0 O

3

1

1

0 0 0 0 O

2 2 3 2 2 4 3 4
354 5 4 3 4 5 5 5

1

2 2 4 2 2 3 3 4 1
359 3 4 5 4 5 4 5 5

1

1

1

1
2 2 3 2 2 3 4 4

00 0 0 O

0 0 00 0 11
2 2 3 2 2 3 4 4
4 5 3 4 5 3 5 4 5 5

1

1
4 5 3 5 4 3 4 5 5 5

1

1

The dimension-reducing equalities are as follows.

(A.78)

=0

Zoo

(A.79)

1’01:0

(A.80)

l’ogzo

(A.81)

203 =0

(A.82)

=0

Zo4

7



1'10:1
1'11:1
1'05:1
1‘06:1
1’07:1
3308:2
T1g = 2
1’15:2
1‘29:5

13+ xog = 9
T16 + Tog = 5
T20 — T18 — Tog = —3
T2l — Tog — w19 = —4
To0 + 14 + 17 — Tog + 19 = 11
T21 + T23 + T2 — Tog — T19 =T
To3 + T14 — Tas — Ta7 — Tog = —3

To0 + T21 + X2 + T2z + T14 + Tog — To9 = 21

The facets are as follows.

—1x9g — laog — laxgg — 113 — 1oy — 1y < —21
—1lxgg — 1w13 < =5
—1lxog — 2213 — 193 — 3w14 + 2005 < —15
—lwog — 1woy — 3713 — 2293 — 2w14 + 1225 — 196 < —31

+2x90 + 391 + 292 + 4713 + 3x23 + 3214 + 2226 < 69

78

(A.83)
(A.84)
(A.85)
(A.86)
(A.87)
(A.88)
(A.89)
(A.90)
(A.91)
(A.92)
(A.93)
(A.94)
(A.95)
(A.96)
(A.97)
(A.98)

(A.99)

(A.100)
(A.101)
(A.102)
(A.103)

(A.104)



+2x90 + 2291 + 199 + 4213 + 2293 + 2214 + 2296 < 53
+1wop + laer + lzaa + 1lays + lwag + 2214 < 25
+1lxoo + 113 + 1214 <9
—1x91 — lx13 — 1xo3 — 1214 — 1296 < —19
—2214 + lz9s < -3
+1lx13 4+ loos + 1oy — lags < 7
—1xo; — laog + 1213 — 1la9s < —9
+1x90 + 1axoy + 1a9o + 1213 + 195 < 17
+1x99 + 191 4+ 1292 + 1213 + 1203 + 1225 + 19 < 26
+1r1g — lwgs <0
+1xo1 + 113 + 1oz + lagg < 16
—1zog — 2291 — 1xo9 — 3213 — 293 — 1a95 — 296 < —44

—11’20 — 11‘21 — 1:1,‘22 — 21’13 — 1:1323 — 1:U14 — 11’26 < —28

79

(A.105)
(A.106)
(A.107)
(A.108)
(A.109)
(A.110)
(A.111)
(A.112)
(A.113)
(A.114)
(A.115)
(A.116)

(A.117)
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